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Abstract This paper studies the fixed-time output feed-

back stabilization control problem for chained nonholo-

nomic systems. By means of switching control and bi-

limit homogeneous techniques, it is firstly constructed

two fixed-time state feedback stabilizing controllers for

the considered systems. Then, a new state observer with

a formalized switching law is proposed to fixed-time es-

timate system states, where high-order terms are ap-

plied to get uniform convergence regardless of initial

conditions and low-order terms are aimed to the exact

convergence in finite time. Finally, based on bi-limit ho-

mogeneous technique and Lyapunov stability theorem,
fixed-time output feedback stabilizing controllers, one

of which is discontinuous with a specific switching con-
trol law and the other is continuous, are constructed
and the fixed-time output feedback stabilization of the
considered systems is thus guaranteed. An example is

presented to show the feasibility of the proposed fixed-

time output feedback stabilization control strategy.

Keywords Nonholonomic systems · Fixed-time
stabilization · Output-feedback control · bi-limit

homogeneous technique · Switching control

1 Introduction

Fixed-time control, whose stability guaranteed the set-

tling time irrelevant to initial conditions firstly intro-

duced in [24], has drawn an increasing attention in re-

cent years [18, 34]. Fixed-time stabilization problems

have been studied in many control systems, see [11,

X. Chen · X. Zhang (�)
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Ji’nan 250061, P.R. China
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13, 26, 31, 33] and the references therein. For example,

through introducing implicit Lyapunov theorems for

fixed-time stability analysis of nonlinear systems, fixed-

time state feedback stabilizing controllers were designed

in [26] for a chain of integrators. By backstepping method,

[13] constructed decentralized fixed-time state feedback

controllers to stabilize nonlinear interconnected systems.

By means of recursive approach, a state feedback con-

troller was proposed in [33] to study the fixed-time al-

most disturbance decoupling problem for a class of non-

linear systems. [11] investigated the global fixed-time

state feedback stabilization of switched nonlinear sys-

tems with general powers. However, all the works men-

tioned above are based on designing state feedback con-

trollers to achieve the fixed-time stabilization control.

Observer design, a classical control problem of con-
trol systems when part of states are available, has got-

ten a great variety of solutions [1,8,21,28]. As a straight-
forward idea, how to design fixed-time observers for
control systems has also attracted extensive attention
[20, 22, 25, 27]. Recently, a hybrid observer was pro-

posed in [27] to fixed-time state estimation for a kind

of linear systems. The bi-limit homogeneous technique
introduced in [2] has shown that a fixed-time stable

system is asymptotically stable firstly, and is also ho-

mogeneous with negative degree in 0-limit and homo-

geneous with positive degree in ∞-limit. By means of

this technique, [22] studied fixed-time observer design

problems for many kinds of nonlinear systems includ-

ing linearizable systems up to input-output injection

and uniformly observable systems. Moreover, through

introducing implicit Lyapunov function approach, non-

linear dynamic observers were proposed in [20] to deal

with fixed-time observation of a class of linear systems.

Through proposing distributed observers, [7] investi-

gated the distributed fixed-time consensus problem for



2 Xiandong Chen, Xianfu Zhang

heterogeneous multi-agent systems. However, the afore-

mentioned results on fixed-time observer design have

great challenges in being applied to construct fixed-time

output feedback stabilizing controllers of nonlinear sys-

tems. To our knowledge, few works have achieved the

fixed-time output feedback stabilization of control sys-

tems based on designing fixed-time observer. By means

of bi-limit homogeneous technique, [29] proposed a fixed-
time observer to achieve the fixed-time output feedback

stabilization of double integrator systems. [19] studied

the global fixed-time output feedback stabilization and

estimation of a chain of integrators.

On the other hand, chained nonholonomic systems

are one of the most fundamental systems in control the-

ory and have many applications in practice, such as

wheeled mobile robots and the knife edge [17,23]. And

for fixed-time control design, by means of switching con-
trol technique, [30] studied the fixed-time state feed-
back stabilization problem for chained nonholonomic
systems. [5] dealt with the fixed-time state feedback

stabilization problem through sliding mode control for

chained nonholonomic systems. Through proposing dis-

tributed observers, the consensus tracking problem for

multi-agent systems with chained nonholonomic dynam-
ics was studied in [23]. However, no work has been done
for the fixed-time output feedback stabilization control

of chained nonholonomic systems, and partly inspired

by [10, 23, 29], this paper focuses on this problem by

means of switching control and bi-limit homogeneous

technique.

The main contributions of this paper are as follows.

Firstly, by synthesizing switching control and bi-limit

homogeneous techniques, the fixed-time output feed-

back stabilization problem of chained nonholonomic sys-

tems is studied for the first time. Secondly, a unified

framework for constructing two coupled fixed-time out-

put feedback stabilizing controllers is proposed. In de-

tail, apparently different from [29] only designing one

controller, two coupled fixed-time output feedback sta-

bilizing controllers, one of which is discontinuous com-

bining with a switching law, and the other is continu-

ous, are constructed simultaneously, which is more chal-

lenging. Moreover, the switching control law has a more
complex structure and requires more sophisticated de-
sign skills than that of in [10]. Thirdly, by the aid of
the discontinuous controller and the designed switching

control law, a fixed-time observer is proposed to esti-

mate system states in a fixed time, and then based on

this observer, the control objective is thus achievement.

The rest of this paper is organized as follows. Prob-

lem preliminaries are given in Section 2. Main theoret-

ical results on constructing a fixed-time observer and

fixed-time output feedback stabilizing controllers are

stated in Section 3. Convincing simulation is shown in

Section 4. Finally, Section 5 concludes this paper.

2 Preliminaries

2.1 Notations

Throughout the paper, the argument of the functions

will be omitted or simplified whenever no confusion

arises from the context. For example, we denote x(t),
φ(x) : R

n → R and Φ(x) : R
n → R

n by x, φ(x)

and Φ(x), respectively. R is the set of real numbers. For
any given non-negative real number ̺, s 7→ ⌈s⌋̺ is a

function defined as ⌈s⌋̺ = |s|̺sign(s), ∀s ∈ R, where

sign(s) denotes the standard sign function ( [4,6]). From

the definition, d⌈s⌋̺

ds
= ̺|s|̺−1, ⌈s⌋0 = sign(s), ⌈s⌋ = s

and ⌈s⌋2 = s|s| hold.

2.2 Definitions and lemmas

Consider the nonlinear system

ẋ(t) = Φ(x(t)), t ≥ t0, x(t0) = x0, (1)

with x = (x1, . . . , xn)
T ∈ R

n being system states and

Φ(x) denoting a possibly discontinuous vector field. If

Φ(x) is discontinuous, the solution of (1) is understood

in the sense of Filippov ( [9]), and in this paper, the

origin is assumed as an equilibrium point of system (1).

Let r = (r1, . . . , rn)
T ∈ R

n be a weight vector with

ri > 0, i = 1, . . . , n and Λr
λ(x) = (λr1x1, . . . , λ

rnxn) be
a dilation mapping with λ > 0.

Definition 1 ( [3]) A function φ(x) is r-homogeneous

with degree k ∈ R if φ(Λr
λ(x)) = λkφ(x), ∀x ∈ R

n, ∀λ >

0. Similarly, a vector field Φ(x) is r-homogeneous with

degree k if its component Φi(x) is r-homogeneous of

degree k + ri, i = 1, . . . , n.

Definition 2 ( [2]) A function φ(x) is homogeneous
in the p-limit (p = 0 or ∞) with (rp, kp, φp), in which

rp = (rp,1, . . . , rp,n)
T ∈ R

n is the weight vector, kp is

the degree, and φp is the approximating function. If

φ(x) is continuous, φp is continuous and not identically

zero, and hence, for each compact set C ∈ R
n\{0},

limλ→p maxx∈C |λ−kpφ(Λ
rp
λ (x))− φp(x)| = 0 holds.

Definition 3 ( [2]) A vector field Φ(x) is homogeneous

in the p-limit (p = 0 or ∞) with (rp, kp, Φp), in which
rp = (rp,1, . . . , rp,n)

T ∈ R
n is the weight vector, kp is

the degree and Φp is the approximating vector field, if,

for each i, kp + rp,i > 0 and Φi(x) is homogeneous in

the p-limit with (rp, kp + rp,i, Φp,i).



Global Fixed-Time Stabilization for Chained Nonholonomic Systems via Output Feedback Control 3

Definition 4 ( [2]) A function (or vector field) is ho-

mogeneous in the bi-limit if it is homogeneous in the 0-
limit and homogeneous in the ∞-limit simultaneously.

Definition 5 ( [16]) The origin of system (1) is glob-

ally finite-time stable if it is globally asymptotically sta-

ble and there exists T (x0) > 0, ∀x0 ∈ R
n, such that

the trajectory stabilizes at the origin in T (x0).

Definition 6 ( [24]) The origin of system (1) is fixed-

time stable if it is globally finite-time stable and there

is a constant Tmax > 0, such that T (x0) ≤ Tmax, ∀x0 ∈

R
n.

Lemma 1 ( [2]) For system (1), suppose that Φ(x) is a

homogeneous vector field in the bi-limit with (r0, k0, Φ0)
and (r∞, k∞, Φ∞). If the origins of systems ẋ = Φ(x),

ẋ0 = Φ0(x), ẋ∞ = Φ∞(x) are globally asymptotically

stable, then we have

1) The origin of system (1) is fixed-time stable as long

as k∞ > 0 > k0 holds;

2) Let dW0
and dW∞

be real numbers satisfying dW0
>

max1≤i≤n r0,i and dW∞
> max1≤i≤n r∞,i. There ex-

ists a continuous, positive definite and proper func-

tion W (x) such that ∂W
∂xi

is homogeneous in the bi-

limit with
(

r0, dW0
− r0,i,

∂W0

∂xi

)

and
(

r∞, dW∞
−

r∞,i,
∂W∞

∂xi

)

and ∂W
∂x

Φ(x) is negative definite.

3 Main Results

In this section, we first explicitly construct fixed-time

state feedback stabilizing controllers by bi-limit homo-

geneous technique. Then, we propose an fixed-time state

observer. Finally, the unmeasurable states in state feed-

back controllers is replaced with the estimate recovered

from the observer to fixed-time stabilize the considered
systems.

3.1 Fixed-time state feedback control

Throughout this paper, we consider a unicycle-type mo-

bile robot given in Fig 1, whose dynamic equations is

ẋl = vcosθ, ẏl = vsinθ, θ̇ = w, (2)

with (xl, yl) denoting the position of the center of mass,

θ being the heading angle, and v and w standing for

the forward velocity and the angular velocity of the

robot, respectively. Similar to [10], introducing the state
transformation

x0 = xl, x1 = yl, x2 = tanθ,

u0 = vcosθ, u1 = wsec2θ,

X

Y

O

θ 

xl

yl

Fig. 1 The planar graph of a unicycle-type mobile robot.

system (2) is converted into the chained form

ẋ0 = u0, ẋ1 = u0x2, ẋ2 = u1, (3)

with
(

x0, x
T
)T

= (x0, x1, x2)
T ∈ R

3 being system states,
and u0, u1 ∈ R, y = (x0, x1) ∈ R

2 being inputs and out-

puts, respectively. Without loss of generality, the initial

conditions not equal to zero can be viewed as x0(0) and

x(0).

This paper is aimed to propose fixed-time output

feedback stabilizing controllers of the form






ż = Θo(y, z), z ∈ R
2,

u0 = Θ1(x0, z),

u1 = Θ2(y, z),

(4)

such that system (3) under (4) is fixed-time stable. It

should be noted that two output feedback controllers

need to be constructed simultaneously, which brings

challenges for choosing u0 to fixed-time stabilize x0-
subsystem and u1 to fixed-time stabilize x-subsystem,

respectively.

Firstly, we formalize the form of the state feedback

controller

u0 = sign(x0(0)‖x‖)c+ (1− sign(‖x‖))̟2(x0) (5)

with c being a small positive constant and ̟2(x0) being

continuous function determined later.

Remark 1 It should be noted that the initial condition

x(0) of x-subsystem is not equal to zero, which indi-

cates switching controller u0 = sign(x0(0)‖x‖)c being
implemented until ‖x(t)‖ = 0, t > 0, that is, before

achieving the fixed-time stabilization of x-subsystem,

u0 is a constant controller same as the sign of the initial

value x0(0). Furthermore, after achieving the fixed-time

stabilization of x-subsystem, switching controller u0 =

̟2(x0) is used to fixed-time stabilize x0-subsystem.
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Then, we reconsider x-subsystem

ẋ1 = u0x2, ẋ2 = u1 (6)

based on switching controller (5).

To achieve the fixed-time stabilization of system (6),

state feedback controller u1 is constructed as

u1(x) = −
(

k11⌈x1⌋
γ1 + k12⌈x1⌋+ k13⌈x1⌋

γ
′

1

)

−
(

k21⌈x2⌋
γ2 + k22⌈x2⌋+ k23⌈x2⌋

γ
′

2

)

,
(7)

where parameters kij > 0, i = 1, 2, j = 1, 2, 3 and

γi, γ
′

i , i = 1, 2 are chosen as

γ1 =
γ

2− γ
, γ2 = γ, γ

′

1 =
4− 3γ

2− γ
, γ

′

2 =
4− 3γ

3− 2γ
(8)

with γ ∈ (0, 1). Then, denoting Φs(x) = (u0x2, u1)
T

the vector field of system (6) under (7) and defining

Φs0(x) = (u0x2,−k11⌈x1⌋
γ1 − k21⌈x2⌋

γ2)
T
, (9)

Φs∞(x) =
(

u0x2,−k13⌈x1⌋
γ
′

1 − k23⌈x2⌋
γ
′

2

)T

, (10)

it is shown from (8) that ∀γ ∈ (0, 1), 0 < γi < 1 <

γ
′

i , i = 1, 2 hold, which makes Φs0(x) and Φs∞(x)

be regarded as approximating functions for Φs(x) in
0-limit and ∞-limit, respectively. Furthermore, choos-

ing rs0 =
(

2−γ
1−γ

, 1
1−γ

)T

, the vector field Φs0(x) is rs0-

homogeneous of degree ks0 = −1. Similarly, the vector

field Φs∞(x) is rs∞-homogeneous of degree ks∞ = 1

with rs∞ =
(

2−γ
1−γ

, 3−2γ
1−γ

)T

. Therefore, system (6) under

(7) with parameters (8) is homogeneous in the bi-limit

with (rs0, ks0, Φs0(x)) and (rs∞, ks∞, Φs∞(x)).

Proposition 1 Under controller (5), system (6) can

be fixed-time stabilized by controller (7) with parameters
given in (8), γ ∈ (0, 1) and kij > 0, i = 1, 2, j = 1, 2, 3.

Proof To prove the fixed-time stabilization of system

(6), choose the Lyapunov function

Ws = 2k11

(

γ
′

1 + 1
)

|x1|
γ1+1 + k12(γ1 + 1)

(

γ
′

1 + 1
)

|x1|
2

+ 2k13(γ1 + 1)|x1|
γ
′

1+1 + c(γ1 + 1)
(

γ
′

1 + 1
)

|x2|
2.

(11)

Obviously, Ws is continuously differentiable, positive

definite and radially unbounded. The derivative of Ws

can be derived by

Ẇs|(6) = k11Ξ1⌈x1⌋
γ1 ẋ1 + k12Ξ1⌈x1⌋ẋ1

+ k13Ξ1⌈x1⌋
γ
′

1 ẋ1 + cΞ1⌈x2⌋ẋ2

(12)

with Ξ1 = 2(γ1 + 1)
(

γ
′

1 + 1
)

. Substituting (6) and (7)

into (12) yields

Ẇs|(6) = Ξ1u0x2

(

k11⌈x1⌋
γ1 + k12⌈x1⌋+ k13⌈x1⌋

γ
′

1

)

− cΞ1⌈x2⌋
(

k11⌈x1⌋
γ1 + k12⌈x1⌋+ k13⌈x1⌋

γ
′

1

+ k21⌈x2⌋
γ2 + k22⌈x2⌋+ k23⌈x2⌋

γ
′

2

)

.

(13)

Since ⌈x2⌋ = x2 and ⌈x2⌋⌈x2⌋
̺ = |x2||x2|

̺, ∀̺ ≥ 0

hold, (13) can be rewritten as

Ẇs|(6) = Ξ1u0|x2|
(

k11|x1|
γ1 + k12|x1|+ k13|x1|

γ
′

1

)

− cΞ1|x2|
(

k11|x1|
γ1 + k12|x1|+ k13|x1|

γ
′

1

)

− cΞ1|x2|
(

k21|x2|
γ2 + k22|x2|+ k23|x2|

γ
′

2

)

.

From Remark 1, we have u0 = sign(x0(0)‖x‖)c, which

further indicates

Ẇs|(6) ≤ −cΞ1|x2|
(

k21|x2|
γ2 + k22|x2|+ k23|x2|

γ
′

2

)

.

(14)

It can be concluded that Ẇs in (14) is semi-negative

definite. Moreover, Ẇs|(6) = 0 implies that x2 = 0. By

LaSalle’s invariance principle ( [15]), all the trajectories
will converge to the invariant set Π1 = {(x1, x2)|x2 =
0}. Together with system (6) with controller (7), we

can conclude x1 = 0 in Π1. Therefore, the closed-loop
system is asymptotically stable.

For ẋ = Φs0(x) with Φs0(x) given in (9), if the Lya-

punov function is chosen as

Ws0 = k11|x1|
γ1+1 + 0.5c(γ1 + 1)|x2|

2,

and it can be easily calculated that

Ẇs0 ≤ −ck21(γ1 + 1)|x2|
1+γ2 .

Similarly, if we choose

Ws∞ = k13|x1|
γ
′

1+1 + 0.5c
(

γ
′

1 + 1
)

|x2|
2

for ẋ = Φs∞(x) with Φs∞(x) given in (10), it can be

seen that

Ẇs∞ ≤ −ck23

(

γ
′

1 + 1
)

|x2|
γ
′

2+1

holds. By LaSalle’s invariance principle, ẋ = Φs0(x) and

ẋ = Φs∞(x) are asymptotically stable. Thus, from 1) of

Lemma 1, we have proven Proposition 1.
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3.2 Fixed-time state observer design

In this section, for the case when only the system output
signals x0 and x1 can be captured, the previous state

controller (7) is not implementable since the unavail-
ability of state information x2. Thus, a new fixed-time

observer for system (6) is proposed as follows

ż1 = z2 + k̄11⌈ζ1⌋
γ̄1 + k̄12⌈ζ1⌋+ k̄13⌈ζ1⌋

γ̄
′

1 ,

ż2 = u0u1 + k̄21⌈ζ1⌋
γ̄2 + k̄22⌈ζ1⌋+ k̄23⌈ζ1⌋

γ̄
′

2

(15)

with ζ1 = x1 − z1, k̄ij > 0, i = 1, 2, j = 1, 2, 3 and
parameters γ̄i, γ̄

′

i , i = 1, 2 are given by

γ̄1 = γ̄, γ̄2 = 2γ̄ − 1, γ̄
′

1 = 2− γ̄, γ̄
′

2 = 3− 2γ̄, (16)

with γ̄ ∈
(

1
2 , 1
)

. From the structure of controller (5), it

should be noted that controller (5) cannot be applied

to the design of observer (15) directly. Thus, to solve

this challenging problem, the controller u0 is further
reconstructed as

u0 = sign(x0(0)̟1(z))c+(1−sign(̟1(z)))̟2(x0), (17)

where ̟1(z) with z = (z1, z2)
T and ̟2(x0) are contin-

uous functions to be determined later.

To achieve to the fixed-time output feedback stabi-
lization control objective, an appropriate function̟1(z)

is chosen yielding the following proposition holding,
whose rigorous proof can be seen in Appendix 6.

Proposition 2 Under an appropriate ̟1(z), switch-

ing controller (17) is a constant before achieving the

fixed-time output feedback stabilization of system (6).

Then, based on Proposition 2, subtracting (15) from

(6) yields

ζ̇1 = −k̄11⌈ζ1⌋
γ̄1 − k̄12⌈ζ1⌋ − k̄13⌈ζ1⌋

γ̄
′

1 + ζ2,

ζ̇2 = −k̄21⌈ζ1⌋
γ̄2 − k̄22⌈ζ1⌋ − k̄23⌈ζ1⌋

γ̄
′

2

(18)

with ζ2 = u0x2 − z2. The parameters in (16) are aimed

to make system (18) be bi-limit homogeneous. To demon-
strate this, let ζ = (ζ1, ζ2)

T and denote Φp(ζ) be the

vector field of system (18), which makes system (18)

can be recorded as ζ̇ = Φp(ζ). Then, defining

Φp0(ζ) =
(

k̄11⌈ζ1⌋
γ̄1 + ζ2,−k̄21⌈ζ1⌋

γ̄2
)T

, (19)

Φp∞(ζ) =
(

k̄13⌈ζ1⌋
γ̄
′

1 + ζ2,−k̄23⌈ζ1⌋
γ̄
′

2

)T

, (20)

it can be seen that Φp0(ζ) is homogeneous with kp0 =

−1 and rp0 =
(

1
1−γ̄

, γ̄
1−γ̄

)T

, and Φp∞(ζ) is homoge-

neous with kp∞ = 1 and rp∞ =
(

1
1−γ̄

, 2−γ̄
1−γ̄

)T

. Since

γ̄ ∈
(

1
2 , 1
)

, 0 < γ̄i < 1 < γ̄
′

i , i = 1, 2 hold, the vector

fields Φp0(ζ) and Φp∞(ζ) can be regarded as as approx-

imating homogeneous functions for Φp(ζ) in 0-limit and
∞-limit, respectively. Therefore, the following Proposi-

tion can be summarized.

Proposition 3 Considering observer (15) with param-

eters given in (16), system (18) is fixed-time stabilized

if k̄ij > 0, i = 1, 2, j = 1, 2, 3 with γ̄ ∈
(

1
2 , 1
)

.

Proof Choose a Lyapunov function

Wo = k̄21(2− γ̄)|ζ1|
2γ̄ + k̄22γ̄(2− γ̄)|ζ1|

2

+ k̄23γ̄|ζ1|
4−2γ̄ + γ̄(2− γ̄)|ζ2|

2.
(21)

Obviously, Wo in (21) is continuously differentiable,

positive definite and radially unbounded for any γ̄ ∈
(

1
2 , 1
)

. The derivative of Wo can be derived by

Ẇo|(18) = Ξ2

(

k̄21⌈ζ1⌋
2γ̄−1 + k̄22⌈ζ1⌋+ k̄23⌈ζ1⌋

3−2γ̄
)

ζ̇1

(22)

with Ξ2 = 2γ̄(2− γ̄). Substituting (18) into (22) results

in

Ẇo|(18)

= −Ξ2k̄21
(

k̄11|ζ1|
3γ̄−1 + k̄12|ζ1|

2γ̄ + k̄13|ζ1|
γ̄+1
)

− Ξ2k̄22
(

k̄11|ζ1|
1+γ̄ + k̄12|ζ1|

2 + k̄13|ζ1|
3−γ̄
)

− Ξ2k̄23
(

k̄11|ζ1|
3−γ̄ + k̄12|ζ1|

4−2γ̄ + k̄13|ζ1|
5−3γ̄

)

.

(23)

It can be concluded that Ẇo in (21) is semi-negative
definite. Moreover, Ẇo|(18) = 0 implies that ζ1 = 0. By

LaSalle’s invariance principle, all the trajectories will

converge to the invariant set Π2 = {(ζ1, ζ2)|ζ1 = 0}.

Together with system (18), we can conclude ζ2 = 0 in

Π2. Therefore, system (18) is asymptotically stable.

Choosing k̄ij = 0, i = 1, 2, j = 2, 3 (or k̄ij =

0, i, j = 1, 2) in (18) and (21)-(23), system ζ̇ = Φp0(ζ)
(or ζ̇ = Φp∞(ζ)) can be asymptotically stabilized with

Φp0(ζ) (or Φp∞(ζ)) given in (19) (or (20)).

Considering the bi-limit homogeneity of system (18)

and by means of Lemma 1, system (18) is fixed-time

stable.

3.3 Fixed-time output feedback control

Thus, it is time to construct fixed-time output feedback
stabilizing controllers u1 for system (6). Replacing x2

in (7) as z2/u0 yields

u1(z) = −
(

k11⌈x1⌋
γ1 + k12⌈x1⌋+ k13⌈x1⌋

γ
′

1

)

−

(

k21

⌈

z2
u0

⌋γ2

+ k22

⌈

z2
u0

⌋

+ k23

⌈

z2
u0

⌋γ
′

2

)

,
(24)
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where x0 and x1 are known outputs. Thus, the main

results can be described in the following theorem.

Theorem 1 Under switching controller (17) determined
by (28) and (32), and controller (24) with z2 updated by

(15), the closed-loop system (3), (15), (17) and (24) is

fixed-time stable if kij > 0, k̄ij > 0, i = 1, 2, j = 1, 2, 3

and γi, γ
′

i , γ̄i, γ̄
′

i , i = 1, 2 are chosen as in Proposi-

tions 1 and 3, respectively.

Proof Firstly, it follows from Proposition 2 that before

achieving the fixed-time output feedback stabilization

of system (6), the controller u0 = sign(x0(0)̟1(z))c
and then follows from Proposition 3 that there is a time

T1 > 0, independently of initial estimation error ζ1(0)

and ζ2(0) such that z2(t) = u0(t)x2(t), ∀t ≥ T1. Hence,

controller (24) coincides with controller (7) for all t ≥

T1.

Moreover, following Proposition 1, if all states of
system (3) under (17) and (24) do not escape during t ∈

[0, T1], there must be a time T2 > 0, independently of

x1(T1), x2(T1) to achieve the fixed-time stabilization of

system (6). Therefore, it is sufficient to prove Theorem

1 from the closed-loop system (3), (15) under (17) and

(24) not escaping in finite time.

To achieve the proof, we reconsider the Lyapunov
function Ws in (11) whose derivative along the trajec-

tory (6) under (17) and (24) is given by

Ẇs|(6) ≤ −cΞ1x2

(

k21

⌈

z2
u0

⌋γ2

+ k22

⌈

z2
u0

⌋

+ k23

⌈

z2
u0

⌋γ
′

2

)

(25)

with Ξ1 = 2(γ1+1)
(

γ
′

1 + 1
)

. By means of z2 = u0x2−

ζ2, x2

⌈

z2
u0

⌋̺

= x2

∣

∣

∣
x2 −

ζ2
u0

∣

∣

∣

̺

sign
(

x2 −
ζ2
u0

)

, ∀̺ > 0

can be easily obtained, yielding the following two dif-

ferent cases.

Case 1: If |x2| >
∣

∣

∣

ζ2
u0

∣

∣

∣
, sign

(

x2 −
ζ2
u0

)

= sign(x2)

holds. Then, one has x2

⌈

z2
u0

⌋̺

= |x2|
∣

∣

∣
x2 −

ζ2
u0

∣

∣

∣

̺

, ∀̺ >

0 and Ẇs in (25) can be rewritten as

Ẇs|(6) ≤ −cΞ1|x2|
(

k21

∣

∣

∣
x2 −

ζ2
u0

∣

∣

∣

γ2

+ k22

∣

∣

∣
x2 −

ζ2
u0

∣

∣

∣

+ k23

∣

∣

∣
x2 −

ζ2
u0

∣

∣

∣

γ
′

2
)

.
(26)

Case 2: If |x2| ≤
∣

∣

∣

ζ2
u0

∣

∣

∣
, it is also easy to obtain

−x2

⌈

z2
u0

⌋̺

= |x2|
∣

∣

∣
x2 −

ζ2
u0

∣

∣

∣

̺

, ∀̺ > 0, which indicates

Ẇs in (25) satisfies

Ẇs|(6) ≤ cΞ1|x2|
(

k21

∣

∣

∣
x2 −

ζ2
u0

∣

∣

∣

γ2

+ k22

∣

∣

∣
x2 −

ζ2
u0

∣

∣

∣

+ k23

∣

∣

∣
x2 −

ζ2
u0

∣

∣

∣

γ
′

2
)

.
(27)

Then, we will confirm that for above two cases, there

exists a constant ∆ > 0 such that Ẇs|(6) ≤ ∆ in time
interval [0, T1]. Firstly, from Proposition 3, the fixed-

time convergence of ζ2 can be gotten, which indicates

ζ2 is bounded. Denoting ∆ = sup
{

Ξ1

(

k212
γ2

c1+γ2
|ζ2|

γ2+1 +

2k22

c
|ζ2|+

k232
γ
′

2

1+γ
′

2

|ζ2|
γ
′

2+1
)

}

,∆ can be viewed as an upper

bound of the right-hand side of (26) and (27), yielding

Ẇs|(6) ≤ ∆. Therefore, Ws and system states x1 and x2

cannot escape in [0, T1]. Moreover, from Proposition 3,
observer states z1 and z2 also cannot escape in [0, T1].

Furthermore, since u0(t) = sign(x0(0)̟1(z))c, t ∈
[0, T1], we have x0(t) ≤ x0(0) + ct, t ∈ [0, T1], which

indicates the state x0 cannot escape in [0, T1]. Thus, the

closed-loop system (6), (15) under (17) and (24) does

not escape in [0, T1], which has proven that the closed-

loop system (6), (15) under (17) and (24) is fixed-time

stable.

Now, the fixed-time output feedback stabilization
of x0-subsystem is given below. Since the fixed-time

output feedback stabilization of x-subsystem has been

obtained, we have x(t) = z(t) = u1(t) = 0, t ≥ T2,

which indicates the controller u0(t) = ̟2(x0), for t ≥

T2 + τ . Therefore, from [24] we construct

̟2(x0) = −k11x
γ1

0 − k13x
γ
′

1

0 (28)

to fixed-time stabilize x0-subsystem with bounded ini-
tial condition x0(T2 + τ).

Remark 2 If the initial condition x0(0) = 0, the switch-

ing controller (17) just needs to be rewritten into u0 =

sign(̟1(z))c + (1 − sign(̟1(z)))̟2(x0), and following

Propositions 1 and 3, and Theorem 1, the fixed-time

output feedback stabilization of system (3) can also be

obtained, which indicates the proposed control strategy

is global sense.

Corollary 1 The output feedback control strategy pro-
posed in Propositions 1, 3 and Theorem 1 can fixed-time

output feedback stabilize the following system

ẋ0 =
(

1− ε2

2

)

u0,

ẋ1 = u0x2,

ẋ2 = u1,

(29)

where ε is an unknown small bias in orientation, and
satisfies |ε| ≤ ι < 1 with ι being a known constant.

4 An illustrative example

Consider the bilinear model of a mobile robot with

small-angle measurement error [12, 14, 23], describing
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as

ẋl =
(

1− ε2

2

)

v,

ẏl = θlv + εv,

θ̇l = ω,

(30)

with ε ≤ 1 being a small bias in orientation, (xl, yl, θl)
T

standing for the state of the locally approximate model,

v and ω being two inputs to denote the linear veloc-

ity and angular velocity, respectively. Taking the state

transformation x0 = xl, x1 = yl, x2 = θl + ε, u0 = v

and u1 = ω, system (30) is transformed into system

(29), where (x0, x1, x2)
T is state, u0 and u1 are inputs

and y = (x0, x1)
T is output, respectively.

Firstly, by virtue of Propositions 1 and 3, and Theo-

rem 1, fixed-time output feedback stabilizing controllers

are constructed as




























































ż1 = z2 + ⌈ζ1⌋
γ̄1 + ⌈ζ1⌋+ ⌈ζ1⌋

γ̄
′

1 ,

ż2 = u0u1 + ⌈ζ1⌋
γ̄2 + ⌈ζ1⌋+ ⌈ζ1⌋

γ̄
′

2 ,

u0 = sign(x0(0)̟1(z))c+ (1− sign(̟1(z)))̟2(x0),

u1 = −
(

⌈x1⌋
γ1 + ⌈x1⌋+ ⌈x1⌋

γ
′

1

)

−

(

⌈

z2
u0

⌋γ2

+
⌈

z2
u0

⌋

+
⌈

z2
u0

⌋γ
′

2

)

,

(31)

where ζ1 = x1 − z1, γ = 0.6 and γ̄ = 0.6, functions

̟1(z) and ̟2(x0) are determined by (32) and (28),

respectively, and initial conditions x0(0) = 15, x(0) =
(20,−10)T and z(s) = (5, 5)T , s ∈ [−τ, 0] with c = τ =

0.5. The numerical simulation result of the closed-loop
system is shown in Fig 2.

Remark 3 Due to sign(·) being used in constructing u0,

a threshold of small value instead of absolute zero is

applied, that is, let ̟1(z) ≈ 0, when ̟1(z) ≤ 10−5

( [32]).

5 Conclusion

In this paper, a novel design approach for construct-
ing fixed-time output feedback stabilizing controllers
has been proposed for chained nonholonomic systems.

Remarkably, the systems in question require two con-

trollers to be constructed simultaneously, which are con-

siderably different from those in the closely related lit-

eratures. In our design, by applying switching control
technique, we first constructed a fixed-time output feed-
back stabilizing controller u0 formally, and then based

on this controller and by means of bi-limit homoge-

neous technique and the Lyapunov theorem, the fixed-
time output feedback stabilizing controller u1 based on

fixed-time observer of x-subsystem are constructed. On

the other hand, to obtain a fact, that is, before achiev-
ing the fixed-time output feedback stabilization of sys-
tem (6), controller u0 is a constant same as the sign

of the initial condition of x0-subsystem, a novel switch-

ing mechanism has been introduced, and then based on
this mechanism, the fixed-time output feedback stabi-

lizing controller u0 is thus constructed precisely. Since

the switching control strategy proposed for controller
u0 is hard to applied to chained nonholonomic systems

with external disturbances, which is our one possible
future study topic.

6 Appendix

In this section, we will give the detailed proof of Propo-

sition 2. Firstly, from Remark 1 and Proposition 1, the

fact that the achievement of fixed-time state feedback

stabilization of system (6) implying ‖x(t)‖ = 0, and
vice versa. Moreover, since the state of x2 cannot be

measured, controller (5) should be reconstructed to be

applied to fixed-time output feedback stabilize system

(6), and an intuitive idea is to change ‖x‖ in (5) as ‖z‖.

However, the fact given in Section 3.1 will no longer

hold, that is, the fixed-time output feedback stabiliza-

tion of system (6) cannot be obtained from ‖z(t)‖ = 0.
In fact, it may occur the phenomenon that ‖z(t)‖ = 0

happens infinite times during fixed-time observing the

states of system (6), which will leads to the finite time

T1 not existing. Therefore, Proposition 3 will no longer

hold. To avoid this phenomenon, we reconstruct the

controller u0 in (5) as (17) where ̟1(z) is updated by

˙̟ 1(z) = ‖z(t)‖2 − ‖z(t− τ)‖2 (32)

with the initial condition z(s) 6= 0, s ∈ [−τ, 0].

Remark 4 Obviously, ̟1(z) contains the information

of z(t) from time t − τ to t, which is critical to avoid

the phenomenon that ‖z(t)‖ = 0 happens infinite times

during fixed-time observing the states of system (6).

Next, we will prove that under the choosing of̟1(z)
in (32), the fact that before the achievement of fixed-

time output feedback stabilization of system (6) imply-
ing ̟1(z) 6= 0.

For convenience, we divide the proof into three steps.

In step 1, we will provide that ‖z(t)‖, t ∈ (0,+∞) is a
continuous function. In step 2, we will prove that the set
Ω defined as Ω = {t|‖z(t)‖ = 0, t > 0} is a discrete set.

In step 3, we prove that ̟1(z) exists and ̟1(z(t)) > 0

before the achievement of fixed-time output feedback
stabilization of system (6).

Step 1: Continuity analysis of ‖z(t)‖ in t ∈ (0,+∞).
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Firstly, from the construction of observer (15) and

controllers (17) and (24), we obtain that although żi(t), t ∈
(0,∞), i = 1, 2 are discontinuous at some points(where

controllers (17) or (24) is discontinuous at these points),

the functions zi(t), i = 1, 2 are continuous in (0,∞).

Then, based on the continuity of zi(t), t ∈ (0,∞), i =
1, 2 and by means of the definition of vector norm,

we can directly prove the continuity of ‖z(t)‖ in t ∈
(0,+∞). Similarly, the continuity of xi(t), i = 0, 1, 2

and ‖x(t)‖ in t ∈ (0,+∞) can be also obtained.

Step 2: Proof of discrete set Ω.

Firstly, we give the definition of discrete set that is a
set of points of a topological space such that each point

in the set is an isolated point, i.e. a point that has a

neighborhood that contains no other points of the set.

Next, the proof by contradiction method is applied
to verify Ω is a discrete set. Firstly, we assume that

there exists t∗ ∈ Ω(the first one) is not an isolated
point. There must exist a time sequence {tn} with tn ∈

Ω such that tn → t∗ as n → +∞ and without loss of

generality, we assume that the time sequence {tn} tends

to t∗ from the left hand.

Since ‖z(t∗)‖ = 0, we have z1(t
∗) = z2(t

∗) = 0. Fur-

thermore, ‖x(t∗)‖ 6= 0 can be also obtained, otherwise,

the fixed-time output feedback stabilization of system

(6) is already achieved, which contradicts the fact that

before the achievement of fixed-time output feedback

stabilization of system (6). Thus, based on ‖x(t∗)‖ 6= 0,
we analyze the following three cases.

Case 1): x1(t
∗) 6= 0 and x2(t

∗) = 0. When this case
occurs, from observer (15) and controller (24), we ob-

tain that at least ż1(t
∗) 6= 0. By means of the continuity

of x1(t) in t ∈ [0,+∞), and based on local inheriting or-

der property, there must exist a constant δ1 > 0, such

that ż1(t) 6= 0, t ∈ Ω1 = (t∗ − δ1, t
∗ + δ1) and then

we have |z1(t)| > 0, t ∈ Ω1\{t
∗}, which also indicates

‖z(t)‖ > 0, t ∈ Ω1\{t
∗}.

On the other hand, since t∗ ∈ Ω is not an isolated

point and tn → t∗ as n → +∞, that is, for any constant

δ2 > 0 choosing as δ2 < δ1, there exists N > 0, such

that for all n > N , tn ∈ Ω2 = (t∗ − δ2, t
∗), which

contradicts ‖z(t)‖ > 0, t ∈ Ω1\{t
∗} (based on Ω2 ⊆

Ω1). Thus, t
∗ ∈ Ω is an isolated point, which has proven

that Ω is a discrete set.
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Fig. 2 Trajectories of the closed-loop system (28), (29), (31) and (32) with the small bias in orientation ε = 0.5.
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Case 2): x2(t
∗) 6= 0 and x1(t

∗) = 0. When this case

occurs, we will firstly prove the state of x0(t
∗) 6= 0.

Since t∗ ∈ Ω (the first one) is not an isolated point,

thus, for any constant δ3 > 0, there must be finite points

recorded as t1, . . . , tM ∈ Ω3 = [0, t∗ − δ3] such that

‖z(tk)‖ = 0, k = 1, . . . ,M . Then, by means of the
continuity of ‖z(t)‖, t ∈ Ω3 and the initial condition

z(s) 6= 0, s ∈ [−τ, 0], and from (32), we have

̟1(z(t)) =
∫ t

t−τ
‖z(s)‖2ds =

∫ t−t1

t−τ
‖z(s)‖2ds+ · · ·

+
∫ t

t−tM
‖z(s)‖2ds > 0,

which indicates the controller u0(t) = sign(x0(0)̟1(z))c

and |x0(t)| ≥ |x0(0)| in t ∈ Ω3. Therefore, for any δ3,

if x0(t
∗) = 0, there exists ε3 = |x0(0)|

2 , such that when

|t∗ − (t∗ − δ3)| ≤ δ3, |x0(t
∗) − x0(t

∗ − δ3)| ≥ ε3 =
|x0(0)|

2 holds, which contradicts the continuity of x0(t)

in t ∈ [0,+∞). Thus, we have proven x0(t
∗) 6= 0, and

similarly, x0(t) 6= 0, t ∈ Ω4 = (t∗ − δ3, t
∗ + δ3) can

also be obtained, which also indicates the controller
u0(t) 6= 0, t ∈ Ω4.

Next, from system (6) with u0(t) 6= 0, t ∈ Ω4 and

x2(t
∗) 6= 0, we have ẋ1(t) 6= 0, t ∈ Ω4 and based on

local inheriting order property, there is a constant δ4 >

0 such that x1(t) 6= 0, t ∈ Ω5 = (t∗ − δ4, t
∗ + δ4)\{t

∗}.

Then, from Case 1), we have proven that t∗ ∈ Ω is an

isolated point and Ω is a discrete set.

Case 3): x1(t
∗) 6= 0 and x2(t

∗) 6= 0. When this case

occurs, combining with Case 1) and Case 2), we have
proven that t∗ ∈ Ω is an isolated point and Ω is a

discrete set. This completes the proof.

Step 3. Proof of ̟1(z(t)) > 0.

From Step 1, we have ‖z(t)‖ is continuous in t ∈

(0,+∞), and since Ω is a discrete set, and then, for

any given t > 0, there exist finite points recorded as
t1, . . . , tN ∈ [t−τ, t] such that ‖z(tk)‖ = 0, k = 1, . . . , N .

Therefore, ̟1(z(t)) defined in (32) exists and satisfies

̟1(z(t)) =
∫ t

t−τ
‖z(s)‖2ds =

∫ t−t1

t−τ
‖z(s)‖2ds+ · · ·

+
∫ t

t−tN
‖z(s)‖2ds > 0.

Thus, by means of the structure of controller (17), we

have proven (17) is a constant controller before the

achievement of fixed-time output feedback stabilization

of system (6). This completes the proof.
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Figures

Figure 1

The planar graph of a unicycle-type mobile robot.



Figure 2

Trajectories of the closed-loop system (28), (29), (31) and (32) with the small bias in orientation ε = 0.5.
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