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Abstract 

In EDM, the thermal energy of the discharge causing material erosion which is supplied by the 

power source unit as electrical input. The discharge energy may be recognized by the current and 

voltage pulses on time transient discharge characteristic curve (V-I curve) during machining. 

However, the plasma resistance is very short for a smaller interelectrode gap in micro-EDM 

compared to the impedance of the circuit. Hence, direct probe-based measurement of current and 

voltage pulses may include the voltage drop across the stray impedance which causes variation in 

its exact value. Here, a modeling-based approach may help to analyze the energy interaction with 

the interelectrode gap. This article presents a theoretical modeling approach to predict the 

interelectrode gap based on gap voltage, gap current, and plasma characteristics. Initially, a 

simplified two-dimensional heat conduction equation (cylindrical form) was studied to 

understand the asymmetry of heat flow in Gaussian distribution. A numerical analysis of a single 

discharge pulse was considered by applying some basic assumptions. A numerical model has 

been developed to predict gap distance and MRR considering gap voltage, gap current, and 

plasma properties. The predicted model was validated against previously reported data from the 
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literature. Later on, the impact of gap voltage on gap distance, plasma resistance, and material 

erosion rate was analyzed and discussed briefly.  

Keywords: Gap modeling, Single discharge, Energy distribution, V-I curve, Plasma resistance, 

MRR 

1. Introduction 

With rapid development in technology, the necessity of micro-features parts and devices 

has increased in the field of aerospace, biomedical, automobile, energy, and electronics 

industries [1–4]. To meet these requirements, electrical discharge machining is appropriate 

machining technology to fabricate the 3D complex geometry on any electrically conductive 

materials. The processing mechanism of material erosion is independent of the material physical 

properties. Although, the thermal impact of electric discharge playing a significant role in 

material erosion within the small interelectrode gap. Nevertheless, fundamental understanding 

behind the energy interaction, heat flow, plasma growth, crater formation, debris removal, and 

interconnection between process variables are still ambiguous which limits its application. 

Researchers are involved in formulating the process variables models using a theoretical and 

empirical approach to understand the fundamentals behind the material erosion and crater 

geometry prediction. 

The discharge phenomenon in EDM comprises various theories such as thermodynamics, 

electrodynamics, fluid dynamics, electromagnetic and other subjects hence, understanding the 

theory behind the discharge and process mechanism is quite challenging [5]. Lots of electro-

thermal models [6–10] were developed by assuming heat as a point source [11], disk type source 

[12], uniform plane type source [13] to replicate the erosion mechanism of EDM. In all these 

modeling approaches, the Gaussian type of heat flux distribution is most common where the 
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plasma channel radius was expressed in terms of discharge time and peak current. Erden et al. 

[14] proposed a mathematical model to calculate MRR considering single discharge crater 

formation however, this model did not show much more appreciable result while surface 

integrity of the work material was concerned. The current surface integrity models are generally 

considering the metallurgical characterization of the EDMed surface via optical microscope, 

SEM and X-ray diffraction techniques [15]. Somashekhar et al. [16] applied the finite element 

modeling approach to understand the thermal impact of multiple discharges in the EDM process 

and show the temperature distribution over the machined surface. Li et al. [17] investigated the 

effect of plasma arc movement on crater morphology for a single discharge. They reported 

discharge current and narrow gap distance as substantial factors for predicting crater morphology 

and plasma arc movement. Izquierdo et al. [1] applied the multiple discharge modeling approach 

to studied MRR, SR, discharge radius in EDM. Similarly, Joshi et al. [18] applied the nonlinear 

transient thermo-physical approach to determine the crater volume and MRR by considering a 

single discharge pulse in die sink EDM. The developed model was made more realistic by 

assuming the Gaussian type of heat distribution, latent heat of work materials, plasma radius as a 

function of discharge time and gap current, etc. Further, the predicted model was validated 

experimentally. DiBitonto et al. [11] proposed a cathode erosion based modeling by considering 

discharge power as an important factor at the boundary of the plasma interface. It was observed 

that the amount of heat received by the workpiece defines the shape of plasma while the plasma 

radius is the function of time. An anode crater formation numerical model was proposed to 

determine the MRR in two consecutive stages i.e. plasma built-up stage and bubble collapsing 

stage by Tao et al. [19]. The crater volume and debris geometry were used to replicate the 

erosion mechanism for MRR. The single discharge plasma is characterized by Singh [20] based 
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on shape, size, and plasma growth channel. The thermal model was developed by assuming the 

fraction of heat transfer to the work part at varying EDM parameters. The model was further 

optimized and validated to improve the outputs of the process. Later on, Chu et al. [5] 

investigated the time-varying plasma channel growth model in the pre-ignition and expansion 

phase of micro EDM. Jithin et al. [21] used the finite element modeling approach to predict the 

crater geometry in a single discharge. They identified pulse on time and pulse current as 

significant factors for crater geometry prediction with error percentage of 9.1 to 13.4% in crater 

aspect ratio. 

As the literature suggests, there is an inadequate mathematical model reported in free 

literature that can predict the inter-electrode gap via gap current, gap voltage, and plasma 

resistance. Moreover, the interaction of the discharge energy within the small interelectrode has 

not been investigated. Hence, the present article shows the discharge energy interaction for the 

small interelectrode gap in theoretical way. A mathematical model has been developed to predict 

the inter-electrode gap by considering all the above factors in a single discharge system. The 

asymmetry of heat flux distribution, governing equations, plasma radius, and energy transferred 

for single discharge was studied initially. Additionally, a theoretical relation has been developed 

for determining MRR, based on the inter-electrode gap, discharge current, and material removal 

constant along with plasma properties. The predicted model was validated against experimental 

results reported in previously published papers. Moreover, the impact of gap voltage on gap 

distance, plasma resistance, and MRR was analyzed and discussed. As gap distance increases, 

the gap voltage also increases which results to increase in discharge energy level within the small 

gap. This increase in discharge energy level causes more material erosion for specified gap. 

2. Thermo-physical model  
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From literature survey, a nonlinear transient model of single discharge was studied 

initially to form the crater on the workpiece. The formation of the crater is mainly due to the 

thermal impact of the multiple discharges. Here, the heat generated by plasma followed the two 

modes i.e. conduction and convection. The conduction mode of heat transfer is based on specific 

heat as well as latent heat while convection mode is due to dielectric flow. Most of the reported 

literature neglects the heat transferred by convection and radiation for making ease of simplicity 

in the calculation. 

The shape of the plasma channel is assumed to be cylindrical. Due to the axisymmetric 

nature of plasma heat transfer, a 2D heat flow equation in the axial and radial direction 

(cylindrical form) was considered (Fig. 1). Also, due to the stochastic nature of electrical 

discharge within the gap, it is difficult to predict the plasma radius, plasma shape, size, and heat 

energy distribution. Hence, incorporating the process variables in modeling is quite challenging. 

 



6 

 

Fig. 1 Heat flow model in an axial and radial direction for a cylindrical coordinate system. 

2.1 Assumptions 

The stochastic nature of electrical discharge showed the randomness in the machining process 

hence, it is necessary to follow some basic assumptions to make the model solvable. 

1. The tool and workpiece material are homogeneous, isotropic, and poses no internal stress 

before machining.  

2. The heat flow is axisymmetric type along the r-z plane. 

3. Heat flux distribution is Gaussian type to make the model more realistic during an 

effective pulse on time. 

4. The internal heat generated by the system is totally ignored ( 0gq = ). 

5. The part of total discharge energy is attributed as heat flux input to the work material and 

the heat flow through convection and radiation mode is neglected. 

6. There is no change in thermo-physical characteristics of work material for a specific 

range of temperatures. 

7. A single discharge pulse is assumed to predict MRR by expressing gap distance as a 

function of gap voltage and average gap current. 

8. The volumetric material erosion rate is directly proportional to the energy consumed by 

the anode i.e. workpiece.  

9. The value of material removal constant was taken as 1 i.e. (ƞ=1) which is defined as the 

ratio of material removal rate per unit discharge energy. 

10. Discharge channel length in plasma area is almost equals the inter-electrode gap during 

machining. 
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11. There is no deposition of molten material as the recast layer i.e. flushing efficiency is 

100%. 

2.2 Governing equation and applied boundary condition 

The heating of work material is due to the energy of single discharge and the flow of heat 

is axisymmetric type. The governing equation for this type of heat flow in a cylindrical 

coordinate system is given by the Fourier law of heat conduction with no heat generation 

(Equation 1) [22]. 

                                                   

1
w p t t

T T T
C k r k

t r r r z z
ρ ∂ ∂ ∂ ∂ ∂   = +   ∂ ∂ ∂ ∂ ∂   

                                      (1) 

Where, ρw (work material density), Cp (specific heat capacity of the workpiece), T (atmospheric 

temperature), t (time), kt (thermal conductivity of material), r, and z are the coordinates axis in 

the r-z plane. 

A small piece of a cylindrical part in work material around the discharge was considered 

for the heat flow analysis. The boundary condition for the heat transferred in this type of system 

is illustrated in Fig. 2. Only the upper part of the work material was considered for the spark 

energy distribution within the plasma radius (𝑟𝑟𝑝𝑝). No heat transferred is considered for the 

boundary BC-2 and BC-3 due to the far distance from the discharge radius. For boundary, BC-4, 

the heat flux distribution is considered to be zero due to the line of symmetry [22].  

                         

( / )
           

(T T )    if  (neglected)

0                 pulse interval time 

p
a w p

t c o p

r r

T
k h r r

z

q ≤
 ∂  = − > ∂  
  

                                                   (2) 

                          
 0  for BC- 2, BC- 3 

T

t

∂
=

∂
(Far distance from discharge radius)                   (3) 
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 0  for BC- 4 

T

t

∂
=

∂
(Along the line of symmetry)                                           (4) 

 

Fig. 2 Thermal model of heat in terms of Gaussian heat distribution with applied boundary 

conditions. 

2.3 Single discharge heat input 

Most of the published papers consider the uniform heat distribution for a single discharge 

within the plasma radius. However, this fact is far away from reality due to the stochastic nature 

of the discharge in short duration of the pulse. The evidence can be easily visualized by 

spectroscopy techniques and crater geometry formation.  

The present model shows the Gaussian type of heat flux distribution. The probability density 

function for this type of distribution for a random variable (r) [23] is expressed as,  

                                                 

2

22
1

( )
2

r

P r e σ

σ π

−
=                                                                    (5) 



9 

 

Here, σ: standard deviation for Gaussian distribution of heat flux where 99.7 % value resides 

inside the 3σ i.e. (±3σ = rp). 

Now, replacing  by 
3

pr
σ and considering random variable (r) is nothing but the crater radius (rc) 

then,  

                        Now assuming, P(r) = Q(r) and 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚=
3

2pr π
                                                  (6) 

                                              Therefore, 

2

2
4.5( )

max(r) p

r

r
P Q e

−

=                                                          (7) 𝑄𝑄𝑚𝑚𝑚𝑚𝑚𝑚 : Maximum heat intensity at the center point of the work material 

rp: Plasma radius 

rc: Work material radius or crater radius 

               Total energy received on the work surface =
0

( ) ( )2
pr

Q r dA Q r rdrπ=∫ ∫                        (8)                                             

                                                 

2

2
4.5( )

max
0

2
p

p

r
r r

Q e rdrπ
−

= ∫                                                                 (9) 

                                                

2

2
2 4.5( )

max

0

4.5

p

p

r
r

rpr
Q e

π − 
 = −
 
 

                                                              (10) 

                                                 

2

max0.2191 pQ rπ=                                                                         (11) 

The heat flux received by the workpiece surface equals to discharge power [10], hence 

                                                    

2

max0.2191f pP VI Q rπ=
                                                           

(12) 

             We have,

 

max 2 2

. . 4.567 . .

0.219

f f

p p

P V I P V I
Q

r rπ π
= =  at the center of plasma (i.e. 0pr =  )        (13) 
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2

2

4.567
( ) exp 4.5

f c

p p

P VI r
Q r

r rπ

   = −                                              

(14) 

Q(r): heat entered into the work material, Pf: portion of heat received by the workpiece, I: gap 

current (A), V: gap voltage (V), rp: spark or plasma radius, rc: crater radius. 

2.4 Spark radius or plasma radius 

In ultra-short pulse duration, measuring a spark radius is a challenging task. Also, the 

plasma radius is not constant and continuously growing/varying with respect to time. It mainly 

depends on the material type, electrode shape, polarity, and types of the dielectric. However, 

some researchers evaluated the relation of plasma radius as a function of discharge power and 

machining time for the rectangular type of discharge pulses which is given as follows [24]. 

                                                                
( ) (P ) ( )m n

p dr t Z t=
                                                        

(15) 

Where rp (t): time function of plasma radius, Pd: discharge power, t: machining time, Z, m, n: 

empirical constant which can be evaluated through experiments. 

The value of Z can be calculated in terms of discharge length (l) is given by  

                                                            ( 0.5 )

L
Z

lm N
=

+                                                               

(16) 

The empirical constant L, m, n can be evaluated by experimentally which follow the relation as, 

                                                  0.5m M N= + , and n N=                                                         (17) 

Various researchers have applied various concepts to estimate the shape and size and 

growing plasma radius. However, the most accepted concept is that the plasma radius can be 
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expressed in terms of peak current and discharge time. The following fact was found valid for 

the spark energy limited 670 mJ [25]. Further, the above fact was utilized for the calculation of 

MRR for the predicted model. 

                                                    

3 0.43 0.44( ) (2.04 ) Ip p onr t e T−=
                                                  

(18) 

2.5 Energy sharing in the discharge phase 

The major portion of the supplied energy is consumed by the plasma channel during the 

built-up, expansion phase, and consequently material erosion phase. The literature clearly shows 

that the percentage may vary from 14% to 50% of total discharge energy [3]. Hence, estimating 

the discharge energy allocation during the erosion phase may help to develop a more precise 

thermo-physical model to estimate MRR and various EDM related characteristic parameters 

[26]. Additionally, the energy absorbed by the work material significantly depends on peak 

current and effective discharge time which may vary from 6.5% to 17.7% at varying energy 

levels [22]. 

3. Mathematical formulation for inter-electrode gap prediction 

The gap voltage (Vg) and gap current (Ig) that exist in the inter-electrode gap will exhibit 

an equivalent resistance for plasma channel which is given as  

                      
g

plasma

g

V
R

I
=          

g pI I  (During short-circuiting)                                          (19) 

The resistance of the plasma channel in terms of electrical resistivity can also be expressed as 

                                                                   plasma

l
R

A
ρ=                                                          (20) 
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Where, ρ: plasma channel resistivity, l: discharge channel length in plasma area which almost 

equals the inter-electrode gap, and A: cross-sectional area of the discharge channel. Now 

combining equation 19 and 20 we get, 

                                                            
g

plasma

p

V l
R

I A
ρ= =                                                    (21) 

The plasma characteristic for the single discharge pulse during effective pulse on time 

and their erosion mechanism is demonstrated in Fig. 3. The resistivity of the plasma channel 

significantly depends on the degree of ionization of the dielectric medium [27]. Measuring the 

resistivity of the discharge channel is quite challenging due to rapid expansion within a short 

interval of time however the channel stabilized for few microseconds near-maximum discharge 

channel radius [28,29]. Also, a larger inter-electrode gap signifies the larger discharge channel 

radius where the discharge channel area remains unaffected. Hence, 

                                                                     .
g

g

V A
l

I ρ
=                                                                           (22) 

                                                                           Therefore, 
.( )

g

g

V
l

I κ
=                                                               (23)         

 Where 
A

ρκ =  (Equivalent plasma channel resistance)                  

Additionally, the source of energy for electric discharge between two electrodes can be 

determined by the supplied voltage and current, hence, the total energy for electric discharge can 

be expressed as [30]. 

                                                                    E VIT=                                                                (24) 

V: Supplied voltage, I: Current, T: Machining time 
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For pulse type of current during effective machining time, Eq. (24) can be written as following 

for a single discharge pulse.  

                                                              
 . .s g g on effectiveE V I T=                                                  (25) 

         Where, 
 ( )on effective h i d scT T T T T= + + +  

                                                 Therefore, ( . .( ))s g g h i d scE V I T T T T= + + +
                               

(26) 

Where, Es: spark energy in a single discharge, Vg: gap voltage, Ig: gap current, Ton effective: 

effective pulse on time, Tid: ignition delay time, Th: holding time, Ti: ionization time, Td: 

discharge time, Tsc: short circuit time, Tc: complete cycle time,  
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Fig. 3 (a) Single discharge pulse characterization during effective pulse on time and (b) material 

erosion mechanism. 

4. Mathematical formulation for MRR concerning inter-electrode gap 

Predicting the material removal rate in EDM is a difficult task because it consists several 

phenomena at a time during machining. A theoretical modeling approach may be beneficial over 

here. A systematic of applying theoretical approach for determining MRR is shown in Fig. 4.  

The spark energy mainly utilized in the melting and evaporation of materials during the 

discharge phase and the rest part of the energy is utilized to make the dielectric ionized by 

impinging electrons and ions hence, the part of the energy which is reached to the workpiece 

material is as below, 

                                                             

(t)  Ea sE α
                                                                      

(27)   

                                                                          (t) = Ea sE η                                                                    (28)                                                     
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Fig. 4 Theoretical approach to determine material removal rate concerning gap distance 

Son et al. [30] reported that the material removed for a single discharge pulse is directly 

proportional to the spark energy and they expressed it as following, 

                                          

 

1
MRR = .E . . .s g g on effective

on effective off

V I T
T T

η η
 

=   + 
                           (29) 

Now, neglecting pulse off time and discharge frequency because material is removed only during 

effective pulse on time and discharge frequency may not as influential as other parameters while 

material removal rate is concerned, hence                                                        

                                                    MRR = .( . . )g g on effectiveV I Tη                                                   (30) 

                                                   MRR = .( . .( ))g g h i d scV I T T T Tη + + +                                    
(31) 

                                                   MRR = .( . . .( ))g plasma g h i d scI R I T T T Tη + + +                          
(32) 

                                                   

2MRR = .( . .( ))g plasma h i d scI R T T T Tη + + +
                            

(33) 

                                                   
2MRR = .( . .( ))g h i d sc

l
I T T T T

A
η ρ + + +                                    (34) 

                                           { }2MRR = . . .( )g h i d scI l T T T Tη κ + + + , We have,
A

ρκ =
              

(35) 



16 

 

η: material removal constant i.e. volumetric material removal per unit discharge energy. Where 

Ig: average gap current, l : gap distance, A: cross-sectional area of the arc discharge, Ton effective: 

effective pulse on time for machining, and
A

ρκ =  (Equivalent plasma channel resistance) 

The developed model for MRR showing the linear relationship with the discharge current and 

inter-electrode gap-but in real practice, it may vary. Also, the volume removed in a single 

discharge defines the roughness of the finished workpiece. In real practice, there is material 

deposition as a recast layer; taper cut, overcut, and debris attachment are some major issues that 

define the product quality. 

5. Experimental validation for inter-electrode gap and MRR 

5.1 Model validation through previously reported data 

The proposed model for predicting the interelectrode gap and MRR is validated against 

previously published experimental data reported by Xin et al. [27] and Mujumdar et al. [31]. The 

experimental results reported in each paper is presented in Table 1 and Table 2. The term η is the 

material removal constant which is defined as volumetric eroded material per unit discharge 

energy. Here, η =1 is considered for experimental and numerical validation.  

Table 1 Experimental input parameters reported by Xin et al. [27] 

Gap voltage 

(V) 

Gap current 

(A) 

Avg. equivalent 

resistance 

(Ω-µm-1) 

Effective pulse on 

time (μs) 

Exp. interelectrode 

gap (μm) 

19.5 18.2 0.109227 100 10 

21.5 17.7 0.061174 100 20 
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23.4 17.4 0.044226 100 30 

24.9 17.2 0.036389 100 40 

25.7 17.1 0.029750 100 50 

27.4 16.7 0.027598 100 60 

29.3 16.5 0.025003 100 70 

 

Table 2 Experimental results reported by Mujumdar et al. [31] 

Plasma voltage (V) Exp. gap (µm) Ton time (µs) Current (A) Plasma resistance (Ω) 

1.115 0.774 5 35.268 0.019545 

0.072 0.25675 5 53.497 0.000844 

1.311 0.7765 5 53.474 0.01539 

1.462 1.28725 5 53.451 0.017078 

1.614 1.8055 5 53.111 0.019026 

0.123 0.25825 5 71.545 0.001104 

1.572 0.77775 5 71.205 0.013766 

1.745 1.291 5 71.182 0.015195 

1.926 1.8115 5 71.158 0.016883 

2.294 2.84875 5 70.795 0.020162 

0.188 0.2545 5 107.323 0.001104 

0.035 0.778 5 107.299 0.000195 

2.136 1.29475 5 107.118 0.012403 

2.346 1.81025 5 106.937 0.013701 
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2.758 2.85275 5 106.889 0.016039 

3.126 3.88675 5 106.526 0.018312 

3.473 4.9235 5 106.479 0.020325 

3.776 5.96325 5 106.273 0.022208 

 

5.2 Model validation for interelectrode gap 

To demonstrate the successful implementation of the predicted model, the interelectrode 

gap distance is validated against the experimental results reported by Xin et al. [27] and 

Mujumdar et al. [31]. As the interelectrode gap increases, the gap voltage increases which can be 

clearly understood by Fig. 5. The error in prediction for interelectrode gap is less than 5% and 

35.0%. The second error percentage is little bit higher because of compiled data. As it is clear 

from the figure, the increase in gap voltage increases the gap distance which results in an 

increase of plasma resistance for a given pulse on time. The above fact is because of the 

collective effect of current density, plasma radius, and gap distance. Plasma resistance is directly 

associated with gap distance while with current density, its relation was found inverse. 

Therefore, a rise in gap distance rises the plasma resistance for a specified gap voltage. 

Nevertheless, for constant gap distance raised in gap voltage drops the plasma resistance. The 

fact can be easily understood via Eq. (22) that the increase in gap voltage causes an increase in 

electron density and expansion in the plasma channel causing a fall in plasma resistance. 
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Fig. 5 Variation of gap distance in experimental and predicted model concerning voltage 

5.3 Model validation for material removal rate 

The predicted results for MRR are validated against the experimental results reported by 

Xin et al. [27] and Mujumdar et al. [31]. From Fig. 6(a), it can be observed that the predicted 

MRR showing good agreement (error in prediction <5%) with the experimental values. 

However, Fig. 6(b) showing a little bit higher deviation (error in prediction <35.0%) in predicted 

value compared to the experimental one. The reason may be the compilation in data from the 

graph. An increase in gap distance increases the gap voltage that means there is an increase in 

plasma resistance. To break this plasma resistance more energy is required. This more energy 

comes in the form of electric energy from the power supply as applied gap voltage and current. 

This electric energy is nothing but the energy input which removes the material from its thermal 

impact. For specified gap voltage, raised in gap distance increases the plasma resistance while 

plasma current remains constant. Moreover, discharge energy increases with increases in gap 

distance as per joules law (Q=I2RT). At specified gap distance, raised in gap voltage drops the 

plasma resistance but current continuously rises till peak current is not achieved. There is raised 
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in discharge energy level as gap voltage rose for constant gap distance. This rose in discharge 

energy level increases the material erosion because of the high thermal impact of electric 

discharge.  

 

Fig. 6 Variation of MRR in experimental and predicted model concerning gap distance. 

6. Conclusions 

The proposed mathematical modeling approach predicted the interelectrode gap and MRR 

for a single discharge pulse. Below points showing the major conclusion from the above studied. 

• The validation against the experimental results showing the correctness of the predicted 

model. The error in predicted model was found less than 5 % and 35% for interelectrode 

as well as for MRR. 

• The interelectrode gap is directly associated with gap voltage, peak current, and 

equivalent plasma resistance. There is a rise in plasma resistance as gap distance 

increases and hence, more energy is required in terms of gap voltage to break that 

resistance.  
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• At the constant interelectrode gap, raised in gap voltage drops the plasma resistance 

within the gap. This drops in plasma resistance offers low resistance path to flow the high 

discharge current which removes the material as debris. 

• Material removal constant, gap current, effective pulse on time, inter-electrode gap, and 

equivalent plasma resistance are the important factors that define the MRR in EDM. 

• The proposed numerical model may be the time-saving alternative where machining 

performance is concerned prior to the actual machining.  
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