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Three dimensional statistical damage constitutive model of rock 

based on Griffith strength criterion 

Song Chen1, Xiuling Cao1,* Zhao Yang2
 

(1School of Urban Geology and Engineering, Hebei University of Geosciences, Hebei 050031,China; 2School of 

Civil Engineering, Beijing Jiaotong University, Beijing 100044, China） 
Abstract: According to the damage mechanics theory and Lemaitre strain equivalence theory, because most rock 

materials are brittle materials, Griffith strength criterion has good applicability to describe the fracture failure of 

brittle materials from the perspective of energy. Using a new method to describe the rock micro-element strength 

based on Griffith strength criterion, and assuming the micro-element strength obeys the Weibull distribution, a true 

triaxial constitutive model of damage softening reflecting the whole process of rock failure is established. On this 

basis, the influence of the two parameters in the model on the curve of the constitutive model is analyzed, and the 

relationship between the two parameters and the intermediate principal stress in the model is established, and the 

model is revised reasonably. Finally, a true triaxial damage constitutive model of rock is established. The results 

are in good agreement with the experimental curve, which verifies its validity and rationality. At the same time, the 

relationship between the damage evolution and the strain and stress is discussed, and the influence of the size of 

the intermediate principal stress on the relationship is analyzed in detail. 

Keywords: rock damage; Griffith strength criterion; Weibull distribution; intermediate principal stress; modified 

damage constitutive model 

1 Introduction 

The mechanism of rock failure is complicated since flaws such as cracks and voids 

commonly exist in rock. These discontinuous structure surfaces have significant influences on the 

damage processes and failure characteristics of rock [1-2]. Krajcinovic and other scholars [3-6] 

believe that the internal defects of rock materials are subject to random distribution, and the axial 

strain strength theory is used to describe the microelement strength of rock. The rock 

micro-element strength obeys the Weibull distribution, and with the introduction of statistical 

damage theory, a mesoscopic damage evolution model for the whole process of rock fracture 

under confining pressure is established. But the axial strain can not fully describe the 

micro-element strength of rock, and can not directly reflect the bearing capacity of rock, so the 

model is bound to have some shortcomings. some scholars [7-10] put forward the method of using 

Drucker-Prager criterion to describe the micro-element strength of rock. Finally, it is found that 

the Drucker-Prager criterion is more conservative in determining the micro-element strength of 

rock. Cao and Liao et al.[11-14] noted that the Mohr-Coulomb criterion is based on the tests to set up 

and can accurately reflect the bearing capacity of rock, and use it to describe the micro-element 

strength of rock is reasonable and practical, but failed to take into account the influence of 

intermediate principal stress. Some scholars[15-16] built a damage constitutive model of rock based 

on Hoek-Brown criterion. It is highly dependent on engineering experience and strong 

randomness, so there are still some limitations. In addition, some scholars[17-19] have established 

the statistical damage constitutive model by using the Lade-Duncan strength criterion. Zhu et al. 
[20] established rock statistical damage softening model based on the SMP (Spatially Mobilized 

Plane) criterion. The SMP and Lade-Duncan criteria are smooth curves on the π plane, and 
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overcome the defects of nonsmooth curves with singularities. However, the destruction of these 

criteria is mainly based on the form of pressure, and it is difficult to characterize the tensile failure 

of brittle rock. At present, the Griffith strength criterion has been widely applied to fracture 

criterion of brittle materials such as rock[21-22], but it has not been reported in the theoretical 

damage constitutive model. At the same time, most of the statistical damage models established by 

predecessors are uniaxial or two-dimensional, and a few are three-dimensional, and the 

three-dimensional states are pseudo-triaxial (σ2=σ3). 

In view of this, because most rock materials are brittle materials, Griffith strength criterion 

has good applicability to describe the fracture failure of brittle materials from the perspective of 

energy. This paper uses the Griffith strength criterion as a new micro element strength 

representation method. The effect of intermediate principal stress is taken into account in the three 

dimensional Griffith strength criterion. Assuming that the strength of the micro-element obeys to 

the Weibull distribution, a true three-dimensional (σ2≠σ3) state damage constitutive model is 

established. By using the geometric special point derivation method of constitutive relations with 

clear physical meaning, the parameters are obtained. The relationship between the parameters and 

the intermediate principal stress is discussed, and the model is modified reasonably. An example is 

given to verify its effectiveness and correctness. Finally, the relationship between damage 

evolution and strain and stress is discussed in detail, and the influence of intermediate principal 

stress on this relationship is analyzed. 

 

2 Establishment of statistical constitutive model for rock damage 

2.1 Rock damage variable and damage Statistic constitutive relation 

According to the strain equivalence hypothesis of Lemaitre [23], the damage constitutive 

relation of rock is established as follows: 𝜎 = 𝜎∗(1 − 𝐷) = 𝐸𝜀(1 − 𝐷)                           （1） 

Where E: elastic modulus of rock; σ：rock nominal stress; σ∗: rock effective stress; ε：strain; D: the 

damage variable of rock. 

Because the distribution of microscopic defects in the rock is random, the rock damage 

variable D can be defined as the ratio of the failure number of rock elements (n) under load and 

the total number of rock elements (N) without damage, and the range is 0-1. 𝐷 = 𝑛𝑁                                            （2） 

According to the theory of probability and statistics, it is assumed that the failure probability 

distribution law of the micro-element strength of rock is P (F), therefore, the number of damaged 

micro-elements obtained by arbitrary small elements(dF) is NP(F)dF, and when the external load 

is increased to F, the number of damage elements at this point can be expressed as follows: 𝑛 = ∫ 𝑁𝑃(𝑥)𝐹0 d𝑥                                     （3） 

The substitution of formula (3) into (2) : 𝐷 = ∫ 𝑃(𝑥)d𝑥𝐹−∞                                       （4） 

2.2 Determination of micro-element strength(F) based on the three-dimensional 

Griffith strength criterion 

The three-dimensional Griffith strength criterion is that Murrell extended the original two 



dimensional Griffith strength criterion [24]. The formula is as follows: (σ1−σ2)2+(σ2−σ3)2+(σ3−σ1)224(σ1+σ2+σ3) = σt                              （5） 

It can be obtained by the theory of elastic-plastic mechanics: 𝐼1 = σ1 + σ2 + σ3                                       (6) 𝐽2 = 16 [(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2]                          (7) 

The substitution of formula (6), (7) into formula (5): 𝑓(𝐼1, 𝐽2, 𝜎t) = 𝐽2 − 4𝐼1𝜎t                                 (8) 

Where: 𝐼1 is the first invariant of stress tensor, 𝐽2 is the stress deviator second invariant, and σt 
is rock tensile strength. 

The three-dimensional Griffith strength criterion takes into account the influence of confining 

pressure and reflects the tensile failure of rock under external compressive stress. The strength of 

the element is described by F: 𝐹 = 𝐽24𝐼1                                             (9) 

Under different confining pressures, according to the generalized Hooke's law and formula (1) can 

be obtained: 𝜎1∗ = 𝐸𝜀1 + 𝑣(𝜎2∗ + 𝜎3∗)                                     (10) 𝜎𝑖∗ = 𝜎𝑖/(1 − 𝐷)i=1，2，3                                  (11) 

Where: σ1，σ2，σ3 is nominal stress, σ1∗，σ2∗，σ3∗  represents effective stress, 𝜀1 is axial strain, v is 

Poisson's ratio. 

The substitution of formula (10), (11) into formula (9) : 𝐹 = 𝐸𝜀1((σ1−σ2)2+(σ2−σ3)2+(σ1−σ3)2)24(𝜎1−𝑣(𝜎2+𝜎3))(𝜎1+𝜎2+𝜎3)                               (12) 

2.3 Establishment of rock damage evolution model 

By using the Weibull probability distribution of two parameters, assuming that the 

micro-element strength of rock obeys the Weibull distribution law, the distribution law of the 

density function is [19]: 𝑃(𝐹) = 𝑚𝐹0 ( 𝐹𝐹0)𝑚−1exp [− ( 𝐹𝐹0)𝑚]                                (13) 

Where: F: rock micro-element strength; m and F0 are two distribution parameters, and they can 

reflect their mechanical properties. 

The formula (13) is substituted (4): 𝐷 = ∫ 𝑃(𝑥)d𝑥 = 1 − exp [− ( 𝐹𝐹0)𝑚]𝐹−∞                                (14) 

The formula (14) is substituted (1): 𝜎1 = 𝐸𝜀1 exp[− ( 𝐹𝐹0)𝑚] + 𝑣(𝜎2 + 𝜎3)                                (15) 

2.4 Determination of model parameters 

At present, the methods of determining statistical parameters in literature are commonly used 

linear fitting method [10-11,15,17,20], such as peak point method [7-8] and inversion analysis method 



[8,25] is not used very much. The linear fitting method is based on the discrete points of the existing 

test data to obtain the required parameter values, and the processing method is simple and easy. 

But the peak point method needs to differentiate the implicit constitutive equation, and the 

processing is more complex, and the relation between the stress-strain curve and the geometric 

point is relatively clear, and the inverse analysis method requires a great amount of experimental 

data. In the past, the constitutive equation was linearized, and the parameters of the model were 

determined by the fitting of the experimental curve, this method is not clear about the physical 

meaning of the model parameters, and occasionally causes negative damage values before the 

peak and the post peak data point is too small to fail. Therefore, this paper adopts the geometric 

key point derivation method with general and definite physical meaning. First of all, the geometric 

constraints on the relation of the constitutive equation before the peak load (including the peak 

load point) are as follows: 

(1)𝜀1 = 0，𝜎1 = 0；(2)𝜀1 = 0， dσ1dε1 = 𝐸；(3)𝜀1 = 𝜀peak point，𝜎1 = 𝜎max；(4)𝜀1 = 𝜀peak point，
dσ1dε1 = 0,  

According to the above conditions, the parameter formula of true triaxial state can be given : 
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3 Modification and example verification of statistical constitutive model for rock 

damage 

3.1 The influence of two parameters (m, F0) on the constitutive model in Weibull 

distribution 

From the above rock damage statistical constitutive model, it can be seen that the two 

parameters (m and F0) have some influence on rock mechanics and deformability. There are four 

parameters (E, v, m and F0) in the model proposed in this paper, according to the data of literature 

[26], modulus of elasticity E=90 GPa，poisson ratio v=0.15, the parameter m and F0 can be 

obtained by the formula (20). As shown in Figure 1~ Figure 2. 

(1) When the parameter m is constant in Figure1, the damage constitutive curve of rock 

varies with F0. As can be seen from the Figure1, with the increase of F0, the peak strength and the 

corresponding strain of the constitutive curves increase. The linear elastic part before the peak is 

almost not affected by F0, and the non-linear elastic part before the peak increases with the F0, and 

the curvature is constantly slowing down. Post the peak curve increases with F0, the decline rate of 

curve decreases continuously and even shows an upward trend, which indicates that F0 reflects the 

macro statistical average intensity of rock. 

(2) When the parameter F0 is constant in Figure2, the damage constitutive curve of rock 

varies with the parameter m. As can be seen from the Figure2, the peak intensity and peak strain 



increase with the m increases before the strain equal to 0.0047. The change of pre-peak curvature 

is relatively smooth, and the post-peak curvature changes rapidly. This shows that parameter m has 

a great influence on the transformation between brittle and ductile rocks, and it has little effect on 

the elastic part before the curve peak, which indicates that m reflects the concentration of the 

micro-element intensity distribution in the rock. 

 

Fig.1 The effect on constitutive model of the parameter F0 

 

Fig.2 The effect on constitutive model of the parameter m 

A large number of rock three axis tests show that the peak strength of rock constitutive curve 

increases with the increase of confining pressure, especially, it has a great influence on the 

hardening and softening stage of rock, and the change of confining pressure can transform rock 

from brittle to ductile. Can be seen from the above analysis, the confining pressure not only on the 

stress-strain curve but the two parameters have influence on constitutive curve. Therefore, laid the 

foundation for further amendments to the proposed statistical damage constitutive model. 

3.2 Example verification 

To verify the validity and accuracy of the model based on the Griffith strength criterion, 

according to the data of literature [27], and the rock mechanics parameters are: modulus of 

elasticity E=733 GPa，poisson ratio v=0.204, the parameter m and F0 can be obtained by the 

formula (20). The damage constitutive model is established in two steps. Firstly, the statistical 

damage constitutive relationship of rock under three-axial different confining pressure is 

established. Second, due to the influence of confining pressure on damage and failure process of 

rock, the relationship between confining pressure and constitutive model parameters is established, 

and the model is modified. Finally, the modified constitutive model of rock damage softening is 

obtained. 
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Using the true triaxial test data in reference [27], according to the influence of confining 

pressure on the parameters(m and F0), the relationship between the two parameters and the 

intermediate principal stress is established. Taking the intermediate principal stress σ2 as the 

horizontal axis and the two parameters as the longitudinal axis, the functional relationship is 

established. The specific model parameters and fitting relationships are shown in Table 1, Figure 3. 

The modified damage constitutive equation can be obtained by substituting the fitting function in 

Fig.3. Modified parameters of constitutive model under different confining pressures is shown in 

Table 2. The following results can be obtained by replacing all the known parameters and the 

calculated parameters into the formula (15). 

Table 1 Parameters of constitutive model under different confining pressures 𝜎2/MPa m F0/ MPa 

1 1.047 1.421 

2 1.559 1.379 

3 1.758 1.656 

4 2.695 1.503 

5 3.589 1.559 

 

（a） 

 

（b） 

Fig.3 Fitting relationship between the two parameters and confining pressure 

Table 2 Modified parameters of constitutive model under different confining pressures 𝜎2/MPa m F0/ MPa 
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1 0.885 1.423 

2 1.507 1.463 

3 2.129 1.503 

4 2.751 1.543 

5 3.373 1.583 

It can be seen from Figure 4 that the constitutive model considering the effect of intermediate 

principal stress based on Griffith strength criterion is in good agreement with the experimental 

curve, which shows that the proposed model is effective and reasonable. The model also shows the 

following characteristics: 1) This model fully reflects the influence of different confining pressure 

states on the softening characteristics and strength of rock, especially the effect of intermediate 

principal stress on the mechanical properties of rock. With the increases of intermediate principal 

stress, the strength of rock increases, which is in agreement with the experimental results and the 

conclusions of Takahashi et al [28]. 2) The process of rock damage and failure is affected by the 

micro-element strength of rock and the stress state of rock. Many previous pseudo-triaxial (σ2=σ3) 

damage models believe that rock failure is caused by the stress difference of rock (σ1-σ3). 

However, the intermediate principal stress is also a factor that can not be ignored in the research 

model. 3) In the constitutive model, the two parameters (m, F0) not only influence the shape of the 

constitutive model, but also are sensitive to the confining pressure. Therefore, the relationship 

between the two parameters and the intermediate principal stress is established, and the 

constitutive model is corrected. Through the above three points, it is proved that the damage 

constitutive model is effective. 
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（a）𝜎2=1MPa，
𝜎2𝜎3 = 1 

 

（b）σ2=2MPa，
σ2σ3 = 2 

 

（c）σ2=3MPa，
σ2σ3 = 3 
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（d）σ2=4MPa，
σ2σ3 = 4 

 

（e）σ2=5MPa，
σ2σ3 = 5 

Fig.4 Comparison of experimental curve and theoretical curve 

Figure 5 shows the theoretical curve of 1-D, it can be seen from the figure, the shape of the 

curve is roughly "s" type. With the increases of the intermediate principal stress, the slope of the 

curve shows a tendency of slow down. The strain is in the range of 0 - 0. 005, and the damage 

under different intermediate principal stresses is almost zero. It is considered that under low stress 

conditions, due to the existence of a large number of natural micro-cracks in the rock, these 

natural micro-cracks are in the stage of compaction and closure, and no obvious new damage 

cracks have appeared. Therefore, the damage is almost zero in this range. With the increases of the 

force and the elongation of the strain, the slope of the damage curve is different under different 

intermediate principal stresses, and the damage weaken with the increases of the intermediate 
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principal stress. It is considered that the cause of this phenomenon may be that the magnitude of 

the intermediate principal stress restricts the crack initiation, expansion and transfixion, and the 

greater the intermediate principal stress is, the stronger the binding action is. When the 

intermediate principal stress 𝜎2 = 1MPa, the damage evolution curve is upper convex type after 

strain is about 0.005. The damage development rate is gradually decreasing, and the curve tends to 

a fixed value, which shows the characteristics of ductile failure of rock. With the increases of the 

intermediate principal stress, the damage evolution curve changes from the upper convex type to 

the downward concave type. The proportion of parts after the inflection point of the upper part of 

the curve gradually decreases, which shows that the ductility of rock weaken. When the same 

damage occurs, the strain elongation increases with the increases of confining pressure, which 

accords with the law of the influence of confining pressure on deformation and failure, and this 

relationship fully indicates that the damage of rock is affected by stress state. 

 

Figure 5 Theoretical curves of 1-D ( 𝜎3 = 1MPa) 

Figure 6 shows the theoretical curve of 1-D, and the shape of the curve is roughly a fall 

down "U" shape. The damage of curves under different intermediate principal stresses is almost 

zero in a certain range of stresses. It is considered that the natural original cracks in rock are 

closing gradually under low stress condition, but no new microcracks have been produced. With 

the increases of intermediate principal stress, the damage rate slows down. It is considered that 

this may be due to the size of the intermediate principal stress that constrains the development of 

the crack development in the rock. When the intermediate principal stress is different, the stress 

required for the corresponding damage at the curve turning point is also different. With the 

increases of the intermediate principal stress, the damage curve continuously expand outwards. 

When the initial damage occurs the stress required is also different, which shows that the larger 
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the intermediate principal stress is, the greater the initial damage stress required is.  

 

Figure 6 Theoretical curves of 1-D ( 𝜎3 = 1MPa) 

4 Conclusion 

(1) This model takes into account the effect of intermediate principal stress on rock characteristics, 

and the damage constitutive model of rock under true triaxial state can well simulate the 

stress-strain relationship of rock. The effectiveness of using Griffith strength criterion to describe 

the mechanical properties of rock materials is verified. 

(2) The true triaxial damage constitutive model curve based on Griffith strength criterion is in 

good agreement with the experimental curve, which can reflect the softening and failure process 

of rock under complex stress state, and verify the validity and correctness of the model. In order to 

optimize the model, the relationship between the two parameters (m, F0) and intermediate 

principal stress is discussed, and the modified constitutive model is closer to reality. The model 

also fully reflects the damage of rock during softening and failure is not only related to the 

selection of micro-element strength of rock, but also to the stress state of rock. 

(3) The relationship between damage evolution and strain and stress of rock is discussed. Under 

different confining pressures, the rate of damage evolution and the initial stress required when the 

damage begins to occur are all affected by the intermediate principal stress. 
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Figures

Figure 1

The effect on constitutive model of the parameter F0

Figure 2

The effect on constitutive model of the parameter m



Figure 3

Fitting relationship between the two parameters and con�ning pressure



Figure 4

Comparison of experimental curve and theoretical curve



Figure 5

Theoretical curves of ε1-D ( σ3=1MPa)

Figure 6

Theoretical curves of σ1-D ( σ3=1MPa)


