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Abstract

Range alignment is an essential procedure in
translation motion compensation of inverse
synthetic aperture radar imaging. Global
optimization or maximum correlation-based
algorithms have been used to realize range
alignment. However, it is still challenging to
achieve range alignment in low signal-to-noise ratio
scenarios, which are common in inverse synthetic
aperture radar imaging. In this paper, a novel
anti-noise range alignment approach is proposed. In
this new method, the target’s motion is modelled
as a uniformly accelerated motion during a short
sub-aperture time. Minimum entropy optimization
is implemented to estimate the motion parameters
in each sub-aperture. These estimated parameters
can be used to align the profiles of the current
sub-aperture. Once each sub-aperture’s range
profiles are aligned, the noncoherent accumulation
gain is obtained by averaging all profiles in each
sub-aperture, which can be used as valuable
information. The accumulation and correlation
method is applied to align the average range
profiles of each sub-aperture for the reason that
the former step mainly focuses on alignment within
the sub-apertures. Experimental results based on
simulated and real measured data demonstrate the
effectiveness of the proposed algorithm in low
signal-to-noise ratio scenarios.
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Introduction
Inverse synthetic aperture radar (ISAR), which is used
to obtain images of non-cooperative and moving tar-
gets, has been widely applied in many civil and mil-
itary domains in the last few decades [1], [2], [3], [4],
[5]. ISAR achieves high resolutions both in range and
azimuth directions by exploiting the wideband char-
acteristics and angular diversity during the coherent
processing interval. During the process of imaging,
the target’s movement can be divided into two parts:
translational and rotational motions. It is well-known
that only the rotational motion contributes to imag-
ing, while translational motion can cause the blur of
ISAR images and therefore must be compensated for.
The range alignment and autofocusing compose the
basic workflow of translational motion compensation.
The range alignment procedure is the prerequisite for
the following fine-tuned phase compensation, which
ensures that the energy of the same scatters are in the
same range bins. Well-aligned range profiles are the
foundation of a focused ISAR image [6], [7], [8], [9].
This article mainly focuses on a novel and effective
method of range alignment.

Traditional range alignment methods can be sorted
into three categories. The first is maximum correlation-
based methods, which maximize the correlation func-
tion between adjacent profiles or between the current
profile and a template one. A representative one was
discussed in detail in [1]. To improve the performance
of these methods in low SNR scenarios, [10] proposed
that the average of aligned profiles can be used as
the reference. [11] demonstrated a high-order symmet-
ric accumulated cross-correlation method (HSACM) to
achieve fast real-time computation speed. In extremely
low SNR scenarios, however, these methods can be
impacted by noise, and misalignment error is accumu-
lated during the coherent processing interval (CPI).
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The second category of methods are based on the
dominant scatters of targets [12], [13]. Although these
methods have high computational efficiency, they are
sensitive to angular glint and noise, and they have diffi-
culty in tracking strong scatters in real situations. The
third category of methods are optimization-based and
use some global metrics, such as entropy ( [14], [15])
and contrast ( [16], [17]), as references to iteratively
compensate for misalignment. However, as mentioned
in [18], the whole synthetic profiles in global meth-
ods are equal to the noncoherent accumulation, and
in the situations of low SNR, the SNR gain from the
noncoherent integrant is not sufficient to overcome the
strong noise, and as a result, the metrics cannot fully
indicate the quality of range alignment. In short, cur-
rent range alignment methods suffer performance re-
ductions in low SNR situations, and it is still challeng-
ing to propose an anti-noise range alignment method.

By referring to [19] and [20], it is likely that ISAR sig-
nals are interfered with by strong noises because of the
long observation distance and low transmitting energy.
For example, when the target of interset is high-orbit
satellite, the SNR of echoes can be very low. There is
a conclusion that if the required SNR decreases by 1
dB, the surveillance range will increase by 8%. There-
fore, it is essential to implement algorithms with high
robustness under low SNR. Methods such as those
by [18] and [19] model the total translation motion as
a high-order polynomial and use coordinate descent or
a particle swarm algorithm to solve the optimization.
According to [21] and [22] the plain coordinate de-
scent used in [18] can easily be trapped in a local opti-
mal when the cost function is nonconvex. The particle
swarm algorithm is heuristic, which means a relatively
complex parameter setting scheme is required. Also,
the above algorithms jointly solve range alignment and
phase compensation, but none of them are specifically
aimed range alignment. Furthermore, joint compensa-
tion demands higher accuracy (range: 1/4˜1/8 range
unit, phase: wavelength/8) than separated methods,
and joint compensation requires a high-order model,
which represents high computational cost.

To improve the performance of range alignment
methods in low SNR scenarios and overcome the short-
comings of the above algorithms, the proposed method
following three steps is designed as follows. First, the
target’s motion information is considered. In a rela-
tively short observation time, it is reasonable to model
the target’s motion as uniform acceleration. However,
in a real situation, the CPI is always long. Therefore,
we split the full aperture into several sub-apertures
to achieve short observation time. Extra information
is of benefit to suppress strong noise. In each sub-
aperture, the minimum entropy principle is imple-
mented to estimate the motion parameters and obtain

the envelope deviations of all profiles in the current
sub-aperture. As an improvement to [18], the coor-
dinate descent algorithm (CDA) with proximal point
updating is used to obtain better convergent proper-
ties. Secondly, after optimization and compensation in
each sub-aperture, noncoherent accumulation gain can
be realized through the average of the profiles in the
sub-aperture, and we then use a maximum correlation-
based algorithm to align the average range profiles of
every sub-aperture and get the envelope deviation be-
tween every two sub-apertures. This step is necessary
because optimization in each sub-aperture mainly fo-
cuses on the alignment of the current sub-aperture.
After the former two steps, the envelope deviations of
all profiles in one sub-aperture and the deviations of
average range profiles of every sub-aperture, i.e., the
error within and between sub-apertures, are obtained.
Finally, locally weighted regression is applied to fit the
total envelope deviations to eliminate the step change
between every two sub-apertures. In general, the rea-
son that the proposed method has enhanced perfor-
mance in low SNR scenarios is that the target’s mo-
tion information and global optimization are used, and
in addition, the noncoherent accumulation gain is also
adopted.

The main contributions of this article can be sum-
marized as follows:

1) A novel range alignment approach is proposed
with consideration of the target’s motion, and the
global optimization and maximum-correlation meth-
ods are combined to achieve high performance in low
SNR scenarios.

2) The CDA with a proximal update scheme is used
to obtain stability. Furthermore, in each iteration of
the CDA, the Levenberg-Marquardt (LM) method is
implemented as the solver. The LM method, which
blends the advantages of the gradient descent and
Newton’s method, can achieve a better robustness and
a faster rate of convergence.

The remainder of this paper is organized as follows.
In Section 2, the signal model is introduced, and re-
lated works, such as the maximum correlation-based
algorithm (MCA) and minimization of the entropy of
the average range profile (MEARP) [7], are briefly
summarized for comparison. In Section 3, the three-
step procedure of the proposed algorithm is discussed
in detail. Section 4 presents experimental results based
on simulated and real measured data to verify the ef-
fectiveness of the proposed algorithm. Some conclu-
sions are presented in Section 5.

Signal Model and Related Works
In this section, the models of transmitted and re-
ceived signals using the dechirping technique will be
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briefly deduced, and the formula of envelope devia-
tions compensation is also demonstrated. For the pur-
pose of comparison, a bare-bones introduction on re-
lated works, including the MCA [1] and MEARP [7],
is presented.

Signal Model
In the ISAR imaging, the linear frequency modulation
(LFM) signal is often transmitted, which can be ex-
pressed as

s
(
t̂
)

= rect

(
t̂

TP

)
· exp

[
j2π

(
fct̂+

1

2
γt̂2
)]

(1)

where rect (·) is the rectangular function (rect (τ) ={
1, |τ | ≤ 1

2
0, |τ | > 1

2

). Tp, fc, γ, and t̂ represent the pulse du-

ration, carrier frequency, chirp rate, and fast time, re-
spectively.

After the well-established dechirping technique, in-
cluding residual video phase (RVP) term elimination,
and fast Fourier transform (FFT) operations on the
fast time, high resolution range profiles (HRRPs) can
be obtained:

S (f, ts) = A · TP · sin c
(
TP

(
f + 2

γ

c
∆R

))
· exp

(
−j 4πfc

c
∆R

) (2)

where A, f , and ∆R denote the amplitude modulation,
frequency variable, and radial range difference between
the scatter and reference point, respectively. ts is the
slow time with 0 ≤ ts ≤ Ta, where Ta is the CPI [18],
and the variation of ts is reflected by ∆R:

∆R = R0 −Rref
≈ d · sin (Ωts)

(3)

where R0 is the radial distance between the scatter
and the radar, and Rref is that between the reference
point and the radar, and d is the distance between the
scatter and the reference point, and Ω represents the
angular velocity of the target.

The range misalignment, due to the translation mo-
tion of the target, can be reflected by the envelopes of
HRRPs under the dechirping model. The peak of the
sinc function in (2), which is located at f = −2γ∆R/c,
denotes the scatter’s range information. However, be-
cause of the variation of ∆R during the CPI, the peaks
exist in different range bins among all sweeps of the
radar, resulting in the defocusing of the scatter’s en-
ergy in the final ISAR image.

To achieve range alignment, the misaligned en-
velopes of HRRPs should be shifted along the direction

of fast time. According to the shift property of Fourier
transform, alignment can be accomplished in the time
domain as follows:

s̃
(
ts, t̂

)
= s

(
ts, t̂

)
· exp

[
−j2πt̂Φ (ts)

]
(4)

where s̃
(
ts, t̂

)
is the compensated signal echo, and

Φ (ts) represents the envelope deviations of different
sweeps.

Related Works
The two main approaches to achieving range alignment
are MCA and MEARP. In this subsection, briefly in-
troductions of them are given.

One of the widely used maximum correlation-based
algorithms is the accumulation and correlation method
(ACM), which uses the average of already aligned en-
velopes as the template (reference envelope) and max-
imizes the correlation function between the template
and the next unaligned envelope. Its formula is as fol-
lows:

τs = arg max
∆τ

R

(
xi (∆τ ) ,

Q∑
m=1

xm

)
(5)

where xi and xm(m = 1, 2, ..., Q) represent the i-th
unaligned and first Q aligned envelopes, respectively.
R(·) denotes the correlation function, which is maxi-
mized with respect to ∆τ , i.e., the shift value of the
envelope. τs is the final result used to calibrate the
current envelope. The approaches of averaging the al-
ready aligned envelopes in (5) can be varied for the
sake of accuracy and stability [10], [23].

As for the MEARP, it is iterated with the entropy
minimization principle as follows [7]:

∆(k)
τ (m) = ∆(k−1)

τ (m)

+ arg
{

max
τ

R
(
p
(
τ + ∆(k−1)

τ (m) ,m
)
, p̃(k−1)
ave (τ)

)}
m = 0, ...,M − 1

(6)

and

p̃(k−1)
ave = ln p(k−1)

ave = ln

{
M−1∑
m=0

p
(
τ + ∆(k−1)

τ (m) ,m
)}
(7)

In (6) and (7), r and m represent the radial range
and pulse index, respectively. k denotes the iteration
number, and p(r,m) is the envelope of the range com-
pressed ISAR signal. The other math symbols are the
same with those in (5).
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Those two algorithms above are representative of
maximum correlation-based and global optimization
criterion-based methods, respectively. They will be
used for comparison with the proposed algorithm.

Methods
In this section, the workflow of the proposed range
alignment method will be discussed in detail. In gen-
eral, as mentioned in Section 1, this novel algorithm
contains three steps:
1 Split the full aperture and estimate the target mo-

tion parameters in each sub-aperture based on
CDA and the Levenberg-Marquardt (LM) opti-
mization method.

2 Align the envelopes of average range profiles
(ARP) of every sub-aperture using MCA.

3 Smooth the estimated deviations by means of lo-
cally weighted regression (LOESS).

Estimating Motion Parameters in Sub-apertures
Traditional range alignment methods often think
highly of the similarity of range profiles without fully
considering the target motion information. As a result,
these algorithms are vulnerable in low signal-noise ra-
tio (SNR) scenarios.

In a relatively short observation time, the target
translation motion can be regarded as a stable move-
ment, i.e., uniformly accelerated motion; thus, it is ra-
tional to model the envelope shift as a second-order
polynomial with respect to the slow time. With the
adoption of the motion information, the algorithm’s
robustness under low SNR can be considerably im-
proved. However, in real ISAR imaging, hundreds or
even thousands of echoes are accumulated, which leads
to a long observation time. For the purpose of using the
motion information, we split the full aperture into a
certain number of sub-apertures to obtain a short slow-
time span. In each sub-aperture, optimization based
on the minimum entropy principle is performed to esti-
mate the velocity and acceleration of the target, which
will be discussed at length in the following.

Assume every M consecutive echoes of the full aper-
ture are viewed as a sub-aperture, and the echo in kth
sub-aperture is xk

(
tm, t̂

)
, where tm is the slow time

and tn is the fast time (discrete). As mentioned above,
the envelope shift in one sub-aperture can be modelled
as a second-order polynomial in tm with two unknown
parameters, acceleration a and velocity v:

Φ (tm) = vtm + atm
2 (8)

where Φ (tm) represents the envelope shift error.
As (4) indicated, once the optimal values of the un-

known parameters are obtained, modulation in the

time domain can be used to compensate for the range
shift:

x̃k (tm, tn) = xk (tm, tn) · exp
[
−j2πtn

(
vtm + atm

2
)]

(9)

where x̃k denotes the compensated echo.

To estimate a and v, the minimum entropy method
is introduced. By referring to [24], compared with
contrast-based methods, this method can attain a good
compromise among all kinds of scatters contained in
the echo and result in a globally high-quality image.
The entropy of the ARP of the current sub-aperture
is chosen as the metric, and the unknown parameters
are estimated by minimizing the entropy.

The HRRP of one sub-aperture is denoted by

HRRP = fft {x̃k (tm, tn)} (10)

where fft {·} represents the FFT operation on tn.

Based on (9) and (10), the ARP of the sub-aperture
can therefore be expressed as:

ARP =
1

M

M−1∑
m=0

|fft {x̃k (tm, tn)} |

=
1

M

M−1∑
m=0

|fft
{
xk (tm, tn) · exp

[
−j2πtn

(
vtm + atm

2
)]}
|

∆
=

1

M

M−1∑
m=0

|fk (v, a) |

(11)

where fk (v, a) =fft
{
xk (tm, tn) · exp

[
−j2πt̂

(
vtm + atm

2
)]}

,
and m is the index of each echo in the sub-aperture.
Equation (11) is apparently a one-dimensional real
function with a length equal to the number of fast
time sampling points N .

According to [18], the entropy of the ARP can be
written as

E (ARP ) = − 1

Sarp

N−1∑
n=0

|ARP |2 ln |ARP |2+ lnSarp

(12)

where n is the index of the fast-time sampling points
and Sarp is the intensity of the ARP, namely

Sarp =

N−1∑
n=0

|ARP |2 (13)
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Combining (11) and (12), it can be seen that the
entropy E is a function of the unknown parameters
a and v. Therefore, the problem of estimating these
parameters can be abstracted to the following form:

〈â, v̂〉 = arg min
a,v

E(a, v) (14)

where â and v̂ are the estimated values that minimize
the entropy.

Equation (14) is a two-dimensional optimization.
In the proposed algorithm, CDA is implemented as
the optimization solver, which is an iterative method
with outer and inner iterations. The inner ones, with
the same number of unknown parameters, are accom-
plished by minimizing the objective along a certain di-
mension while fixing the remaining components of the
parameters’ vector at their current values. The outer
one is not to be terminated until the criteria on the tol-
erance of the change of the cost function or the preset
maximum loop times are met [21].

According to [25], by using a proximal point update
technique, CDA can achieve better robustness in solv-
ing one-dimensional subproblems. Suppose the vector
of the unknown parameters is θ and the CDA proce-
dure is in the pth outer loop and is updating the ipth
parameter. The CDA updating scheme with proximal
point update can be written as

θpip = arg min
θip

[
E
(
θip , θ

p−1
6=ip

)
+

1

2ap−1
ip

||θip − θ
p−1
ip
||22

]
(15)

where 1

2ap−1
ip

||θip − θ
p−1
ip
||22 is the so-called quadratic

proximal term, and ap−1
ip

serves as a step size and can
be any bounded positive number. The addition of the
quadratic proximal term makes the function of each
subproblem dominate the original objective around the
current iteration and therefore produces increased sta-
bility and better convergent properties, especially in
the case of non-smooth optimization [25].

As for the one-dimensional search in CDA, the LM
algorithm, which has been the de facto standard for
most optimization problems [26], is performed. In LM,
the cost function in the neighbourhood of the current
iteration θi can be approximated as

E (θi + ∆) ≈ L (∆)

= E (θi) +
∂E (θi)

∂θi
·∆ +

1

2

∂E2 (θi)

∂θ2
i

∆2

(16)

Algorithm 1 Levenberg-Marquardt method
Input: input parameters E, λ = 1e-3, γ = 2

Output: output θi
1: Calculate the first and second derivatives of the cost function

with respect to the parameter: ∂E (θi) /∂θi and ∂E2 (θi) /∂θ
2
i

2: while ∂E2 (θi) /∂θ
2
i + λ < 0 do

3: λ = λ · 4
4: end while

5: Calculate the update value: ∆ = − ∂E(θi)
∂θi

(
∂E2(θi)

∂θ2i
+ λ

)
6: Update: θi = θi + ∆
7: Calculate the gain ratio:
GR = [E (θi) − E (θi + ∆)] / [L (0) − L (∆)]

8: if GR < 0 then
9: λ = λ · γ

γ = γ · 2
θi = θi − ∆
go back to 5

10: else
11: λ = λ · max

[
1/3, 1 − (2 ·GR− 1)3

]
γ = 2

12: end if
13: return θi

where ∆ is the update value, and L(∆) is on behalf
the approximation of E(θi + ∆).

With two parameters, i.e., damping parameter λ and
division factor γ, the procedure of LM can be summa-
rized as in Algorithm 1, where the initial values of λ
and γ are empirically obtained.

It can be seen from Algorithm 1 that the first and
second derivatives of the cost functions are needed to
complete the LM method, as illustrated in the ap-
pendix.

Assume that the number of sub-apertures is SN , and
therefore, there are M · SN echoes in total. The enve-
lope deviations obtained by parameter estimation can
be written as

∆sub = [v1ts1 + a1ts1
2, ..., vSNtsSN + aSNtsSN

2]T

(17)

where vi and ai (i = 1, 2, ..., SN) denote the estimated
parameters and tsm (m = 1, 2, ...,M) represents the
slow-time vector with length M of each sub-aperture.
Therefore, the total length of vector ∆sub is M · SN .

Aligning the ARPs of Sub-apertures
After the parameter estimation based on the method
mentioned in the previous subsection and compensa-
tion according to the estimated results, envelopes in
each sub-aperture have obtained alignment. However,
due to the following two reasons, some fine-tuned tech-
niques are required to achieve better alignment.

On the one hand, the parameter estimation method
mainly focuses on the alignment in sub-apertures, and
as a result, there exits envelope fluctuations among
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different sub-apertures; on the other hand, after the
misalignment compensation in each sub-aperture, the
processing gain of noncoherent integration can be ob-
tained by means of averaging all envelopes in a sub-
aperture, which provides useful information for perfor-
mance enhancement in low SNR scenerios.

To make full use of the noncoherent integration
gain and improve the effect of alignment between sub-
apertures, we implement the ACM (5) on the ARPs
of all sub-apertures. The framework of this fine-tuned
technique is demonstrated below.

Suppose the estimated motion parameters of the kth
sub-aperture are v̂ and â; therefore, the compensated
echoes of this sub-aperture can be written as

xck (tm, tn) = x̃k (tm, tn) · exp
[
j2π

(
v̂tm + ât2m

)]
(18)

where xck (tm, tn) denotes the aligned echoes of the
kth sub-aperture. The ARP of the kth sub-aperture
can be expressed as

h =
1

M

M−1∑
m=0

|fft {xck (tm, tn)} | (19)

Again, M is the number of echoes in one sub-aperture,
and fft {·} represents operating FFT along the fast-
time direction.

Assume that the number of sub-apertures is SN . Af-
ter ACM, SN values of envelope deviations are ob-
tained, i.e.,

∆ave = [∆1,∆2, ...,∆SN ]T (20)

where ∆i (i = 1, 2, ..., SN) is on behalf of the enve-
lope deviation of each sub-aperture’s ARP, and ∆ave

denotes the vector of all deviations.
The length of vector ∆ave should be extended to M

when carrying out compensation to each echo. The
longer version of ∆ave can be expressed as

∆ave = [

M ·SN︷ ︸︸ ︷
∆1, ...,∆1︸ ︷︷ ︸

M

, ...,∆SN , ...,∆SN︸ ︷︷ ︸
M

]T (21)

Total Error Fitting Using Locally Weighted Regression
In the previous two subsections, the envelope devi-
ations in each sub-aperture and between every two
sub-apertures have been obtained through optimiza-
tion and ACM, respectively. With the combination of
(17) and (21), the total envelope deviations can be ex-
pressed as

∆total = ∆sub + ∆ave (22)

where ∆total denotes the total deviations of envelopes.

After aligning the ARPs of all sub-apertures, in gen-
eral, the misaligned envelopes can be calibrated well.
To achieve higher performance, some fine tuning is
still required. Fig. 1 shows an estimating result of a
full aperture’s envelope misalignment error, where rel-
atively accurate error estimation could be obtained;
however, according to the zoomed-in error estima-
tion curve, there exist step changes between two sub-
apertures, which can undermine the imaging quality.
Because each sub-aperture is aligned as a whole by the
method proposed in the previous subsection, the step
changes are inevitable.

These step changes can be easily smoothed and elim-
inated by some curve-fitting techniques. By referring
to [27] and [11], we use locally weighted regression
(LOESS) to smooth the step changes between every
two adjacent sub-apertures. The procedure of LOESS
is briefly introduced as follows:

1 Suppose that there are N points to be fitted,
i.e., [x1, ..., xN ]

T
. For the ith point xi, put N ·

fr (0 < fr ≤ 1) points into its neighbourhood Ωi.
2 Determine the weight wk(xi), k = 1, 2, ..., N · fr

for the weighted least squares (WLS) in the neigh-
bourhood of xi using tricube functions.

3 Because of the short length of the neighbour-
hood, it is reasonable to model the points in
the neighbourhood as quadratic. After conduct-
ing WLS, the ith fitted value can be expresses as
yi = β0 + β1xi + β2x

2
i , where βi, i = 0, 1, 2 are

the estimated coefficients of the quadratic poly-
nomial.

4 Repeat Step 1–3 for all N points to obtain N fit-
ted values.

After LOESS, accurate envelope deviations can be
obtained and good alignment can be achieved. The
whole framework is shown in Fig. 2.

Optimal Selection and Computational Complexity

This subsection will discuss how to choose the number
of sub-apertures and the computational complexity of
the proposed algorithm.

By referring to [28] and [29], there is an adaptive
selection method as follows:

1 Initialize SN . The principle of initializing SN is
that the envelope deviation in one sub-aperture
should not exceed half of the range unit, i.e.,
c/4Fs, where c is the velocity of light and Fs is
the sampling rate.

2 Implement the minimum entropy optimization.
The estimated error of the pth sub-aperture is
∆Rp(tm) where tm represents the slow time of
the current aperture.
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3 Double SN and implement the minimum entropy
optimization. The pth aperture in (2) is split into
two equal sub-apertures, and the estimated en-
velope errors in each one can be expressed as
∆Rp1(tm) and ∆Rp2(tm). They can be denoted as
∆RpNew(tm) = [∆Rp1(tm),∆Rp2(tm)], and the
length of tm is equal to that in (2);

4 If the following condition is satisfied, the initial-
ized SN can be used; otherwise, return to (3) and
repeat:

|max(∆Rp(tm)−∆RpNew(tm))

−min(∆Rp(tm)−∆RpNew(tm))| ≤ c/4Fs

Besides the selection scheme above, in real cases, it
is also important to jointly consider prior information,
such as motion parameters, the expected gain through
accumulated echoes, and the computational burden
(more apertures means larger computational complex-
ity). Meanwhile, when the accumulated echoes are in-
sufficient, a certain number of echoes can be reused
by two different sub-apertures. In general, the selec-
tion of the number of sub-apertures requires thorough
consideration.

In the following part of this subsection, the com-
putational complexity is briefly numerically analysed
and the detailed derivation is shown in the appendix.
As mentioned above, the proposed algorithm contains
three parts. In the first part, we use the CDA to solve
the optimization in each sub-aperture. In each loop,
the computational burden concentrates on obtaining
the entropy and its first and second derivatives. The
computational complexity of these operations is de-
noted as

NOP
mul ∼ Θ (M ·N · log2N) (23)

NOP
add ∼ Θ (M ·N · log2N) (24)

where NOP
mul and NOP

add represent the numbers of mul-
tiplications and additions of the proposed algorithm’s
optimization procedure, respectively, and M and N
denote the number of Doppler and range cells of each
sub-aperture, respectively. It also can be seen that each
sub-aperture is independent, so parallel programming
can be used to execute all optimizations concurrently.

The second step is ACM in each loop, of which the
computational burden is on obtaining the correlation
function between the current profile and the reference.
The computational complexity of this step is

NACM
mul ∼ Θ (SN ·N · log2N) (25)

NACM
add ∼ Θ (SN ·N · log2N) (26)

where NACM
mul and NACM

add represent the numbers of
multiplications and additions of the proposed algo-
rithm’s ACM procedure, respectively, N denotes the
number of range cells of each sub-aperture, and SN is
the number of sub-apertures.

By referring to [30], LOESS also decomposes the
problem into independent pieces and all operations are
totally parallel. Therefore, with well-designed concur-
rent programming, the computational complexity of
the LOESS step is equal to that of a weighted least
square operation with few points.

Results and Discussion
In this section, experiments based on simulated and
real measured data are reported to verify the effec-
tiveness of the anti-low-SNR characteristics of the pro-
posed algorithm. Entropy and contrast were chosen to
evaluate the quality of range profiles and ISAR images.
The methods of ACM (5) and MEARP (6) were also
used for comparison. The computation platform was
based on Windows 10 64-bit operating system, Intel
Core i5-9300H@2.40 GHz CPU, 8 GB memory, and
MATLAB version 2017b.

Silumated Experiment
In this subsection, a simple plane model, as shown in
Fig. 3(a), is used as the target of the simulated experi-
ments. The radar system has 15GHz carrier frequency
and 2GHz bandwidth. The number of fast-time sam-
pling points and accumulated echoes are both 512. Fig.
3(b) is the original ISAR image of this plane model.
Fig. 3(c) and (d) demonstrate the original (without
misalignment) and the misaligned HRRPs.

To preliminarily verify the effectiveness of the pro-
posed algorithm using this simulated data, we added
extra white Gussain noise changed the SNR to -10 and
-13dB.

Firstly, the alignment results, the final ISAR images
and their evaluations, and the estimated error curve
under -10dB SNR are given. For the purpose of com-
parison, these results obtained by the proposed algo-
rithm, ACM, and MEARP are all displayed.

Fig. 4 gives the aligned HRRPs under -10dB SNR
through the three methods above. It can be seen that
due to the strong background noise, the maximum
correlation-based algorithm has the worest alignment
result and a few profiles at the beginning of the slow
time cannot be identified. The proposed and MEARP
algirithm utilize the global information so that their
range profiles has higher sharpness than those of ACM.

The theoretical and estimated envelope deviation
curves are given in Fig. 5 to compare the accuracy of
the three methods. In Fig. 5, the dotted lines are the
estimated curves, and the full lines are the theoretical
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ones. It can be seen from the first subfigure that the es-
timated curve is almost consistent with the theoretical
one denoting the high accuracy of the proposed algo-
rithm under low SNR situations. However, there exit a
lot of abrupt changes in the estimation of ACM which
is the result of the interference of the noise. MEARP’s
result, with fewer abrupt changes than ACM’s, has a
overall shift of the envelopes, and its result is still not
as good as the one of the proposed algorithm.

As shown in Fig. 4, it is difficult to distinguish the
pictures of range profiles in strong noise. What is more,
it should be emphasized that under very low SNR, the
entropy of range profiles cannot fully reflect the degree
of focus due to the disturbance of the noise. Therefore,
the final image is supposed to be obtained, and the im-
age quality is used as another reference for evaluating.
After the range alignment, by using the autofocusing
method proposed in [31], the final ISAR image can be
obtained. Fig. 6 demonstrates ISAR imaging results of
the three methods. The qualities of the images eval-
uated by entropy and contrast are shown in Table.
1. Through Fig. 6 and Table. 1, it can be seen that
the proposed algorithm can get the best degree of fo-
cus, namely, the lowest entropy and highest contrast.
It should be also noticed that ACM method performs
not as good as two ohter algorithms with some scatter
points overwhelmed by the ground noise.

In more challenging situations (-15dB SNR), the pro-
posed algorithm can still achieve high peoformance.
Fig. 7 shows the ISAR image under -15dB of the three
methods. The evaluations of them using the entropy
and contrast are listed in Table. 2. As is the case with
-10dB SNR situation, the proposed algorithm obtains
the highest performance. It can be seen in Fig. 7 that
ACM cannot image at all and some scatters drowned in
noise in the result of MEARP can hardly be identified,
while the imaging result of the proposed algorithm is
almost the same with the original one. Through Table.
2, it can be seen that compared with the qualities of
the results of ACM and MEARP, the proposed algo-
rithm achieves the highest contrast and lowest entropy
denoting the proposed algorithm can produce the most
focused images.

The estimated error curves obtained through the
three methods under -15dB are also demonstrated. As
is the case with Fig. 5, in Fig. 8, the proposed algo-
rithm can realize the highest accuracy.

Real Measured Data Experiment
Real measured Yak-42 data was adopted to validate
the performance of the proposed algorithm. The radar
recording the dataset was a C-band ISAR experimen-
tal system with 400 MHz bandwidth, 5.52 GHz carrier
frequency, 100 Hz PRF, and 25.6 µs pulse width. The

numbers of fast-time sampling points and accumulated
echoes were both 256. The SNR of the original echoes
(before range compression) was −15dB. To test the
robustness of the proposed algorithm in low SNR sce-
narios, extra white Gaussian noise was added, making
the SNR of echoes -20, -22, and -25 dB. Monte Carlo
experiments were performed in the conditions of these
low SNRs.

Three-order envelope deviation error, which can be
expressed as (27), was added.

Rerror = 15ts − 60t2s + 7t3s (27)

where Rerror is the added error and ts represents the
slow time.

The original ISAR image, the range profiles of 256
echoes, the added error, and the contaminated range
profiles are demonstrated in Fig. 9. In the following
part of this subsection, the performances of the pro-
posed algorithm under -20, -22, and -25 dB SNR are
evaluated. The imaging results and estimated error
curves of the three algorithms are demonstrated. To
verify the robustness of the proposed algorithm in low
SNR scenarios, Monte Carlo experiments were con-
ducted.

Fig. 10 demonstrates the ISAR images’ entropy and
MSE of error estimation obtained from 150 Monte
Carlo experiments. In Fig. 10, the full lines, dotted
lines, and dashed lines indicate the results of the pro-
posed algorithm, ACM, and MEARP, respectively. It
can be seen in Fig. 10(a) that the entropy of ISAR im-
ages obtained from the three methods indicates that
the proposed algorithm achieved lower entropy than
ACM and MEARP under -15˜-25 dB SNRs. Further-
more, according to Fig. 10(b), the proposed algorithm
has the lowest MSE of error estimation, which further
verifies its robustness in low SNRs scenarios. Through
Fig. 10(a) and Fig. 10(b), it can be seen that MEARP
performed better than ACM under -20˜-25 dB SNRs,
which is consistent with the conclusion in [7].

Figs. 11–13 demonstrate the ISAR imaging results of
the three methods under -20, -22, and -25 dB SNRs,
respectively. The first sub-figures in these figures show
the results of the proposed algorithm, and the second
and third sub-figures show the results of ACM and
MEARP, respectively. It can be seen from Figs. 11–13
that with extremely low SNRs, especially -22 and -25
dB, severe defocus occurred in the images yielded by
ACM and MEARP, and the outlines of the planes can-
not be distinguished. However, the imaging results of
the proposed algorithm are still clear and well-focused
with an increase in the background noise. Therefore,
through Figs. 11–13, it can be concluded that in low
SNR scenarios, the proposed algorithm can realize the
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most focused ISAR images compared with the meth-
ods of ACM and MEARP.

In Figs. 14–16, the error estimation curves of the
three algorithms under -20, -22, and -25 dB SNRs are
demonstrated. The full lines represent the theoretical
results, and the dotted lines represent the estimations.
It can be seen that compared with ACM and MEARP,
the proposed algorithm is the most robust and has
the highest estimation accuracy. The estimated error
curve obtained by the proposed algorithm is approx-
imately consistent with the theoretical one; however,
there exists huge estimation error in the curves gener-
ated by ACM and MEARP, which will cause severely
defocused images. Therefore, through Figs. 14–16, the
superiority of the proposed algorithm is further con-
firmed in low SNR scenarios.

Conclusion
In low SNR scenarios, it is challenging to realize range
alignment in ISAR translation motion compensation.
Ill-aligned range profiles can cause imprecise phase
compensation results. A novel range alignment method
was proposed in this article. First, the target’s motion
information was adopted as useful information, and
the full aperture was split into several sub-apertures.
In each sub-aperture, the minimum entropy principle
was applied as a metric, and the CDA with proximal
point updating scheme was implemented as the solver
to estimate the motion parameters (i.e., velocity and
acceleration) in each sub-aperture. Secondly, after pa-
rameter estimation in every sub-aperture, the nonco-
herent accumulation gain was obtained by averaging
the profiles in each sub-aperture, which could be used
as further information to improve the anti-noise char-
acteristics. The first step mainly focused on alignment
in each sub-aperture; therefore, we used the ACM to
align the ARPs of each sub-aperture. Thirdly, for the
purpose of eliminating the step change in the total
estimated error curve, LOESS was applied to smooth
the discontinuity. Experiments based on real measured
Yak42 data were conducted, and classic methods of
ACM and MEARP were also performed for compar-
ison. The results show that the proposed algorithm
achieved the best performance in low SNR scenarios.
Further work will be focused on parallelization of the
proposed algorithm to use it in real-time ISAR scenar-
ios.

List of abbreviations
ISAR - inverse synthetic aperture radar
SNR - signal-to-noise ratio
HSACM - high-order symmetric accumulated cross-
correlation method
CPI - coherent processing interval

coordinate descent algorithm - CDA

Levenberg-Marquardt - LM

minimization of the entropy of the average range pro-

file - MEARP

maximum correlation-based algorithm - MCA

linear frequency modulation - LFM

residual video phase - RVP

fast Fourier transform - FFT

high resolution range profile - HRRP

accumulation and correlation method - ACM

average range profile - ARP

locally weighted regression - LOESS

APPENDIX

Proof of the First and Second Derivatives of Cost

Function

In this section, the first and second derivatives of (12)

are given.

The ARP is a one-dimensional function of the un-

known parameters v and a. The vector containing the

unknown is denoted as θθθ = [v, a]
T

. Combined with (11)

and (13), the first derivative of (12) can be written as

∂

∂θi
E (ARP ) = − 1

SARP

N−1∑
n=0

(
1 + ln |ARP |2

) ∂|ARP |2
∂θi

(28)

where θi(i = 1, 2) is the ith element of θθθ.

Therefore,

∂ARP 2

∂θi
= 2ARP · ∂ARP

∂θi
= 2ARP · 1

M

M−1∑
m=0

∂|fk(θθθ)|
∂θi

(29)

It can be seen from (28) and (29) that ∂|fk (θθθ) |/∂θi
should first be deduced to obtain ∂E (ARP ) /∂θi.

Consider that

∂fk
∂v

= fft
{
x̃k
(
tm, t̂

)
·
(
−j2πtmt̂

)}
(30)

∂fk
∂a

= fft
{
x̃k
(
tm, t̂

)
·
(
−j2πt2mt̂

)}
(31)
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and

∂|fk (θθθ) |
∂θi

=
∂[fk · fk∗]1/2

∂θi

=
1

2
[fk · fk∗]−1/2 · ∂fk · fk

∗

∂θi

=
1

2
[fk · fk∗]−1/2 ·

[
fk
∂fk
∗

∂θi
+ fk

∗ ∂fk
∂θi

]
= [fk · fk∗]−1/2 · Re

{
fk
∗ ∂fk
∂θi

}
=

1

|fk|
· Re

{
fk
∗ ∂fk
∂θi

}
(32)

where fk
∗ represents the conjugate of fk.

Taking (29)˜(32) in (28), we can get an expression
for the first derivative of (12).

The second derivative of (12) can be written as

∂2E (ARP )

∂θ2
i

= − 1

SARP

N−1∑
n=0

(
1 + ln |ARP |2

)∂2|ARP |2

∂θ2
i

− 1

SARP

N−1∑
n=0

1

|ARP |2
(
∂|ARP |2

∂θi
)2

(33)

and

∂2ARP 2

∂θ2
i

= 2 ·
(
∂ARP

∂θi

)2

+ 2ARP · ∂
2ARP

∂θ2
i

= 2 ·

(
1

M

M−1∑
m=0

∂|fk|
∂θi

)2

+ 2ARP · 1

M

M−1∑
m=0

∂2|fk|
∂θ2
i

(34)

It can be seen from (33) and (34) that ∂2|fk|/∂θ2
i

should first be deduced to obtain ∂2E (ARP ) /∂θ2
i .

Consider that

∂2fk
∂v2

= fft
{
x̃k (tm, tn) ·

(
−4π2t2mtn

2
)}

(35)

∂2fk
∂a2

= fft
{
x̃k (tm, tn) ·

(
−4π2t4mtn

2
)}

(36)

and

∂2|fk (θθθ) |
∂θ2
i

=
∂

∂θi

{
1

2|fk|

[
fk
∂fk
∗

∂θi
+ fk

∗ ∂fk
∂θi

]}
= − 1

|fk|2
∂|fk|
∂θi

Re

{
fk
∗ ∂fk
∂θi

}
+

1

|fk|
Re

{
fk
∗ ∂

2fk
∂θ2
i

+ |∂fk
∂θi
|2
} (37)

Taking (34)˜(37) in (33), we can get an expression
for the second derivative of (12).

Numerical Computational Complexity Analysis
As (11) shows, fk contains M FFTs in the fast-time di-
rection. Therefore, the numbers of multiplications and
additions can be approximately expressed as

N
(10)
mul = M

(
N

2
log2N +N

)
(38)

N
(10)
add = M (N log2N +N) (39)

According to (30) and (31), the first derivative of fk
also contains M FFT operations whose computational
complexity can be written as

N
(1st)
mul = M

(
N

2
log2N +N

)
(40)

N
(1st)
add = M ·N log2N (41)

For the reason that ARP , SARP , and ∂ARP 2/∂θi
are all functions of fk or ∂fk/∂θi, once fk and ∂fk/∂θi
have been obtained, (28) can be obtained. In other
words, the computational complexity of (28) is the sum
of the complexity of computing fk, ∂fk/∂θi, and other
multiplications and additions in (28). The final result
is

N
(27)
mul = M

(
N

2
log2N +N

)
+ 3N + 2M ·N (42)

N
(27)
add = 2M ·N log2N +M ·N + 3M +N (43)

Once (28) is obtained, in (33), only ∂2ARP 2/∂θ2
i

must be recomputed. According to (34) ˜(37), the
numbers of multiplications and additions of (34) can
be written as

N
(33)
mul = M

(
N

2
log2N +N

)
+N (44)

N
(33)
add = M ·N log2N + 2M ·N +N (45)

The total numbers of multiplications and additions
of (33) are equal to the sum of multiplications and
additions of (34) and other necessary ones contained
in (33). Therefore, the computational complexity of
(33) can be expressed as

N
(32)
mul = M

(
N

2
log2N +N

)
+ 5N (46)
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N
(32)
add = M ·N log2N + 3M ·N + 2N (47)

Combining (42), (43) and (46), (47), it can be seen
that (23) and (24) have been proved.

As for the computational burden of ACM, the fo-
cus is on the correlation function in each loop. To ob-
tain the correlation between the current profile and
the template through FFT, three N-point FFT/IFFT
operations, one N-point conjugate multiplication, and
the average of the aligned profiles must be performed.
An N-point FFT contains Nlog2N/2 multiplications
and Nlog2N additions, and N-point conjugate multi-
plication has N multiplications. Therefore, the total
computational burden of ACM can be approximately
written as

N
(ACM)
mul = SN

(
3
N

2
log2N + 2N

)
(48)

N
(ACM)
add = SN (3N log2N +N) (49)

Therefore, (25) and (26) are proved.
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8. Muñoz-Ferreras, J.M., Pérez-Mart́ınez, F.: Subinteger range-bin

alignment method for ISAR imaging of noncooperative targets.

EURASIP Journal on Advances in Signal Processing 2010, 1–16

(2010)

9. Xu, J., Su, T., Wu, K.: GPU accelation of parallel range alignment in

ISAR real-time imaging. In: 2016 CIE International Conference on

Radar (RADAR), Guangzhou, China, pp. 1–4 (2016).

doi:10.1109/RADAR.2016.8059449. IEEE

10. Xi, L., Guosui, L., Ni, J.: Autofocusing of ISAR images based on

entropy minimization. IEEE Transactions on Aerospace and Electronic

Systems 35(4), 1240–1252 (1999)

11. Xue, J., Zhang, Q., Wang, Y., et al.: Fast estimation of high-order

motion parameters for real-time ISAR imaging. IET Radar, Sonar &

Navigation 13(12), 2244–2254 (2019)

12. Prickett, M., Chen, C.: Principles of inverse synthetic aperture

radar/ISAR/imaging. In: EASCON’80; Electronics and Aerospace

Systems Conference, Arlington,USA, pp. 340–345 (1980)

13. Itoh, T., Sueda, H., Watanabe, Y.: Motion compensation for ISAR via

centroid tracking. IEEE Transactions on Aerospace and Electronic

Systems 32(3), 1191–1197 (1996)

14. Wang, J., Kasilingam, D.: Global range alignment for ISAR. IEEE

Transactions on Aerospace and Electronic Systems 39(1), 351–357

(2003)

15. Wang, J., Liu, X.: Improved global range alignment for ISAR. IEEE

Transactions on Aerospace and Electronic Systems 43(3), 1070–1075

(2007)

16. Martorella, M., Berizzi, F., Haywood, B.: Contrast maximisation based

technique for 2-d ISAR autofocusing. IEE Proceedings-Radar, Sonar

and Navigation 152(4), 253–262 (2005)

17. Berizzi, F., Corsini, G.: Autofocusing of inverse synthetic aperture

radar images using contrast optimization. IEEE Transactions on

Aerospace and Electronic Systems 32(3), 1185–1191 (1996)

18. Zhang, L., Sheng, J.-l., Duan, J., et al.: Translational motion

compensation for ISAR imaging under low SNR by minimum entropy.

EURASIP Journal on Advances in Signal Processing 2013(1), 33

(2013)

19. Liu, L., Zhou, F., Tao, M., et al.: Adaptive translational motion

compensation method for ISAR imaging under low SNR based on

particle swarm optimization. IEEE Journal of Selected Topics in

Applied Earth Observations and Remote Sensing 8(11), 5146–5157

(2015)

20. Wang, J., Zhang, L., Du, L., et al.: Noise-robust motion compensation

for aerial maneuvering target ISAR imaging by parametric minimum

entropy optimization. IEEE Transactions on Geoscience and Remote

Sensing 57(7), 4202–4217 (2019)

21. Wright, S.J.: Coordinate descent algorithms. Mathematical

Programming 151(1), 3–34 (2015)

22. Xu, Y., Yin, W.: A block coordinate descent method for regularized

multiconvex optimization with applications to nonnegative tensor

factorization and completion. SIAM Journal on imaging sciences 6(3),

1758–1789 (2013)

23. Delisle, G.Y., Wu, H.: Moving target imaging and trajectory

computation using ISAR. IEEE Transactions on Aerospace and

Electronic Systems 30(3), 887–899 (1994)

24. Zhang, S., Liu, Y., Li, X.: Fast entropy minimization based

autofocusing technique for ISAR imaging. IEEE Transactions on Signal

Processing 63(13), 3425–3434 (2015)

25. Shi, H.-J.M., Tu, S., Xu, Y., et al.: A primer on coordinate descent

algorithms. arXiv preprint arXiv:1610.00040 (2016)

26. Lourakis, M., Argyros, A.A.: Is levenberg-marquardt the most efficient



Lu et al. Page 12 of 13

optimization algorithm for implementing bundle adjustment? In: Tenth

IEEE International Conference on Computer Vision (ICCV’05) Volume

1, vol. 2. Beijing, China, pp. 1526–1531 (2005). IEEE

27. Cleveland, W.S.: Robust locally weighted regression and smoothing

scatterplots. Journal of the American statistical association 74(368),

829–836 (1979)

28. Wang, J., Liu, X.: Sar minimum-entropy autofocus using an

adaptive-order polynomial model. IEEE Geoscience and Remote

Sensing Letters 3(4), 512–516 (2006)

29. Dong, Q., Zhang, L., Xu, G., et al.: Envelope alignment algorithm for

inverse synthetic aperture radar imaging based on splitting

sub-apertures. Journal of Xi’an Jiaotong University 48(12), 107–139

(2014)

30. Cleveland, W.S., Devlin, S.J., Grosse, E.: Regression by local fitting:

methods, properties, and computational algorithms. Journal of

econometrics 37(1), 87–114 (1988)

31. Kragh, T.J., Kharbouch, A.A.: Monotonic iterative algorithms for SAR

image restoration. In: 2006 International Conference on Image

Processing, Atlanta, USA, pp. 645–648 (2006). IEEE

Figures

Figure 1: Estimated error curves without
fitting (a) theoretical and estimated error curves
and (b) zoomed-in version of (a).

Figure 2: Framework of the proposed
algorithm.

Figure 3: The plane model.(a) the simulated
plane model, (b) the original ISAR image, (c)
original range profiles, and (d) contaminated
range profiles.

Figure 4: Results of alignment of different
methods under -10dB SNR. (a) the range
profiles without envelope deviation, (b) the
alignment result of the proposed algorithm, (c)
the alignment result of the ACM method, and (d)
the alignment result of the MEARP method.

Figure 5: Estimated error curves of the
three methods under -10dB SNR. (a) the
estimated error curve of the proposed algorithm,
(b) the estimated error curve of ACM, (c) the
estimated error curve of MEARP.

Figure 6: Results of imaging of different
methods under -10dB SNR. (a) the ideal ISAR
image, (b) the imaging result of the proposed
algorithm, (c) the imaging result of the ACM
method, and (d) the imaging result of the
MEARP method.

Figure 7: Results of imaging of different
methods under -15dB SNR. (a) the ideal ISAR
image, (b) the imaging result of the proposed
algorithm, (c) the imaging result of the ACM
method, and (d) the imaging result of the
MEARP method.

Figure 8: Estimated error curves of the
three methods under -15dB SNR. (a) the
estimated error curve of the proposed algorithm,
(b) the estimated error curve of ACM, (c) the
estimated error curve of MEARP.

Figure 9: Adding the envelope deviation
errors. (a) the original ISAR image, (b) original
range profiles, (c) the three-order error, and (d)
the contaminated range profiles.

Figure 10: Results of Monte Carlo
experiments. (a) the mean entropy of ISAR
images obtained from the three methods, and (b)
MSE of the error estimation.

Figure 11: Imaging results under -20dB
SNR. (a) the imaging result of the proposed
algorithm, (b) the imaging result of ACM, (c)
the imaging result of MEARP.

Figure 12: Imaging results under -22dB
SNR. (a) the imaging result of the proposed
algorithm, (b) the imaging result of ACM, (c)
the imaging result of MEARP.

Tables
Additional Files
Additional file 1 — Yak42-1.mat

The file of the data of Yak42 plane which can be opened by MATLAB.



Lu et al. Page 13 of 13

Figure 13: Imaging results under -25dB
SNR. (a) the imaging result of the proposed
algorithm, (b) the imaging result of ACM, (c)
the imaging result of MEARP.

Figure 14: Estimation results under -20 SNR.
(a) the estimation result of the proposed
algorithm, (b) the estimation result of ACM, (c)
the estimation result of MEARP.

Figure 15: Estimation results under -22 SNR.
(a) the estimation result of the proposed
algorithm, (b) the estimation result of ACM, (c)
the estimation result of MEARP.

Figure 16: Estimation results under -25 SNR.
(a) the estimation result of the proposed
algorithm, (b) the estimation result of ACM, (c)
the estimation result of MEARP.

Table 1: Comparison of Simulated Imaging Results
Under -10dB SNR

original

image

proposed

method
ACM MEARP

entropy 12.52841 12.52842 12.68372 12.60427

contrast 0.58952 0.58952 0.55225 0.57155

Table 2: Comparison of Simulated Imaging Results
Under -15 dB SNR

original

image

proposed

method
ACM MEARP

entropy 12.62062 12.62458 12.72116 12.68513

contrast 0.56509 0.56332 0.54001 0.54963


