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∂u

∂t
(t, x) dµ =

(
−r(t)x ∂u

∂x
(t, x)− σ2(t)

2
x2∆u(t, x) + r(t)u(t, x)

)
dx ∀ (t, x) ∈ [0, T ]× ]L,M [

u(T, x) = h(x) ∀x ∈ [L,M ]

✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡ 0 < L < x < M ✐s t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ✜♥❛♥❝✐❛❧ ✐♥str✉♠❡♥t✱ σ ❞❡♥♦t❡s t❤❡
✈♦❧❛t✐❧✐t②✱ r t❤❡ r✐s❦✲❢r❡❡ ✐♥t❡r❡st r❛t❡✱ T t❤❡ ♠❛t✉r✐t② ♦❢ t❤❡ ♦♣t✐♦♥✱ µ ❛ ♥♦♥ ❛t♦♠✐❝ ✜♥✐t❡ ♠❡❛s✉r❡ ✇✐t❤
t♦t❛❧ ♠❛ss M =M − L ❛♥❞ u r❡♣r❡s❡♥ts t❤❡ ♦♣t✐♦♥ ♣r✐❝❡✳ ❚❤❡ r❡❛❧ ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ h t❛❦❡s t❤❡ ✈❛❧✉❡s
h(x) = (x−K)+ ❢♦r ❛ ❝❛❧❧✻✱ ❛♥❞ h(x) = (K − x)+ ❢♦r ❛ ♣✉t✼✱ ❣✐✈❡♥ ❛ ❝♦♥st❛♥t K✿ ✏t❤❡ str✐❦❡✧✳
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❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧ ❛r❡ r❡q✉✐r❡❞✳ ❲❡ r❡❢❡r t♦ ❬❆P✵✺❪ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s✳

✸❈♦✉r❛♥t✲❋r✐❡❞r✐❝❤s✲▲❡✇②✳
✹❲❤❡♥ t❤❡ ♦♣t✐♦♥ ❤❛s ✇❤❛t ✐s ❛❧s♦ ❝❛❧❧❡❞ ❛♥ ✐♥tr✐♥s✐❝ ✈❛❧✉❡✱ ✐✳❡✳ t❤❡ r❡❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ♦♣t✐♦♥✱ t❤❛t ✐s t♦ s❛② t❤❡ ♣r♦✜t

t❤❛t ❝♦✉❧❞ ❜❡ ♠❛❞❡ ✐♥ t❤❡ ❡✈❡♥t ♦❢ ✐♠♠❡❞✐❛t❡ ❡①❡r❝✐s❡✳ ■t ♠❡❛♥s t❤❛t t❤❡ ✈❛❧✉❡ ✐s ❛t ❛ ❢❛✈♦r❛❜❧❡ str✐❦❡ ♣r✐❝❡ r❡❧❛t✐✈❡ t♦

t❤❡ ♣r❡✈❛✐❧✐♥❣ ♠❛r❦❡t ♣r✐❝❡ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡t✳ ❨❡t✱ t❤✐s ❞♦❡s ♥♦t ♠❡❛♥ t❤❛t t❤❡ tr❛❞❡r ✇✐❧❧ ❜❡ ♠❛❦✐♥❣ ♣r♦✜t✱ s✐♥❝❡

t❤❡ ❡①♣❡♥s❡ ♦❢ ❜✉②✐♥❣✱ ❛♥❞ t❤❡ ❝♦♠♠✐ss✐♦♥ ♣r✐❝❡s ❤❛✈❡ ❛❧s♦ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳
✺❲❤❡♥ t❤❡ ♦♣t✐♦♥ ❤❛s ✇❤❛t ✐s ❛❧s♦ ❝❛❧❧❡❞ ❛♥ ❡①tr✐♥s✐❝ ✈❛❧✉❡✱ ✐✳❡✳ ❛ ✈❛❧✉❡ ❛t ❛ str✐❦❡ ♣r✐❝❡ ❤✐❣❤❡r t❤❛♥ t❤❡ ♠❛r❦❡t ♣r✐❝❡

♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss❡t✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ t❤❡ ❉❡❧t❛✱ ✐✳❡✳ t❤❡ ●r❡❡❦ ✇❤✐❝❤ q✉❛♥t✐✜❡s t❤❡ r✐s❦✱ ✐s ❧❡ss t❤❛♥ ✺✵✳
✻❚❤❡ ❝❛❧❧ ✐s ❛♥ ♦♣t✐♦♥ ♦♥ ❛ ✜♥❛♥❝✐❛❧ ✐♥str✉♠❡♥t✱ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ❛ r✐❣❤t t♦ ❜✉②✳ ❈♦♥❝r❡t❡❧②✱ ✐t ❝♦♥s✐sts ✐♥ ❛ ❝♦♥tr❛❝t

✇❤✐❝❤ ❛❧❧♦✇s t❤❡ s✉❜s❝r✐❜❡r t♦ ❣❡t t❤❡ t❛r❣❡t❡❞ ✜♥❛♥❝✐❛❧ ♣r♦❞✉❝t✱ ❛t ❛ ♣r✐❝❡ ✜①❡❞ ✐♥ ❛❞✈❛♥❝❡ ✲ t❤❡ str✐❦❡ ♣r✐❝❡ ✲ ❛t ❛

❣✐✈❡♥ ❞❛t❡ ✲ t❤❡ ❡①♣✐r② ♦♥❡✱ ♦r ♠❛t✉r✐t② ♦❢ t❤❡ ❝❛❧❧✳
✼❆s ❢♦r t❤❡ ♣✉t✱ ✐t ✐s t❤✐s t✐♠❡ ❛ r✐❣❤t t♦ s❡❧❧ ✲ ♦r ♥♦t ✲ ❛t t❤❡ ♠❛t✉r✐t② ❞❛t❡✳

✷



✷✳✶ ❚❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ▼♦❞❡❧

◆♦t❛t✐♦♥ ✭❙♣❛❝❡ ♦❢ ❚❡st ❋✉♥❝t✐♦♥s✮✳

●✐✈❡♥ ❛ ❝♦♥t✐♥✉♦✉s s✉❜s❡t E ♦❢ R✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② D(E) t❤❡ s♣❛❝❡ ♦❢ t❡st ❢✉♥❝t✐♦♥s ♦♥ E✱ ✐✳❡✳
t❤❡ s♣❛❝❡ ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ E✳

◆♦t❛t✐♦♥ ✭❇❧❛❝❦✲❙❝❤♦❧❡s ❇✐❧✐♥❡❛r ❋♦r♠✮✳

❋♦r ❛♥② ♣❛✐r (u, v) ∈ (D(R+))
2✱ ✇❡ s❡t✿

B(u, v) =

∫

R+

σ2x2

2

∂u

∂x

∂v

∂x
dx+

∫

R+

(
σ2 − r

)
x
∂u

∂x
v dx+

∫

R+

r u v dx ·

Pr♦♣❡rt② ✷✳✶✳

❚❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ B(·, ·) ✐s ♥♦♥✲s②♠♠❡tr✐❝✳

❲❡ ❞❡✜♥❡ ✐ts s②♠♠❡tr✐❝ ♣❛rt✱ ❢♦r ❛♥② ♣❛✐r (u, v) ∈ (D(R+))
2✱ t❤r♦✉❣❤✿

B̃(u, v) =
1

2
(B(u, v) +B(v, u))

=

∫

R+

σ2x2

2

∂u

∂x

∂v

∂x
dx+

1

2

∫

R+

(
σ2 − r

)
x

(
∂u

∂x
v + u

∂v

∂x

)
dx+

∫

R+

r u v dx

=
σ2

2

∫

R+

x2
∂u

∂x

∂v

∂x
dx+

3r − σ2

2

∫

R+

u v dx

◆♦t❛t✐♦♥s✳

❲❡ s❡t

V =

{
v ∈ L2(R+) , x

∂v

∂x
∈ L2(R+)

}
, W =

{
v ∈ L2(R+) , x2

∂2v

∂x2
∈ L2(R+)

}
·

✸



Pr♦♣❡rt② ✷✳✷✳

❚❤❡ s♣❛❝❡

V =

{
v ∈ L2(R+) , x

∂v

∂x
∈ L2(R+)

}

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t

(u, v) 7→ ⟨u, v⟩V = ⟨u, v⟩L2(R+) +

〈
x
du

dx
, x

dv

dx

〉

L2(R+)

·

✐s ❛ ❍✐❧❜❡rt s♣❛❝❡✳

❉❡✜♥✐t✐♦♥ ✷✳✷ ✭❇❧❛❝❦✲❙❝❤♦❧❡s ❲❡❛❦ ❋♦r♠✉❧❛✮✳

❚❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛ r❡❛❞s✿ ✜♥❞ u ∈ C([0, T ];L2(R+)) ∩ L2((0, T );V ) s✉❝❤ t❤❛t
∂tu ∈ L2((0, T );V ⋆)✱ s❛t✐s❢②✐♥❣✿




B(u, v) = d

dt

∫

R+

u(t, x) v(x) dx , ∀v ∈ D(R+)

u(T, x) = h(x)

✇❤❡r❡ V ⋆ ✐s t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ V ✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸ ✭❇❧❛❝❦✲❙❝❤♦❧❡s ❖♣❡r❛t♦r✮✳

❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❧✐♥❡❛r ❜♦✉♥❞❡❞ ♦♣❡r❛t♦r BS : V → V ′✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❇❧❛❝❦✲❙❝❤♦❧❡s
♦♣❡r❛t♦r✱ s✉❝❤ t❤❛t✿

∀ (u, v) ∈ V 2 : B(u, v) = ⟨BS(u), v⟩L2(R+) ·

❉❡✜♥✐t✐♦♥ ✷✳✸✳

❚❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♦♣❡r❛t♦r ✐s ❣✐✈❡♥✱ ❢♦r ❛♥② v ✐♥ W ✱ ❜②

BS(v) = −x
2σ2

2

∂2v

∂x2
− r x

∂v

∂x
+ r v ·

Pr♦♣♦s✐t✐♦♥ ✷✳✹✳

❚❤❡ s❡t

W =

{
v ∈ V , x2

∂2v

∂x2
∈ L2(R+)

}

✐s ❞❡♥s❡ ✐♥ V ✳

✹



❚❤❡♦r❡♠ ✷✳✺ ✭❇❧❛❝❦✲❙❝❤♦❧❡s ❲❡❛❦ ❙♦❧✉t✐♦♥✮✳

❋♦r h ✐♥ L2(R+)✱ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♣r♦❜❧❡♠ ❤❛s ❛ ✉♥✐q✉❡ ✇❡❛❦ s♦❧✉t✐♦♥✳

✷✳✷ ❆♥ ■♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ●❡♥❡r❛❧✐③❡❞ ▼❡❛s✉r❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ▼♦❞❡❧

❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ♠❡❛s✉r❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❡q✉❛t✐♦♥✱ ❢♦r ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ µ✱ ❝❛♥ ❜❡ ✇r✐tt❡♥✱ ❜②
❝❤♦♦s✐♥❣ v = u✱ ❛s

∂

∂t
E
(
|u|2
)
=

2

M
B (u)

✇❤❡r❡ M = M − L✱ ✇❤✐❧❡E (.) ✐s t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❛♥❞ B(·, ·) ❞❡♥♦t❡s t❤❡ ✐♥✈♦❧✈❡❞ ❇❧❛❝❦✲❙❝❤♦❧❡s
❜✐❧✐♥❡❛r ❢♦r♠✳ ❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❞❡♣r❡❝✐❛t✐♦♥
♦❢ u2 ✭❛♥❞✱ ❤❡♥❝❡✱ ♦❢ u✱ s✐♥❝❡ ✐t ✐s ♣♦s✐t✐✈❡✮ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❡♥❡r❣② B(u)✳ ❚❤✐s
✐♠♣❧✐❡s ❛ ❧❛✇ ❣✐✈❡♥ ❜② t❤❡ ❝❧❛ss✐❝❛❧ ❇❧❛❝❦✲❙❝❤♦❧❡s t❤❡♦r② ✇❤✐❝❤ ❤♦❧❞s ♦♥ ❛✈❡r❛❣❡ ❛♥❞ ❛♥♦t❤❡r ✐♥❞✉❝❡❞
❜② ✐♥✈❡st♦rs✬ ♣❡r❝❡♣t✐♦♥ ♦❢ r❡❛❧✐t② ❛♥❞ r❡✢❡❝t❡❞ ❜② µ✳

❆ ❞✐r❡❝t ✐♠♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s ✈✐s✐♦♥ ✐s ❛ ❧♦❝❛❧ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♦♣t✐♦♥ ♣r✐❝❡ ❞②♥❛♠✐❝s t♦ t❤❡ ♣r♦❜✲
❛❜✐❧✐t② ♠❡❛s✉r❡ µ ✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛♥ ❝♦♥✜❞❡♥❝❡\✉♥❝❡rt❛✐♥t② ♠❡❛s✉r❡✳

✸ ◆♦♥✲❙②♠♠❡tr✐❝ ❉✐r✐❝❤❧❡t ❋♦r♠s ❛♥❞ ●❡♥❡r❛❧✐③❡❞ ▼❡❛s✉r❡ ❇❧❛❝❦✲

❙❝❤♦❧❡s ❖♣❡r❛t♦rs

●✐✈❡♥ t✇♦ str✐❝t❧② ♣♦s✐t✐✈❡ ♥✉♠❜❡rs L < M ✱ ✐❢ ✇❡ r❡♣❧❛❝❡ R+ ❜② M = [L,M ] ✭✇❤❡r❡ M =
]L,M [✮ ✐♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ♠❡❛s✉r❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧✱ t❤✐s ❞♦❡s ♥♦t r❡s✉❧t ✐♥ ❛ ❞r❛♠❛t✐❝ ❡✛❡❝t ♦♥
t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♥♦r t❤❡ ❡❝♦♥♦♠✐❝❛❧ ❢♦✉♥❞❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣♦✐♥ts ♦❢ ✈✐❡✇✿

✶✳ ❋✐♥❛♥❝✐❛❧ st❛❜✐❧✐t②✿ ❖♥❡ ❝❛♥ s✉♣♣♦s❡✱ ✐♥ s❤♦rt r✉♥✱ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ✜♥❛♥❝✐❛❧
✐♥str✉♠❡♥t ♣r✐❝❡✳

✷✳ ◆✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s✿ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ✐♥✜♥✐t❡ ❜♦✉♥❞❛r✐❡s ❛r❡ r❡♣❧❛❝❡❞ ✇✐t❤ ✜♥✐t❡ ♦♥❡s ❢♦r
♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✭❙❡❡ ❬❑◆✵✶❪ ❢♦r ❡rr♦r ❡st✐♠❛t❡s✮✳

❲❡ ✇✐❧❧ ❝❛❧❝✉❧❛t❡ ✐♥ s❡❝t✐♦♥ ✺✳✸ ❛ t♦❧❡r❛♥❝❡ ❧❡✈❡❧ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❜♦✉♥❞s L ❛♥❞ M ✳

◆♦t❛t✐♦♥s✳

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ s♣❛❝❡s✿

VM =

{
v ∈ L2(M) , x

∂v

∂x
∈ L2(M)

}
,

L2
µ(M) =

{
v ,

∫ M

L
v2 dµ <∞

}
·

❚❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ VM ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② V ⋆
M ❛♥❞ t❤❡ ❝❧♦s✉r❡ ♦❢ D(M) ✐♥ VM ❜② V0,M✳

✺



Pr♦♣♦s✐t✐♦♥ ✸✳✶✳

❚❤❡ s♣❛❝❡ D(M) ✐s ❞❡♥s❡ ✐♥ L2
µ(M)✳

❆s ✐♥ ❬❍▲◆✵✻❪✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤❡ s♦❧✉t✐♦♥ ❡①✐st ❛r❡ ♦❜t❛✐♥❡❞ t❤❛♥❦s t♦
t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿

❆ss✉♠♣t✐♦♥s ✸✳✷✳

❋♦r ❛♥② u ✐♥ D(M)✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C0✿

∥u∥L2
µ(M) ⩽ C0

∥∥∥∥x
∂u

∂x

∥∥∥∥
L2(M)

, ✭❈♦♥t✐♥✉♦✉s ✐♥❥❡❝t✐♦♥ ❝♦♥❞✐t✐♦♥✮ ✭✶✮

σ2 < 4r · ✭❈♦❡r❝✐✈✐t② ❝♦♥❞✐t✐♦♥✮ ✭✷✮

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳

❯♥❞❡r t❤❡ ✜rst ❝♦♥❞✐t✐♦♥ ✐♥ ❝♦♥❥❡❝t✉r❡ ✸✳✷✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ L2
µ(M)✲r❡♣r❡s❡♥t❛t✐✈❡ ũ ♦❢ ❡❛❝❤

❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s u ✐♥ VM s✉❝❤ t❤❛t t❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✳ ❚❤❡r❡ ❛❧s♦ ❡①✐sts ❛ D(M)
s❡q✉❡♥❝❡ (un)n∈N ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦✇❛r❞s ũ ❜♦t❤ ✐♥ VM ❛♥❞ ✐♥ L2

µ(M)✱ s✐♥❝❡ D(M) ✐s ❞❡♥s❡ ✐♥ VM
❛♥❞ L2

µ(M) ❬❑✐❧✾✹❪✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ B(·, ·) ✇✐t❤ ❞♦♠❛✐♥ ❞♦♠ (B) ♦♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ VM✳ ❲❡
✐♥tr♦❞✉❝❡ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠✿

B⋆(·, ·) = B(·, ·) + ⟨·, ·⟩L2
µ(M)

❛♥❞ t❤❡ s②♠♠❡tr✐❝ ♦♥❡✿

B̃⋆(·, ·) = B̃(·, ·) + ⟨·, ·⟩L2
µ(M) ·

❲❡ r❡❢❡r t♦ ❬▼❘✾✷❪ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s ♦♥ t❤❡ t❤❡♦r② ♦❢ ♥♦♥✲s②♠♠❡tr✐❝ ❉✐r✐❝❤❧❡t ❢♦r♠s✳

❉❡✜♥✐t✐♦♥ ✸✳✶ ✭❙②♠♠❡tr✐❝ ❈❧♦s❡❞ ❋♦r♠✮✳

❆ ♣❛✐r (B, ❞♦♠ (B)) ✐s s②♠♠❡tr✐❝ ❝❧♦s❡❞ ❢♦r♠ ✭♦♥ H✮ ✐❢ ❞♦♠ (B) ✐s ❛ ❞❡♥s❡ ❧✐♥❡❛r s✉❜s♣❛❝❡ ♦❢
H ❛♥❞ B : ❞♦♠ (B) × ❞♦♠ (B) → R ✐s ❛ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❜✐❧✐♥❡❛r ✇❤✐❝❤ ✐s s②♠♠❡tr✐❝ ❛♥❞ ❝❧♦s❡❞ ♦♥

H ✭✐✳❡✳✱ ❞♦♠ (B) ✐s ❝♦♠♣❧❡t❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♥♦r♠ B⋆(·, ·) 1

2 ✮✳

❉❡✜♥✐t✐♦♥ ✸✳✷ ✭❙❡❝t♦r ❈♦♥❞✐t✐♦♥✮✳

▲❡t ✉s ❞❡♥♦t❡ ❜② B ❛ ❜✐❧✐♥❡❛r ❢♦r♠ ♦♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ H✱ ❛♥❞ ❜② ❞♦♠ (B) ✐ts ❞♦♠❛✐♥✳ ❚❤❡
♣❛✐r (B, ❞♦♠ (B)) ✐s s❛✐❞ t♦ s❛t✐s❢②✿

✻



✐✳ ❚❤❡ ✇❡❛❦ s❡❝t♦r ❝♦♥❞✐t✐♦♥ ✐❢ t❤❡r❡ ❡①✐sts K > 0 s✉❝❤ t❤❛t✿

∀ (u, v) ∈ ❞♦♠ (B)× ❞♦♠ (B) : |B⋆(u, v)| ⩽ K
√
B⋆(u, u)B⋆(v, v)· ✭✸✮

✐✐✳ ❚❤❡ str♦♥❣ s❡❝t♦r ❝♦♥❞✐t✐♦♥ ✐❢ t❤❡r❡ ❡①✐sts K > 0 s✉❝❤ t❤❛t

∀ (u, v) ∈ ❞♦♠ (B)× ❞♦♠ (B) : |B(u, v)| ⩽ K
√
B(u, u)B(v, v) ·

❘❡♠❛r❦ ✸✳✶✳

❆ ❝♦❡r❝✐✈❡ ❝♦♥t✐♥✉♦✉s ❜✐❧✐♥❡❛r ❢♦r♠ s❛t✐s✜❡s ❜♦t❤ ❝♦♥❞✐t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✸✳✸ ✭❈♦❡r❝✐✈❡ ❈❧♦s❡❞ ❋♦r♠✮✳

❆ ♣❛✐r (B, ❞♦♠ (B)) ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛ ❝♦❡r❝✐✈❡ ❝❧♦s❡❞ ❢♦r♠ ✭♦♥ H✮ ✐❢ ❞♦♠ (B) ✐s ❛ ❞❡♥s❡ ❧✐♥❡❛r s✉❜✲
s♣❛❝❡ ♦❢ H ❛♥❞ B : ❞♦♠ (B)× ❞♦♠ (B) → R ✐s ❛ ❜✐❧✐♥❡❛r ❢♦r♠ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥❞✐t✐♦♥s
❤♦❧❞✿

✐✳ ■ts s②♠♠❡tr✐❝ ♣❛rt (B̃, ❞♦♠ (B)) ✐s ❛ s②♠♠❡tr✐❝ ❝❧♦s❡❞ ❢♦r♠ ♦♥ H✳

✐✐✳ (B, ❞♦♠ (B)) s❛t✐s✜❡s t❤❡ ✇❡❛❦ s❡❝t♦r ❝♦♥❞✐t✐♦♥ ✐♥❡q✉❛❧✐t② i✳ ❣✐✈❡♥ ✐♥ ✸✳

❉❡✜♥✐t✐♦♥ ✸✳✹ ✭❙②♠♠❡tr✐❝ ❱s ◆♦♥✲❙②♠♠❡tr✐❝ ❉✐r✐❝❤❧❡t ❋♦r♠✮✳

❆ ❝♦❡r❝✐✈❡ ❝❧♦s❡❞ ❢♦r♠ (B, ❞♦♠ (B)) ♦♥ L2
µ(M)✱ ❢♦r ❛ ❣✐✈❡♥ ♠❡❛s✉r❡ µ✱ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛ ❉✐r✐❝❤❧❡t

❢♦r♠ ✐❢✱ ❢♦r ❛♥② u ✐♥ ❞♦♠ (B)✱ ♦♥❡ ❤❛s✿

ũ ∈ ❞♦♠ (B) ❛♥❞

{
B(u+ ũ, u− ũ) ⩾ 0
B(u− ũ, u+ ũ) ⩾ 0

✇❤❡r❡ ũ = max(0,min(u, 1))✳ ■❢ (B, ❞♦♠ (B)) ✐s ✐♥ ❛❞❞✐t✐♦♥ s②♠♠❡tr✐❝✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦✿

B(ũ, ũ) ⩽ B(u, u) ·

B ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛ s②♠♠❡tr✐❝ ❉✐r✐❝❤❧❡t ❢♦r♠✳

❚❤❡♦r❡♠ ✸✳✹✳ ❬▼❘✾✷❪

▲❡t ✉s ❞❡♥♦t❡ ❜② (B, ❞♦♠ (B)) ❛ ❝♦❡r❝✐✈❡ ❝❧♦s❡❞ ❢♦r♠ ♦♥ H✱ ❛♥❞ J ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧
♦♥ ❞♦♠ (B)✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ u ∈ ❞♦♠ (B) s✉❝❤ t❤❛t

∀ v ∈ ❞♦♠ (B) : B⋆(u, v) = J(v) ·

✼



❉❡✜♥✐t✐♦♥ ✸✳✺ ✭◆♦♥✲❙②♠♠❡tr✐❝ ❉✐r✐❝❤❧❡t ❋♦r♠s✮✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❝♦❡r❝✐✈❡ ❝❧♦s❡❞ ❢♦r♠ ♦♥H✱ (B, ❞♦♠ (B))✳ ❚❤❡r❡ ❡①✐sts ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡
✇✐t❤ ❛ ♣❛✐r ♦❢ ❧✐♥❡❛r ❜♦✉♥❞❡❞ ♦♣❡r❛t♦rs (L, L̃)✿

∀ (u, v) ∈ ❞♦♠ (L)× ❞♦♠ (L) : B(u, v) = (−Lu, v) = (u,−L̃v)
✇❤❡r❡ ❞♦♠ (L) ✐s t❤❡ ❞♦♠❛✐♥ ♦❢ L✳ ❆❧s♦✱ ❞♦♠ (L) ✐s ❛ ❞❡♥s❡ s✉❜s❡t ♦❢ ❞♦♠ (B)✳
❚❤❡ ♦♣❡r❛t♦r L ✭r❡s♣❡❝t✐✈❡❧② L̃✮ ✐s t❤❡ ❣❡♥❡r❛t♦r ♦❢ ❛ str♦♥❣❧② ❝♦♥t✐♥✉♦✉s ❝♦♥tr❛❝t✐♦♥ s❡♠✐✲❣r♦✉♣ (Tt)t>0

✭r❡s♣❡❝t✐✈❡❧② (T̃ )t>0✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ❬❆P✵✺❪✳

Pr♦♣♦s✐t✐♦♥ ✸✳✺ ✭P♦✐♥❝❛ré ■♥❡q✉❛❧✐t② ✮✳

❚❤❡ s♣❛❝❡ D(M) ✐s ❞❡♥s❡ ✐♥ VM✱ ❛♥❞✱ ❢♦r ❛♥② v ∈ D(M)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ✐s s❛t✐s✜❡❞✿

∥v∥L2(M) ⩽ 2

∥∥∥∥x
dv

dx

∥∥∥∥
L2(M)

❚❤✐s ✐♥❡q✉❛❧✐t② ✐♥❞✉❝❡s ❛ s❡❝♦♥❞ ♥♦r♠ ♦♥ VM✱ ❣✐✈❡♥✱ ❢♦r ❛♥② v ✐♥ VM✱ ❜②✿

|v|VM
=

∥∥∥∥x
dv

dx

∥∥∥∥
L2(M)

·

Pr♦♣♦s✐t✐♦♥ ✸✳✻✳ ✭❈♦♥t✐♥✉✐t② ❛♥❞ ●år❞✐♥❣ ■♥❡q✉❛❧✐t②✮

❚❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ B(·, ·) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ VM✱ ❛♥❞ s❛t✐s✜❡s t❤❡ ●år❞✐♥❣ ✐♥❡q✉❛❧✐t②✿

∀u ∈ VM : B(u) ⩾
σ2

2
|u|2VM

− λ ∥ u ∥2L2(M)

✇❤❡r❡ λ =

(
σ2 − 3r

)

2
✳ ▼♦r❡♦✈❡r✱ B(·, ·) ✐s ❝♦❡r❝✐✈❡ ✉♥❞❡r t❤❡ s❡❝♦♥❞ ❛ss✉♠♣t✐♦♥ ✸✳✷✳

Pr♦♦❢✳
❋♦r ❛♥② ♣❛✐r (u, v) ∈ (D(M))2✱ ❜② ✉s✐♥❣ t❤❡ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥ t❤❛t

|B(u, v)| =
∣∣∣∣
∫ M

L

σ2x2

2

∂u

∂x

∂v

∂x
dx+

∫ M

L

(
σ2 − r

)
x
∂u

∂x
v dx+

∫ M

L
r u v dx

∣∣∣∣

⩽
σ2

2
|u|VM

|v|VM
+
(
σ2 − r

)
|u|VM

∥ v ∥L2(M) + r ∥ u ∥L2(M)∥ v ∥L2(M)

⩽ C1 |u|VM
|v|VM

✇❤❡r❡ C1 = 2r +
5σ2

2
✳ ❋♦r t❤❡ ❝♦❡r❝✐✈✐t②✱ ✇❡ ✉s❡ ❛❣❛✐♥ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t②✿

✽



B(u) =
σ2

2
|u|2VM

+

∫ M

L

(
σ2 − r

)
x
∂u

∂x
u dx+ r ∥ u ∥2L2(M)

=
σ2

2
|u|2VM

−
(
σ2 − 3r

)

2
∥ u ∥2L2(M)

⩾ C2 |u|2VM

✇❤❡r❡ C2 = 6r − 3σ2

2
✳

❉❡✜♥✐t✐♦♥ ✸✳✻✳

❲❡ ❞✐♥tr♦❞✉❝❡ t❤❡ ♠❛♣♣✐♥❣ ι : VM → L2
µ(M) ❜②

ι(u) = ū

✇❤❡r❡ ū ✐s t❤❡ ✉♥✐q✉❡ L2
µ(M)✲r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ u✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❝❧♦s❡❞ s❡t✿

N =
{
v ∈ VM : ∥v∥L2

µ(M) = 0
}

·

❚❤❡♦r❡♠ ✸✳✼✳ ❚❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ◆♦♥✲❙②♠♠❡tr✐❝ ❉✐r✐❝❤❧❡t ❋♦r♠

❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s ✸✳✷✿

✐✳ ❞♦♠(B) = VM ✐s ❞❡♥s❡ ✐♥ L2
µ(M)✳

✐✐✳
(
B̃⋆, VM

)
✐s ❛ ❍✐❧❜❡rt s♣❛❝❡✳

✐✐✐✐✳ (B, ❞♦♠(B)) ✐s ❛ ✭♥♦♥✲s②♠♠❡tr✐❝✮ ❉✐r✐❝❤❧❡t ❢♦r♠✳

Pr♦♦❢✳

❼ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ (un)n∈N ♦❢ D(M)✱ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦✇❛r❞s u ✐♥ L2
µ(M)✳

❲❡ t❤❡♥ ❝♦♥s✐❞❡r t✇♦ s❡q✉❡♥❝❡s✱ (an)n∈N ∈ NN✱ ❛♥❞ (bn)n∈N ∈ VM
N s✉❝❤ t❤❛t✱ ❢♦r ❛♥② ♥❛t✉r❛❧

✐♥t❡❣❡r n✱

un = an + bn ·

❚❤❡♥✱ t❤❡ s❡q✉❡♥❝❡ (bn)n∈N ❝♦♥✈❡r❣❡s t♦ u ✐♥ L2
µ(M)✳

❼ ❯♥❞❡r t❤❡ ✜rst ❝♦♥❞✐t✐♦♥ ✸✳✷✱ t❤❡ ✐♥❞✉❝❡❞ ♥♦r♠ B̃⋆(·, ·)
1

2 ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥♦r♠ | · |VM
✳ ❍❡♥❝❡✱

(B⋆, ❞♦♠(B)) ✐s ❝♦♠♣❧❡t❡✳

✾



❼ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ B t❤❛t✿

0 ⩽ C2 |u2 − ũ2|2VM
⩽ B(u± ũ, u∓ ũ) ·

❚❤❡♦r❡♠ ✸✳✽ ✭●❡♥❡r❛❧✐③❡❞ ▼❡❛s✉r❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❖♣❡r❛t♦r✮✳

❯♥❞❡r t❤❡ ❝♦♥❥❡❝t✉r❡ ✸✳✷✱ t❤❡r❡ ❡①✐sts ❛ ❧✐♥❡❛r ❜♦✉♥❞❡❞ ♦♣❡r❛t♦r BSµ✱ t❤❛t ✇❡ ✇✐❧❧ ❝❛❧❧ ❣❡♥❡r❛❧✐③❡❞
♠❡❛s✉r❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♦♣❡r❛t♦r✱ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② ♣❛✐r (u, v) ∈ ❞♦♠(BSµ)× ❞♦♠(B)✿

B(u, v) = ⟨BSµ(u), v⟩L2
µ(M)

▼♦r❡♦✈❡r✱ ✇❡ ✇✐❧❧ s❛② t❤❛t u ∈ ❞♦♠(BSµ) ❛♥❞ BSµ(u) = f ✐❢ ❛♥❞ ♦♥❧② ✐❢

B(u, v) =

∫

M
f v dµ , ∀v ∈ V0,M

❘❡♠❛r❦ ✸✳✷✳

❚❤❡ ❣❡♥❡r❛❧✐③❡❞ ♠❡❛s✉r❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♦♣❡r❛t♦r ✐s ❜♦✉♥❞❡❞ ❢r♦♠ VM t♦ V ⋆
M s✐♥❝❡✱ ∀v ∈ V0,M

∣∣∣⟨BSµ(u), v⟩L2
µ(M)

∣∣∣ = |B(u, v)|
⩽ C1 |u|VM

|v|VM

❜② ❝♦♥t✐♥✉✐t② ♦❢ B(·, ·)✳

◆♦t❛t✐♦♥s ✭❙♦❜♦❧❡✈ ❙♣❛❝❡s✮✳

●✐✈❡♥ ❛ ❝♦♥t✐♥✉♦✉s s✉❜s❡t E ♦❢ R✱ k ∈ N✱ ❛♥❞ p ⩾ 1✱ ✇❡ r❡❝❛❧❧ t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡s
♦♥ E ❛r❡

W k
p (E) =

{
f ∈ Lp (E) , ∀ j ⩽ k : f (j) ∈ Lp (E)

}

❛♥❞

Hk (E) =W k
2 (E) =

{
f ∈ L2 (E) , ∀ j ⩽ k : f (j) ∈ L2 (E)

}
·

❚❤❡ s✉❜s♣❛❝❡ Hk
0 ♦❢ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ✈❛♥✐s❤ ♦♥ t❤❡ ❜♦✉♥❞❛r② ∂E ✐s

Hk
0 (E) =

{
f ∈ L2 (E) , f|∂E = 0 ❛♥❞ ∀ j ⩽ k : f (j) ∈ L2 (E)

}
·

■t ❞✐r❡❝t❧② ❝♦♠❡s ❢♦r♠ t❤❡ ❛❜str❛❝t t❤❡♦r② ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❬❩❡✐✾✵❪✱ ❬❲❧♦✽✼❪✱ ❬▲▼✻✽❪
t❤❛t✿

✶✵



❚❤❡♦r❡♠ ✸✳✾ ✭●❡♥❡r❛❧✐③❡❞ ▼❡❛s✉r❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❲❡❛❦ ❙♦❧✉t✐♦♥✮✳

▲❡t ✉s ❞❡✜♥❡ t❤❡ ●❡❧❢❛♥❞ tr✐♣❧❡ ✭♦r ❡q✉✐♣♣❡❞ ❍✐❧❜❡rt s♣❛❝❡✮ VM ⊂ L2
µ(M) ⊂ V ⋆

M✳ ❋♦r h ✐♥ L2
µ(M)✱

t❤❡ ❣❡♥❡r❛❧✐③❡❞ ♠❡❛s✉r❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ♣r♦❜❧❡♠ ❛❞♠✐ts✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ✸✳✷✱ ❛ ✉♥✐q✉❡ ✇❡❛❦ s♦✲
❧✉t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❢♦r k ⩾ 1✱ t❤❡ s♦❧✉t✐♦♥ ♠❛♣✿

L2
µ(M) →W k

2 ([0, T ];VM)

h 7→ u

✐s ❝♦♥t✐♥✉♦✉s✳

✹ ❚❤❡ ❙❡❧❢✲❙✐♠✐❧❛r ❇❧❛❝❦✲❙❝❤♦❧❡s ❖♣❡r❛t♦r ✲ ❛ P♦✐♥t✇✐s❡ ❋♦r♠✉❧❛

❉❡✜♥✐t✐♦♥ ✹✳✶ ✭❙❡❧❢✲❙✐♠✐❧❛r ▼❡❛s✉r❡ ♦♥ ❛ ❘❡❛❧ ■♥t❡r✈❛❧✱ ❆ss♦❝✐❛t❡❞ t♦ ❛ ❙❡t ♦❢ ❈♦♥tr❛❝✲
t✐♦♥s ❬❙tr✵✻❪✮✳

❲❡ ❤❡r❡❛❢t❡r ❝♦♥s✐❞❡r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ t❤❡ r❡❛❧ ✐♥t❡r✈❛❧ M = ]L,M [ ⊂ R+ ✐s s❡❧❢✲s✐♠✐❧❛r
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥tr❛❝t✐♦♥s ❢❛♠✐❧② {f1, f2}✱ ❛♥❞ ✇❤❡r❡ f1 ❛♥❞ f2 ❛r❡ ❞❡✜♥❡❞✱ ❢♦r ❛♥② r❡❛❧ ♥✉♠❜❡r x✱
❜②✿

f1(x) =
1

2
(x+ L) , f2(x) =

1

2
(x+M) ·

❆ ♠❡❛s✉r❡ µ ✇✐t❤ ❢✉❧❧ s✉♣♣♦rt ♦♥ M ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ s❡❧❢✲s✐♠✐❧❛r ♠❡❛s✉r❡ ♦♥ M✱ r❡❧❛t✐✈❡❧② t♦ t❤❡
s❡t ♦❢ ❝♦♥tr❛❝t✐♦♥s (f1, f2) ✐❢✱ ❣✐✈❡♥ ❛ ❢❛♠✐❧② ♦❢ str✐❝t❧② ♣♦s✐t✐✈❡ ✇❡✐❣❤ts (µ1 , µ2) s✉❝❤ t❤❛t

µ1 + µ2 = 1 ,

♦♥❡ ❤❛s✱ t❤❡♥✱

µ = µ1 µ ◦ f−1
1 + µ2 µ ◦ f−1

2 ·

▲❡t ✉s ❝♦♥s✐❞❡r u ∈ ❞♦♠(BSµ) ✇❤❡r❡ µ ✐s ❛ s❡❧❢✲s✐♠✐❧❛r ♠❡❛s✉r❡ ❛❝❝♦r❞✐♥❣ t♦ ❞❡✜♥✐t✐♦♥ ✹✳✶✳
BSµ ✐s ♥♦✇ ❝❛❧❧❡❞ t❤❡ s❡❧❢✲s✐♠✐❧❛r ❇❧❛❝❦✲❙❝❤♦❧❡s ♦♣❡r❛t♦r ❛♥❞ ✇❡ s❡t✿ BSµ(u) = f ✳

■♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ♦❢ BSµ✱ ✇❡ s❡t M =M − L ❛♥❞ ✇❡ r❡❝❛❧❧ t❤❡ s❡❧❢ s✐♠✐❧❛r
❝♦♥str✉❝t✐♦♥ ♦❢ M✿

M = f1(M) + f2(M) ·

❉❡✜♥✐t✐♦♥ ✹✳✷ ✭Pr❡❢r❛❝t❛❧ ●r❛♣❤ ❆♣♣r♦①✐♠❛t✐♦♥✮✳

❲❡ ❞❡♥♦t❡ ❜② V0 t❤❡ ♦r❞❡r❡❞ s❡t ♦❢ t❤❡ ✭❜♦✉♥❞❛r②✮ ♣♦✐♥ts✿

{L,M}

✶✶



❲❡ ❜✉✐❧❞ t❤❡ ❣r❛♣❤ M0 ❜② ❝♦♥♥❡❝t✐♥❣ t❤❡ t✇♦ ❡①tr❡♠✐t✐❡s ♦❢ V0✳

❋♦r ❛♥② str✐❝t❧② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r m✱ ✇❡ s❡t✿

Vm = f2 (Vm−1) + f2 (Vm−1) ·
❚❤❡ s❡t ♦❢ ♣♦✐♥ts Vm✱ ✇❤❡r❡ ❝♦♥s❡❝✉t✐✈❡ ♣♦✐♥ts ❛r❡ ❝♦♥♥❡❝t❡❞✱ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② Mm✳

❚❤❡ s❡t Vm ✐s ❝❛❧❧❡❞ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ♦❢ t❤❡ ❣r❛♣❤ Mm✳ ❇② ❡①t❡♥s✐♦♥✱ ✇❡ ✇✐❧❧ ✇r✐t❡ t❤❛t

Mm = f1 (Mm−1) + f2 (Mm−1) ·

❖♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ {Vm}m∈N ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ✐ts ❧✐♠✐t ❞❡♥s❡ ✐♥ M ✭❬❑✐❣✵✶❪✮✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳

●✐✈❡♥ ❛ ♥❛t✉r❛❧ ✐♥t❡❣❡r m✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② Nm t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ t❤❡ ❣r❛♣❤ Mm✳ ❖♥❡
❤❛s✿

N0 = 2

❛♥❞✱ ❢♦r ❛♥② str✐❝t❧② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r m✿

Nm = 2m + 1 ·

❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s✿

❉❡✜♥✐t✐♦♥ ✹✳✸ ✭❲♦r❞✮✳

●✐✈❡♥ ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r m✱ ✇❡ ✇✐❧❧ ❝❛❧❧ ♥✉♠❜❡r✲❧❡tt❡r ❛♥② ✐♥t❡❣❡r Wi ♦❢ {1, 2}✱ ❛♥❞ ✇♦r❞
♦❢ ❧❡♥❣t❤ |W| = m✱ ♦♥ t❤❡ ❣r❛♣❤ Mm✱ ❛♥② s❡t ♦❢ ♥✉♠❜❡r✲❧❡tt❡rs ♦❢ t❤❡ ❢♦r♠✿

W = (W1, . . . ,Wm) ·
❲❡ ✇✐❧❧ ✇r✐t❡✿

fW = fW1
◦ . . . ◦ fWm ·

❉❡✜♥✐t✐♦♥ ✹✳✹ ✭❆❞❞r❡ss❡s✮✳

●✐✈❡♥ ❛ ♥❛t✉r❛❧ ✐♥t❡❣❡rm✱ ❛♥❞ ❛ ✈❡rt❡①X ♦❢Mm✱ ✇❡ ✇✐❧❧ ❝❛❧❧ ❛❞❞r❡ss ♦❢ t❤❡ ✈❡rt❡①X ❛♥ ❡①♣r❡ss✐♦♥
♦❢ t❤❡ ❢♦r♠

X = fW (L) ♦r X = fW ′ (M)

✇❤❡r❡ W ❛♥❞ W ′ ❞❡♥♦t❡ ✇♦r❞s ♦❢ ❧❡♥❣t❤ m✳ ❚❤❡ ✈❡rt❡① X ❤❛s t❤✉s ❛ ❞♦✉❜❧❡ ❛❞❞r❡ss✳

✶✷



Pr♦♣❡rt② ✹✳✷ ✭❙♣❛❝❡ ♦❢ ❍❛r♠♦♥✐❝ ❙♣❧✐♥❡s✮✳

●✐✈❡♥ ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r m✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡ ♦❢ ❤❛r♠♦♥✐❝ s♣❧✐♥❡s ♦❢ ♦r❞❡r m✱ ❞❡♥♦t❡❞
❜② Hm([L,M ])✱ ❛s t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ψm

X ✱ X ∈ [L,M ]✱ s✉❝❤ t❤❛t✿

∀Y ∈ Mm ψm
X (Y ) = δXY ·

❋♦r k ∈ {1, . . . , 2m − 1}✱ ❛♥❞ Y ∈ [L,M ]✿

ψm
L+ kM

2m
(Y ) =





2m

M
(Y − L)− (k − 1) L+

(k − 1)M

2m
⩽ Y ⩽ L+

kM

2m

−2m

M
(Y − L) + (k + 1) L+

kM

2m
⩽ Y ⩽ L+

(k + 1)M

2m

0 ♦t❤❡r✇✐s❡

❛♥❞

ψm
L (Y ) =




−2m

M
(Y − L) + 1 L ⩽ Y ⩽ L+

M

2m

0 ♦t❤❡r✇✐s❡
,

ψm
M (Y ) =





2m

M
(Y −M) + 1 M − M

2m
⩽ Y ⩽M

0 ♦t❤❡r✇✐s❡

Pr♦♣♦s✐t✐♦♥ ✹✳✸ ✭■♥t❡❣r❛t✐♦♥ ♦❢ ❍❛r♠♦♥✐❝ ❙♣❧✐♥❡s✮✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r m✳ ❋♦r k ∈ {1, . . . , 2m − 1}✱ ✇❡ ❞❡♥♦t❡ ❜② VMk ❛♥❞ Wk

t❤❡ ✉♥✐q✉❡ ✐♥❞✐❝❡s s✉❝❤ t❤❛t

fVMk
([L,M ]) =

[
L+

(k − 1)M

2m
, L+

kM

2m

]
❛♥❞ fWk

([L,M ]) =

[
L+

kM

2m
, L+

(k + 1)M

2m

]
·

❚❤❡♥✱

∫ M

L
ψm
L+ kM

2m
dµ = µ1

sVMkµ2
m+1−sVMk + µ

sWk
+1

1 µ
m−sWk

2

❛♥❞

∫ M

L
ψm
L dµ = µ1

m+1

∫ M

L
ψm
M dµ = µ2

m+1 ·

■♥ ❛❞❞✐t✐♦♥✱ ✐❢ µ1 <
1

2
✿

∫ M

L
ψm
L dµ <

∫ M

L
ψm
L+ kM

2m
dµ <

∫ M

L
ψm
M dµ ·

✶✸



Pr♦♣❡rt② ✹✳✹✳ ●✐✈❡♥ ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r m✱ ✇❡ s❡t✱ ❢♦r ❛♥② ✐♥t❡❣❡r k ∈ {0, . . . , 2m}✿

xk = L+

(
k
M

2m

)

❛♥❞✱ ❢♦r ❛♥② u ∈ ❞♦♠(BSµ)✿

B(u, ψm
xk
) =

∫ M

L

(
−σ

2x2

2

∂2u

∂x2
− rx

∂u

∂x
+ r u

)
ψm
xk
dx

= lim
m→+∞

2m∑

j=0

BSm (u(t, xj))ψ
m
xk

(
M

2m

)

= lim
m→+∞

BSm (u(t, xk))

(
M

2m

)

✇❤❡r❡ BSm ✐s t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❞✐s❝r❡t❡ ♦♣❡r❛t♦r ❞❡✜♥❡❞✱ ❢♦r ❛♥② t ✐♥ [0, T ]✱ ❜②✿

BSm u(t, xk) = −σ
2

2
x2k

(
u(t, xk+1)− 2u(t, xk) + u(t, xk−1)(

M

2m

)2

)

− r xk

(
u(t, xk+1)− u(t, xk−1)

2
(

M

2m

)
)

+ r C(t, xk)

= −σ
2

2
k2 (u(t, xk+1)− 2u(t, xk) + u(t, xk−1))

− r k

(
u(t, xk+1)− u(t, xk−1)

2

)
+ r C(t, xk)

❚❤❡ ♠❡❛♥ ✈❛❧✉❡ ❢♦r♠✉❧❛ ②✐❡❧❞s ❛s②♠♣t♦t✐❝❛❧❧②

∫ M

L
BSµu(x)ψ

m
xk
dµ ≈ BSµu(xk)

∫ M

L
ψm
xk
dµ ·

❚❤❡♦r❡♠ ✹✳✺ ✭❙❡❧❢✲❙✐♠✐❧❛r ❇❧❛❝❦✲❙❝❤♦❧❡s ❖♣❡r❛t♦r P♦✐♥t✇✐s❡ ❋♦r♠✉❧❛✮✳

▲❡t ✉s ❝♦♥s✐❞❡r u ∈ ❞♦♠(BSµ)✳ ❚❤❡♥✱ ❢♦r ❛♥② x ∈ M✱ ❛♥❞ ❛♥② s❡q✉❡♥❝❡ (xm)m∈N ♦❢ Vm \ V0
✇❤✐❝❤ ✉♥✐❢♦r♠❧② ❝♦♥✈❡r❣❡s t♦✇❛r❞s x✿

BSµ(u)(x) = lim
m→+∞

2−m

(∫ M

L
ψm
xm
dµ

)−1

BSm(u)(xm) ·

Pr♦♦❢✳
❚❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ❞✐r❡❝t❧② ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t

(
M

2m

)(∫ M

L
ψm
xm
dµ

)−1

BSm(u)(xm) = C

∫ M

L
BSµ ψ

m
xm
dµ

∫ M

L
ψm
xm
dµ

= C BSµ(u)(x) ·

✶✹



❋♦r µ1 = µ2 =
1

2
✱ ♦♥❡ r❡❝♦✈❡rs t❤❡ ❝❧❛ss✐❝❛❧ ❇❧❛❝❦✲❙❝❤♦❧❡s ♦♣❡r❛t♦r✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t✿ C = M✳

✺ Pr♦♦❢ ♦❢ t❤❡ ❆ss✉♠♣t✐♦♥s

❲❡ ❤❡r❡❛❢t❡r ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ♥♦♥ ❛t♦♠✐❝ ✜♥✐t❡ ♠❡❛s✉r❡ µ ✇✐t❤ t♦t❛❧ ♠❛ss M =M − L

✭■♥ t❤❡ ❝❛s❡ ♦❢ s❡❧❢✲s✐♠✐❧❛r ♠❡❛s✉r❡s✱ ✐t s✉✣❝❡ t♦ ♠✉❧t✐♣❧② t❤❡ ♠❡❛s✉r❡ ❜② M✮✳

✺✳✶ ❋✐rst ❛ss✉♠♣t✐♦♥ ✸✳✷

◆♦t❛t✐♦♥ ✭❙♣❛❝❡ ♦❢ ❲❡✐❣❤t❡❞ ❈♦♥t✐♥✉♦✉s ❋✉♥❝t✐♦♥s✮✳

❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② C(M) t❤❡ s♣❛❝❡ ♦❢ ✇❡✐❣❤t❡❞ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦♥ M ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠

∥u∥η,∞ = max
x∈M

|xu(x)| ·

Pr♦♦❢✳ ♦❢ t❤❡ ✜rst ❛ss✉♠♣t✐♦♥

▲❡t ✉s ❝♦♥s✐❞❡r u ∈ V0,M✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✇❡ ❤❛✈❡ t❤❛t

|xu(x)| =
∣∣∣∣
∫ x

L
(su(s))′ ds

∣∣∣∣

=

∣∣∣∣
∫ x

L
u(s) ds+

∫ x

L
su′(s) ds

∣∣∣∣

⩽
√
M (∥u∥L2 + |u|VM

)

⩽
√
M∥u∥VM

❲❡ ❞❡❞✉❝❡ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ✐♥❥❡❝t✐♦♥ ι : (VM, ∥ · ∥VM
) → (Cη(M), ∥ · ∥η,∞)✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ ❢♦r u ∈ Cη(M)✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t

∥u∥L2
µ(M) =

(∫ M

L

1

x2
(xu)2 dµ

) 1

2

⩽ ∥u∥η,∞
(∫ M

L

1

x2
dµ

) 1

2

⩽ ∥u∥η,∞
µ(M)

1

2

L

t❤❡ ✐♥❥❡❝t✐♦♥ ι : (Cη(M), ∥ · ∥η,∞) → (L2
µ(M), ∥ · ∥L2

µ(M)) ✐s ❝♦♥t✐♥✉♦✉s✱ s♦ ✇❡ ♦❜t❛✐♥ t❤❛t

∥u∥L2
µ(M) ⩽ C0 ∥u∥VM

❢♦r C0 =

√
Mµ(M)

L
=

M

L
✳

✺✳✷ ❈♦♠♠❡♥t❛r② ♦♥ t❤❡ s❡❝♦♥❞ ❛ss✉♠♣t✐♦♥ ✸✳✷

❚❤❡ ❛ss✉♠♣t✐♦♥ 4r > σ2 ✐s ♥♦t t❤❛t r❡str✐❝t✐✈❡ ❛s ✐t ♠❛② s❡❡♠ ✐♥ t❤❡ ✜rst s✐❣❤t✱ ❢♦r ❡①❛♠♣❧❡✱ ✐❢ ✇❡
❣✐✈❡ ❛ ❧♦♦❦ t♦ s❛♠♣❧❡ ❢r♦♠ ❱❛♥❝❡ ▲✳ ▼❛rt✐♥ ❞❛t❛ ❬▲▼▼✵✺❪✳ ❚❤❡ s❛♠♣❧❡ ❝♦♥s✐st ♦❢N = 269 ♦❜s❡r✈❛t✐♦♥s
♦♥ t❤❡ ❊✉r♦♣❡❛♥ ❝❛❧❧ ♦♣t✐♦♥s ✇r✐tt❡♥ ♦♥ t❤❡ ❙&P500 st♦❝❦ ✐♥❞❡① ♦♥ t❤❡ 4t❤ ♦❢ ❆♣r✐❧✱ 1995✳ ❲❡ ❝❛♥
❝❛❧❝✉❧❛t❡ ✭s❡❡ ❬❘❉✷✶❪✮

✶✺



❼ ❚❤❡ ✐♥t❡r❡st r❛t❡ r = 0.0591✳

❼ ❚❤❡ ✈♦❧❛t✐❧✐t② σ = 0.076675✳

✇❤✐❝❤ ♠❡❛♥s t❤❛t

4r = 0.2364 ≫ 0.00587906 = σ2 ·

❚❤❡ s❡❝♦♥❞ ❛ss✉♠♣t✐♦♥ ❝♦✉❧❞ ❛❧s♦ ❜❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥✿ ❢♦r ❛♥② u ✐♥ D(M)✱

∥u∥L2(M) ⩽ C3∥u∥L2
µ(M) ·

●✐✈❡♥ u ✐♥ ❞♦♠ (B)✱ s❡t✱ ✐♥ t❤❡ s♣✐r✐t ♦❢ ❬❲❧♦✽✼❪✿

λ̃ = λC3 , w(t, x) = e−λ̃ tu(T − t, x)

✇❤❡r❡ λ ✐s ●år❞✐♥❣✬s ✐♥❡q✉❛❧✐t② ❝♦♥st❛♥t ✐♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✻✳ ❚❤❡♥✿

∀ v ∈ ❞♦♠ (B) :

∫ M

L

d

dt
w(t, x) v(x) dµ = −B(w, v)−λ̃

∫ M

L
w(t, x) v(x) dµ = −B̂(w, v) ❛♥❞ w(0, x) = h(x) ·

❲✐t❤♦✉t ❛✛❡❝t✐♥❣ t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❝♦♥t✐♥✉✐t② ❛♥❞ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ t❤❡ ❢♦r♠ B̂✿

|B̂(u, v)| ⩽ C |u|VM
|v|VM

+ λ̃ ∥ u ∥L2
µ(M) ∥ v ∥L2

µ(M)

⩽ (C + λ̃ C0) |u|VM
|v|VM

❛♥❞✿

B̂(u, u) ⩾
σ2

4
|u|2VM

− λ ∥ u ∥2L2(M) +λ̃ ∥ u ∥2L2
µ(M)

⩾
σ2

4
|u|2VM

✺✳✸ ❯♥❞❡r❧②✐♥❣ ❛ss❡t ♣r✐❝❡ ❜♦✉♥❞s

❆♥ ✐♠♣♦rt❛♥t q✉❡st✐♦♥ ❛r✐s❡s✿ ❤♦✇ t♦ ❝❤♦♦s❡ M ❛♥❞ L ❄ ♦♥❡ ❛♥s✇❡r ✐s t♦ ✉s❡ t❤❡ ❧❛✇ ♦❢ St✱ t❤❡
✉♥❞❡r❧②✐♥❣ ❛ss❡t ♣r✐❝❡✱ t❤❡♥ ❝❤♦♦s❡ M(α) ✭r❡s♣❡❝t✐✈❡❧② L(α)✮ ✉s✐♥❣ t❤❡ r✉❧❡✿

1− P (L(α) ⩽ St ⩽M(α)) ⩽ α , 0 ⩽ t ⩽ T

❢♦r s♦♠❡ t♦❧❡r❛♥❝❡ ❧❡✈❡❧ α✳

❲❡ ❝❛♥ ❞❡❞✉❝❡ ❛ s✐♠✐❧❛r r✉❧❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝❛❧❧
♦♣t✐♦♥✿

P (ST > K |S0 = L(α)) ⩽ α

❛♥❞

P (ST ⩽ K |S0 =M(α)) ⩽ α

✶✻



✻ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥ ♦❢ ❙❡❧❢✲❙✐♠✐❧❛r ❊✉r♦♣❡❛♥ ❖♣t✐♦♥s

▲❡t ✉s ❝♦♥s✐❞❡r ❛s ✐♥ s❡❝t✐♦♥ ✹✱ t❤❡ s❡❧❢✲s✐♠✐❧❛r ❝❛s❡✱ ❢♦r ❛ ❝❛❧❧ ❊✉r♦♣❡❛♥ ♦♣t✐♦♥s✱ ❞❡✜♥❡❞ ❜② t❤❡
s②st❡♠✿

∂C

∂t
(t, S) = BSµ(C)(t, S) ∀ t ∈ [0, T ] , ∀S ∈ M

C(T, S) = h(S) ∀S ∈ M
C(t, L) = 0 ∀ t ∈ [0, T ]

C(t,M) = g(t) ∀ t ∈ [0, T ]

❢♦r ❛ s❡❧❢✲s✐♠✐❧❛r ♠❡❛s✉r❡ µ ♦♥ M✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥

4 r > σ2 ·
✇❤❡r❡ h(S) = (S −K)+ ❛♥❞ g(t) =M −K exp(−r(T − t))✱ ❛♥❞ ✇❤❡r❡ t❤❡ ❝♦♥st❛♥t σ ✐s t❤❡ ✈♦❧❛t✐❧✐t②✱
r t❤❡ r✐s❦✲❢r❡❡ ✐♥t❡r❡st r❛t❡✱ T t❤❡ ♠❛t✉r✐t② ♦❢ t❤❡ ♦♣t✐♦♥ ❛♥❞ C r❡♣r❡s❡♥ts t❤❡ ❝❛❧❧ ♣r✐❝❡✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✿ τ = T − t✱ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✭✇✐t❤
t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s✮✿

−∂C
∂t

(t, S) = BSµ(C)(t, S) ∀ t ∈ [0, T ] , ∀S ∈ M
C(0, S) = h(S) ∀S ∈ M
C(t, L) = 0 ∀ t ∈ [0, T ]

C(t,M) = g(t) ∀ t ∈ [0, T ]

❢♦r g(t) =M −K exp(−r t)✳

❘❡♠❛r❦ ✻✳✶✳

❚❤❡ r❡s✉❧ts ♦❢ s❡❝t✐♦♥ ✸ st✐❧❧ ❤♦❧❞✱ ✐❢ ✇❡ ✇r✐t❡ C̃ = C−g̃✱ ✇❤❡r❡ g̃(t, x) = (x−L)
(
M −K exp(−r t)

M − L

)
✱

❛♥❞ r❡♣❧❛❝❡ t❤❡ s♣❛❝❡ VM ❜② V0,M✱ t❤❡♥ ✇❡ s♦❧✈❡ t❤❡ ♥♦♥ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠

∫ M

L

∂C̃

∂t
v dµ+B(C̃, v) =

∫ M

L

dg̃

dt
v dµ

❛♣♣❧②✐♥❣ ❛❜str❛❝t t❤❡♦r② ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❬❲❧♦✽✼❪✳

✻✳✶ ❚❤❡ ❋✐♥✐t❡ ❉✐✛❡r❡♥❝❡ ▼❡t❤♦❞

■♥ t❤❡ s♣✐r✐t ♦❢ ♦✉r ♣r❡✈✐♦✉s ✇♦r❦ ❬❘❉✶✾❪✱ ✇❡ ✜① ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r N ✱ ❛♥❞ s❡t✿

h =
T

N

❲❡ ✇✐❧❧ ✇r✐t❡✱ ❢♦r ❛ ❢✉♥❝t✐♦♥ f ✱ n ∈ {0, . . . , N} ❛♥❞ k ∈ {0, . . . , 2m}✿

✶✼



f(h, k) = f(nh,L+ k
M

2m
) ·

❲❡ ✉s❡ t❤❡ ❊✉❧❡r ✐♠♣❧✐❝✐t s❝❤❡♠❡✱ ❢♦r ❛♥② ✐♥t❡❣❡r n ❜❡❧♦♥❣✐♥❣ t♦ {0, . . . , N − 1}✿

∀ k ∈ {0, . . . , 2m} :
∂C

∂t
(n, k) ≈ 1

h
(C(n+ 1, k)− C(n, k))

❚❤❡ s❡❧❢✲s✐♠✐❧❛r ❇❧❛❝❦✲❙❝❤♦❧❡s ♦♣❡r❛t♦r ❢♦r k = {0, . . . , 2m} ✐s ❛♣♣r♦①✐♠❛t❡❞ t❤r♦✉❣❤

BSµC(n, k) ≈
(

2−m

µ1
sVMµ2

m−sVM
+1 + µ1sW+1µ2m−sW

)
BSmC(n, k)

≈ δm BSmC(n, k)

✇❤❡r❡ BSm ✐s t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❞✐s❝r❡t✐③❡❞ ♦♣❡r❛t♦r ❣✐✈❡♥ ❜②

BSmC(n, k) = −σ
2

2

(
kM

2m

)2
(
C(n, k + 1)− 2C(n, k) + C(n, k − 1)

(
M

2m

)2

)

− r

(
kM

2m

)(
C(n, k + 1)− C(n, k − 1)

2
(

M

2m

)
)

+ r C(n, k) ·

❋♦r 0 ⩽ n ⩽ N − 1✱ ❛♥❞ 1 ⩽ k ⩽ 2m − 1✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❝❤❡♠❡✿

(SBS)





−Ch,m(n+ 1, k)− Ch,m(n, k)

h
= δm BSm Ch,m(n, k)

Ch,m(n, 0) = 0
Ch,m(n, 2m) = g(n)
Ch,m(0, k) = h(k) ·

❋♦r n ∈ {0, . . . , N − 1}✱ ✇❡ s❡t✿

C(n) =




Ch,m(n, 1)
✳✳✳

Ch,m(n, 2m − 1)


 =




Ch,m(n, fW1(M))
✳✳✳

Ch,m(n, fW2m−1(M))


 ,

{
W1, . . . ,W2m−1

}
∈ {1, 2}m ·

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥✿

C(n+ 1) = A C(n) +B(n)

✇❤❡r❡ t❤❡ (2m − 1)× (2m − 1) ♠❛tr✐① A ✐s ❣✐✈❡♥ ❜②✿

A = I2m−1 − h 2−mΨ−1
m BSm

❛♥❞ ✇❤❡r❡ I2m−1 ❞❡♥♦t❡s t❤❡ (2
m − 1)×(2m − 1) ✐❞❡♥t✐t② ♠❛tr✐①✱ Ψm ❛♥❞ BSm t❤❡ (2m − 1)×(2m − 1)

♠❛tr✐❝❡s✿

Ψm =




✳ ✳ ✳ 0

µ1
sVMµ2

m+1−sVM + µ1
sW+1µ2

m−sW

0
✳ ✳ ✳




✶✽



BSm =




−σ2 − r σ2

2 + r
2 0 . . . 0 0

2σ2 − r −4σ2 − r 2σ2 + r . . . 0 0
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳

0 0 0 . . . −(2m − 2)2σ2 − r (2m − 2)2 σ
2

2 + (2m − 2) r2
0 0 0 . . . (2m − 1)2 σ

2

2 − (2m − 1) r2 −(2m − 1)2σ2 − r




❛♥❞

B(n) = h 2−m µ2
−(m+1)

(
(2m − 1)2

σ2

2
+ (2m − 1)

r

2

)



0
✳✳✳
0

g(n)


 ·

✻✳✷ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s

✻✳✷✳✵✳✶ ❚❤❡ ❙❝❤❡♠❡ ❊rr♦r ❛♥❞ ❈♦♥s✐st❡♥❝②

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥ VM ❞❡✜♥❡❞ ♦♥ M✳ ❋♦r ❛♥② ✐♥t❡❣❡r n ✐♥ {0, . . . , N − 1}✱ ❛♥❞ ❛♥② X
✐♥ M✿

∂v

∂t
(nh,X) =

1

h
(v((n+ 1)h,X)− v(nh,X)) +O(h)

❆s ✐♥ ❬❘❉✶✾❪✱ ❢♦r ❛♥② str✐❝t❧② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r m✱ ❛♥❞ ❛♥② X ✐♥ Vm \ V0✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t✿

2−m

(∫ M

L
ψm
Xdµ

)−1

BSm v(X) =

∫M
L BSµ ψ

m
X dµ

∫ M

L
ψm
X dµ

❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✈❡rt❡① Z ✐♥ t❤❡ m✲❝❡❧❧ fW ([L,M ]) ❝♦♥t❛✐♥✐♥❣ X s✉❝❤ t❤❛t

∣∣∣∣∣BSµ v(X)− 2−m

(∫ M

L
ψm
Xdµ

)−1

BSm v(X)

∣∣∣∣∣ = |BSµ v(X)− BSµ v(Z)|

≲ |v(X)− v(Z)|
≲ |X − Z|

≲

(
1

2

)m

·

✉s✐♥❣ r❡♠❛r❦ ✸✳✷ ❛♥❞ t❤❡ ✉♥✐❢♦r♠ ❝♦♥t✐♥✉✐t② ♦❢ v ∈ VM✳ ❚❤✉s✱

BSµ v(X) = 2−m

(∫ M

L
ψm
Xdµ

)−1

BSm v(X) +O(2−m) ·

❚❤❡ ❝♦♥s✐st❡♥❝② ❡rr♦r ♦❢ ♦✉r s❝❤❡♠❡ ✐s ❣✐✈❡♥ ❜② ✿

ε
h,m
n,k = O(h) +O(2−m) 0 ⩽ n ⩽ N, 0 ⩽ k ⩽ 2m ·

✶✾



❲❡ ❝❛♥ ❝❤❡❝❦ t❤❛t t❤❡ s❝❤❡♠❡ ✐s ❝♦♥s✐st❡♥t✿

lim
h→0,m→∞

ε
h,m
n,k = 0 ·

✻✳✷✳✵✳✷ ❙t❛❜✐❧✐t②

❲❡ ❤❡r❡❛❢t❡r ♣r♦✈❡ t❤❛t t❤❡ s❝❤❡♠❡ ✐s ❝♦♥❞✐t✐♦♥❛❧❧② st❛❜❧❡ ❢♦r t❤❡ ∥ · ∥∞ ♥♦r♠✳

▲❡t ✉s r❡❝❛❧❧ t❤❛t✱ ❢♦r 0 ⩽ n ⩽ N ✱ ❛♥❞ 0 ⩽ k ⩽ 2m✿

Ch,m(n+ 1, k) = Ch,m(n, k)
(
1− h δm σ

2 k2
)

+ Ch,m(n, k + 1)

(
h δm

σ2

2
k2 + h δm

r

2
k

)

+ Ch,m(n, k − 1)

(
h δm

σ2

2
k2 − h δm

r

2
k

)

− Ch,m(n, k)h δm r

= Ch,m(n, k) (1− αk) + Ch,m(n, k + 1)
(αk

2
+ βk

)
+ Ch,m(n, k − 1)

(αk

2
− βk

)

− Ch,m(n, k) γ

■❢ ✇❡ ❝♦♥s✐❞❡r γ = 0✱ t❤✐s ✐s ❥✉st ❛♥ ❛✣♥❡ ❝♦♠❜✐♥❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡✿

1− αk ⩾ 1− σ2
h 22m

2m
(∫ M

L
ψm
Xdµ

) ⩾ 0 ,
αk

2
− βk ⩾ 0 , 1− γ ⩾ 0 ·

▼❛② ✇❡ s✉♣♣♦s❡ t❤❛t σ2 ⩾ r ❛♥❞ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❈❋▲ ❝♦♥❞✐t✐♦♥

h 2m(∫ M

L
ψm
Xdµ

) ⩽
1

σ2

✐s s❛t✐s✜❡❞✱ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ✐s t❤❡♥ ❝♦♥✈❡①✱ ❛♥❞ t❤❡ s❝❤❡♠❡ ✐s st❛❜❧❡ ❢♦r t❤❡ ♥♦r♠ ∥ · ∥∞✳

❋♦r γ ̸= 0✱ ♦♥❡ ❤❛s✿

(1− γ) min
0⩽j⩽2m

Ch,m(n, j) ⩽ Ch,m(n+ 1, k) ⩽ max
0⩽j⩽2m

Ch,m(n, j)− γ min
0⩽j⩽2m

Ch,m(n, j)

⩽ max
0⩽j⩽2m

Ch,m(n, j)− γ (1− γ)n min
0⩽j⩽2m

Ch,m(0, j)

⩽ max
0⩽j⩽2m

Ch,m(n, j)

❛♥❞ t❤❡ s❝❤❡♠❡ ✐s ∥ · ∥∞✲st❛❜❧❡ ✉♥❞❡r t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥s✳

✷✵



✻✳✷✳✵✳✸ ❈♦♥✈❡r❣❡♥❝❡

❚❤❡♦r❡♠ ✻✳✶✳

■❢ t❤❡ ❛❜♦✈❡ ❈❋▲ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✱ t❤❡ s❝❤❡♠❡ ✐s ❝♦♥✈❡r❣❡♥t ❢♦r t❤❡ ♥♦r♠ ∥ · ∥2,∞ ❣✐✈❡♥ ❜②✿

∥ (Ch,m(n, k))0⩽n⩽N, 0⩽k⩽2m ∥2,∞ = max
0⩽n⩽N


 ∑

0⩽k⩽2m

µ(fWk(M)) (Ch,m(n, k))2)




1

2

✇❤❡r❡ µ (fWk(M)) ✐s t❤❡ ♠❡❛s✉r❡ ♦❢ t❤❡ fWk(M)✳

Pr♦♦❢✳

❋♦r 0 ⩽ n ⩽ N ❛♥❞ 0 ⩽ k ⩽ 2m✱ ✇❡ s❡t✿

wn
k = C(n, k)− Ch,m(n, k)

❛♥❞

BSmC(n, k) = −σ
2

2

(
kM

2m

)2
(
C(n, k + 1)− 2C(n, k) + C(n, k − 1)

(
M

2m

)2

)

− r

(
kM

2m

)(
C(n, k + 1)− C(n, k)(

M

2m

)
)

+ r C(n, k) ·

❲❡ ❝❛♥ ❝❤❡❝❦ t❤❛t

wn+1

k − wn
k

h
−

σ2

2
k
2
δm (wn

k+1 − 2wn
k + w

n
k−1)− r k δm (wn

k+1 − w
n
k ) + r δm w

n
k = ε

h,m

n,k 0 ⩽ n ⩽ N − 1, 1 ⩽ k ⩽ 2m − 1

w
n
0 = w

n
2m = 0 0 ⩽ n ⩽ N

w
0
k = 0 1 ⩽ k ⩽ 2m − 1 ·

▲❡t ✉s s❡t✱ ❢♦r ❛♥② ✐♥t❡❣❡r n ✐♥ {0, . . . , N}✿

Wn =




wn
1
✳✳✳

wn
2m−1


 , En =




ε
h,m
n,1
✳✳✳

ε
h,m
n,2m−1


 ·

❖♥❡ ❤❛s✿

W 0 = 0 ❛♥❞ ∀n ∈ {0, . . . , N − 1} : Wn+1 = AWn + hEn ·
❇② ✐♥❞✉❝t✐♦♥✱ t❤✐s ②✐❡❧❞s✱ ❢♦r ❛♥② ✐♥t❡❣❡r n ✐♥ {0, . . . , N − 1}✿

Wn+1 = AnW 0 + h

n∑

j=0

Aj En−j = h

n∑

j=0

Aj En−j

❙✐♥❝❡ A ✐s ❛ s②♠♠❡tr✐❝ ♠❛tr✐①✱ t❤❡ ❈❋▲ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ②✐❡❧❞s✱ ❢♦r ❛♥② ✐♥t❡❣❡r n ✐♥ {0, . . . , N}✿

✷✶



|Wn| ⩽ h




n−1∑

j=0

∥A∥j


(

max
0⩽j⩽n−1

|Ej |
)

⩽ hn

(
max

0⩽j⩽n−1
|Ej |

)

⩽ hN

(
max

0⩽j⩽n−1
|Ej |

)

⩽ T


 max

0⩽j⩽n−1

(
2m−1∑

k=1

|εh,mj,k |2
) 1

2


 ·

❇② ❛ss✉♠✐♥❣ µ1 ⩾
1

2
✭t❤❡ s❛♠❡ r❡s✉❧t ❤♦❧❞s ❢♦r µ1 ⩽

1

2
❜② ❝❤❛♥❣✐♥❣ µ1 ✐♥t♦ µ2✮✱ ✇❡ ❞❡❞✉❝❡ t❤❡♥

t❤❛t✿

max
0⩽n⩽N

(
2m−1∑

k=1

µ (fWk(M)) |wn
k |2
) 1

2

⩽ max
1⩽k⩽2m−1

(µ (fWk(M)))
1

2 max
1⩽n⩽N

|Wn|

⩽ max
1⩽k⩽2m−1

(µ (fWk(M)))
1

2 T


 max

0⩽n⩽N−1

(
2m−1∑

k=1

|εh,mn,k |2
)1/2




⩽ max
1⩽k⩽2m−1

(µ (fWk(M)))
1

2 T

(
(2m − 1)

1

2 max
0⩽n⩽N−1, 1⩽k⩽2m−1

|εh,mn,k |
)

⩽

√
(µ1 × 2)mT

(
max

0⩽n⩽N−1, 1⩽k⩽2m−1
|εh,mn,k |

)

=
√

(µ1 × 2)m
(
O(h) +O(2−m)

)

= O
((√

µ1

2

)m)

❚❤❡ s❝❤❡♠❡ ✐s t❤❡♥ ❝♦♥✈❡r❣❡♥t✳

✻✳✸ ❙❡❧❢✲❙✐♠✐❧❛r Pr✐❝✐♥❣

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❣✐✈❡ ❛ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ s❡❧❢✲s✐♠✐❧❛r ♣r✐❝✐♥❣✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❝❛❧❧✿

∂C

∂t
(t, S) = BSµ(C)(t, S) ∀ t ∈ [0, T ] , ∀S ∈ [L,M [

C(T, S) = (S −K)+ ∀x ∈ [L,M [

C(t, L) = 0 ∀ t ∈ v [0, T ]

C(t,M) =M −K exp(−r(T − t)) ∀ t ∈ [0, T ]

❢♦r ❛ s❡❧❢✲s✐♠✐❧❛r ♠❡❛s✉r❡ µ ♦♥ [L,M ]✳ ❚❤❡ s♦❧✉t✐♦♥s ❛r❡ ❣❡♥❡r❛t❡❞ ✉s✐♥❣ t❤❡ ✜♥✐t❡ ❞✐✛❡r❡♥❝❡ ♠❡t❤♦❞✱
❢♦r

✷✷



T = 1 , K = 150 , σ = 0.3 , r = 0.1 ·

50 100 150 200 250 300
x

50

100

150

u(0, x)

μ1=0.5

μ1=0.2

μ1=0.8

Final condition

❋✐❣✉r❡ ✶✿ ❇❧❛❝❦✲❙❝❤♦❧❡s s♦❧✉t✐♦♥ u(0, x) ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ✇❡✐❣❤ts✳

❚❤❡ s❡❧❢✲s✐♠✐❧❛r ❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧ ❣❡♥❡r❛t❡s ❛♥ ❡①♦t✐❝ ♣r✐❝✐♥❣ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ µ1✱ ✐♥❝❧✉❞✐♥❣

t❤❡ ❝❧❛ss✐❝❛❧ ♦♥❡ ❢♦r µ1 =
1

2
✳

µ1 =
1
2 ✳

µ1 = 0.2✳
µ1 = 0.8✳

❋✐❣✉r❡ ✷✿ ❚❤❡ ❝❛❧❧ ✈❛❧✉❡ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ✇❡✐❣❤ts✳

✻✳✹ ❚❤❡ ●r❡❡❦s

❆s ✐♥ ❬❉❛✈✶✼❪✱ ✇❡ r❡❝❛❧❧ t❤❛t✱ ✐♥ ✜♥❛♥❝❡✱ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❛ ♣♦rt❢♦❧✐♦ t♦ ❝❤❛♥❣❡s ✐♥ ♣❛r❛♠❡t❡rs
✈❛❧✉❡s ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ t❤r♦✉❣❤ ✇❤❛t ❝♦♠♠♦♥❧② ❝❛❧❧ ✏t❤❡ ●r❡❡❦s✧✱ ✐✳❡✳✱

✐✳ ❚❤❡ ❉❡❧t❛✱ ∆ =
∂C

∂S
∈ [0, 1]✱ ✇❤✐❝❤ ❡♥❛❜❧❡s ♦♥❡ t♦ q✉❛♥t✐❢② t❤❡ r✐s❦✱ ❛♥❞ ✐s t❤✉s t❤❡ ♠♦st ✐♠✲

♣♦rt❛♥t ●r❡❡❦✳ ■t ❝❛♥ ❛❧s♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ♦♣t✐♦♥ ✇✐❧❧ ❡①♣✐r❡ ✐♥ t❤❡
♠♦♥❡②✳

✷✸



✐✐✳ ❚❤❡ ●❛♠♠❛✱ Γ =
∂2C

∂S2
⩾ 0✱ ✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡ r❛t❡ ♦❢ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♦♥ ♣r✐❝❡✱ ✇✐t❤

r❡s♣❡❝t t♦ ❝❤❛♥❣❡s ✐♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣r✐❝❡✳

✐✐✐✳ ❚❤❡ ❱❡❣❛ ✭t❤❡ ♥❛♠❡ ♦❢ ✇❤✐❝❤ ❝♦♠❡s ❢r♦♠ t❤❡ ❢♦r♠ ♦❢ t❤❡ ●r❡❡❦ ❧❡tt❡r ν✮✱ ν =
∂C

∂σ
✱ ✇❤✐❝❤ ♠❡❛s✉r❡s

t❤❡ s❡♥s✐t✐✈✐t② t♦ ✈♦❧❛t✐❧✐t②✳

✐✈✳ ❚❤❡ ❚❤❡t❛ Θ =
∂C

∂t
✱ ✇❤✐❝❤ ✐s t❤❡ t✐♠❡ ❝♦st ♦❢ ❤♦❧❞✐♥❣ ❛♥ ♦♣t✐♦♥✳

✈✳ ❚❤❡ r❤♦✱ ρ =
∂C

∂r
✱ ✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡ s❡♥s✐t✐✈✐t② t♦ t❤❡ r✐s❦✲❢r❡❡ ✐♥t❡r❡st r❛t❡✳

❚❤❡ ❣♦♦❞ str❛t❡❣②✱ ❢♦r tr❛❞❡rs✱ ✐s t♦ ❤❛✈❡ ❞❡❧t❛✲♥❡✉tr❛❧ ♣♦s✐t✐♦♥s ❛t ❧❡❛st ♦♥❝❡ ❛ ❞❛②✱ ❛♥❞✱ ✇❤❡♥❡✈❡r
t❤❡ ♦♣♣♦rt✉♥✐t② ❛r✐s❡s✱ t♦ ✐♠♣r♦✈❡ t❤❡ ●❛♠♠❛ ❛♥❞ t❤❡ ❱❡❣❛✳

✻✳✹✳✶ ❚❤❡ ❉❡❧t❛

µ1 =
1
2 ✳ µ1 =

1
3 ✳

µ1 =
2
3 ✳

❋✐❣✉r❡ ✸✿ ❚❤❡ ∆✱ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ✇❡✐❣❤ts✳

✻✳✹✳✷ ❚❤❡ ●❛♠♠❛

µ1 =
1
2 ✳ µ1 =

1
3 ✳ µ1 =

2
3 ✳

❋✐❣✉r❡ ✹✿ ❚❤❡ Γ✱ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ✇❡✐❣❤ts✳

✷✹



✻✳✹✳✸ ❚❤❡ ❚❤❡t❛

µ1 =
1
2 ✳ µ1 =

1
3 ✳ µ1 =

2
3 ✳

❋✐❣✉r❡ ✺✿ ❚❤❡ Θ✱ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ✇❡✐❣❤ts✳

✻✳✹✳✹ ❚❤❡ ❱❡❣❛

µ1 =
1
2 ✳ µ1 =

1
3 ✳ µ1 =

2
3 ✳

❋✐❣✉r❡ ✻✿ ❚❤❡ ν✱ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ✇❡✐❣❤ts✳

✻✳✹✳✺ ❚❤❡ r❤♦

µ1 =
1
2 ✳ µ1 =

1
3 ✳

µ1 =
2
3 ✳

❋✐❣✉r❡ ✼✿ ❚❤❡ ρ✱ ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ t❤❡ ✇❡✐❣❤ts✳

✷✺



✻✳✺ ❉✐s❝✉ss✐♦♥

▲❡t ✉s ♠❛❦❡ ❛ ❢❡✇ r❡♠❛r❦s ❛❜♦✉t t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♦❧✉t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✇❡✐❣❤t µ ❛t t = 0✿

✐✳ ❋♦r µ1 =
1

3
✿ t❤❡ ♣r❡♠✐✉♠ ✐s ❣r❡❛t❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ♠♦❞❡❧ ✉♥❞❡r t❤❡ str✐❦❡ ❛♥❞ s♠❛❧❧❡r

❛❜♦✈❡✳ ❚❤❡ ●r❡❡❦s ✈❛❧✉❡ s❤♦✇s ❛ ❞r❛st✐❝ ✐♥❝r❡❛s❡ ✐♥ t❤❡ str✐❦❡ ♥❡✐❣❤❜♦r✱ ❛♥❞ s❡❧❢✲s✐♠✐❧❛r✐t② ❝❧❡❛r❧②
❛✛❡❝ts ✐♥ t❤❡ ♠♦♥❡② r❡❣✐♦♥✳ ❚❤❡ ❚❤❡t❛ s❤♦✇s ❛ s❧♦✇❡r ♣r❡♠✐✉♠ ❡①♣❡❝t❡❞ ❞❡❝r❡❛s❡✳

✐✐✳ ❋♦r µ1 =
2

3
✿ t❤❡ ♣r❡♠✐✉♠ ✐s ❡✈❡r②✇❤❡r❡ ❣r❡❛t❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ♠♦❞❡❧✳ ❚❤❡ ●r❡❡❦s

✈❛❧✉❡ ✐♥❝r❡❛s❡s ♣r♦❣r❡ss✐✈❡❧② ✐♥ t❤❡ str✐❦❡ ♥❡✐❣❤❜♦r✱ ❛♥❞ s❡❧❢✲s✐♠✐❧❛r✐t② ❛✛❡❝ts ✐♥ t❤❡ ♠♦♥❡② r❡❣✐♦♥✳
❚❤❡ ❚❤❡t❛ ✐♥❞✐❝❛t❡s ❛ s❧♦✇❡r ♣r❡♠✐✉♠ ❡①♣❡❝t❡❞ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ♠♦♥❡② ❛♥❞ ❛ ❣r❡❛t❡r ❞❡❝r❡❛s❡
❞❡❡♣ ✐♥ t❤❡ ♠♦♥❡②✳

❚❤❡ ❞②♥❛♠✐❝ ❣❡♥❡r❛t❡❞ ❜② t❤❡ s❡❧❢✲s✐♠✐❧❛r ❇❧❛❝❦✲❙❝❤♦❧❡s ♠♦❞❡❧ ✐s ❡①♦t✐❝ ❛♥❞ ❡♥❛❜❧❡s t❤❡ ❡♠❡r❣❡♥❝❡
♦❢ ♥♦♥✲st❛♥❞❛r❞ ❜❡❤❛✈✐♦rs✱ t❤❡ ♣❛r❛♠❡t❡r µ1 ❝❛♥ ❝❛♣t✉r❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ♥♦♥ ❝♦♥✜❞❡♥t ✐♥✈❡st♦rs ✉♥❞❡r
✉♥❝❡rt❛✐♥t② ❛♥❞ ♦t❤❡r ❢❛❝t♦rs ✐♥✢✉❡♥❝✐♥❣ t❤❡✐r ♣❡r❝❡♣t✐♦♥ ♦❢ ❢✉t✉r❡✳

❚❤❡ s❡❧❢✲s✐♠✐❧❛r ❇❧❛❝❦✲❙❝❤♦❧❡s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛ ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥ ✇✐t❤ ❛ t✐♠❡ ❝❤❛♥❣❡
t❤r♦✉❣❤ s❡❧❢✲s✐♠✐❧❛r ♣r♦❜❛❜✐❧✐t② µ✱ ✇❤❡r❡ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ s❛t✐s✜❡s ❢♦r x ∈ ]0, 1[✱
[0, x] = fW([0, 1]) ❢♦r s♦♠❡ ✇♦r❞ W ✱

µ [0, x] = Πi∈W µi

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛❞❞r❡ss ✭♣❛t❤✮ ♦❢ x✳ ❆❝❝♦r❞✐♥❣ t♦ t❤✐s r❡♠❛r❦✱ ✇❡ ❝❛♥ ❝r❡❛t❡ ♠♦r❡ ❡①♦t✐❝ ❜❡❤❛✈✐♦r
❜② ✉s✐♥❣ ❛ s❡❧❢✲s✐♠✐❧❛r ♠❡❛s✉r❡ µ ✇✐t❤ ♠❛♥② ✇❡✐❣❤ts ♦r ❡♥❛❜❧❡ t❤❡ ✇❡✐❣❤ts t♦ ❝❤❛♥❣❡ ♦✈❡r t✐♠❡✳

✷✻



✼ ❉❡❝❧❛r❛t✐♦♥s

✼✳✶ ❊t❤✐❝❛❧ ❆♣♣r♦✈❛❧

◆♦t ❛♣♣❧✐❝❛❜❧❡✳

✼✳✷ ❋✉♥❞✐♥❣

◆♦ ❢✉♥❞✐♥❣ ✇❛s r❡❝❡✐✈❡❞ ❢♦r ❝♦♥❞✉❝t✐♥❣ t❤✐s st✉❞②✳

✼✳✸ ❆✈❛✐❧❛❜✐❧✐t② ♦❢ ❞❛t❛ ❛♥❞ ♠❛t❡r✐❛❧s

◆♦t ❛♣♣❧✐❝❛❜❧❡✳

✷✼



❘❡❢❡r❡♥❝❡s

❬❆P✵✺❪ ❨✳ ❆❝❤❞♦✉ ❛♥❞ ❖✳ P✐r♦♥♥❡❛✉✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ▼❡t❤♦❞s ❢♦r ❖♣t✐♦♥ Pr✐❝✐♥❣✳ ❙♦❝✐❡t② ❢♦r
■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✷✵✵✺✳

❬❉❛✈✶✼❪ ❈✳ ❉❛✈✐❞✳ ❈♦♥tr♦❧ ♦❢ t❤❡ ❇❧❛❝❦✲❙❝❤♦❧❡s ❡q✉❛t✐♦♥✳ ❈♦♠♣✉t✳ ▼❛t❤✳ ❆♣♣❧✳✱ ✼✸✭✼✮✿✶✺✻✻✕✶✺✼✺✱
✷✵✶✼✳

❬❋♦r✾✻❪ P✳ ❋♦rt✉♥❡✳ ❆♥♦♠❛❧✐❡s ✐♥ ♦♣t✐♦♥ ♣r✐❝✐♥❣✿ ❚❤❡ ❜❧❛❝❦✲s❝❤♦❧❡s ♠♦❞❡❧ r❡✈✐s✐t❡❞✳ ◆❡✇ ❊♥❣❧❛♥❞
❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ▼❛r❝❤✴❆♣r✐❧✿✶✼✕✹✵✱ ✶✾✾✻✳
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