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Abstract. In this document, we are in the process of solving and describing the engineering meaning of one 

of the most dangerous models that affect humans and that spreads at a tremendous speed between people. A 

Caputo–Fabrizio type partial request numerical model for the fractional Coronavirus model is introduced. 

The principal properties of the model are investigated. The presence and uniqueness of the answer for the 

proposed partial Coronavirus model are given through the fixed-point speculation. The mathematical 

propagations for the model are obtained by using explicit boundary regards. The non-number solicitation 

subordinate gives continuously versatile and more significant information about the multifaceted idea of the 

components of the proposed fractional budgetary models of care model than the entire number solicitation 

models set up beforehand. This new proposed model better may help to better understand the dynamic of this 

novel virus and may help to better control it.  

 

Keywords: Coronavirus model, Caputo–Fabrizio (CF) fractional derivative; fixed point theorem 
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1. Introduction 

      Outrageous Acute Respiratory Syndrome Coronavirus 2 (SARS-CoV-2) since December 2019 has been 

seen as one reason for a respiratory ailment. Taking into account that, understanding the changes in a novel 

and increasing infection erupt is huge anyway testing [1, 2]. The contamination is assessed to have begun 

from a fish market in Huanan, Wuhan, and therefore has a zoonotic root [3]. It was set up that 55% of the 

spoiled cases inside Wuhan toward the start of tainting were identified with the Seafood Market [4, 5, 6]. The 

virus is known to be transmitted through small droplets from the nose or mouse when someone sneezes or 

caught causing the known respiratory infection. These droplets may be considered heavy and may land on 

other surfaces causing them to be contaminated and other uninfected persons may touch these surfaces and 

become infected. The major symptoms of this new COVID-19 enlarge a wide range of symptoms including 

fever, dry caught, and shortness of breathing. These common symptoms occur almost to each infected person 

and are considered normally mild and gradually increase. One patient out of six may get seriously ill and 

need to be admitted to the hospital with shortness of breathing. The most affected by the virus if the elder 

people with underlying health conditions like diabetes, cardiovascular disease, cancer, and chronic 

respiratory disease.  

 

The continuous, inherited gathering of the human (COVID-19) and that of bat COVID-19 show 

comparability of 96%. Another zoonotic human Covid that occurred in 2012 is the Middle East Respiratory 

Syndrome COVID (MERS-CoV). The most generally perceived signs of this disorder fuse the going with: 

fever, hack, and inconvenience in breathing [7]. Express that a couple of individuals may show non-
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respiratory results like hurling, affliction, and maybe the runs. The consistent COVID-19 erupt has astounded 

the world in light of the snappy thought of the infection. It has been revealed that by January 23, an all dwarf 

of 571 certified cases has been made known in China [8]. A statement was made by the World Health 

Organization (WHO) on January 30 that the scene of the disorder is a global public health emergency of 

international concern [4]. As demonstrated by the World Health Organization, the number of people impacted 

by the novel COVID has beaten 32 million [9, 10]. Now, in the last month of 2020, the number o confirmed 

cases infected with the virus has beaten the record of January exceedingly more than 80 million people around 

the world. The confirmed deaths from the complications of the virus are more than a million and a half. Due 

to these health-threatening issues, global demand for a cure or a vaccine for this virus is an ongoing process.   

 

       Various components have ascribed to the serious provokes looked at by researchers to comprehend the 

etiology of the COVID-19 pestilence. Right off the bat, the real source of the sickness isn't surely known 

aside from being connected in a relationship with some wild creatures including a bat. Besides, there is logical 

proof which demonstrates that commonly the hatching period is inside 2 to 14 days, however, a few people 

may show no manifestations and could taint others [11]. Furthermore, a few immunizations are being 

attempted and demonstrated positive towards the spread of the illness, and a few medications are helping in 

the administration of the COVID-19 pandemic [12]. Treatment that may be utilized in this manner will only 

focus on enhancing the immune system of the patient to be able to defend against the virus. Other medications 

may be used to only treat the symptoms until the body begins to defeat the virus.  

 

   Fractional order differential equations (FDEs) are commonly utilized to model systems that have a memory 

that exists in several Physical phenomena, models in the thermoelectricity field, and biological paradigms. 

FDEs have been utilized to model the realistic biphasic decline manner of elastic systems and infection of 

diseases but at a slower rate of change. FDEs are more useful than integer-order in modeling sophisticated 

models that contain physical phenomena. Models with application in engineering, science, physics, and 

biology are some of the areas that are most used by fractional calculus. Recently, there is some growth in the 

area of numerical study as well as their applications. For example, a new definition for the fractional calculus 

was proposed by Catani et. al on [13] without a singular kernel. Also, in [14] a mathematical fractional model 

of pine disease was investigated with Caputo Fabrizio's definition. In [15] another epidemic model of 

fractional order in terms of Caputo Fabrizio for simulating the dynamics of hepatitis B is presented. Many 

other applications of fractional derivative such as cancer treatment model [16], diabetes model [17], and 

coronavirus model [18-20]. Other relative applications can be found in [21-41] and reference therein.  

 

 

The subtleties of the rest of the areas of this paper are as per the following: The essential definition and 

consequences of partial request subsidiary are expressed in Section 2. In Section. 3, we investigate the model 

definition, model balance, and the essential generation number. Section 4 arrangements with the presence of 

fragmentary monetary models of mindfulness. Likewise, the uniqueness of a model arrangement is acquired. 

Numerical reenactments are introduced in Section. 5. At long last, the closing comments are given in Section. 

6. 

 

2. Preliminaries 

 

Here, we give some essential meanings of the partial analytics that will be utilized in the forward investigation 

of the model. 

 

Definition 1 Let   𝑓 ∈ 𝐻(𝑛)(𝑎, 𝑏), with b greater than 𝑎, 𝛼 ∈ [0,1], a, then the Caputo–Fabrizio (CF) fractional 

derivative [13,14] is given as: 𝐷𝑡𝛼{𝑓(𝑡)} = 𝑀(𝛼)𝑛 − 𝛼∫ 𝑑𝑛𝑑𝑡𝑛 𝑓(𝜃)𝑒𝑥𝑝 [− 𝛼𝑛 − 𝛼 (𝑡 − 𝜃)] 𝑑𝜃𝑡
𝑎 , 𝑛 − 1 < 𝛼 ≤ 𝑛                                               (1) 

 

Where 𝑀(𝛼) is standardization capacity to such an extent that 𝑀(0) = 𝑀(1) = 1, However, if  𝑓 ∉𝐻1(𝑎, 𝑏)then we obtained: 
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𝐷𝑡𝛼{𝑓(𝑡)} = 𝛼𝑀(𝛼)1 − 𝛼 ∫(𝑓(𝑡) − 𝑓(𝜃))𝑒𝑥𝑝 [− 𝛼1 − 𝛼 (𝑡 − 𝜃)] 𝑑𝜃𝑡
𝑎 ,                                                                         (2) 

Remark 1   if 𝜎 = 1−𝛼𝛼  ∈ [0,∞), 𝛼 = 11+𝜎 ∈ [0,1], then Eq. (2) gives the following form: 𝐷𝑡𝛼{𝑓(𝑡)} = 𝑁(𝜎)𝜎 ∫𝑓 ˴(𝜃)𝑒𝑥𝑝 [− 𝑡 − 𝜃𝜎 ] 𝑑𝜃𝑡
𝑎 , 𝑁(0) = 𝑁(∞) = 1                                                                       (3) 

 

Definition 2    The fractional integral of order 𝛼 , (0 < 𝛼 ≤ 1) of the function f(t) is defined as: 𝐼𝑡𝛼{𝑓(𝑡)} = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝑓(𝑡) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝑓(𝑠)𝑑𝑠𝑡
0 , 𝑡 ≥ 0                                                               (4) 

 

Remark 2   From Definition 2, we have:  

 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) + 2𝛼(2 − 𝛼)𝑀(𝛼) = 1                                                                                                                             (5) 
 

Which implies 𝑀(𝛼) = 22−𝛼 , 0 < 𝛼 < 1.  Given (5), a new Caputo derivative of order 0 < 𝛼 < 1 is suggested 

by Nieto and Losada [13], given as follows: 

 𝐷𝑡𝛼{𝑓(𝑡)} = 11 − 𝛼∫𝑓 ˴(𝜃)𝑒𝑥𝑝 [ 𝛼1 − 𝛼 (𝑡 − 𝜃)] 𝑑𝜃𝑡
0 ,                                                                                               (6) 

 

The CF subsidiary [13], given in the above definitions, has been as of late utilized in the numerical 

demonstrating of HBV [15], Maxwell liquid with slip impacts [16], and diabetes model [17]. 

 

3   Model formulation 

 
       This portion presents the Coronavirus model as a changed variation of Khan and Atangana [18] and Chen 

et al. [19] in which the full scale have vertebrate people  𝑁𝑚 is partitioned into Susceptible 𝑆𝑚 , Latent warm-

blooded creature 𝐿𝑚 , Infected very much developed animal 𝐼𝑚, Recovered warm-blooded animal 𝑅𝑚. 

Consequently, the absolute host populace is given by 𝑁𝑚 = 𝑆𝑚 + 𝐿𝑚 + 𝐼𝑚 + 𝑅𝑚 . The human all out 

populace is parceled into Susceptible human 𝑆ℎ, Latent human 𝐿ℎ , Infected human 𝐼ℎ and Recovered human 𝑅ℎ.The enrollment of pace of warm-blooded animal and human are 𝐴𝑚and 𝐴ℎrespectively. The characteristic 

death rate for vertebrates is meant by 𝜇𝑚  and the common mortality of humans is 𝜇ℎ. The successful contact 

rate that can bring about contamination between Susceptible warm-blooded creatures and Infected mammals 𝛽1 and the suitable contact rate that can accomplish illness between weak human through polluted warm-

blooded creatures and defiled human is shown by 𝛽2 , 𝛽3 independently. The rate at which recuperated human 

misfortunes insusceptibility to join the vulnerable class is  𝛾 . The recuperation pace of people and warm-

blooded creatures are 𝜏ℎ 𝑎𝑛𝑑 𝜏𝑚individually. The rate at which human and vertebrate moves into the 

contaminated class is given by 𝜃ℎ 𝑎𝑛𝑑 𝜃𝑚while human illness instigated mortality is 𝜔. It is accepted that 

there is no deficiency of invulnerability in warm-blooded animals. The accompanying nonlinear differential 

condition speaks to the collaborations among the different compartments [20]. 
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{  
   
   
   
   
  𝑑𝑆𝑚𝑑𝑡 = 𝐴𝑚 − 𝛽1𝑆𝑚𝐼𝑚 − 𝜇𝑚𝑆𝑚𝑑𝐿𝑚𝑑𝑡 = 𝛽1𝑆𝑚𝐼𝑚 − (𝜇𝑚 + 𝜃𝑚)𝐿𝑚                       𝑑𝐼𝑚𝑑𝑡 = 𝜃𝑚𝐿𝑚 − (𝜏𝑚 + 𝜇𝑚)𝐼𝑚                             𝑑𝑅𝑚𝑑𝑡 = 𝜏𝑚𝐼𝑚 − 𝜇𝑚𝑅𝑚                                       𝑑𝑆ℎ𝑑𝑡 = 𝐴ℎ − 𝛽2𝑆ℎ𝐼𝑚 − 𝛽3𝑆ℎ𝐼ℎ + 𝛾𝑅ℎ − 𝜇ℎ𝑆ℎ𝑑𝐿ℎ𝑑𝑡 = 𝛽2𝑆ℎ𝐼𝑚 + 𝛽3𝑆ℎ𝐼ℎ − (𝜇ℎ + 𝜃ℎ)𝐿ℎ     𝑑𝐼ℎ𝑑𝑡 = 𝜃ℎ𝐿ℎ − (𝜏ℎ + 𝜇ℎ +𝜔)𝐼ℎ𝑑𝑅ℎ𝑑𝑡 = 𝜏ℎ𝐼ℎ − (𝜇ℎ + 𝛾)𝑅ℎ                                  

                                                                                                       (7) 

   

We reformulate the Coronavirus model (7) by displacing the standard entire number solicitation auxiliary by 

the new CF fragmentary subordinate it might be made as follows[20]: 
 

{   
  
   𝐷𝑡𝛼𝑆𝑚 = 𝐴𝑚 − 𝛽1𝑆𝑚𝐼𝑚 − 𝜇𝑚𝑆𝑚𝐷𝑡𝛼𝐿𝑚 = 𝛽1𝑆𝑚𝐼𝑚 − (𝜇𝑚 + 𝜃𝑚)𝐿𝑚                       𝐷𝑡𝛼𝐼𝑚 = 𝜃𝑚𝐿𝑚 − (𝜏𝑚 + 𝜇𝑚)𝐼𝑚                             𝐷𝑡𝛼𝑅𝑚 = 𝜏𝑚𝐼𝑚 − 𝜇𝑚𝑅𝑚                                       𝐷𝑡𝛼𝑆ℎ = 𝐴ℎ − 𝛽2𝑆ℎ𝐼𝑚 − 𝛽3𝑆ℎ𝐼ℎ + 𝛾𝑅ℎ − 𝜇ℎ𝑆ℎ𝐷𝑡𝛼𝐿ℎ = 𝛽2𝑆ℎ𝐼𝑚 + 𝛽3𝑆ℎ𝐼ℎ − (𝜇ℎ + 𝜃ℎ)𝐿ℎ     𝐷𝑡𝛼𝐼ℎ = 𝜃ℎ𝐿ℎ − (𝜏ℎ + 𝜇ℎ + 𝜔)𝐼ℎ𝐷𝑡𝛼𝑅ℎ = 𝜏ℎ𝐼ℎ − (𝜇ℎ + 𝛾)𝑅ℎ                                  

                                                                                                   (8) 
 

With initial conditions: 𝑆𝑚(0) = 𝑆𝑚0 ,  𝐿𝑚(0) = 𝐿𝑚0  , 𝐼𝑚(0) = 𝐼𝑚0  , 𝑅𝑚(0) = 𝑅𝑚0 ,   
 𝑆ℎ(0) = 𝑆ℎ0, 𝐿ℎ(0) = 𝐿ℎ0 , 𝐼ℎ(0) = 𝐼ℎ0, 𝑅ℎ(0) = 𝑅ℎ0 

 

 

4 Existence and uniqueness of fractional Coronavirus model  

 

This section portrays the presence of model arrangements by utilizing a fixed-point hypothesis. We utilize 

the fragmentary fundamental administrator in [21] on (8) to acquire: 

 

{  
  
   
 𝑆𝑚(𝑡) − 𝑆𝑚(0) = 𝐼𝑡𝛼0𝐶𝐹 {𝐴𝑚 − 𝛽1𝑆𝑚𝐼𝑚 − 𝜇𝑚𝑆𝑚}  𝐿𝑚(𝑡) −  𝐿𝑚(0) = 𝐼𝑡𝛼0𝐶𝐹 {𝛽1𝑆𝑚𝐼𝑚 − (𝜇𝑚 + 𝜃𝑚)𝐿𝑚}                        𝐼𝑚(𝑡) − 𝐼𝑚(0) = 𝐼𝑡𝛼0𝐶𝐹 {𝜃𝑚𝐿𝑚 − (𝜏𝑚 + 𝜇𝑚)𝐼𝑚}                              𝑅𝑚(𝑡) − 𝑅𝑚(0) = 𝐼𝑡𝛼0𝐶𝐹 {𝜏𝑚𝐼𝑚 − 𝜇𝑚𝑅𝑚}                                       𝑆ℎ(𝑡) − 𝑆ℎ(0) = 𝐼𝑡𝛼0𝐶𝐹 {𝐴ℎ − 𝛽2𝑆ℎ𝐼𝑚 − 𝛽3𝑆ℎ𝐼ℎ + 𝛾𝑅ℎ − 𝜇ℎ𝑆ℎ} 𝐿ℎ(𝑡) − 𝐿ℎ(0) = 𝐼𝑡𝛼0𝐶𝐹 {𝛽2𝑆ℎ𝐼𝑚 + 𝛽3𝑆ℎ𝐼ℎ − (𝜇ℎ + 𝜃ℎ)𝐿ℎ}      𝐼ℎ(𝑡) − 𝐼ℎ(0) = 𝐼𝑡𝛼0𝐶𝐹 {𝜃ℎ𝐿ℎ − (𝜏ℎ + 𝜇ℎ + 𝜔)𝐼ℎ} 𝑅ℎ(𝑡) − 𝑅ℎ(0) = 𝐼𝑡𝛼0𝐶𝐹 { 𝜏ℎ𝐼ℎ − (𝜇ℎ + 𝛾)𝑅ℎ}                                  

                                                                    (9) 
 

Applying the thought utilized in [21], we get: 
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{  
   
   
   
   
   
   
  
   
   
   
   
   
   
   
 𝑆𝑚(𝑡) − 𝑆𝑚(0) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) {𝐴𝑚 − 𝛽1𝑆𝑚𝐼𝑚 − 𝜇𝑚𝑆𝑚} + 2𝛼(2 − 𝛼)𝑀(𝛼)∫{𝐴𝑚 − 𝛽1𝑆𝑚𝐼𝑚 − 𝜇𝑚𝑆𝑚} 𝑑𝑠𝑡

0 𝐿𝑚(𝑡) −  𝐿𝑚(0) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) {𝛽1𝑆𝑚𝐼𝑚 − (𝜇𝑚 + 𝜃𝑚)𝐿𝑚}+ 2𝛼(2 − 𝛼)𝑀(𝛼)∫{𝛽1𝑆𝑚𝐼𝑚 − (𝜇𝑚 + 𝜃𝑚)𝐿𝑚}𝑑𝑠𝑡
0𝐼𝑚(𝑡) − 𝐼𝑚(0) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) {𝜃𝑚𝐿𝑚 − (𝜏𝑚 + 𝜇𝑚)𝐼𝑚}+ 2𝛼(2 − 𝛼)𝑀(𝛼)∫{𝜃𝑚𝐿𝑚 − (𝜏𝑚 + 𝜇𝑚)𝐼𝑚}𝑑𝑠𝑡
0𝑅𝑚(𝑡) − 𝑅𝑚(0) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) {𝜏𝑚𝐼𝑚 − 𝜇𝑚𝑅𝑚}+ 2𝛼(2 − 𝛼)𝑀(𝛼)∫{𝜏𝑚𝐼𝑚 − 𝜇𝑚𝑅𝑚}𝑑𝑠𝑡

0𝑆ℎ(𝑡) − 𝑆ℎ(0) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) {𝐴ℎ − 𝛽2𝑆ℎ𝐼𝑚 − 𝛽3𝑆ℎ𝐼ℎ + 𝛾𝑅ℎ − 𝜇ℎ𝑆ℎ}+ 2𝛼(2 − 𝛼)𝑀(𝛼)∫{𝐴ℎ − 𝛽2𝑆ℎ𝐼𝑚 − 𝛽3𝑆ℎ𝐼ℎ + 𝛾𝑅ℎ − 𝜇ℎ𝑆ℎ}𝑑𝑠𝑡
0𝐿ℎ(𝑡) − 𝐿ℎ(0) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) {𝛽2𝑆ℎ𝐼𝑚 + 𝛽3𝑆ℎ𝐼ℎ − (𝜇ℎ + 𝜃ℎ)𝐿ℎ}+ 2𝛼(2 − 𝛼)𝑀(𝛼)∫{𝛽2𝑆ℎ𝐼𝑚 + 𝛽3𝑆ℎ𝐼ℎ − (𝜇ℎ + 𝜃ℎ)𝐿ℎ}𝑑𝑠𝑡

0𝐼ℎ(𝑡) − 𝐼ℎ(0) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) {𝜃ℎ𝐿ℎ − (𝜏ℎ + 𝜇ℎ + 𝜔)𝐼ℎ}+ 2𝛼(2 − 𝛼)𝑀(𝛼)∫{𝜃ℎ𝐿ℎ − (𝜏ℎ + 𝜇ℎ + 𝜔)𝐼ℎ}𝑑𝑠𝑡
0𝑅ℎ(𝑡) − 𝑅ℎ(0) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) { 𝜏ℎ𝐼ℎ − (𝜇ℎ + 𝛾)𝑅ℎ}+ 2𝛼(2 − 𝛼)𝑀(𝛼)∫{ 𝜏ℎ𝐼ℎ − (𝜇ℎ + 𝛾)𝑅ℎ}𝑑𝑠𝑡

0
                                

                                                    (10) 

 

For effortlessness, we supplant as follows: 

{   
  
   𝐹1(𝑡, 𝑆𝑚) = 𝐴𝑚 − 𝛽1𝑆𝑚𝐼𝑚 − 𝜇𝑚𝑆𝑚𝐹2(𝑡, 𝐿𝑚) = 𝛽1𝑆𝑚𝐼𝑚 − (𝜇𝑚 + 𝜃𝑚)𝐿𝑚                       𝐹3(𝑡, 𝐼𝑚) = 𝜃𝑚𝐿𝑚 − (𝜏𝑚 + 𝜇𝑚)𝐼𝑚                             𝐹4(𝑡, 𝑅𝑚) = 𝜏𝑚𝐼𝑚 − 𝜇𝑚𝑅𝑚                                       𝐹5(𝑡, 𝑆ℎ) = 𝐴ℎ − 𝛽2𝑆ℎ𝐼𝑚 − 𝛽3𝑆ℎ𝐼ℎ + 𝛾𝑅ℎ − 𝜇ℎ𝑆ℎ𝐹6(𝑡, 𝐿ℎ) = 𝛽2𝑆ℎ𝐼𝑚 + 𝛽3𝑆ℎ𝐼ℎ − (𝜇ℎ + 𝜃ℎ)𝐿ℎ     𝐹7(𝑡, 𝐼ℎ) = 𝜃ℎ𝐿ℎ − (𝜏ℎ + 𝜇ℎ + 𝜔)𝐼ℎ𝐹8(𝑡, 𝑅ℎ) = 𝜏ℎ𝐼ℎ − (𝜇ℎ + 𝛾)𝑅ℎ                                  

                                                                                          (11) 
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Theorem1   The kernels 𝐹1, 𝐹2, 𝐹3, 𝐹4, 𝐹5, 𝐹6, 𝐹7 𝑎𝑛𝑑 𝐹8fulfill the Lipschitz condition and withdrawal if the 

accompanying imbalance holds: 0 ≤ 𝛽1𝑒 + 𝜇𝑚 < 1 

 

Proof    Here, we start from  𝐹2. Suppose 𝑆𝑚 and 𝑆𝑚1 are two functions, then we assess the following: 

 ‖𝐹1(𝑡, 𝑆𝑚) − 𝐹1(𝑡, 𝑆𝑚1)‖ = ‖𝐴𝑚 − 𝛽1𝑆𝑚𝐼𝑚 − 𝜇𝑚𝑆𝑚 − 𝐴𝑚 + 𝛽1𝑆𝑚1𝐼𝑚 + 𝜇𝑚𝑆𝑚1‖                                    (12) 
 

 ‖𝐹1(𝑡, 𝑆𝑚) − 𝐹1(𝑡, 𝑆𝑚1)‖ = ‖−𝛽1𝐼𝑚(𝑆𝑚 − 𝑆𝑚1) − 𝜇𝑚(𝑆 − 𝑆𝑚1)‖                                                                  (13) 
 

 

Using the triangular inequality on Eq. (13), we obtain: 

 ‖𝐹1(𝑡, 𝑆𝑚) − 𝐹1(𝑡, 𝑆𝑚1)‖ ≤ 𝛽1‖𝐼𝑚‖‖𝑆𝑚 − 𝑆𝑚1‖ + 𝜇𝑚‖𝑆𝑚 − 𝑆𝑚1‖ 

 ‖𝐹1(𝑡, 𝑆𝑚) − 𝐹1(𝑡, 𝑆𝑚1)‖ ≤ [𝛽1‖𝐼𝑚‖ + 𝜇𝑚]‖𝑆𝑚 − 𝑆𝑚1‖ 

 ‖𝐹1(𝑡, 𝑆𝑚) − 𝐹1(𝑡, 𝑆𝑚1)‖ ≤ [𝛽1𝑒 + 𝜇𝑚]‖𝑆𝑚 − 𝑆𝑚1‖ 

 

By taking that 𝛽1𝑒 + 𝜇𝑚 = 𝜇1 , where ‖𝐼𝑚‖ ≤ 𝑒  is a bounded function, we get: 

 ‖𝐹1(𝑡, 𝑆𝑚) − 𝐹1(𝑡, 𝑆𝑚1)‖ ≤ 𝜇1‖𝑆𝑚 − 𝑆𝑚1‖                                                                                                            (14) 
 

 

Hence, the Lipschitz condition is fulfilled for 𝐹2 and if also 0 ≤ 𝑏1 + 𝑏2 + 𝑏3 + 𝛾2 < 1  then it is also a 

contraction. For the rest of the cases, likewise, the Lipschitz conditions are given as follows: 

 

{  
  
  ‖𝐹2(𝑡, 𝐿𝑚) − 𝐹2(𝑡, 𝐿𝑚1)‖ ≤ 𝜇2‖𝐿𝑚 − 𝐿𝑚1‖‖𝐹3(𝑡, 𝐼𝑚) − 𝐹3(𝑡, 𝐼𝑚1)‖ ≤ 𝜇3‖𝐼𝑚 − 𝐼𝑚1‖‖𝐹4(𝑡, 𝑅𝑚) − 𝐹4(𝑡, 𝑅𝑚1)‖ ≤ 𝜇4‖𝑅𝑚 − 𝑅𝑚1‖‖𝐹5(𝑡, 𝑆ℎ) − 𝐹5(𝑡, 𝑆ℎ1)‖ ≤ 𝜇5‖𝑆ℎ − 𝑆ℎ1‖‖𝐹6(𝑡, 𝐿ℎ) − 𝐹6(𝑡, 𝐿ℎ1)‖ ≤ 𝜇6‖𝐿ℎ − 𝐿ℎ1‖‖𝐹7(𝑡, 𝐼ℎ) − 𝐹7(𝑡, 𝐼ℎ1)‖ ≤ 𝜇7‖𝐼ℎ − 𝐼ℎ1‖‖𝐹8(𝑡, 𝑅ℎ) − 𝐹8(𝑡, 𝑅ℎ1)‖ ≤ 𝜇8‖𝑅ℎ − 𝑅ℎ1‖

                                                                                                    (15) 
 

Utilizing documentation for parts, Eq. (10) becomes: 
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{  
   
   
   
  
   
   
   
   
 𝑆𝑚(𝑡) = 𝑆𝑚(0) + 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼)𝐹1(𝑡, 𝑆𝑚) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝐹1(𝑠, 𝑆𝑚) 𝑑𝑠𝑡

0 𝐿𝑚(𝑡) =  𝐿𝑚(0) + 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼)𝐹3(𝑡, 𝐼𝑚) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝐹3(𝑠, 𝐼𝑚) 𝑑𝑠𝑡
0𝐼𝑚(𝑡) = 𝐼𝑚(0) + 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼)𝐹3(𝑡, 𝐼𝑚) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝐹3(𝑠, 𝐼𝑚) 𝑑𝑠𝑡
0𝑅𝑚(𝑡) = 𝑅𝑚(0) + 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼)𝐹4(𝑡, 𝑅𝑚) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝐹4(𝑠, 𝑅𝑚) 𝑑𝑠𝑡
0𝑆ℎ(𝑡) = 𝑆ℎ(0) + 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼)𝐹5(𝑡, 𝑆ℎ) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝐹5(𝑠, 𝑆ℎ) 𝑑𝑠𝑡
0𝐿ℎ(𝑡) = 𝐿ℎ(0) + 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼)𝐹6(𝑡, 𝐿ℎ) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝐹6(𝑠, 𝐿ℎ) 𝑑𝑠𝑡
0𝐼ℎ(𝑡) = 𝐼ℎ(0) + 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼)𝐹7(𝑡, 𝐼ℎ) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝐹7(𝑠, 𝐼ℎ) 𝑑𝑠𝑡
0𝑅ℎ(𝑡) = 𝑅ℎ(0) + 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝐹8(𝑡, 𝑅ℎ) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝐹3(𝑠, 𝑅𝑚) 𝑑𝑠𝑡
0

                                               (16) 

 

The accompanying recursive recipe is introduced: 

 

{  
   
   
   
  
   
   
   
   
 𝑆𝑚𝑛(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼)𝐹1(𝑡, 𝑆𝑚(𝑛−1)) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝐹1(𝑠, 𝑆𝑚(𝑛−1)) 𝑑𝑠𝑡

0 𝐿𝑚𝑛(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼)𝐹3(𝑡, 𝐼𝑚(𝑛−1)) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝐹3(𝑠, 𝐼𝑚(𝑛−1)) 𝑑𝑠𝑡
0𝐼𝑚𝑛(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼)𝐹3(𝑡, 𝐼𝑚(𝑛−1)) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝐹3(𝑠, 𝐼𝑚(𝑛−1)) 𝑑𝑠𝑡
0𝑅𝑚𝑛(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝐹4(𝑡, 𝑅𝑚(𝑛−1)) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝐹4(𝑠, 𝑅𝑚(𝑛−1)) 𝑑𝑠𝑡
0𝑆ℎ𝑛(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝐹5(𝑡, 𝑆ℎ(𝑛−1)) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝐹5(𝑠, 𝑆ℎ(𝑛−1)) 𝑑𝑠𝑡
0𝐿ℎ𝑛(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼)𝐹6(𝑡, 𝐿ℎ(𝑛−1)) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝐹6(𝑠, 𝐿ℎ(𝑛−1)) 𝑑𝑠𝑡
0𝐼ℎ𝑛(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼)𝐹7(𝑡, 𝐼ℎ(𝑛−1)) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝐹7(𝑠, 𝐼ℎ(𝑛−1)) 𝑑𝑠𝑡
0𝑅ℎ𝑛(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼)𝐹8(𝑡, 𝑅ℎ(𝑛−1)) + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝐹8(𝑠, 𝑅ℎ(𝑛−1)) 𝑑𝑠𝑡
0

                                          (17) 
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with the initial conditions: 

 {𝑆𝑚(0) = 𝑆𝑚0 (𝑡),  𝐿𝑚(0) = 𝐿𝑚0 (𝑡) , 𝐼𝑚(0) = 𝐼𝑚0 (𝑡) , 𝑅𝑚(0) = 𝑅𝑚0 (𝑡)𝑆ℎ(0) = 𝑆ℎ0(𝑡), 𝐿ℎ(0) = 𝐿ℎ0 (𝑡), 𝐼ℎ(0) = 𝐼ℎ0(𝑡), 𝑅ℎ(0) = 𝑅ℎ0(𝑡)                                     (18) 
 

The contrast between the progressive terms is determined as follows: 

 

{  
   
   
   
   
   
   
  
   
   
   
   
   
   
   
 𝜔1𝑛(𝑡) = 𝑆𝑚𝑛(𝑡) − 𝑆𝑚(𝑛−1)(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) [𝐹1(𝑡, 𝑆𝑚(𝑛−1)) − 𝐹1(𝑡, 𝑆𝑚(𝑛−2))] + 2𝛼(2 − 𝛼)𝑀(𝛼)∫[𝐹1(𝑠, 𝑆𝑚(𝑛−1)) − 𝐹1(𝑠, 𝑆𝑚(𝑛−2))] 𝑑𝑠𝑡

0𝜔2𝑛(𝑡) = 𝐿𝑚𝑛(𝑡) − 𝐿𝑚(𝑛−1)(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) [𝐹2(𝑡, 𝐿𝑚(𝑛−1)) − 𝐹2(𝑡, 𝐿𝑚(𝑛−2))]+ 2𝛼(2 − 𝛼)𝑀(𝛼)∫[𝐹2(𝑠, 𝐿𝑚(𝑛−1)) − 𝐹2(𝑠, 𝐿𝑚(𝑛−2))] 𝑑𝑠𝑡
0𝜔3𝑛(𝑡) = 𝐼𝑚𝑛(𝑡) − 𝐼𝑚(𝑛−1)(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) [𝐹3(𝑡, 𝐼𝑚(𝑛−1)) − 𝐹3(𝑡, 𝐼𝑚(𝑛−2))]+ 2𝛼(2 − 𝛼)𝑀(𝛼)∫[𝐹3(𝑠, 𝐼𝑚(𝑛−1)) − 𝐹3(𝑠, 𝐼𝑚(𝑛−2))] 𝑑𝑠𝑡
0𝜔4𝑛(𝑡) = 𝑅𝑚𝑛(𝑡) − 𝑅𝑚(𝑛−1)(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) [𝐹4(𝑡, 𝑅𝑚(𝑛−1)) − 𝐹4(𝑡, 𝑅𝑚(𝑛−2))]+ 2𝛼(2 − 𝛼)𝑀(𝛼)∫[𝐹4(𝑠, 𝑅𝑚(𝑛−1)) − 𝐹4(𝑠, 𝑅𝑚(𝑛−2))] 𝑑𝑠𝑡
0𝜔5𝑛(𝑡) = 𝑆ℎ𝑛(𝑡) − 𝑆ℎ(𝑛−1)(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) [𝐹5(𝑡, 𝑆ℎ(𝑛−1)) − 𝐹5(𝑡, 𝑆ℎ(𝑛−2))] + 2𝛼(2 − 𝛼)𝑀(𝛼)∫[𝐹5(𝑠, 𝑆ℎ(𝑛−1)) − 𝐹5(𝑠, 𝑆ℎ(𝑛−2))] 𝑑𝑠𝑡
0𝜔6𝑛(𝑡) = 𝐿ℎ𝑛(𝑡) − 𝐿ℎ(𝑛−1)(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) [𝐹6(𝑡, 𝐿ℎ(𝑛−1)) − 𝐹6(𝑡, 𝐿ℎ(𝑛−2))]+ 2𝛼(2 − 𝛼)𝑀(𝛼)∫[𝐹6(𝑠, 𝐿ℎ(𝑛−1)) − 𝐹6(𝑠, 𝐿ℎ(𝑛−2))] 𝑑𝑠𝑡
0𝜔7𝑛(𝑡) = 𝐼ℎ𝑛(𝑡) − 𝐼ℎ(𝑛−1)(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) [𝐹7(𝑡, 𝐼ℎ(𝑛−1)) − 𝐹7(𝑡, 𝐼ℎ(𝑛−2))]+ 2𝛼(2 − 𝛼)𝑀(𝛼)∫[𝐹7(𝑠, 𝐼ℎ(𝑛−1)) − 𝐹7(𝑠, 𝐼ℎ(𝑛−2))] 𝑑𝑠𝑡
0𝜔8𝑛(𝑡) = 𝑅ℎ𝑛(𝑡) − 𝑅ℎ(𝑛−1)(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) [𝐹8(𝑡, 𝑅ℎ(𝑛−1)) − 𝐹8(𝑡, 𝑅ℎ(𝑛−2))]+ 2𝛼(2 − 𝛼)𝑀(𝛼)∫[𝐹8(𝑠, 𝑅ℎ(𝑛−1)) − 𝐹8(𝑠, 𝑅ℎ(𝑛−2))] 𝑑𝑠𝑡

0
      

                             (19) 

 

Notice that 
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{  
  𝑆𝑚𝑛(𝑡) =∑𝜔1𝑖(𝑡)𝑛

𝑖=1 ,  𝐿𝑚𝑛(𝑡) =∑𝜔2𝑖(𝑡)𝑛
𝑖=1  , 𝐼𝑚𝑛(𝑡) =∑𝜔3𝑖(𝑡)𝑛

𝑖=1  , 𝑅𝑚𝑛(𝑡) =∑𝜔4𝑖(𝑡)𝑛
𝑖=1𝑆ℎ𝑛(𝑡) =∑𝜔5𝑖(𝑡)𝑛

𝑖=1 , 𝐿ℎ𝑛(𝑡) =∑𝜔6𝑖(𝑡)𝑛
𝑖=1 , 𝐼ℎ𝑛(𝑡) =∑𝜔7𝑖(𝑡)𝑛

𝑖=1 , 𝑅ℎ𝑛(𝑡) =∑𝜔8𝑖(𝑡)𝑛
𝑖=1                                  (20) 

 

On proceeding with a similar procedure, we survey 

 

 ‖𝜔1𝑛(𝑡)‖ = ‖𝑆𝑚𝑛(𝑡) − 𝑆𝑚(𝑛−1)(𝑡)‖ =                                                                                                     ‖ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) [𝐹1(𝑡, 𝑆𝑚(𝑛−1)) − 𝐹1(𝑡, 𝑆𝑚(𝑛−2))] + 2𝛼(2 − 𝛼)𝑀(𝛼)∫[𝐹1(𝑠, 𝑆𝑚(𝑛−1)) − 𝐹1(𝑠, 𝑆𝑚(𝑛−2))] 𝑑𝑠𝑡
0 ‖             (21) 

 

 

Using the triangular inequality, Eq. (21) is simplified to 

 

 ‖𝑆𝑚𝑛(𝑡) − 𝑆𝑚(𝑛−1)(𝑡)‖ ≤ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) ‖𝐹1(𝑡, 𝑆𝑚(𝑛−1)) − 𝐹1(𝑡, 𝑆𝑚(𝑛−2))‖                                                                                         + 2𝛼(2 − 𝛼)𝑀(𝛼)‖∫[𝐹1(𝑠, 𝑆𝑚(𝑛−1)) − 𝐹1(𝑠, 𝑆𝑚(𝑛−2))]𝑑𝑠𝑡
0 ‖                           (22) 

 

 

As the kernel fulfills the Lipschitz condition, then we have 

 ‖𝑆𝑚𝑛(𝑡) − 𝑆𝑚(𝑛−1)(𝑡)‖ ≤ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇1‖𝑆𝑚(𝑛−1) − 𝑆𝑚(𝑛−2)‖                                                                                         + 2𝛼(2 − 𝛼)𝑀(𝛼) 𝜇1∫‖𝑆𝑚(𝑛−1) − 𝑆𝑚(𝑛−2)‖𝑑𝑠𝑡
0

                                              (23) 
 

Then we have 

 ‖𝜔1𝑛(𝑡)‖ ≤ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇1 ‖‖𝜔1(𝑛−1)(𝑡)‖‖ + 2𝛼(2 − 𝛼)𝑀(𝛼) 𝜇1∫‖𝜔1(𝑛−1)(𝑠)‖𝑑𝑠𝑡
0                        (24) 

 

Likewise, we get the accompanying outcomes: 
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‖𝜔2𝑛(𝑡)‖ ≤ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇2 ‖‖𝜔2(𝑛−1)(𝑡)‖‖ + 2𝛼(2 − 𝛼)𝑀(𝛼) 𝜇2∫‖𝜔2(𝑛−1)(𝑠)‖𝑑𝑠𝑡
0‖𝜔3𝑛(𝑡)‖ ≤ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇3 ‖‖𝜔3(𝑛−1)(𝑡)‖‖ + 2𝛼(2 − 𝛼)𝑀(𝛼) 𝜇3∫‖𝜔3(𝑛−1)(𝑠)‖𝑑𝑠𝑡
0‖𝜔4𝑛(𝑡)‖ ≤ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇4 ‖‖𝜔4(𝑛−1)(𝑡)‖‖ + 2𝛼(2 − 𝛼)𝑀(𝛼) 𝜇4∫‖𝜔4(𝑛−1)(𝑠)‖𝑑𝑠𝑡
0‖𝜔5𝑛(𝑡)‖ ≤ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇5 ‖‖𝜔5(𝑛−1)(𝑡)‖‖ + 2𝛼(2 − 𝛼)𝑀(𝛼) 𝜇5∫‖𝜔5(𝑛−1)(𝑠)‖𝑑𝑠𝑡
0‖𝜔6𝑛(𝑡)‖ ≤ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇6 ‖‖𝜔6(𝑛−1)(𝑡)‖‖ + 2𝛼(2 − 𝛼)𝑀(𝛼) 𝜇6∫‖𝜔6(𝑛−1)(𝑠)‖𝑑𝑠𝑡
0‖𝜔7𝑛(𝑡)‖ ≤ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇7 ‖‖𝜔7(𝑛−1)(𝑡)‖‖ + 2𝛼(2 − 𝛼)𝑀(𝛼) 𝜇7∫‖𝜔7(𝑛−1)(𝑠)‖𝑑𝑠𝑡
0‖𝜔8𝑛(𝑡)‖ ≤ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇8 ‖‖𝜔8(𝑛−1)(𝑡)‖‖ + 2𝛼(2 − 𝛼)𝑀(𝛼) 𝜇8∫‖𝜔8(𝑛−1)(𝑠)‖𝑑𝑠𝑡
0

                                (25) 

 

Now we state the theorem below. 

 

Theorem 2    The fractional breast cancer model (8) has precise coupled arrangements if the conditions 

underneath hold. That is, we can discover 𝑡0 with the end goal that 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇1 + 2𝛼(2 − 𝛼)𝑀(𝛼) 𝜇1𝑡0  < 1 

 

Proof    Since all the functions 𝑆𝑚(𝑡), 𝐿𝑚(𝑡), 𝐼𝑚(𝑡), 𝑅𝑚(𝑡), 𝑆ℎ(𝑡), 𝐿ℎ(𝑡), 𝐼ℎ(𝑡) 𝑎𝑛𝑑 𝑅ℎ(𝑡) are limited, we have 

demonstrated that the pieces satisfy the Lipschitz condition, hence on utilizing Eqs. (24) and Eqs. (25) and 

by utilizing the recursive technique, we get the succeeding connection as follow 

 ‖𝜔1𝑛(𝑡)‖ ≤  ‖𝑆𝑚𝑛(0)‖ [ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇1 + 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇1𝑡]𝑛‖𝜔2𝑛(𝑡)‖ ≤ ‖𝐿𝑚𝑛(0)‖ [ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇2 + 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇2𝑡]𝑛‖𝜔3𝑛(𝑡)‖ ≤  ‖𝐼𝑚𝑛(0)‖ [ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇3 + 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇3𝑡]𝑛‖𝜔4𝑛(𝑡)‖ ≤  ‖𝑅𝑚𝑛(0)‖ [ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇4 + 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇4𝑡]𝑛‖𝜔5𝑛(𝑡)‖ ≤  ‖𝑆ℎ𝑛(0)‖ [ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇5 + 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇5𝑡]𝑛‖𝜔6𝑛(𝑡)‖ ≤  ‖𝐿ℎ𝑛(0)‖ [ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇6 + 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇6𝑡]𝑛‖𝜔7𝑛(𝑡)‖ ≤  ‖𝐼ℎ𝑛(0)‖ [ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇7 + 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇7𝑡]𝑛‖𝜔8𝑛(𝑡)‖ ≤  ‖𝑅ℎ𝑛(0)‖ [ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇8 + 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇8𝑡]𝑛

                                                                   (26) 
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Hence, the existence and continuity of the said solutions are proved. Furthermore, to ensure that the above 

function is a solution of Eq. (9), we proceed as follows: 

 𝑆𝑚(𝑡) − 𝑆𝑚(0) = 𝑆𝑚𝑛(𝑡) − 𝐴𝑛(𝑡)𝐿𝑚(𝑡) − 𝐿𝑚(0) = 𝐿𝑚𝑛(𝑡) − 𝐵𝑛(𝑡)𝐼𝑚(𝑡) − 𝐼𝑚(0) = 𝐼𝑚𝑛(𝑡) − 𝐶𝑛(𝑡)𝑅𝑚(𝑡) − 𝑅𝑚(0) = 𝑅𝑚𝑛(𝑡) − 𝐷𝑛(𝑡)𝑆ℎ(𝑡) − 𝑆ℎ(0) = 𝑆ℎ𝑛(𝑡) − 𝐸𝑛(𝑡)𝐿ℎ(𝑡) − 𝐿ℎ(0) = 𝐿ℎ𝑛(𝑡) − 𝐹𝑛(𝑡)𝐼ℎ(𝑡) − 𝐼ℎ(0) = 𝐼ℎ𝑛(𝑡) − 𝐺𝑛(𝑡)𝑅ℎ(𝑡) − 𝑅ℎ(0) = 𝑅ℎ𝑛(𝑡) − 𝐻𝑛(𝑡)
                                                                                                                          (27) 

 

Therefore, we have: 

 ‖𝐴𝑛(𝑡)‖ = ‖ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) [𝐹1(𝑠, 𝑆𝑚𝑛) − 𝐹1(𝑠, 𝑆𝑚(𝑛−1))] + 2𝛼(2 − 𝛼)𝑀(𝛼)∫[𝐹1(𝑠, 𝑆𝑚𝑛) − 𝐹1(𝑠, 𝑆𝑚(𝑛−1))]𝑑𝑠𝑡
0 ‖               

 ‖𝐴𝑛(𝑡)‖ ≤ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) ‖𝐹1(𝑡, 𝑆𝑚𝑛) − 𝐹1(𝑡, 𝑆𝑚(𝑛−1))‖ + 2𝛼(2 − 𝛼)𝑀(𝛼)∫‖𝐹1(𝑡, 𝑆𝑚𝑛) − 𝐹1(𝑡, 𝑆𝑚(𝑛−1))‖𝑑𝑠𝑡
0       

 ‖𝐴𝑛(𝑡)‖ ≤ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇1‖𝑆𝑚𝑛 − 𝑆𝑚(𝑛−1)‖ + 2𝛼(2 − 𝛼)𝑀(𝛼) 𝜇1‖, 𝑆𝑚𝑛 − 𝑆𝑚(𝑛−1)‖𝑡                                (28) 
 

Recursively using the process gives: 

 ‖𝐴𝑛(𝑡)‖ ≤ ( 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) + 2𝛼(2 − 𝛼)𝑀(𝛼) 𝑡)𝑛+1 𝜇1𝑛+1𝑎                                                                                   (29) 
 

 

Then at 𝑡0 we have: 

 ‖𝐴𝑛(𝑡)‖ ≤ ( 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) + 2𝛼(2 − 𝛼)𝑀(𝛼) 𝑡0)𝑛+1 𝜇1𝑛+1𝑎                                                                                 (30) 
 

By applying the limit on Eq. (30) as n tends to infinity, we get: 

 ‖𝐴𝑛(𝑡)‖ → 0 

 

Similarly, we get 

 ‖𝐵𝑛(𝑡)‖ → 0, ‖𝐶𝑛(𝑡)‖ → 0, ‖𝐷𝑛(𝑡)‖ → 0, ‖𝐸𝑛(𝑡)‖ → 0, ‖𝐹𝑛(𝑡)‖ → 0, ‖𝐺𝑛(𝑡)‖ → 0, ‖𝐻𝑛(𝑡)‖ → 0 

 

For the uniqueness system (8) solution, we take on the contrary that there exists another solution of (8) given 

by 𝑆𝑚1(𝑡), 𝐿𝑚1(𝑡), 𝐼𝑚1(𝑡), 𝑅𝑚1(𝑡), 𝑆ℎ1(𝑡), 𝐿ℎ1(𝑡), 𝐼ℎ1(𝑡) 𝑎𝑛𝑑 𝑅ℎ1(𝑡)  Then 

 𝑆𝑚(𝑡) − 𝑆𝑚1(𝑡) = 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) [𝐹1(𝑡, 𝑆𝑚) − 𝐹1(𝑡, 𝑆𝑚1)] + 2𝛼(2 − 𝛼)𝑀(𝛼)∫[𝐹1(𝑠, 𝑆𝑚) − 𝐹1(𝑠, 𝑆𝑚1)]𝑑𝑠𝑡
0                  (31) 

 

Taking norm on Eq. (31), we get 
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‖𝑆𝑚(𝑡) − 𝑆𝑚1(𝑡)‖ ≤ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) ‖𝐹1(𝑡, 𝑆𝑚) − 𝐹1(𝑡, 𝑆𝑚1)‖ + 2𝛼(2 − 𝛼)𝑀(𝛼)∫‖𝐹1(𝑠, 𝑆𝑚) − 𝐹1(𝑠, 𝑆𝑚1)‖𝑑𝑠𝑡
0          (32) 

 

By applying the Lipschitz condition of the kernel, we have: 

 ‖𝑆𝑚(𝑡) − 𝑆𝑚1(𝑡)‖ ≤ 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇1‖𝑆𝑚 − 𝑆𝑚1‖ + 2𝛼(2 − 𝛼)𝑀(𝛼)∫𝜇1𝑡‖𝑆𝑚 − 𝑆𝑚1‖𝑑𝑠𝑡
0                        (33) 

 

It gives that: 

    ‖𝑆𝑚(𝑡) − 𝑆𝑚1(𝑡)‖ (1 − 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇1 − 2𝛼(2 − 𝛼)𝑀(𝛼) 𝜇1𝑡) ≤ 0                                                           (34) 
 

Theorem 3    The model (8) solution will be unique if 

 (1 − 2(1 − 𝛼)(2 − 𝛼)𝑀(𝛼) 𝜇1 − 2𝛼(2 − 𝛼)𝑀(𝛼) 𝜇1𝑡) > 0                                                                                                 (35) 
 

Proof     If condition (35) holds, then (34) implies that 

        ‖𝑆𝑚(𝑡) − 𝑆𝑚1(𝑡)‖ = 0    
 

Hence, we get 

 𝑆𝑚(𝑡) = 𝑆𝑚1(𝑡)           
 

On employing the same procedure, we get: 

 𝐿𝑚(𝑡) = 𝐿𝑚1(𝑡)  , 𝐼𝑚(𝑡) = 𝐼𝑚1(𝑡) , 𝑅𝑚(𝑡) = 𝑅𝑚1(𝑡)          
 𝑆ℎ(𝑡) = 𝑆ℎ1, 𝐿ℎ(𝑡) = 𝐿ℎ1 , 𝐼ℎ(𝑡) = 𝐼ℎ1 , 𝑅ℎ(𝑡) = 𝑅ℎ1 

Simulation Results  

 

        In this section, we get mathematical outcomes that demonstrate the presence of the method plot. We are 

actualized the improved Adams-Bashforth-Moulton given for mathematical simulation see [28, 37-39]. Here, 

we resolve the fractional-order corvid-19 model numerically helping the predictor-corrector PECE method 

of Adams-Bashforth-Moulton kind qualified in specified in [28, 37-39]. Also, we are present numerical 

simulations to explain the key aspects of the growth of the analysis of COVID-19.  Figures 1-4 explains a 

model story for the dynamical manner of COVID-19. The extent of the virus develops exponentially until 

much of the population is infective or recovered, at which point the danger of infections begins to decline. 

Also, we are showing the relationship between the variables. Here, from the outcomes and the figures 

mentioned, we ability nation that decreasing the fractional derivative order alpha decreases the number of 

each people point (save Susceptible people fraction as expected), and press the curves also delays reaching 

the utmost in all people phase. 
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Fig. 1 Different value of the parameters for 𝛼 = 0.85 and for 0 < 𝑡 < 50. 

 

 

(a) (b) 

(c) (d) 
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(e) (f) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(g) 

Fig. 2 Graphical behavior of (a) 𝐿𝑚(𝑡), (b) 𝐼𝑚(𝑡), (c) 𝑅𝑚(𝑡), (d) 𝑆ℎ(𝑡), (e) 𝐿ℎ(𝑡), (f) 𝐼ℎ(𝑡) and (g) 𝑅ℎ(𝑡) 
with 𝑆𝑚(𝑡) for   𝛼 = 0.85 and for 0 < 𝑡 < 900. 

 

 

(h)   (i) 
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(j)  

(k) 

(l) (m) 

Fig. 2 Graphical behavior of (h) 𝐼𝑚(𝑡), (i) 𝑅𝑚(𝑡), (j) 𝑆ℎ(𝑡), (k) 𝐿ℎ(𝑡), (l) 𝐼ℎ(𝑡) and  (m) 𝑅ℎ(𝑡) with 𝐿𝑚(𝑡) for   𝛼 = 0.85 and for 0 < 𝑡 < 6000. 

 

 

(n)  (o) 
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 (p) (q) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(r) 

Fig. 3 Graphical behavior of (n) 𝑅𝑚(𝑡), (o) 𝑆ℎ(𝑡), (p) 𝐿ℎ(𝑡), (q) 𝐼ℎ(𝑡) and (r) 𝑅ℎ(𝑡) with 𝐼𝑚(𝑡) for   𝛼 =0.85 and for 0 < 𝑡 < 700. 

 

 

 

(s) 

  

(x) 
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(y) (z) 

Fig. 4 Graphical behavior of (s) 𝑆ℎ(𝑡), (x) 𝐿ℎ(𝑡), (y) 𝐼ℎ(𝑡) and (z) 𝑅ℎ(𝑡) with 𝑅𝑚(𝑡) for   𝛼 = 0.85 and 

for 0 < 𝑡 < 2.5 × 104. 

 

Conclusion 

 
      In the current work, we stretched out the Coronavirus model to fragmentary requests utilizing the Caputo–
Fabrizio partial subordinate. The model equilibria and central expansion number are examined. The presence 

and uniqueness of the response for the Coronavirus model of the care model with CF subordinate are 

exhibited in detail. Some mathematical propagations are finished to explore the effect of incomplete 

solicitations. From mathematical amusements, one can see that when the fragmentary solicitation of 

subordinate α ([22-28]) reduces, the CF auxiliary gives even more naturally possible direct about the dynamic 

of pine wither contamination. Thusly, we contemplated that the as of late incomplete auxiliary is important 

for showing such wonders. Also, from the graphical social we surmise that the proposed halfway solicitation 

model gives more extreme and progressively versatile results when differentiated and the contrasting entire 

number solicitation money related models of care model. 
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Figures

Figure 1

Different value of the parameters for =0.85 and for 0<<50.



Figure 2

Graphical behavior of (a) (), (b) (), (c) (), (d) (), (e) (), (f) () and (g) () with () for
=0.85 and for 0<<900. Graphical behavior of (h) (), (i) (), (j) (), (k) (), (l) () and (m) ()
with () for =0.85 and for 0<<6000.



Figure 3

Graphical behavior of (n) (), (o) (), (p) (), (q) () and (r) () with () for =0.85 and for
0<<700.



Figure 4

Graphical behavior of (s) (), (x) (), (y) () and (z) () with () for =0.85 and for 0<<2.5 ×104.


