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Abstract Phase feedback is commonly utilized to set
up a synchronized MEMS oscillator for high perfor-

mance sensor applications. It’s a consensus that the
synchronization region varies with phase delay with a
‘Anti-U’ mode within 0 to π and phase delay is typ-

ically fixed on π/2 to achieve maximum synchroniza-

tion range and best frequency stability. In this paper,
phase-delay induced variation of synchronization band-
width and frequency stability in a micromechanical os-
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cillator is investigated analytically and experimentally.
A self-sustained oscillator is built by applying phase

feedback to an electrostatically actuated micro-beam
resonator and synchronization phenomenon is observed
after coupling it to a weak external periodic excitation.

The analytical expression for predicting the synchro-

nization bandwidth with phase delay is derived based

on the dynamic model, from which three different types

(‘U’, ‘Anti-U’ and ‘M’) of variation pattern of synchro-

nization bandwidth are observed as feedback tuning.

The variation of frequency stability along phase delay

is also studied. The synchronization bandwidth and the

frequency stability have exactly opposite variation pat-

tern with phase delay in linear oscillators while they

are totally consistent in nonlinear oscillators. Exper-

imental tests in vacuum environment are carried out

to validate the analytical observations. Our work pre-

sented here provides a precise way for achieving best

performance of a synchronized MEMS oscillator in the

sensor application.

Keywords micromechanical oscillator · nonlinear
dynamics · synchronization · feedback tuning ·
frequency stability

1 Introduction

Microelectromechanical systems (MEMS) have increas-
ingly attracted considerable interest due to their small
size and low power consumption since the integrated
circuit (IC) technology rise in 1990. Related investi-

gations not only focus on fundamental questions, such
as frequency locking[28,26,27], internal resonance[7,20,
41], mode coupling[4,29,9], pull-in[14,43], exit time[42],

bilayer effect[17], etc., but also in tremendous poten-

tial applications including gas/mass sensing[12,34,33],
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filters[1], memory devices[39] and time keeping[3]. Due

to the size effect, MEMS system is easily driven into

nonlinear regime. In MEMS, nonlinearity can typically

arise from external potentials[8], or from geometric deformation[39].

A typical phenomenon is that nonlinearity can enhance

the synchronization behavior. Synchronization usually

refers to the harmonization between the phases of at

least two vibration systems. The earliest research on
synchronization phenomenon can be traced back to the
observation of the synchronization phenomenon of cou-

pled pendulum by C. Huygens in 1673. When one of

the vibration systems is a perturbation source which is

generated by external signal generator, it shows a be-

havior that the oscillator’s frequency will synchronously

changing with the external perturbation frequency, which

makes it a great choice to utilize this property as fre-

quency sensing. Great quantity of works have been done

in synchronization, such as synchronization in chaotic

systems[18,19], superharmonic synchronization[6,24], sub-

harmonic synchronization[40,25,38], etc. Lots of works

have shown the advantages of synchronization as sens-

ing such as reduce the phase noise[36,15], enhance the

frequency stability[10,30], etc. Meanwhile, the time de-

lay in system are also considered in energy harvesting[5,

32], traffic flow[13] and as well, synchronization of Mi-

cromechanical systems[10]. Most importantly, enhanc-

ing the synchronization bandwidth has become a hot

topic. Some researchers find that nonlinearity in the os-
cillator can be exploited to enhance the synchronization
bandwidth[2]. Their experimental and analytical results
show that nonlinearities are the key determinants in

the nonlinear regime in a self-sustained micromechan-

ical oscillator. Phase feedback is commonly utilized to

keep a self-sustained micro-oscillator. Previous studies

show that the synchronization bandwidth varies with
the phase delay in a ‘Anti-U’ pattern. In theroretical
and experimental studies the phase delay is always fixed
at π/2 to obtain a maximum amplitude [37,22,35,21],

or to get a maximum synchronization bandwidth[2,10].
Nevertheless, after in-depth analysis and experimental
verification, we get some new findings.

In this paper, the variation of synchronization re-

gion and frequency stability with phase delay in a mi-
cromechanical oscillator is investigated, and three dif-
ferent variation patterns(’U’, ’Anti-U’ and ’M’) of syn-

chronization bandwidth are observed analytically and
experimentally. The novelty and contributions of our
work lie in the following: 1) the analytical expression for

predicting the synchronization bandwidth with phase

delay in micromechanical oscillators is derived, from

which three variation patterns (’U’, ’Anti-U’ and ’M’)

of synchronization bandwidth with phase delay are ob-

served as feedback tuning; 2) the synchronization band-

Fig. 1 Characteristics of the micro-beam resonator. a SEM
image of the micro-resonator. The gray part is monocrys-
talline silicon, the golden part is gold electrode, and the black
part is hollow; b Primary modal shape simulation of the os-
cillator in COMSOL; c Open-loop amplitude-frequency re-
sponses of the micro-resoantor under VDC = 20V and Vf

varying from 100 mV to 550 mV . Inset shows the open-loop
response for Vf equals 10 mV , in which the micro-resonator
works in linear regime and corresponding measured quality
factor Q ∼ 20000.

width and the frequency stability have exactly opposite

variation pattern along phase delay in linear oscilla-

tors while they are consistent in nonlinear oscillators;

3) our work presented enriches the synchronization phe-

nomenon and provides a precise way for achieving best

performance of a synchronized MEMS oscillator in the

sensor application.

2 Theoretical analysis

2.1 Basic features of the micro-resonator

A clamped-clamped(C-C) micromechanical beam res-
onator with dimensions 482 µm long, 12 µm wide, and

25 µm thick, respectively, as shown in Fig. 1(a), is
studied in this paper. This micromechanical resonator
is electrostatically actuated to vibrate at its primary

modal by applying a combination of constant voltage

VDC and dynamic voltage Vf on the mid electrostatic

comb. The primary modal shape simulation worked by

Comsol of the micro-resonator is shown in Fig.1(b). Fig-

ure 1(c) shows the open-loop amplitude-frequency re-
sponses of the resonator for a fixed VDC (VDC = 20 V )

and various Vf from 10 mV to 550 mV . Inset displays

the resonator vibrates under small driving strength Vf

= 10 mV . It is seen that for small driving strength, the
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resonator vibrates with small amplitude in its linear

regime, and the resonator exhibits strong nonlinearity

when driving strength increasing.

Based on the Euler–Bernoulli beam carrying a con-

centrated mass in the mid-span, the governing equation

of the transverse deflection ŵ(u, t) for the microbeam,

is written as[11],

EI
∂4ŵ

∂û4
+ (ρS +mcδ(û− L

2
))
∂2ŵ

∂t̂2
+ ĉ

∂ŵ

∂t̂

=
ES

2L

∫ L

0

(
∂ŵ

∂û
)2 dû

∂2ŵ

∂û2
+ F̂ (ŵ, ω̂t̂, ω̂st̂)δ(û− L

2
)

(1)

where E is the Young’s modulus, I and S are the mo-

ment of inertia and area of the cross section. û is the

location along the beam, t̂ is time, L and ρ are the to-
tal length and material density, respectively. ĉ is the

viscous damping per unit length and mc is the mass
of the middle comb structure. F̂ is the combination of

the applied electrostatic feedback sustaining force F̂0

and the synchronizing perturbation force F̂s. Introduc-

ing the following nondimensional variables w =
ŵ

b
, x =

û

L
, t = t̂

√

EI

ρSL4
, Eq. (1) can be simplified as,

∂4w

∂x4
+ (1 + m̄δ(x− 1

2
))
∂2w

∂t2
+ c

∂w

∂t

=α

∫ 1

0

(
∂w

∂x
)2 dx

∂2w

∂x2
+ F (w, ωt, ωst)δ(x− 1

2
)

(2)

The C-C beam subjected to the following boundary

conditions,

w(0, t) = 0, w(L, t) = 0,

∂w(0, t)

∂x
= 0,

∂w(L, t)

∂x
= 0.

(3)

Considering that in our experiments the AC driving

voltage is set much lower than the DC bias voltage

(Vac ≪ VDC) to minimize the effect from harmonic exci-

tations (such as subharmonic synchronization), and the

perturbaiton strength Vf is much lower than the driv-

ing voltage(Vs ≪ Vac). When synchronization arises,
retaining the first three orders after Taylor expansion,

F is simplified as [31,16],

F (w,ωt, ωst) =
L3γ

EId
(4w + 8w3)

+
2L3γVac

EIdVDC

( d2

ga
+ 1 + 2w + 3w2 + 4w3

)

sin(ωt)

+
2L3γVs

EIdVDC

( d2

ga
+ 1

)

sin(ωst)

(4)

where ws is the synchronization perturbation frequency.

The first mode is dominant in our experiments when the
resonator works near its natural frequency. By using the
Galerkin decomposition method, the solution of Eq. (2)

is approximated as,

w(x, t) = x(t)n(t), (5)

where x(t) is the time varying first mode coordinate,

n(t) is the first modal shape function, for a C−C beam,

n(t) usually has the form,

n(t) =− m̄
√
wn

4
[(
sinh

√
wnx

cosh
√
wnL

− sin
√
wnx

cos
√
wnL

)

− 2U(x− 1

2
)[sinh

√
wn(x− 1

2
)− sin

√
wn(x− 1

2
)]]

(6)

where wn is the natural frequency. The dominant first

mode dynamic model is obtained,

M
d2x

dt2
+ C

dx

dt
+K1x+K3x

3

= Ffb sin(ωt) + Fsyn sin(ωst)

(7)

where,

M =

∫ 1

0

n(t)2ε(x) dx,K1 =

∫ 1

0

n(t)′′2 dx− 4γL3

EId
n2(

1

2
),

C = c

∫ 1

0

n(t)2 dx,K3 = α(

∫ 1

0

n(t)′2 dx)2 − 8γL3

EId
n(t)2(

1

2
),

Ffb =
2L3γVac

EIdVDC
n(t)(

1

2
)(
d2

ga
+ 1),

Fsyn =
2L3γVs

EIdVDC
n(t)(

1

2
)(
d2

ga
+ 1).

(8)

where M , C, K1, K3, Ffb and Fsyn are the effective

mass, damping coefficient, linear mechanical stiffness,

cubic mechanical stiffness, feedback force and external

synchronization force, respectively. The feedback con-

trol force Ffb = F0 cos (φins + φde) is generated by a
close-loop feedback circuit to compensate the energy

dissipation and make the resonator a self-sustained os-

cillator. F0 is the magnitude of the feedback force, φins

is the instantaneous phase of the oscillator, φde de-

notes the phase delay between the oscillator and feed-

back force. Fsyn = Fsyn cos (Ωsynt) is the perturba-
tion force injected into the self-oscillation oscillator. It

is known that if the injected signal frequency Ωsyn is
approaching the resonator’s oscillation frequency Ω in

a small range, synchronization occurs. After redefining

time units( t
√

K/M → t), the normalized motion equa-

tion becomes

ẍ+Q−1x+x+βx3 = f0 cos (φ+ φ0)+ fs cos (Ωst) (9)
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where Q =
√
KM
C denotes the quality factor, which

represents the rate of energy loss, β = K3

K1

,f0 =
Ffb

K1

,

fs =
Fsyn

K1

and Ωs =
ωs√
K1/M

are the normalized Duffing

nonlinearity, the amplitude of feedback force, weak pe-

riodic perturbation force, normalized perturbation fre-

quency, respectively.

2.2 Synchronization bandwidth with phase delay

The analytical solution of Eq. (9) can be solved using
the harmonic solution,

x = A cos(φ)

ẋ = −AΩ sin(φ)
(10)

Substituting Eq. (10) into Eq. (9), we have

−AΩ2 cos(φ)−Q−1AΩ sin(φ) + Acos(φ) + βA3 cos3(φ)

= f0 cos (φ+ φ0) + fs cos (Ωst)

(11)

In the synchronization case, due to the frequency lock-
ing effect, the oscillation frequency Ω of the resonator
is exactly equal to the perturbation frequency Ωs, i.e.,

Ω = Ωs. Then, we have Ωst = φ + φs. Equation (11)

becomes

−AΩ2 cos(φ)−Q−1AΩ sin(φ) +A cos(φ) + βA3 cos3(φ)

= f0 cos(φ) sin (φ0)− f0 sin(φ) cos (φ0)

+fs cos(φ) sin (φs)− fs sin(φ) cos (φs)

(12)

Neglecting higher order harmonic contributions, we have

the approximation expression[23]

cos3(φ) ≈ 3

4
cos(φ) (13)

Substituting Eq. (13) into Eq. (12) and separating terms
in Eq. (12) proportional to cos(φ) and sin(φ), respec-

tively, we get two equations which can be merged into

a single equation in the complex domain
{

(

1−Ω2
)

A+
3

4
βA3 − f0 cos (φ0)

}

+
{

AΩQ−1 + f0 sin (φ0)
}

i = fse
−iφs

(14)

Firstly, we consider the dynamic characteristics of the

self-sustained resonator without the external perturba-

tion, i.e., f0 6= 0, fs = 0. In this case, two separate

equations can be obtained from Eq. (14) as

(

1−Ω2
)

A+
3

4
βA3 − f0 cos (φ0) = 0 (15)

AΩQ−1 + f0 sin (φ0) = 0 (16)

Ω0 and A0 are obtained by solving Eq. (15) and (16)

A0 = Qf0 sin (φ0)
Ω0

(17)

Ω0 = 1√
2

(

1 +
(

1 + 3βQ2f2
0 sin

2 (φ0)
)

1

2

)
1

2

(18)

Here, Ω0 and A0 are vibration frequency and ampli-

tude of the self-sustained oscillator. When the external

perturbation is applied, i.e. fs 6= 0, f 6= 0, the fre-

quency and amplitude of the oscillator will deviation
from self-oscillation frequency. For weak perturbation,
(i.e. fs ≪ f0), the variation of frequency δΩ and am-

plitude δA of the oscillator are expected to be small

compared to Ω0 and A0. Introducing the perturbative

parameter ǫ = fs/f0 ≪ 1 , and rewriting δΩ and δA as

ǫδΩ and ǫδA, respectively. The instantaneous frequency

and amplitude are

Ω = Ω0 + ǫδΩ,A = A0 + ǫδA (19)

Substituting Eq. (19) into Eq. (14) ,by neglecting higher

order terms, we get

{

(1− Ω0)
2
+

9

4
βA2

0 − iΩ0Q
−1

}

δA

−
{

2A0Ω0 + iA0Q
−1

}

δΩ = f0e
−(iφs)

(20)

The modulus of the complex equation Eq. (20) satisfies

N2
r +N2

i = f2
0 (21)

where Nr =
{(

1− Ω2
0

)

+ 9
4βA

2
0

}

δA − 2A0Ω0δΩ and
Ni = Q−1(A0δΩ+Ω0δA) are real and imaginary terms

of Eq. (20). Treat Eq. (21) as a quadratic equation of
δA,

{

(

(1− Ω0)
2
+

9

4
βA2

0

)2

+
Ω2

0

Q2

}

δA2

+

{

2A0Ω0δΩ

Q2
− 4A0Ω0

(

(1− Ω0)
2
+

9

4
βA2

0

)}

δA

+

{(

4Ω2
0 +

1

Q2

)

A2
0δΩ

2 − f2
0

}

= 0

(22)

To ensure the real solution of Eq. (22), the following
expression satisfied

{

2A0Ω0δΩ

Q2
− 4A0Ω0

(

(1− Ω0)
2
+

9

4
βA2

0

)}2

−

4

{

(

(1− Ω0)
2
+

9

4
βA2

0

)2

+
Ω2

0

Q2

}

{(

4Ω2
0 +

1

Q2

)

A2
0δΩ

2 − f2
0

}

≥ 0

(23)
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Fig. 2 Predicted synchronization bandwidth behavior ob-
tained from Eq.(25) under feedback force equals 0.0005(yel-
low line), 0.005(purple line) and 0.05(black line). a1 Q = 100;
b1 Q = 50; c1 Q = 10 are under fixed β = 0.1, a2 β = 0.1;
b2 β = 0.01; c2 β = 0 are under fixed Q = 10.

Equation.(23) holds under the synchronization condi-

tion. Solving Eq.(23) the limit frequency deviation δΩc

is determined, which leads to a synchronization range
(−δΩc, δΩc),

|δΩc| ≤ ǫ
Q

A0



1−

(

144βA2
0 + 64− 16

Q2

)

Ω2
0

(

4 + 4Ω2
0 + 9βA2

0

)2





1

2

(24)

Thus, the analytical expression of full synchronization

bandwidth is obtained as B = 2δΩc, i.e.,

B = 2
Qfs

f0A0



1−

(

144βA2
0 + 64− 16

Q2

)

Ω2
0

(

4 + 4Ω2
0 + 9βA2

0

)2





1

2

(25)

where Ω0 and A0 are determined by Eq. (17) and

(18). From Eq. (25) we can see that the synchronization

bandwidth is nonlinear function of nonlinearity β and

quality factor Q, which would be distinct in different os-

cillators. We plot the variation form of synchronization

bandwidth along with phase delay under different feed-

back forces in Fig. 2, it can seen that the quality factor

Q and nonlinearity β has similar effects on the variation

forms of synchronization bandwidth along with phase

delay under different strength of feedback force f0. For

an oscillator with lower quality factor Q, its synchro-

nization bandwidth along with phase delay exhibits a

’U’ form, the minimum synchronization bandwidth ap-

pears at phase delay equals π/2, and different feedback
force f0 almost has no effect on the size of synchroniza-

tion bandwidth, which is similar with a linear oscillator

shown in Fig. 2(c2)(β = 0). While for larger quality

factor Q = 50(Fig. 2(b1)) and relatively larger nonlin-

earity β = 0.01(Fig. 2(b2)), the synchronization band-

width also presents a ’U’ form under small strength of
feedback force. As f0 increases to 0.05(black line), the

synchronizaiton form begins to bulge from the bottom
and evolves toward a ’Anti-U’ form. Most intrestingly,

for a large quality factor or a strong nonlinearity under

strong feedback force(Black lines in Fig. 2(a1) and Fig.

2(a2)), the form of synchronizaiton bandwidth exhibits

a ’M’ form, the synchronization bandwidth emerges two
maximum values and a minimum values. From Eqs. (17)
and (18) we can see that the oscillator’s self-oscillation

amplitude is govered by the quality factor Q, nonlin-

earity β, feedback force f0 and phase delay φ0(the per-

turbation strength fs is small enough, i.e. |A−A0|
A0

≈ 0).

For a given nonlinearity β, the smaller quality Q and

smaller feedback force f0 will lead to a smaller ampli-

tude AL, thus the nonlinearity term βA3
L can be ne-

glected compared to linearity term AL, the oscillator

will exhibits as linear. As for a larger quality factor QH

and nonlinearity βH , the self oscillation amplitude AH

will become considerable, so the nonlinearity term βA3
H

can be comparable with linear term AH , the nonlinear-
ity start to work, even play a leading role. Above results

remind us that for different oscillators, we can obtain

the maximum synchronization bandwidth by adjusting

the phase delay and the feedback force simultaneously,

which can be achieved in our experimental tests.

2.3 Variation forms of synchronization region

For a given oscillator driven in a stable test environ-

ment, we just consider the effect of the feedback force

and phase delay. The synchronization bandwidth B is
a nonlinear function of phase delay φ0 as shown in Eq.

(25). After ignoring small amounts, dB
dφ0

= 0 leads to

the following two solutions

φ0,1 =
π

2
, φ0,2 = arcsin

(

1

Q
√
βf0

)

(26)

where φ0,1 is a fixed extrenal point at π/2, which

is a traditional result in previous studies[10]. φ0,2 is an

additional dynamic one, which is motivated by the non-

linearity β of the oscillator. Figure 3 shows the φ0,1 and

φ0,2 vary with feedback force f0 in different oscillators.
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Q ·β1/2 = 0; red dots: Q ·β1/2 = 0.1; blue dots: Q ·β1/2 = 1

The black dots(Q ·
√
β = 0) represent a linear oscil-

lator, where the peak value of synchronization band-

width always exists at stable phase delay π/2, which
is not affected by the strength of feedback force f0.

The red dots(Q ·
√
β = 0.1) represent a oscillator with

weakly nonlinearity, as the strength of feedback force

is weak, the phase delay of peak value fixed at π/2.
However, when the strength of feedback force getting

larger, the single phase delay split into two symmetrical
points about 90◦. And when the nonlinearity becomes

strong(blue dots, where Q ·
√
β = 1), the bifurcation

point emerges at smaller feedback force f0. For conve-

nience of experimental verification in a specific oscil-

lator with approximately changeless nonlinearity and

stable atmospheric pressure(a stable quality factor Q),

we fixed Q ·
√
β = 1 and plot the synchronization band-

width vary with phase delay under different feedback

forces.

Figure 4 displays the synchronization region B vary-

ing with phase delay φ0 for different feedback strength

f0, calculated from Eq. (25) with parameters Q = 10,

β = 0.1, ǫ = fs/f0 = 0.1. Interestingly, three different
types of variation pattern of the synchronization band-

width with the phase delay is observed.

2.3.1 ’U’ form

For small feedback strength, the synchronization band-

width varies with the phase delay with a ‘U’ form as

shown in Fig. 4b(I). The minimum synchronization band-

width is achieved when φ0 = π/2. This is because, for

small feedback strength, the oscillator vibrates in the

linear regime with a very small amplitude (i.e., β = 0),

which leads to the reduced expression of synchroniza-

30 60 90 120 150

Sy
nc

-s
iz
e

Phase delay (°)

30 60 90 120 150

Sy
nc

-s
iz
e

Phase delay (°)
30 60 90 120 150

Sy
nc

-s
iz
e

Phase delay (°)Sy
nc

-s
iz
e

Feedback force f0

 f0 = 90°
 Optimal f0

0 0.13 0.4 1

(a)
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Fig. 4 Predicted synchronization bandwidth behavior ob-
tained from Eq.(25). a The synchronization bandwidth varies
with phase delay for different feedback forces f0 obtained
from Eq.(25), where Q = 10, β=0.1, ǫ=0.1, f0 varies from 0.01
to 1 with steps 0.02; b Red line: maximum synchronization
bandwidth at optimal φ0 proposed by Eq.(25) at phase delay
varies from 30◦ to 90◦. Black line: synchronization bandwidth
from previous[10] by fixing φ0 = π/2. Insets show the evolu-
tion of variation pattern of synchronization bandwidth with
phase delay as the feedback force f0 increasing, where regime
I: ‘U’ pattern; regime II: ‘Anti-U’ pattern; regime III: ‘M’
pattern.

tion bandwidth from Eq. (25)

B =
fs

Qf0 sin (φ0)
= ǫ ·

(

1

Q sin (φ0)

)

(27)

Only fixed extremal point φ0,1 is found in Eq. (27)

and dynamic one φ0,2 disappears. Equation (27) gives

a ‘U’ mode curve of synchronization bandwidth B with

phase delay φ0 within (0, π). Synchronization band-

width B decreases first and increases again as φ0 in-
creasing from 0 to π. There exists a minimum value at

φ0 = π/2.

2.3.2 ’Anti-U’ form

As feedback strength increasing, a ‘Anti-U’ pattern vari-

ation of the synchronization bandwidth of the resonator
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is observed as shown in Fig. 4b(II). In this case, the syn-

chronization bandwidth has a maximum value as phase

delay φ0 = π/2, which is consistent with the previous

studies refer to [10]. Since for a relatively large feedback

strength, the nonlinear term is not negligible and there

exists two extreme points φ0,1 and φ0,2 as seen in Eq.
(26). However, for small feedback strength, the second

extreme point φ0,2 is very close to the first one φ0,1,
which leads to the ‘Anti-U’ form curve in Fig. 4b(II).

2.3.3 ’M’ form

As the feedback strength increased to a much larger

value, φ0,2 will separate from φ0,1 due to the decrease

of 1
Q
√
βf0

in Eq. (26). Two peaks will exist in the syn-
chronization bandwidth curves, which lead to a ‘M’

shape curve as shown in Fig. 4b(III). As the feedback
strength further increased, the values of these two peaks

of the synchronization bandwidth curves get larger and

two peaks grow apart from each other. The colored

region in Fig.4(b) displays the difference between the

maximum synchronization bandwidth obtained from ex-

pression (25) (black line) and the synchronization band-

width at a fixed phase delay φ0 = π/2 (red line) for
varying feedback strength. It can be seen that only

when the strength of feedback f0 is in a certain re-

gion (regime II), the maximum synchronization band-

width achieved at φ0 = π/2. This means that the pre-

vious method of synchronization bandwidth calculation

is only suitable for a small range of f0.

3 Experimental results

In this section, experimental tests are carried out to

validate the analytical results above. The experimen-
tal setup is shown in Fig. 5. The micro single beam
resonator is clamped to clamped(C-C) and works near
its natural frequency actuated by a combination of dy-

namic voltage Vf and bias voltage VDC . The motional

signal is converted to electrical signal and detected by
the HF2LI lock-in amplifier after pre-amplified by the

differential circuit.The vacuum chamber can create a

vacuum environment to reduce damping. The lock-in

amplifier HF2LI with a built-in Phase Locked Loop(PLL)

can output and detect signals simultaneously. Mean-

while, it can accurately tune the phase of the feedback
signal. The signal generator can output synchronous
disturbance signal to generate synchronization. All the

measurements are tested in the vacuum chamber at a

pressure below 0.1 Pa at room temperature.The mea-

sured oscillation frequency of the free running self-sustained

oscillator is 214500 Hz and the measured quality factor

Q ∼ 20000 under the condition of Vf equals to 10 mV .

3.1 Synchronization region

The synchronization regions under different excitation
voltages are measured in this section. We set VDC =

20V and Vf fixed at a specific voltage when tuning the

phase delay φ0 from 30◦ to 90◦ with a step 5◦. A pe-

riodic perturbation signal is injected into the oscillator
by a signal generator. Set VDC = 20 V and feedback

voltage strength Vf = 400 mV . The oscillation frequen-

cies of the resonator varying with the perturbation fre-
quency when sweeps up (red solid line) and down (black
solid line) are shown in Fig. 6(a). It is obvious that there

is a region (orange region) where the oscillation fre-

quency is captured by the perturbation frequency. We

extract the values of upper limit, central frequency and

lower limit, then calculated the synchronization band-
width at each test. Figure. 6 (b) ∼ Figure. 6 (e) show

the synchronization region varying with phase delay

for different feedback strength Vf . For small feedback

strength (10 mV in Fig. 6(b)), the bandwidth of syn-

chronization region decreases monotonously with phase
delay. It is expected that the bandwidth has a minimum

value when φ0 = π/2, which is consistent with the an-
alytically predicted ‘U’ case. As the feedback strength

increased to 200 mV (Fig. 6(c)), the bandwidth is ob-

served to be a monotonous increasing function of phase

delay, the calcuated synchronization bandwidth agrees

with the analytically predicted ‘Anti-U’ case. Further

increasing feedback strength to 500 mV and 550mV ,

the second extreme point except φ0 = π/2 appears as
shown in Figs. 6(d) and (e), which validates the ana-

lytical ‘M’ case. The peak value gets larger and corre-

sponding phase delay reduced from 60◦ to 55◦ as feed-

back strength increased from 500 mV to 550 mV as

shown in Fig. 6(f), which is consistent with the analyt-

ical results in Fig.4a(III).

3.2 Frequency stability

Experiments are performed to investigate the effect of
phase delay on the frequency stability of the oscilla-
tor. Allan deviation is an effective indicator for fre-

quency stability evaluation, which defined by the fre-

quency fluctuations averaged over an integration time

τ . Figure 7 plots the Allan deviation at integration

time τ = 1 s as functions of phase delay for different

feedback strength. The whole Allan deviation curves

during integration time τ ∈ (0.2, 100) can be found in

Fig. 8. The frequency stability of the oscillator varies

with the phase delay and variation pattern of the fre-

quency stability is observed evolutionary as feedback

strength increasing. For small feedback force, the res-

onator vibrates in linear regime. The Allan deviation
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Fig. 5 The schematic of the closed-loop system. The micro-resonator is 482 µm long, 12 µm wide, 25 µm thick respectively
and located in a vacuum below 0.1 Pa at room temperature. The drive signal is generated by HF2LI and added to the oscillator,
while the oscillation signal is reinjected into the HF2LI to create a closed-loop system after amplified by differential circuit.

is a monotonically decreasing function of phase delay,

and the frequency stability (red line in Fig. 7) and syn-

chronization region (green line in Fig. 6(e)) varies with

the phase delay with same pattern. The best frequency

stability corresponds to the minimum synchronization
bandwidth. However, interestingly, for larger feedback
strength (in nonlinear regime), the frequency stability
and synchronization region varies with the phase de-

lay with totally opposite pattern. The best frequency

stability and maximum synchronization bandwidth can

be achieved simultaneously. This means that for lin-

ear oscillator better frequency stability is achieved for
the price of the bandwidth of synchronization region,
while for nonlinear oscillator there exists a good balance

between the synchronization bandwidth and frequency

stability.

We can see that for longer integration time shown
in Fig. 8, the Allan deviation gradually getting smaller,

which means that the frequency stability of the oscilla-

tion frequency works in its synchronization regime grad-

ually tends to the stability of the signal generator as the

phase changes from 0◦ to 90◦. For a long time, the fre-

quency stability of synchronization tends to approach

the generator’s stability, this reminds us that for appli-

cation, a stable synchronization source will bring better

detection results.

4 Conclusion

In this paper, phase delay induced variation of syn-

chronization bandwidth and frequency stability in a

micromechanical oscillator subject to feedback tuning

was investigated. The expression for predicting the syn-

chronization bandwidth with phase delay is derived,

from which an additional dynamic extreme point φ0,2

is motivated by nonlinearity expect the traditional one

φ0,1 = π/2, which leads to three different variation pat-

terns (‘U’, ‘Anti-U’ and ‘M’) of synchronization band-

width. The evolution of the synchronization bandwidth

alters the distribution of frequency stability with phase
delay. For linear oscillator, the synchronization band-
width and the frequency stability have exactly oppo-

site variation pattern along phase delay, which implies

better frequency stability will be achieved for the price

of the bandwidth of synchronization region. However,

in nonlinear oscillators, the synchronization bandwidth

and the frequency stability are totally consistent, and
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Upper limit

Central frequency

Lower limit

(a) (b) (c)

(d) (e) (f)

Fig. 6 Measured synchronization region. a Measured synchronization region under sweep up and sweep down perturbation
at phase delay equals 60◦ and feedback force exciting voltage Vf = 400mV . The red line and the black line are the oscillation
frequency varying as the perturbation frequency sweep and down, respectively, and the orange region is the synchronization
region at this condition. b, c, d, e are measured synchronization region under a fixed VDC = 20V and vary Vf , where b (Vf

= 10 mV ,Vs/Vf = 0.1), c (Vf = 100 mV ,Vs/Vf = 0.1), d (Vf = 500 mV ,Vs/Vf = 0.02), e (Vf = 550 mV ,Vs/Vf = 0.02)(Vs

is the perturbation strength), where the blue line, red line and black line in b, c, d, e are measured upper limit, central
frequency and lower limit, respectively; f The measured synchronization bandwidth at Vf equals 10mV , 100mV , 500mV and
550mV , respectively. The purple arrow between two orange circles which are the peak values of synchronization bandwidth at
VDC = 500mV and VDC = 550mV represents the movement of the peak value from 60◦ to 55◦ as Vf varies from 500mV to
550mV .

there exists a good balance between the synchroniza-
tion bandwidth and frequency stability. The synchro-
nization bandwidth evolution presented here provides

a precise way for achieving best performance of a syn-

chronized MEMS oscillator in the sensor application.

We highlight that these results are applicable not only

to MEMS resonator but also to any type of synchro-

nized oscillator utilizing feedback.
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=20 V and Vf equals 10 mV ,200 mV ,400 mV and 550 mV
respectively, where scatters are measured results and real
line are the fit line of scatters. Red scatter (Vf =10 mV )
shows Allan deviation decrease as phase delay vary from 30◦

to 90◦ in linear regime, which has same variation pattern
with synchronization region (green line in Fig. 3). better fre-
quency stability is achieved for the price of the bandwidth of
synchronization region. Blue scatter (Vf=200 mV ), Purple
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the Allan deviation varies with phase delay for nonlinear os-
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synchronization region. At the same time, as the feedback
force strength increases, the most stable point of the self-
oscillation frequency also decreases from 90◦ to 0◦. There ex-
ists a good balance between the synchronization bandwidth
and frequency stability.
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