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An Intuitive Logic for Modeling Non-Local Hidden

Variable Problems

Keith Fox1, Tyler White2

Abstract

We present a notion of an un-measurable state, which we call an Anti-state and
derive a simple and intuitive logic for Anti-states. Anti-states are then used to
generate structures, which we call Anti-Structures. Theorems 3.25 and 4.2 yield
that Anti-Structures are able to model the context changes occurring in quantum
mechanics, which Kochen and Specker in [5] showed were un-modellable with
local hidden variables. In our Examples 3.28, 4.3, and 4.7 , we show that,
respectively, the orthohelium experiment (outlined in Kochen, Specker [5]), wave
functions, and entanglement all have Anti-Structure models. Our results give a
good contrast to the results of Kochen and Specker [5], and establish a limitation
on self reference for partial Boolean algebras. This limitation is not held by Anti-
Structures in general, and also does not seem to be a limitation that should be
put on our physics. The theorems and examples of this paper lead to a series of
questions regarding the expressiveness and a measure of contrivance for models
of quantum mechanics.

Keywords: Formal Language, Structure, Substructure, Semantics, Hidden
Variable, Superposition, Entanglement, Modeling.

1. Introduction

Although this paper is motivated directly by Kochen and Specker’s paper
on hidden variables [5], much of our discussion of their paper will draw from the
motivation and understanding of the underlying issues with modeling quantum
mechanics that has been given by: von Neumann, Beltramett and Cassinelli.
We draw heavily from the exposition of Dalla Chiara, Giuntini, and Greechie’s
text [7] and from Kochen paper [6], for the perspectives of von Neumann, Bel-
tramett and Cassinell. The goal of this paper can be seen as asking and partially
answering a question which is implicit in the approach to hidden variables taken
by Kochen and Specker in [5], and prior to that by von Neumann in [10] which
is outlined in [7]. Before stating the question, we motivate it by an excerpt
from the exposition on the no hidden variables argument taken from [7]. The
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following is a quote of Beltrametti and Cassinelli, given by van Neumann in
[10], where we have taken it as presented in [7]:

There will be a detailed discussion of the problem as to whether it
is possible to trace the statistical character of quantum mechanics
to an ambiguity (i.e., incompleteness) in our description of nature.
Indeed, such an interpretation would be natural concomitant of the
general principle that each probability statement arises from the in-
completeness of our knowledge. This explanation“by hidden parame-
ters”[...] has been proposed more than once. However, it will appear
that this can scarcely succeed in a satisfactory way, or more pre-
cisely, such an explanation is incompatible with certain qualitative
fundamental postulates of quantum mechanics.

Dalla Chiara, Giuntini and Greechie, then give a summary of the stance of
the hidden variable advocate ([5], section 13.4) which in the above von Neumann
was being critical of and to which he later would give a formal argument against.
Dalla Chiara, Giuntini and Greechie in section 13.4 of [5] essentially give the
following as the fundamental assumptions of the hidden variable advocate:

I the requirement that a given physical theory be statistical is a consequence
of the state set not giving a complete description of the system.

II A hidden variable set can be added as a set of parameters so that :

* for every state s and for every hidden variable ω, there exists a dispersion
free (dichotomous) state sω which semantically decides every event of the
system pertinent to it (in essence, this means that when sω is asserted with
regard to an event E, then a value of true or false is given, i.e. sω ∈ E is
either true or false).

* the statistical predictions of the original theory should be recovered by
averaging over these dichotomous states.

* the algebraic structure determined by the events of the system should be
preserved in the hidden variable extension.

Kochen, Specker in [5] and von Neumann in [10] are arguing against the above
assumptions when they argue against the existence of hidden variables. Dalla
Chiara, Giuntini and Greechie in [7] also address the notion of a contextual
hidden variable. Where a contextual hidden variable is at its heart a hidden
variable that directly labels states as being of concern to a given event. In
essence this would require that every set of measurements would need to be
written down and then when a given set of measurements is performed only
the states highlighted for this set are used. The argument against this being
that it is complicated and unnatural and to this point Dalla Chiara, Giuntini
and Greechie in [7] give the following statement by Beltrametti and Cassinelli
regarding the issue:
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Despite the absence of mathematical obstacles against contextual hid-
den variable theories, it must be stressed that their calling for com-
pleted states that are probability measures not on the whole propo-
sition [event] lattice E but only on a subset of E is rather far from
intuitive physical ideas of what a state of a physical system should
be. Thus, contextual hidden variable theorists, in their search for
the restoration of some classical deterministic aspects have to pay,
on other sides, in quite radical departures from properties of classical
states.

Dalla Chiara, Giuntini and Greechie’s outline of what a hidden variable
theory is meant to be makes it clear that a hidden variable ω gives a state
sω, where then sω gives information with regard to a pertinent event. The
question which motivates this paper is what can be attained in terms of modeling
quantum theory if we assume the existence of a non-information state (Anti-
state). The fundamental property of the Anti-state is that no statements in the
model can be made about an Anti-state (naturally, in the meta-theory we can
make statements about Anti-states). Assuming an Anti-states can exist, the
reader naturally sees that an Anti-state is not really a state. Furthermore, the
statement by Beltrametti and Cassinelli implies that Anti-states could do the job
of a contextual hidden variable. We use the Anti-state to build models that work
similarly to the aforementioned contextual hidden variable models. However, as
we will discuss in Section 3, the setup for the Anti-state arises in the foundations
of our logic when dealing with structures and potential substructures. In regards
to its fundamental existence it also has a very natural semantics.

We take Beltrametti and Cassinelli critique of the contextual hidden vari-
ables as a fundamental guideline for what any contextual model should avoid.
We also believe it highlights an issue of when a mathematician or physicist tries
to model a real-world object using a model that is too contrived to actually be
governed by any analogous fundamental principles. Under full acknowledgment
that there is no way for us to show that the principles governing our Anti-
state models of quantum theory have any real world counter part, and further
acknowledging that the foundational and natural properties of our Anti-state
in no way assert its correctness, we in Section 5 of this paper demonstrate in
Example 5.1 the necessity of Anti-states in giving mathematical models which
are expressive and can check their own truth(See Section 5 for our use of ex-
pressive). As we are a part of this universe and can check the truths of it, we
believe the preceding result does give some support for the use of our Anti-state.

The outline of this paper is as follows.

❼ In Section 2 we review the general outline of the set up of Kochen and
Specker’s paper [5].

❼ In Section 3 we establish the notion of an Anti-Structure |=A
A

which de-
fines our Anti-states. We give initial examples of Anti-Structure models
(Anti-state models) and we discuss how these models capture the context
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changes caused by measurement in quantum mechanics. The connection
between the Anti-Structure models and the context changes due to mea-
surement occurring in quantum mechanics is given by our Theorem 3.10
which establishes the necessary and sufficient conditions on a mathemati-
cal model for it to correctly assign truth to formulas representing context
change. We then with Example 3.11 demonstrate the effect of context
change due to measurement in an Anti-Structure. To fully understand
and extend our ability to model with Anti-Structures we define a system
3.14 which gives a set of formulas that are seen in Lemma 3.17 to be
unique to each Anti-Structure and in Theorem 3.18 is shown to always
give rise to an Anti-Structure. We note that Theorem 3.18 relating sys-
tems to Anti-Structures is analogous to the relationship consistent sets
of formulas have to structures in Gödels completeness theorem [1]. We
use the notion of a system to extend our modeling with Anti-Structures
to what we call simple contextual models (Definition 3.20). A contextual
model (see Definition 3.20) is anything that gives the truth of formulas
by reading the formula and looking up an ascribed truth value for the
formula, while our simple contextual model 3.20 gives a restriction of the
aforementioned contextual model, where then our Theorem 3.22 allows us
to generate Anti-Structure models which agree with the truth value of the
simple contextual model on formulas in its domain. Example 3.28 both
demonstrates that the set of measurements for the orthohelium example
of [5] can be captured by a simple contextual model but also that they
can be captured by an Anti-Structure where an Anti-Structure determines
truth outcomes for formulas by exactly the values taken by the terms of
the formulas. In Remark 3.28 we sum up the significance of giving an
Anti-Structure model for Kochen and Speckers orthohelium example by
noting that our model demonstrates the consistency of the statements:

i. No local hidden variable theory can account for the context change
in the experiment.

ii. The context change in the experiment occurs from exactly what can
be measured in the given experiment.

We proceed in Section 3 by motivating our use of operator Slowed (see
Definition 3.36) and the extension of our Anti-Structure models to rational
contextual models (see Definition 3.35), with the construction of example
3.33. Our example demonstration a notion of entanglement for simple con-
textual models and motivates our rational contextual models and Slowed
operator. We complete this section with Theorem 3.37 and its Corollary
3.39 which allow us to attain an Anti-Structure model for every rational
contextual model. The rational contextual models can be seen as giving
a loosening of the requirements for simple contextual models and as such
give a broader range of things which can be modeled by Anti-Structures
which culminates to the construction of probabilistic Anti-Structure mod-
els in 4.
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❼ In Section 4 we establish a notion of a probabilistic contextual model
4.1 to allow us to model the statistical nature of quantum mechanics.
We give our Second Model Completeness theorem 4.2, which shows that
our probabilistic contextual Models can be given with an Anti-Structure.
Similar to our operator Slowed we give an operator Spaced (see 3.37)
which allows us to easily give the proof of Theorem 4.2. We apply our
Theorem 4.2 to attain a model of all wave functions 4.3, and an example
of probabilistic models of both the double slit experiment 4.6, as well as
entanglement and the double slit experiment 4.7.

❼ Section 5 has subsections for: important pathological Examples 5.1, Com-
ments 5.2, and further Questions 5.3. Our subsection for pathological
examples gives Examples 5.1 and 5.2 which are pathological in the sense
that:

– Example 5.1 demonstrates that it is possible to have Anti-Structures
which can represent their own truth, where these Anti-Structures
support the theory of the natural numbers to the degree that any
standard structure, supporting the same degree of the theory of the
natural numbers, would not be able to represent their own truth in
accordance with Gödel’s incompleteness theorem see [1].

– Example 5.2 demonstrates how an Anti-Structure can be used to give
finite models of sets of statements S where every standard structure
model for S must be infinite.

In the exposition of this section we discuss some interesting similarities
the examples have to observed phenomena, where in the comments section
we discuss the consequences of Example 5.1 to a notion of expressiveness
(Definition 5.5) which partial Boolean algebras fail to be (see Comment
1 in Subsection 5.2). In the comments section we discuss the results of
this paper in the context of more general methods of assigning truth (see
Definition 5.3). Our discussion of the results of this paper to more general
methods of assigning truth leads to an interesting connection between the
necessity of the Plank length and a notion of existential crisis (see Defini-
tion 5.6). In the further questions section we turn much of the discussion
in the comments section into formal questions. Directly motivated by the
examples of this paper and discussed in the comments section (see Com-
ment 2 in Subsection 5.2) is the overall theme of our questions, which is
that of :

– Addressing the level to which a model of our universe must know
itself.

– Determining a standard for how natural versus how constructed any
given model of our universe is. This can be seen as establishing a
notion of how much of an appeal to external authority is required for
a given model to exist.
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2. Local versus Contextual Hidden variables

The 1968 paper by Kochen and Specker [5] showed that the mathematics
describing Quantum Mechanics gives partial Boolean algebras. The algebra was
partial in the sense that not every molecular sentence has meaning, even though
every atomic sentence always has meaning. They showed that there are partial
Boolean algebras arising from Quantum Mechanics that cannot be embedded
into a Boolean algebra. Kochen and Specker argue that if a scientist “believes
in hidden variables, he should be able to predict (in theory) the measured value
of every quantum mechanical observable.”[5] They turn an experiment on or-
thohelium into a finite partial Boolean algebra which is not embeddable in a
Boolean algebra. This leads to the contradiction that the spin angular momen-
tum in a certain direction of the electron must have two different spin values
simultaneously. Thwarting any scientists attempt to predict the outcome. This
establishes a local hidden variable cannot be used to model Quantum Mechan-
ics. However, if we assume that not all atomic sentences have a truth value,
arising from what we call an Anti-state, our Anti-state can be assigned to satisfy
the intent of a local hidden variable and give a mathematical model discerning
outcomes using fundamental and general logical principles.

The mathematical structure that we will use to model Quantum Mechan-
ics is called an Anti-Structure. This model will contain Anti-states which are
states in which no truth value can be discerned. That is, there are some states
that cannot be measured. While this seems like a strange assumption to make,
there are results in Modern Physics that have similar implications. For exam-
ple, Plank’s observation that amplitudes of light must come in discrete packets
(measurements of wave lengths which are not multiples of Plank’s constant can-
not exist), and the impossibility of measuring of a photon while traveling at the
speed of light. See Section 5.2 for further discussion.

We argue that this model has several advantages on the model presented in
[5]. The most significant, is that we are not faced with the limitations of using a
partial Boolean algebra. The limitation we are most concerned with (discussed
further in the sequel) is that a partial Boolean algebra is not expressive, which
yields that it cannot check it truth in a fundamental manner (See Example 5.1
and Section 5.2).

3. Anti-states, Anti-Structures and Basic Models of Contextuality

Crucial in understand a partial Boolean algebra is understanding the the
role the logical connectives play in the partial Boolean algebra, versus their
use in models given by standard logic. In understanding the standard logic
interpretation of the logical connectives used in a model, we must first make
clear statements of the form: In |=A, one sees (or doesn’t see) such and such.
To understand the nature of this statement, we note that Gödel’s completeness
theorem gives countable models for all sets of consistent first order formulas,
and more over there exists a consistent set of first order sentence which give the
first order theory of the real line [1]. In the aforementioned case we then have a
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structure A where |A| is countable, and |=A gives the first order theory of the real
line. Consequently, we would say |=A cannot tell that its cardinality is not equal
to the continuum. Perhaps a better example of this is seen in forcing, where
one has countable models Ai of ZFC (or significant parts of ZFC, see Kunnen’s
book on set theory and independence proofs [3]) where given the continuum
is c and the i’th uncountable cardinal is ωi for i ∈ N, we have |=A1

(c = ω1)
and |=A2

(c = ω2). We would then say that |=A1
sees the continuum as the

first cardinal after the cardinality of the natural numbers, and |=A2
sees the

continuum as the second uncountable cardinal, (see [3]). It should be noted that
in both cases there are countably infinite sets S1 and S2 where in |=Ai , Si is seen
to be c, so that |=Ai does not see the bijection from Si to the natural numbers
that we see in the meta theory (again we refer the reader to [3]). The underlying
interpretation of the statement can be given in the following: Given we have a
point set X, a set of functions F ⊆ {f |f : Xn → X where n ∈ N ∪ {0}} (note
N denotes the natural numbers here, and when n = 0, f denotes a constant), a
set of subsets P ⊆ {u|u ⊆ X}, and given a person, call him Peter, where Peter
wants to rationally study 〈X,F, P 〉, then Peter is assumed to have the following:

❼ A formal language L which allows Peter to give formulas in first order
logic.

❼ A tool |=A which when Peter takes a formula φ of the language L and a
variable assignment [v] and gives it to the tool as such |=A φ[v], then the
tool returns true or false, where the true means that φ under [v] is a true
statement about 〈X,F, P 〉, and the false would mean that it is not true.

In this context when we talk about what |=A sees, we are referring to what this
tool tells Peter about 〈X,F, P 〉. The mathematicians are not using said tool,
but rather studying Peters use of the tool, and Peter is only studying 〈X,F, P 〉.
The reason we are belaboring the explanation of how we view the the perspective
the mathematician has on |=A is to make it clear that in all instances of |=A,
the object it is returning information about is 〈X,F, P 〉 and only in the meta
theory do we study it’s relationship to the formulas of L. We study Peter,
how |=A works, and 〈X,F, P 〉, while Peter only studies 〈X,F, P 〉. To these
ends traditionally when we say that |=A gives a model of something, then that
something is of the form 〈X,F, P 〉 and our logical connectives ∨,∧,→,¬ as
well as our quantification ∀, ∃ and any formulas φ of our language are not a
part of 〈X,F, P 〉 and have no bearing on its nature. To note the contrast of
the interpretation of the logical connectives with regard to models in quantum
theory, to the classical interpretation we have given, we take from Kochens
paper [6], the following excerpt which is from Birkhoff and von Neumann in
[8], but we have it as it appears in [6]: “What experimental meaning can one
attach to the meet and join of two experimental propositions?” Where then
Kochen gives: “That question has never been adequately answered.” It is clear
from the preceding that the logical operators are in a different role in modeling
quantum mechanics, as apposed to their role in classical models as we gave
above. To motivate an understanding of this, we give an outline of the double
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slit experiment as described by Feynman in [2]. In his example Feynman has a
source which is emitting particles at a barrier wall, where there are two holes
or slits which we will call A and B. The other side of the barrier wall (relative
to the emitter) has a movable detector D, which is parallel to the barrier wall
(which we will call the back wall). When the experiment is conducted making
measurements at A and at B, the detector is moved over time to all positions
on the back wall and the data gives the following:

❼ A particle goes from source to back wall only after being measured at
either A or B. (this is not explicitly stated in [2])

❼ When particles are measured at A and B then they predominantly are
measured at the back wall directly behind A and B.

When the experiment is conducted making no measurement at A and B, the
detector at the back wall predominantly measures particles hitting in an inter-
ference pattern all along the back wall with the likely hood of being measured
directly behind A and B being diminished. From these two experiments we get
the following statements

1. All particles that hit the back barrier when measured at A or B must pass
through A or B and when a particle passes through A or B, then almost
always it is measured at the back wall directly behind A or B.

2. Almost all particles that hit the back wall will end up being detected in
an interference pattern and relatively few of the measured particles will
be measured directly behind A and B.

The contradiction here is clear. However, we give the above statements a more
symbolic look to see the exact form of this contradiction. To add some clarity
and simplify our setup we will alter statement (1) above by replacing almost all
with all, and we will alter statement (2) by replacing relatively few with none.
We will have AB(x), BW (x) and DB(x) be unary predicates where AB(x) will
represent the statements that x is measured at A or B, BW (x) will represent
that x is measured at the back wall and DB(x) will represent that x is measured
directly behind A and B. Given our point set is particles from the emitter we
then have from 1 and 2 the following statements:

I. ∀x[(BW (x) → AB(x)) ∧ (AB(x) → DB(x))]

II. ∃x[BW (x) ∧ ¬DB(x)]

It then follows that if both I and II are true, then the logically valid formula
(∀x((BW (x) → AB(x)) ∧ (AB(x) → DB(x)))) → ∀x(BW (x) → DB(x)) must
be false (Note logically valid formulas are always true in standard logic). We
note that the falsity of the preceding logically valid formula is exactly the type
of contradiction which is referenced by Kochen and Specker in [5] in their In-
troduction when they assert: It then follows from our results that there is a
formula ψ(x1, ..., xn) which is a classic tautology but is false for some meaning-
ful substitution of quantum mechanical propositions. We note that the above
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logically valid formula has a ((P → Q)∧(Q→ R)) → (P → R) as a tautological
counterpart in propositional logic. Taking the preceding logically valid formula
as φ, it is clear that in any traditional structure A of a language that contains
φ as a formula, we have |=A φ. The partial Boolean algebra of [5] allows for a
semantics where formulas such as φ can be false as is implied by the preceding
except from [5]. Shortly we will define |=A

A
and in Example 3.5 we will have a

|=A
A

where |=A
A
φ is false. Again the significance here will be in how naturally

|=A
A
follows from |=A. We refer the reader to [5] or [7] for how a partial boolean

algebra gives a semantics where formulas like φ can be false.
We now make reference to the structure partial Boolean algebras capture as

described in [4] in order make a connection to the Anti-state model described
in the sequel. As given in [4], the observables in quantum mechanics can be
represented as equivalence classes on the set of real valued partial functions
with domains a subset of a fundamental state space S. Taking an observable
to represent an attribute like momentum or position of a particle in motion,
the Heisenberg Uncertainty Principle implies that one could measure the mo-
mentum of said particle or its position, but not its momentum and position
at the same time. Thus, position and momentum should not be considered
co-measurable, and according to Kochen and Specker no element of one of
the equivalence class for the observable would share a domain with any ele-
ment from the other class. The underlying departure from the standard model
that we are making is to assume that a particle p is a sequence which moves
through unique, possibly measured, states. Without an Anti-state, a specific
particle p with only the properties of momentum and position would be of the
form p(1) = momentum1, p(2) = position2,...,p(2n − 1) = momentum2n−1,
p(2n) = position2n,...,etc, where momentumi ∈M and positioni ∈ P . Here M
and P would be point sets or possibly vector spaces. The addition of Anti-states
would then be accomplished by taking some of the points of M and P and re-
moving them from all of the sequences. See Section 4 for more on this specific
construction. To see that this can accomplish anything of value with regard
to modeling quantum mechanics and to understand the semantics required to
make such a notion applicable, we define an Anti-structure |=A

A
from a structure

|=A as follows:

Definition 3.1. Given a formula ψ we will call a variable x a terminal variable
of ψ if and only if there is an occurrence of x in ψ where x is not the argument
for a function symbol.

Definition 3.2. Given a formula φ we will have t ∈ ter(φ) if and only if there
is a formula ψ having a terminal variable x where the formula φ can be attained
by substituting t for x in ψ. We will call t ∈ ter(φ) a terminal term of φ. Note
ter(φ) may include constant symbols and variables, as well as arbitrary terms.

Definition 3.3. Given A is a structure for a first order language L and A ⊆ |A|
(so that |A|−A includes the set of Anti-states), we now define an Anti-Structure
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|=A
A
in two parts (see[1] for the definition of A).

I. We will have for all variable assignment s : V ar → A and all quantifier
free formula ψ that |=A

A
ψ[s] has the same truth value as |=A ψ[s] iff we

have both:

1. For all constants c occurring in ψ, it is the case that cA ∈ A. Note
that we are not necessarily referring to constants in ter(ψ) here.

2. For all t ∈ ter(ψ), we have t[s] ∈ A.

And |=A
A
ψ[s] will have no defined truth value otherwise.

II For all formulas φ having no free variables we define |=A
A
φ is (true/false)

recursively as follows:

From part (I) of this definition we have established the meaning of
|=A

A
ψ[s] for all quantifier free ψ and variable assignments s : V ar →

A.

* In what follows we establish the meaning of |=A
A
∀xψ[s] and

|=A
A
∃xψ[s] recursively for all variable assignments s : V ar → A and

all formulas ψ with an unquantified variable x. Since each quantifier
free formula has only a finite number of variables it will be the case
that for any quantifier free formula ψ and any variable assignment
s : V ar → A there is a finite number of steps that will allow us to
give meaning to |=A

A
φ[s] is true when φ is obtained by quantifying

all variables in ψ.

Given x is free in φ and we have a variable assignment where we have
established |=A

A
φ[s] has a truth value, then we will have:

1 |=A
A
∀xφ[s] is true if and only if for every variable assignment

s′ : V ar → A where for all y 6= x we have s′(y) = s(y) it holds
that if |=A

A
φ[s′] has a truth value, then |=A

A
φ[s′] is true. Note

that to determine the truth value for |=A
A
φ[s′] we would have to

apply our recursive definition.

2 |=A
A
∃xφ[s] is true if and only if there exists a variable assignment

s′ : V ar → A where for all y 6= x we have s′(y) = s(y) where
|=A

A
φ[s′] is true.

3. |=A
A
∀xφ[s] is false if and only if |=A

A
∃x¬φ[s] is true.

4. |=A
A
∃xφ[s] is false if and only if |=A

A
∀x¬φ[s] is true

Remark 3.4. When A ⊂ A gives a substructure the above definition of |=A
A
φ

agrees with the definition of |=A and consequently, when A gives a substructure
we have |=A

A
φ[s] ⇔|=A φ[s]. When A does not give a substructure, then we

will see that |=A
A

can be very pathological when it comes to sentences having
quantifiers (see Example 3.5). While for all quantifier free φ and all variable
assignments v if ter(φ)A[v] ⊆ A, then |=A

A
φ[v] is equal to |=A φ[v] and conse-

quently we also have
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{φ : φ is a quantifier free sentence and |=A
A
φ} =

{φ : φ is a quantifier free sentence where ter(φ)A ⊆ A and |=A φ} which
gives that |=A

A
is not entirely pathological. We also note that the preceding also

gives the base case for a straightforward proof by induction that for all sentences
ψ we will have |=A

A
ψ is exactly one of true, false or undefined.

Before we proceed with our initial examples we need to analyze the semantics
of |=A

A
with regard to the notion of what it sees, or to pull from our earlier

analogy what kind of tool is |=A
A

to Peter. Our fundamental assumption on
|=A

A
is that Peter only sees what is true and false and has no information or

knowledge directly given to him from |=A
A
where |=A

A
is undefined.

We say that Peter gets no such information directly from |=A
A

because we
do not wish to put any constraints on whether Peter is capable of having |=A

A
ψ

where ψ might encode a statement that |=A
A

is sometimes undefined. Note in
Section 5 we look at Gödel’s incompleteness and what it says about the class of
Anti-Structures and their expressibility. We note that Peter’s not being able to
see when |=A

A
is undefined is similar to when a countable |A| can be given where

|=A gives a model of ZFC, so that we would then say |=A does not know it is
countable (for reference on countable models of ZFC, see [3]). With regard to
the logical operators, to Peter they are in no way different than they are when
using |=A. Indeed, the way we have set up |=A

A
it is not the logical connectives

of a quantifier free formula φ that determine whether |=A
A
φ[v] has a truth

value under a given variable assignment v, but rather whether the value of the
terminal terms of φ under v are or are not in A. Here the terminal terms are
being considered the subject of φ and if those terms are not something we have
access to(in an Anti-state), then we should not be able to have them as the
subject of a statement φ which is interpreted to be asserting something about
their observed behavior.

So Peter is using standard logic to formulate statements in which the sub-
ject of the statements can be directly observed. It should be noted that we
are allowing for a terminal term (subject of a statement) to be arrived at by
processes that may not be observable (may be in an Anti-state). The only thing
determining when |=A

A
φ[v] has a truth value is whether the terminal terms of φ

under v have a value. This means that the task performed by |=A
A
on the quan-

tifier free formulas under a given variable assignment v is identical to taking
K = {tA[v]|t is a term of our language} ∩ A and looking at all of the formulas
φ where the subject of φ under v is a subset of K and then determining if these
formulas are true or false. In this sense when |=A

A
φ[v] is undefined what is

being said is that φ under v is not a formula who’s subject is from K ⊆ A. We
refer the reader back to Remark 3.4 which yields that |=A

A
does not necessarily

give all atomic sentences as having truth value. The reader will find this is a
substantive difference between the semantics of |=A

A
and the semantics given by

a partial Boolean algebra as presented in [7]. We have specifically neglected the
discussion of quantification to this point. To attain quantification of formulas
we are treating the set of all of the quantifier free formulas φ with a variable
assignment, which then have a truth value under |=A

A
, as the data set of what
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can be observed, and consequently if that set is complete for A, we can deduce
|=A

A
ψ for all sentences ψ.
The next few examples will highlight this semantic choice for |=A

A
.

Example 3.5. Letting |A| = {a, b, c} and L be the first order language consist-
ing of a constant symbol s and a unary function symbol f . If we take sA = a
and fA(x) = F where F (a) = b, F (b) = c and F (c) = a, then we have A gives a
well defined structure in the point set {a, b, c}. Taking A = {a, c} we now have
that b is our only Anti-state and we note the following about |=A

A
:

1. |=A
A
[(x = s) ∨ (x = ff(s))][v] is true for all variable assignments v with

range a subset of A and therefore we have
|=A

A
∀x [(x = s) ∨ (x = ff(s))] is true.

2. We now look at |=A
A
[f(x) = y][v], letting v range over all variable assign-

ments with range a subset of A. In this case we see that |=A
A
[f(x) = y][v]

returns a truth value only when v(x) = c, and is true only when v(x) = c
and v(y) = s and therefore we have
|=A

A
∀x ∃! y [f(x) = y].

3. Looking at |=A
A

[f(x) = ff(s)][v], while letting v range over all variable
assignments with range a subset of A,
we have that |=A

A
[f(x) = ff(s)][v] has a truth value only when v(x) = c

and in this case it returns a false, and therefore
|=A

A
∃x[f(x) = ff(s)] is false and therefore

|=A
A
∀x [f(x) 6= ff(s)] is true.

4. For |=A
A

[f(s) = y][v], letting v range over all variable assignments with
range a subset of A,
we have that |=A

A
[f(s) = y][v] never has meaning and consequently no

generalizations can be inferred for it.

5. For |=A
A

[f(x) = s][v], letting v range over all variable assignments with
range a subset of A,
we have that |=A

A
[f(x) = s][v] only has a truth value when v(x) = c and

in this case it is true and therefore we have
|=A

A
∀x [f(x) = s] is true.

The pathological nature of the above (specifically the fact that the conclusions
of 2,3 and 4 do not give a logically consistent set) might seem at first to be
a sign of irreconcilable problems with the approach. However, the redemption
of the Anti-Structure is in the fact that the above inconsistencies were arrived
at through a rational algorithmic process and that these contradictions have a
definable cause and an underlying structure governing them. There is zero mys-
tery as to the mechanism behind the above statements, and more importantly
this mechanism has been given as a well defined mathematical object where the
above set of statements were not painstakingly constructed into said mechanism
to give such pathological results, but rather were the natural consequence of sim-
ply removing a point from |A|. We remind the reader that the problem with
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modeling quantum mechanics is that no intuitive and natural mechanism seems
to be governing the kinds of contradictory statements that arise in the quantum
mechanics (we refer the reader to the outline of the double slit experiment given
in the preceding) .

3.1. Conditions for Anti-Structure

Proposition 3.6. For a structure A for a language having =, if A ⊂ |A|, then
A is not a point set for a substructure of A iff there exists a quantifier free
formula ψ and a variable assignment s : V ar → A where neither |=A

A
ψ[s] or

|=A
A
¬ψ[s] are true.

Proof. (⇒). If A is not a point set for a substructure then either there exists
a constant symbol c where cA /∈ A or there exists an n-ary function symbol
f and an s : V ar → A where f(x1, ..., xn)[s] /∈ A. If there is a constant
symbol c where cA /∈ A, then we have neither |=A

A
(c = c) or |=A

A
¬(c = c)

is true. If there exists an n-ary function symbol f and an s : V ar → A
where f(x1, ..., xn)[s] /∈ A, then neither |=A

A
(f(x1, ..., xn) = f(x1, ..., xn))[s]

nor |=A
A
¬(f(x1, ..., xn) = f(x1, ..., xn))[s] is true.

(⇐). If A is the point set for a substructure of A, then we have |=A
A

is |=A
and consequently for all formulas ψ exactly one of |=A ψ[s] or |=A ¬ψ[s] is true.
Corollary 3.7. The following are equivalent:

❼ A ⊆ |A| is not a point set for a substructure.

❼ There is a constant c or an n-ary function f where either cA /∈ A or there
are a1, ..., an ∈ A where fA(a1, ..., an) /∈ A.

❼ There exists a quantifier free formula ψ and a variable assignment
s : V ar → A where |=A

A
ψ[s] has no truth value.

❼ There exists a quantifier free formula ψ and a variable assignment
s : V ar → A where neither |=A

A
ψ[s] or |=A

A
¬ψ[s] are true.

3.2. Modeling Contextuality In The Double Slit Experiment; The Observer Ef-
fect For Anti-Structures.

By Contextuality in the double slit experiment we are referring to the contra-
dictory statements that we derived from the Feynman description of the double
slit experiment, which we gave in the preceding. By the observer effect we
mean the general form of the contradiction which was derived from Feynman’s
description of the double slit experiment and more generally statements about
what is measured in a quantum system which lead to the failure of a tautol-
ogy, see [5] or our reference to [5] given in the description of the double slit
experiment in the preceding. In this section we are specifically giving what we
call the observer effect in an Anti-Structure, while in Section 4 we will give a
more rigorous connection of the observer effect in an Anti-Structure to the use
of Anti-Structures in giving models of quantum mechanics and specifically the
examples given in Kochen and Speckers paper on hidden variables [5].
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Definition 3.8. Given A is a structure for a first order language L, we will have
that A ⊆ |A| has an Anti-state if and only if there exists a term t(x1, ..., xn) of
L and a variable assignment s with range in A where tA(s(x1), ..., s(xn)) /∈ A.

Definition 3.9. We say A ⊆ |A| demonstrates the observer effect if and only
if there exists a formula λ and a variable assignment s : V ar → A with |=A

A
λ[s]

true, where at least one of the following holds:

i. There exists terminal terms t1, ..., tn of λ, and there exists a constant free
term t(x1, ..., xn) where |=A

A
(λ ∧ (t(t1, ..., tn) = t(t1, ..., tn)))[s] doesn’t

have a truth value.

ii. There exists a terminal term t of λ and there exists an initial term t′ of t,
where |=A

A
(λ ∧ (t′ = t′))[s] has no truth value.

Theorem 3.10. For A ⊆ |A| the following are equivalent:

1. A demonstrates the observer effect.

2. A is not the point set of a substructure of A.

3. A has an Anti-state.

Proof. It is trivial to see that (1) ⇒ (2) ⇒ (3). That (3) ⇒ (1) can be seen as
follows. Suppose t(x1, ..., xn) is a term and a1, ..., an ∈ A so that tA(a1, ..., an) /∈
A. Taking s : V ar → A so that s(xi) = ai and λ to be the formula (x1 =
x1 ∧x2 = x2 ∧ ...∧xn = xn) we have x1,...,xn are the terminal terms of λ where
|=A

A
λ[s] is true while |=A

A
(λ ∧ (t(x1, ..., xn))[s] has no truth value. �

Example 3.11. In this example we give a simple model of the observer effect
as it occurs in the double slit experiment. We set up 〈ℓ,A〉 and S ⊆ |A| as
follows:

The non-logical symbols of ℓ will consist of a single unary function symbol
f and predicate symbols E, P1, P2, D1, D2, D3.

The point set |A| will be {1, 2, 3} × {1, 2, 3}.
We will have for n < 3,m ≤ 3, fA(n,m) = (n + 1,m) and for n = 3
fA(n,m) = (n,m).

We will take EA = {(1,m) : m ∈ {1, 2, 3}}, PA
1 = {(2, 1), (2, 2)}, PA

2 =
{(2, 3)}, and for m ∈ {1, 2, 3} take DA

m = {(3,m)}.
S = {(2, 1), (2, 3)} ∪ ({1} × {1, 2, 3}) ∪ ({3} × {1, 2, 3})

We give a model of the observer effect (Contextuality) on the double slit ex-
periment as follows: The point set |A| is meant to represent particles emitted
from a source EA, which move through slits PA

1 , PA
2 , and end at one of three

detectors given by DA
1 , D

A
2 , D

A
3 . The function fA gives the transition of the

particles from source to detectors.
When we only make an observation at the representative source E, and detectors
D1, D2, D3 we have the following for each i ∈ {1, 2, 3}:
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|{(f2)A(s(x)):s : V ar → S where |=S
A
(E(x) ∧Di(f

2(x)))[s]}| = 1

Which more simply stated says that the number of points that can be observed
at detector Di which transitioned there from a point observed at E our source
is 1. This is a very loose approximation of the banding pattern associated with
the double slit experiment. When we make the additional observation at the
slits we get the following:

❼ |{(f2)A(s(x)):s : V ar → S where
|=S

A
(E(x) ∧ (P1(f(x)) ∨ P2(f(x))) ∧D1(f

2(x)))[s]}| = 1

❼ |{(f2)A(s(x)):s : V ar → S where
|=S

A
(E(x) ∧ (P1(f(x)) ∨ P2(f(x))) ∧D2(f

2(x)))[s]}| = 0

❼ |{(f2)A(s(x)):s : V ar → S where
|=S

A
(E(x) ∧ (P1(f(x)) ∨ P2(f(x))) ∧D3(f

2(x)))[s]}| = 1

Which gives that with the additional observation at the slits P1, and P2 of points
transitioning from the source to the detectors, we have 1 point is detected at
each detector D1 and D3, and no points are detected at D2. If we take D1 and
D3 to be directly behind the slits P1 and P2, and D2 to sit between D1, and
D3, then we see that the additional observation has caused us to detect points
only directly behind the slits.

3.3. A General Completeness Theorem For Anti-Structures

Definition 3.12. We will call an Anti-Structure |=A
A
codified if and only if given

L is the language of the structure A, there exists a set of constant symbols C

in L where A = {cA : c ∈ C} where if a, b ∈ C with a 6= b then aA 6= bA.

A codified structure A, is the codified Anti-structure |=|A|
A

. When we have a
codified Structure A for a language L having constant symbols C

❼ We will take CV ar to be the set of variable to constant symbol assign-
ments.

❼ We then have for all variable assignments v we will have cv ∈ Cvar, so
that for all variables x, cv(x) is the constant where cv(x)A = v(x).

❼ For each formula φ and each cv ∈ Cvar we will take φ[cv] to be the formula
attained by substituting cv(x) for x in φ for each variable x occurring in
φ.

❼ For each term t of L and each cv ∈ CV ar we will take t[cv] to be the term
where the value of cv(x) is substituted for x into t for each occurrence of
x in t. And given m is a set of terms of L, then for all cv ∈ Cvar we will
have m[cv] = {t[cv]|t ∈ m}.

❼ If the set of constants of a language is designated by a symbol, say S or
C, then the set of variable to constant symbol functions will respectively
be designated as SV ar and CV ar. And for variable assignment v we will
substitute s and c for c in cv when we respectively have S or C in place of
C in the preceding.
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The following is an example of a codified Anti-Structure.

Example 3.13. We will take our language to consist of a constant symbol cn
for each n ∈ Z, a binary function symbol +, for every g : R → R which is
continuous a unary function symbol fg, and the binary predicates ≥ and =.
Our structure will be A where |A| = R, cAn = n, fAg = g and +A, ≥, = will have

their the usual meanings in R. Taking A = Z we now have that |=A
A
is a codified

Anti-Structure. We note that an interesting attribute of |=A
A

can be seen with
the formulas:

❼ φ1(x) equal to [1 ≥ fcos( xπ
4

)(x)∧ (fx2(fcos( xπ
4

)(x)) + fx2(fcos( xπ
4

)(x)) ≥ 1)]

❼ φ2(x) equal to [fx2(fcos( xπ
4

)(x)) + fx2(fcos( xπ
4

)(x)) ≥ 1]

Where then for v1(x) = 0 and v2(x) = 1 we have:

❼ |=A
A
φ1[v1] is true, while |=A

A
φ1[v2] has no meaning.

❼ |=A
A
φ2[v1] and |=A

A
φ2[v2] are true.

Abusing notation by substituting g for fg we might more clearly see the meaning
of the above two bullets if we state them as follows:

i. Under |=A
A

we have [1 ≥ cos(0) ∧ (cos(0)2 + cos(0)2 ≥ 1)] is true while
[1 ≥ cos(π4 ) ∧ (cos(π4 )

2 + cos(π4 )
2 ≥ 1)] has no meaning.

ii. Under |=A
A
we have both [cos(0)2+cos(0)2 ≥ 1] and [cos(π4 )

2+cos(π4 )
2 ≥ 1]

are true.

Where clearly i. and ii. are a consequence of the only formulas in |=A
A

having
meaning being the ones that have terminal terms which are integer number
values. Taking φ1 and φ2 to have terminal terms which represent measured
values, then we would have that their truth under a variable assignment is only
discernible when the measured values that they are statements about, have
natural number values. For further comment on the connection between the
above example and the use of the Plank constant please see Comment 2 in
Section 5.

This section pertains to what we call the general completeness theorem for cod-
ified Anti-Structures. We specify that this is a general notion of completeness
because even though it does specify the collections of formulas that can be
modeled by a codified Anti-Structure and even though the properties on these
collections of formulas(Systems) should apply to formulas generated from any
real world experiment, what it does not do is clearly define a process for taking
real world experiments and then deriving an Anti-Structure model of the exper-
iment. It is in Section 4 that we go over process for generating Anti-Structure
models for experiments as well as the Anti-Structure model for QED. We now
proceed with our set up for our general completeness theorem.
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Definition 3.14. Given L is a formal language and C is the set of constant
symbols of L, we have Y ⊆ {φ : φ is a variable free formula of L} is a system
for L if and only if all of the following hold:

1. For all c1, c2 ∈ C we have (c1 = c2) ∈ Y if and only if c1 and c2 are the
same constant symbol.

2. For all φ ∈ Y if t is a terminal term of φ, then ∃c ∈ C where (t = c) ∈ Y .

3. If Y |= ψ where ψ is a variable free formula of L and for all terminal terms
t of ψ there exists a c ∈ C where (t = c) ∈ Y , then ψ ∈ Y .

4. For all n-ary predicate symbols P if for c1, ..., cn ∈ C, P (c1, ..., cn) /∈ Y ,
then ¬P (c1, ..., cn) ∈ Y .

5. If {φ(t1), (t1 = t2)} ⊆ Y , then φ(t2) ∈ Y .

Remark 3.15. We note that Y is a consistent set of formulas, since Y being
inconsistent would yield that Y |= (a = b) for distinct constant symbols a and b
and then 3 above would yield (a = b) ∈ Y which would contradict requirement
1.

Proposition 3.16. Given |=A
A

is a codified Anti-Structure with language L,
then both of the following hold :

I. Y = {ψ|ψ is a variable free formula of L and |=A
A
ψ is true} yields Y is a

system.

II. If Y is as given above and |=B
B

is a codified Anti-structure also having lan-
guage L where Y = {ψ|ψ is a variable free formula of L and |=B

B
ψ is true},

then for all sentences ψ, |=A
A
ψ agrees with |=B

B
ψ.

Before we prove the above proposition we note that it is saying that codified
Anti-Structures give a system and that a system given for a codified Anti-
structure uniquely identifies the Anti-structure.

Proof. Taking C to be the constant symbols of L where A = {cA|c ∈ C}, the
proof of part (I) of the proposition can be given directly by noting that Y =
{ψ|ψ is a variable free formula where ter(ψ)A) ⊆ A and |=A ψ is true} where then
we have:

❼ Requirement 1 for Y being a system follows from the fact that for all
c ∈ C, ter(c = c)A = {cA} ⊂ A and we have |=A (c = c) is true.

❼ Requirement 2 for a system follows from the fact that if φ ∈ Y and if t is
a terminal term of φ, then tA ∈ A and therefore there exists a c ∈ C where
tA = cA and consequently |=A (c = t) is true and we have (c = t) ∈ Y .

❼ Requirements 3, 4 and 5 for Y to be a system follow directly from the fact
that Y = {ψ|ψ is a quantifier free sentence where ter(ψ)A ⊆ A and |=A ψ is true}.
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The proof of part (II) of the above follows from the subsequent lemma.

Lemma 3.17. Given A1 and A2 are structures for a language L and A ⊆
|A1| ∩ |A2| the following are equivalent:

❼ |=A
A1

φ[s] agrees with |=A
A2

φ[s] for all formulas φ and all variable assign-
ments s : V ar → A.

❼ For all n-ary predicates P , PA1 ∩An = PA2 ∩An and for all terms t and
for all a1, ..., an ∈ A, we have if tA1(a1, ..., an) ∈ A or tA2(a1, ..., an) ∈ A,
then tA1(a1, ..., an) = tA2(a1, ..., an). Note here we include = as a binary
predicate symbol.

Proof. We give a proof of the non-trivial direction.
Given A1 and A2 are structures for L and A ⊆ |A1| ∩ |A2|, suppose we have:

1. For each n-ary predicate P , PA1 ∩An = PA2 ∩An.
2. For each term t and all points a1, ..., an ∈ A if tA1(a1, ..., an) ∈ A or
tA2(a1, ..., an) ∈ A, then tA1(a1, ..., an) = ta2(a1, ..., an).

We give a proof by induction that for quantifier free formulas φ and variable
assignments s : V ar → A we have |=A

A1
φ[s] agrees with |=A

A2
φ[s] and note that

once we have shown this we will have that for all formulas ψ and all variable
assignments s : V ar → A, |=A

A1
ψ[s] agrees with |=A

A2
ψ[s].

Base Case. Suppose P (x1, ..., xn) is a predicate, t1, ..., tn are terms and
s : V ar → A.

It follows for an i ∈ {1, 2} we have |=A
Ai
P (t1, ..., tn)[s] has no truth

value if and only if there exists a j ∈ {1, ..., n} where tAij [s] /∈ A
and therefore as a consequence of our assumption 2 we would have
tA1

j [s] /∈ A and tA2

j [s] /∈ A. It follows from the preceding that we

have: (|=A
A1

P (t1, ..., tn)[s] has no truth value)⇔ ( there exists a

j ∈ {1, ..., n} where tA1

j [s] /∈ A) ⇔ ( there exists a j ∈ {1, ..., n}
where tA2

j [s] /∈ A) ⇔ (|=A
A2

P (t1, ..., tn)[s] has no truth value).

It follows from the above that: (|=A
A1

P (t1, ..., tn)[s] has a truth value)

⇔ (|=A
A2

P (t1, ..., tn)[s] has a truth value)⇔ (for all j ∈ {1, ..., n} we

have tA1

j [s] = tA2

j [s] ∈ A) (this follows from our assumption 2). Since

PA1 ∩An = PA2 ∩A it follows if for all j ∈ {1, ..., n} we have tA1

j [s] =

tA2

j [s] ∈ A, then 〈tA1

j [s], ...tA1

j [s]〉 ∈ PA1 ⇔ 〈tA2

j [s], ...tA2

j [s]〉 ∈ PA2

and consequently given for all j ∈ {1, ..., n}, tA1

j [s] = tA2

j ∈ A we

have |=A
A1

P (t1, ..., tn)[s] ⇔|=A
A2

P (t1, ..., tn)[s].

We note that given the above it is trivial to see that |=A
A1

¬P (t1, ..., tn)[s]
agrees with |=A

A2
¬P (t1, ..., tn)[s].
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We assume φ(x1, ..., xn) and ψ(y1, ..., ym) are quantifier free function sym-
bol free formulas where for all terms t1, ..., tn, r1, ..., rm we have for all
s : V ar → A that |=A

A1
φ(t1, ..., tn)[s] agrees with |=A

A2
φ(t1, ..., tn)[s] and

|=A
A1

ψ(r1, ..., rm)[s] agrees with |=A
A2

ψ(r1, ..., rm)[s].
We take s : V ar → A and t1, ..., tn, r1, ..., rm to be terms.

Let γ ∈ {φ(t1, ..., tn)∧ψ(r1, ..., rm), φ(t1, ..., tn)∨ψ(r1, ..., rm), φ(t1, ..., tn) →
ψ(r1, ..., rm)}.

It follows for i ∈ {1, 2} that |=A
Ai

γ[s] is undefined if and only if there

exists an l ∈ {t1, ..., tn, r1, ..., rm} where lAi [s] /∈ A and consequently
lA1 [s], lA2 [s] /∈ A which yields both |=A

A1
γ[s] and |=A

A2
γ[s] have no truth

value.

It follows from the preceding that:
(|=A

A1
γ[s] has a truth value or |=A

A2
γ[s] has a truth value)

⇔
(for all l ∈ {t1, ..., tn, r1, ..., rm} we have lA1 [s] = lA2 [s] ∈ A)
⇔
(|=A

A1
γ[s] and |=A

A2
γ[s] have a truth values)

⇔
( |=A

A1
φ(t1, ..., tn)[s] has the same truth value as |=A

A2
φ(t1, ..., tn)[s] and

|=A
A1

ψ(r1, ..., rm)[s] has the same truth value as |=A
A2

ψ(r1, ..., rm)[s])
⇔
(|=A

A1
γ[s] has the same truth value as |=A

A2
γ[s].) �

We now give our general completeness theorem for codified Anti-Structures.

Theorem 3.18. Given Y is a collection of variable free sentences for a lan-
guage L, we have Y is a system if and only if there exists a codified Anti-
Structure |=A

A
for L, where

Y = {φ : φ is a quantifier free sentence of L where |=AA φ}

Proof. We argue the non trivial direction of the theorem Suppose Y is a system
for a language L having constant symbols C where there does not exist a predi-
cate P and constant symbols c1, ..., cn ∈ C where P (c1, ..., cn)∧¬P (c1, ..., cn) ∈
Y .

We define classes for the set of variable free terms of L so that for a term t
the class of t will be t̄ = {r : r is a variable free term of L and Y |= (t = r)}.
To address the slight deviation with the stated definition of system, in this
argument we note: if we replace Y |= (t = r) in the above with the equiv-
alence relation t ∼ r iff either:

(t = r) ∈ Y or

there exists a term q(x1, ..., xn) (where x1, ..., xn may not occur in
q), and for i ≤ n there exists (gi = hi) ∈ Y , so that t is syntactically
the term q(g1, ..., gn) and r is syntactically the term q(h1, ..., hn),

19



then we will have:

for any term t and constant c, t ∼ c iff (t = c) ∈ Y

and taking t̄ to be the equivalence class for t under ∼ and substituting
this change into the construction of A below, it is easily checked that
a structure for Y is given.

Since the above ∼ gives a structure for Y where for any constant c and
any term t, (t = c) is true in the structure iff (t = c) ∈ Y , it follows
Y |= (t = c) iff (t = c) ∈ Y .

We take A to be the following structure:

|A| = {t̄ : t is a variable free term of L}.
For each constant symbol c we will have cA = c̄.

For each function symbol f we will have fA(r̄1, ..., r̄n) = f(r1, ..., rn).

For n-ary predicate P we will have 〈t̄1, ..., t̄n〉 ∈ PA if and only if
P (t1, ..., tn) ∈ Y .

We note A gives us a structure if and only if
for all n-ary function symbols f and all n-ary predicate symbols P , given
variable free terms t1, ..., tn, we have if Y |= (t′i = ti) for i ≤ n, then

– Y |= (f(t1, ..., tn) = f(t′1, ..., t
′
n)), so that fA(t̄1, ..., t̄n) = f(t1, ..., tn)

is a well defined function.

– P (t1, .., tn) ∈ Y if and only if P (t′1, ..., t
′
n) ∈ Y , so that PA is a well

defined subset of |A|n.
We now take A = {c̄ : c ∈ C} and show that
Y = {φ : φ is a quantifier free sentence of L where |=A

A
φ} by noting the

following:

i. For function free quantifier free formula φ(x1, ..., xn) and all variable
free terms t1, ..., tn we have (|=A

A
φ(t1, ..., tn) has a truth value) ⇔ (

there exists c1, ..., cn ∈ C where for i ∈ {1, ..., n}, (ti = ci) ∈ Y ).

ii. For all n-ary predicates P and all variable free terms t1, ..., tn we have
(|=A

A
P (t1, ..., tn) is true) ⇔ (P (t1, ..., tn) ∈ Y ).

iii. It follows from parts 2,3 and 4 of Definition 3.14 and parts (i) and
(ii) of this note that under the assumption that |=A

A
P (t1, ..., tn) has

a truth value we may take (ti = ci) ∈ Y for some ci ∈ C and we have
(|=A

A
P (t1, ..., tn) is false) ⇔ (P (t1, ..., tn) /∈ Y ) ⇔ (P (c1, ..., cn) /∈ Y )

⇔ (¬P (c1, ..., cn) ∈ Y ) ⇔ (¬P (t1, ..., tn) ∈ Y )).

iv. Since {¬P (t1, ..., tn), P (t1, ..., tn)} ⊆ Y would yield Y is not consis-
tent, which is in contradiction with the definition of Y , it follows
if ¬P (t1, ..., tn) ∈ Y , then P (t1, ..., tn) /∈ Y . It follows from the
preceding that if ¬P (t1, ..., tn) ∈ Y , then there exists c1, ..., cn ∈ C

where (ti = ci) ∈ Y and consequently |=A
A
P (t1, ..., tn) has a truth

value where P (t1, ..., tn) /∈ Y yields |=A
A
¬P (t1, ..., tn) is true.
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v. From (i-iv) of this note we have

✯ Y ∩{P (t1, ..., tn) : t1, ..., tn are variable free terms and P is a predicate symbol}
= {P (t1, ..., tn) : t1, ..., tn are variable free terms and |=A

A
P (t1, ..., tn) is true}.

✯ Y ∩{¬P (t1, ..., tn) : t1, ..., tn are variable free terms and P is a predicate symbol}
= {¬P (t1, ..., tn) : t1, ..., tn are variable free terms and |=A

A
¬P (t1, ..., tn) is true}

vi. If φ is a variable free formula, then taking
∆1 = {P (t1, ..., tn) : P (t1, ..., tn) occurs in φ and |=A

A
P (t1, ..., tn) is true}

and
∆2 = {¬P (t1, ..., tn) : P (t1, ..., tn) occurs in φ where|=A

A
¬P (t1, ..., tn) is true}.

From Remark 3.4 we have
(|=A

A
φ is true) ⇔

({t̄ : t ∈ ter(φ)} ⊆ A and |=A φ)⇔
({t̄ : t ∈ ter(φ)} ⊆ A and |=A

∧

(∆1 ∪∆2)).
It follows
(|=A

A
φ is true)⇔ ({t = t : t ∈ ter(φ)} ⊆ Y and ∆1 ∪ ∆2 |= φ) and

from (v) of this note we also have ∆1 ∪ ∆2 ⊂ Y . From part 3 of
Definition 3.14 we conclude that (|=A

A
φ is true)⇔ (φ ∈ Y ) . We note

that in the preceding, we make use of the fact that Y is consistent
and that we have either (∆1 ∪∆2) |= φ or (∆1 ∪∆2) |= ¬φ .

�

Remark 3.19. We point out that in the above A = {c̄|c ∈ C} along with
fA ↾ A and PA ∩ An (for n-ary predicate P ) are all definable from Y without
having to define A (noting that fA ↾ A is a partial function). We then have
that we do not need |A| − A to define truth for our Anti-Structure, so that
our Anti-states represent no tangible points but rather are no information in
an absolute sense (they are naming nothing, and the Anti-Structure makes no
statements true or false about them). If a system Y is taken as an absolute
record of everything that could possibly be observed, then the preceding gives
that we can give our Anti-Structure from only the observed values, leaving terms
undefined (and thus in an Anti-state) if Y has no record of them having a value.

Before we give our first model completeness theorem we must give some for-
mal definitions which will allow us to have a mathematical notion of experiment.

Definition 3.20. Given L is a first order language having set of constant sym-
bols C and set of variable symbols V , and given κ is a cardinal, we define a
κ-contextual model for L as follows:

❼ For i ∈ κ anmi ⊆ {t|t is a constant free term of L and t is not a variable}
where |mi| < ω0 and for i 6= j, mi 6= mj . We call each mi a set of mea-
surables for the σ-contextual model.

❼ We define

Fi = {φ|φ is a quantifier free formula of L and ter(φ)− (C ∪ V ) = mi}
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❼ For i ∈ κ a structure Ai for L is selected.

❼ Let V arAi denote the set of variable assignments for Ai.

❼ Contx :
⋃

i∈κ
(Fi × V arAi) → {true, false} such that for 〈φ, v〉 ∈ Fi × V ari

we have Contx(φ, v) = (|=Ai φ[v]).

Definition 3.21. Given L is a first order language having the set of constant
symbols C and the set of variable symbols V , and given m is a collection of
constant free terms of L, if A is a codified structure for the language L where
t is a variable free term of L, then t will be constructable from m under A if
and only if given Y0 = {φ[cv]|ter(φ)− (C ∪ V ) ⊆ m and |=A φ[cv] is true} and
Yn+1 = {φ(t)|∃ {φ(t′), (t′ = t)} ⊆ Yn}, there exists a c ∈ C where

(t = c) ∈
⋃

n∈N

Yn. We will denote the set of constructable terms from m under

A as Con(m,A).

Definition 3.22. Contx is a κ-simple contextual model, if and only if the fol-
lowing hold:

i. Contx is a κ-contextual model for a language L. We take constant symbols
of L as being given in an enumeration, where cα denotes the α’th constant
symbol in the enumeration, and I is the index set for the enumeration.
We will assume L represents the language of Contx for our remaining
requirements.

ii. For all i ∈ κ, if |Ai| 6= Ø, then |Ai| = {cAiα |α ∈ I}. And for all i ∈ κ, if
|Ai| 6= Ø, then |=Ai cl 6= cj is true for each l 6= j from our index.

iii. For all predicates P of the language L, if P is an m-ary predicate, then for
all 〈a1, ..., an〉 ∈ {cα|α ∈ I}n, (|=Ai P (a1, ..., an)) = (|=Aj P (a1, ..., an))
for all i, j.

iv. We have

∆i = {φ[cv]|φ ∈ Fi, cv ∈ CV ar and (|=Ai φ[cv]) is true}

v. We now require that if there exists a cv ∈ CV ar where t[cv] ∈ mi[cv] ∩
Con(mj ,Aj), for i 6= j and it is not the case that there exists r[cv] ∈ mi[cv]
where:

a1. r[cv] /∈ Con(mj ,Aj),

a2. and r[cv] shares a sub-term with t[cv] so that we might have (r[cv]
is a sub-term of t[cv]) or (t[cv] is a sub-term of r[cv] ),

, then there exists a b ∈ C where we have tAi [cv] = bAi and tAj [cv] = bAj .

When κ does not need to be explicitly named a κ-simple contectual model may
be refered to as a simple contextual model.
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Definition 3.23. An experiment will be said to have a simple contextual model
if and only if

❼ The experiment has a first order language L describing all measurements
and outcomes of measurements made in the experiment. The set of con-
stants of L will be C and the set of variables for L will be V .

❼ The measurements of the experiment are described by formulas φi for
i ≤ n ∈ N and mi = ter(φi) − (C ∪ V ). The act of measurement and its
outcome is represented by checking to see if φi[cv] is true for cv ∈ CV ar.
The semantics here is that cv is setting the variables of φi to constants
represents a selection of initial and final conditions for the experiment and
then we observe the real world representations of the terms of φi under
these conditions to determine if φi[cv] is true.

❼ There exists a simple contextual model Contx for L and m1, ...,mn, ...
where ∆i is a collection of quantifier free statements which the experiment
gives as true under the measurement given by the terminal terms of φ. We
have that if there exists a φ where ter(φ)−(C∪V ) = mi and a cv ∈ CV ar
where ψ equals φ[cv] and ψ is given as true by our experiment when we
are looking at mi[cv] (see the preceding bullet point), then ψ ∈ ∆i.

Definition 3.24. Given L is a first order language with constant symbols C,
then πφ ∈ πForm(L) if and only if there exists a formula φ of L where:

❼ For each c ∈ C we have a variable zc /∈ L. We take cs(φ) to be the set
of constants from C which occur in φ and we take φ′ to be the formula
where cs(φ′) = Ø and replacing each occurrence of zc in φ

′ with c gives φ.

❼ φ′′ =
∧

c∈cs(φ)
(zc = c),

❼ Given cs(φ) = {c0, ..., cn} we take φ∗ = ∃zc0 , ..., ∃zcn(φ′′ ∧ φ′) .

❼ We have a unary function symbol π /∈ L where then πφ is the formula
given by replacing each terminal term t of φ∗ with π(t). Note that the
variable x in ∀x and ∃x is not an occurrence of a terminal term and this
will hold for all variables.

We will take πL to be the language of πForm(L)

Theorem 3.25. First Model Completeness Theorem
Given Contx gives a κ- simple contextual model for a language L having the set
of constants C , variable set V , and for i ∈ κ set of measurables mi, there exists
an Anti-Structure |=A

A
for a language which includes πL, where for all i ∈ κ and

for all φ with ter(φ)−(C∪V ) = mi and all variable assignments v ∈ V arAi, we
have Contx(φ, v) = (|=A

A
π(φ[cv])). Note that cv was given in definition 3.12.

Proof. Since Contx is a κ-simple contextual model it follows it is also a κ-
contextual model and therefore for each mi we have a structure Ai where:
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❼ For all i ∈ κ if |Ai| 6= Ø, then |=Ai (cl 6= cj) is true when l 6= j and
|Ai| = {cAiα |α ∈ I}. Where cα is the α’th constant in an enumeration of
the set of constants of L when the index of the enumeration is I. Note
C = {cα|α ∈ I}

❼ If φ is a formula of L and ter(φ) − (C ∪ V ) = mi, then for all variable
assignments v for Ai we have Contx(φ, v) = (|=Ai φ[v])

We have the following for C:

❼ For each c ∈ C and each i ∈ κ where |Ai| 6= Ø, we take a new constant
ci 6∈ C where for i, j ∈ κ and a, b ∈ C we have ai 6= bj if i 6= j or a 6= b. We
take C = C ∪ {ci|c ∈ C ∧ i ∈ κ∧ |Ai| 6= Ø} and for i < κ, Ci = {ci|c ∈ C}.

❼ We take Li to be a language where Ci ⊂ Li and Li − Ci = L− C.

❼ For a formula φ of L we will take φi to be the formula of Li given by
substituting for each occurrence of a constant c in φ the new constant ci.

❼ We take A∗
i to be the structure where if v is a variable assignment for Ai

and φ is a formula of L, then (|=Ai φ[v]) = (|=A∗
i
(φ[cv])i). Note that

given the preceding is true we have:

* For all i ∈ κ if |Ai| 6= Ø, then |=A∗
i
cil 6= cij is true when l 6= j and

|A∗
i | = {(ciα)Ai |α ∈ I}

❼ We take ∆i as given in the definition of Contx being a κ-simple contextual
model. We let ∆

′

i = {ψi|ψ ∈ ∆i} and we note that since |=Ai ψ is true

for all ψ ∈ ∆i we have |=A∗
i
ψi for all ψi ∈ ∆

′

i

❼ We take

∆
′′

i = ∆
′

i ∪ {t = ci|t ∈ Con(mi,A
∗
i ) ∪ Ci and |=A∗

i
(t = ci) is true}

And

∆∗
i = ∆

′′

i ∪ {φ(t)|∃{φ(t′), t = ci, t′ = ci} ⊆ ∆
′′

i } ∪ (
⋃

l 6=m
{cil 6= cim})

❼ We let

Γ1 = {p(a1, ..., am)|a1, ..., am ∈ C ∧ p ∈ P ∧ (|=A∗
i
p(ai1, ..., a

i
m) is true)}

and

Γ2 = {¬p(a1, ..., am)|a1, ..., am ∈ C ∧ p ∈ P ∧ (|=A∗
i
¬p(ai1, ..., aim) is true)}

where P denotes the set of predicate symbols of L. Let Γ = Γ1 ∪ Γ2
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To attain our Anti-Structure we take:

Y ′ = Γ∪{c = c|c ∈ C}∪{(π(a) = c|c ∈ C and a = c or a = ci for i ∈ κ}∪
⋃

i∈κ
∆∗
i

and show that Y ′ can be extended to a consistent system for the language

L = πL ∪
⋃

i∈κ
Li.

We now have the following for Y ′:

❼ Every formula of Y ′ is a quantifier free sentence of L (equivalently a vari-
able free formula of L)

❼ If t is a terminal term of ψi ∈ ∆∗
i , then t is a variable free term of Li and

there exists a constant ci of Li where t = ci ∈ Y ′. Note that t being a
variable free term of Li and |A∗

i | = {(ciα)Ai |α ∈ I} yields that there must
exist a ci where |=A∗

i
(t = ci).

❼ We see that Y ′ is a consistent set of sentences as follows:

a. We have that if η ∈ ∆∗
i , ρ ∈ ∆∗

j where i 6= j and if σ ∈ Γ∪{c = c|c ∈
C} ∪ (

⋃

l 6=m
{cl 6= cm}), then η, ρ and σ are quantifier free sentences

sharing no constant symbols. We also have the consistency of ∆∗
i

implies the consistency of Γ∪{c = c|c ∈ C}∪ (
⋃

l 6=m
{cl 6= cm)}) where

it is easily seen that ∆∗
i ⊆ {ψ|ψ is a sentence and |=A∗

i
ψ is true} for

all i ∈ κ, yields that each ∆∗
i is a consistent set of quantifier free

sentences. It follows from the preceding that

(Γ ∪ {c = c|c ∈ C} ∪ (
⋃

l 6=m
{cl 6= cm}) ∪

⋃

i∈κ
∆∗
i

is a consistent set of sentences. The proof of the preceding follows
from the claim that given S is a finite set of quantifier free sentence
where each sentence in S is satisfiable and no pair of sentences of
S share any constant symbols, then S is satisfiable. More over we
note that for the S given in the preceding that S is satisfiable by a
structure B where if ψ1, ψ2 ∈ S with ψ1 6= ψ2 and ai is a constant
symbol of ψi, then aB1 6= aB2 . To be more clear we are using the

claim to attain that ({c = c|c ∈ C} ∪ (
⋃

l 6=m
{cl 6= cm}) ∪

⋃

i∈κ
∆∗
i is

finitely satisfiable and therefore by the compactness theorem for first
order logic, is satisfiable. We also note that if X1,...,Xn are finite sets
of formulas each a subset of a different one of the sets ({c = c|c ∈
C}∪(

⋃

l 6=m
{cl 6= cm}) or ∆∗

i ∪(
⋃

l 6=m
{cil 6= cim} for some i ∈ κ, then

∧

Xj
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is a single formula and if S = {∧X1, ...,
∧

Xm}, then each formula
of S would be a quantifier free sentence sharing no constant symbols
with any other formula of S, and then S is satisfiable if and only if
⋃

j≤m
Xj is satisfiable.

b. Taking B to be a structure for the language

C ∪
⋃

i∈κ
Li

with B a model of

Γ ∪ {c = c|c ∈ C} ∪
⋃

i∈κ
∆∗
i ∪ {a 6= b|a, b ∈ C [a 6= b]}

We note that we can add the unary function symbol π to C ∪
⋃

i∈κ
Li

and extend our structure B to B′ so that πB
′

(ci)B
′

= cB
′

to attain
a structure for our extended language. We note that B′ is a model
of Y ′ and therefore Y ′ is consistent.

To attain our consistent system Y for L we give:

❼ We take

Ψ1 = {ψ|ψ is a variable free formula of L and ∀ t ∈ ter(ψ)∃ c ∈ C[t = c ∈ Y ′]}

and

Ψ = {ψ|ψ is a variable free formula of L− {=} and ∀ t ∈ ter(ψ)∃ c ∈ C[t = c ∈ Y ′]}

❼ We take Σ1 to be equal to the consequences of Y ′.

❼ Given Σ is a maximal set of consistent formulas in our language, where
Σ1 ⊆ Σ, we take Y to be the consequences of (Σ∩Ψ)∪ (Σ1∩Ψ1) intersect
Ψ1.

To see that Y is a consistent system we note the following:

❼ Condition 1 for being a system is met by Y , since given a ∈ C there exists
a c ∈ C where either a = c or a = ci and then we have either c = c ∈ Y ′

and ci = ci ∈ ∆∗ ⊂ Y ′.

❼ Condition 2 of our requirements for Y being a system is meet because for
all ψ ∈ Y we clearly have ψ ∈ Y ⊆ Ψ1 and therefore by definition for all
t ∈ ter(ψ) there exists a c ∈ C where t = c ∈ Y ′ ⊆ Y

❼ Requirement 3 follows from the fact that Y is a subset of Ψ1 and Y is
closed under logical consequence in ψ1.
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❼ Requirements 4 for Y being a system and the requirement for Y being
a consistent system are clearly fulfilled, since (Σ ∩ Ψ) ⊆ Y where Σ is a
maximal set of consistent formulas on our language and

(
⋃

{{p(a0, ..., am),¬p(a0, ..., am)}|(m ∈ κ) ∧ (p ∈ Pm) ∧ (a0, ..., am ∈ C)}) ⊆ Ψ

where Pm denotes the set of all m-ary predicate symbols of our language.

❼ Requirement 5 is seen to be satisfied by our construction of each ∆∗
i and

the comment dealing with (Y |= (t = c) if and only if (t = c) ∈ Y ) found
in the proof of Theorem 3.18.

We take |=A
A
to be the Anti-Structure giving the system Y , where from the proof

of Theorem 3.18 we have A = CA . We take for any finite set of terms S of L

dom(S) = {v|v is a variable assignment and |=A
A

∧

t∈S
(t = t)[v] is true}.

We note the following:

1. If given φ is a formula of C ∪
⋃

i∈κ
Li and ψφ is the formula where φ is given

by replacing in ψφ each occurrence of π(t) with t, for each πt ∈ ter(ψ)
where ter(φ) ∩ ter(ψ) = Ø, then we have:

i. If p is an m-ary predicate and a1, ..., am ∈ C, then because
Γ ∪ {(π(a) = c)|c ∈ C and a = c or a = ci for i ∈ κ } ⊆ Y we have
for bj ∈ {aj} ∪ {alj |l ∈ κ} that

(|=AA p(a1, ..., am)) = (|=A∗
i
p(ai1, ..., a

i
m)) = (|=AA p(π(b1), ..., π(bm)))

ii. From (i) above a simple proof by induction on the quantifier free
sentences yields that if φ is a quantifier free formula of L with ter(φ)−
(C ∪ V ) = mi and v ∈ V arAi, taking Φ to be (φ[cv])i and vi(x) =
(cv(x)i)A

∗
i , we note that {Φ,¬Φ} ∩ Y 6= Ø and therefore:

Contx(φ, v) = (|=Ai φ[v]) = (|=A∗
i
Φ) = (|=AA (φ)i[vi]) = (|=AA ψφ[v

i])

2. Taking vz to be any variable assignment where for c ∈ C we have vz(zc) =
cA we have the following:

i. For a quantifier free formula φ of L where ter(φ)− (C ∪V ) = mi and
a variable assignment v ∈ V arAi, if (φ[cv])

′ is the formula given in
the definition of π(φ[cv]), then φ[cv] is the formula (φ[cv])′[cvz] and
if vzi is the variable assignment vzi(zc) = (ci)A

∗
i , then taking ψφ as

defined in (1) above and applying the result of 1, we have

Contx(φ, v) = (|=AA ψ(φ[cv])′ [vz
i])
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– Noting that if (φ[cv])′′ is as given for the definition of π(φ[cv]), then
ψ(φ)′′ is the formula

∧

c∈cs(φ[cv])
(π(zc) = π(c))

and therefore |=A
A
ψ(φ)′′ [vz

i] is always true.

It follows from i and ii above, that if Contx(φ, v) is true, then
|=A

A
ψ(φ)′′ ∧ ψ(φ)′ [vz

i] is true. Noting that π(φ[cv]) is the formula
∃ zc0 , ..., ∃ zcn(ψ(φ)′′ ∧ ψ(φ)′), we have that if Contx(φ, v) is true, then |=A

A

π(φ[cv]) is true.

3. Given φ is any quantifier free formula and v is any variable assignment for
|=A

A
, then it follows from 1i above that if η is attained from φ by replacing

any constant symbol ci( for c ∈ C with c0 = c) which is an argument for a
predicate of φ with the constant symbol cj(note for the same c ∈ C which
gives ci), then (|=A

A
ψφ[v]) = (|=A

A
ψη[v]).

It follows given φ is a formula of L where ter(φ) − (C ∪ V ) = mi, and
v ∈ V arAi, taking (φ[cv])

′′

and (φ[cv])′ to be the formulas given in the
definition of π(φ[cv]), if ∀ s ∈ dom(mi) and ∀ t ∈ ter(φ) − (C ∪ V ), we
have (πt)A[si] = (πt)A[s], then:

i. We assume s is a variable assignment where |=A
A
ψ((φ[cv])′′∧(φ)′)[s] is

true. We note:

ii. Given |=A
A
ψ((φ[cv])′′∧(φ)′)[s] is true, by definition we then have |=A

A

ψ(φ[cv])′ [s] is true.

iii. From our assumptions on φ we have that if t(a1, ..., am) ∈ ter(φ[cv])−
C for constants a1, ..., am ∈ C, then

(πt(za1 , ..., zam))
A[si] = (πt(za1 , ..., zam))

A[s]

.

iv. Taking η to be the formula that is attained from (φ[cv])′ by replacing
each terminal occurrence of a variable za with the constant c ∈ C

where s(za) = cA and leaving all other occurrences of variables the
same, it follows from iii that (|=A

A
ψ(φ[cv])′ [s]) = (|=A

A
ψη[s

i]).

v. From the opening part of 3 above we have that if ρ is the formula
attained by replacing each terminal constant symbol cj(where c ∈ C
and j is allowed to equal 0 with c0 = c) of η with ci, then (|=A

A

ψρ[s
i]) = (|=A

A
ψη[s

i]). We note that (|=A
A
ψ(φ[cv])′ [s

i]) = (|=A
A
ψρ[s

i])
and therefore |=A

A
ψ(φ[cv])′ [s] is true, gives |=A

A
ψη[s

i] is true, gives
|=A

A
ψρ[s

i] is true, gives |=A
A
ψ(φ[cv])′ [s

i] is true.

vi. From (i-v) above having |=A
A
π(φ[cv]) is true yields there exist a

variable assignment s where |=A
A
ψ((φ[cv])′′∧(φ)′)[s] is true, which yields
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|=A
A
ψ(φ[cv])′ [s] is true and consequently |=A

A
ψ(φ[cv])′ [s

i] is true. From
1 above we have |=A

A
ψ(φ[cv])′ [s

i] is true, gives |=A
A

((φ[cv])′)i[si] is
true where (φ[cv])′ being constant free yields it is the same formula
as ((φ[cv])

′

)i and therefore we have |=A
A
(φ[cv])′[si] is true. We now

have |=A
A
π(φ[cv]) is true, gives |=A

A
((φ[cv])′)[si] is true, where noting

si(zc) = (ci)A we then have

(|=AA (φ[cv])′[si]) ⇒ (|=AA (φ[cv])i) ⇒ (|=Ai φ[v]) ⇒ Contx(φ, v)

and therefore under our assumptions for φ and mi, we have
|=A

A
π(φ[cv]) is true, gives there exist a variable assignment s where

|=A
A
((φ[cv])′)i[si] is true, which gives Contx(φ, v) is true.

From 1,2, and 3 directly above, we have that if ∀ i ∈ κ ∀ s ∈ dom(mi),∀ t ∈
mi, it is the case that (πt)

A[si] = (πt)A[s], then for all v ∈ V arAi and all quan-
tifier free formulas φ where ter(φ)− (C ∪ V ) = mi, we have Contx(φ, v) = (|=A

A

π(φ[cv]).

We complete this proof by showing ∀ i ∈ κ ∀ s ∈ dom(mi),∀ t ∈ mi, it is
the case that (πt)A[si] = (πt)A[s].
To these ends we give the following:

b1. Given t(x1, ..., xn) is a constant free term of L, r is a variable free term of L
and a1, ..., an ∈ C, then from our construction of Y , we have t(a1, ..., an) =
r ∈ Y if and only if there exists b1, b2 ∈ C, where {t(a1, ..., an) = b1, r =
b2} ⊆ Y ′ and (b1 = b2) ∈ Y . It then follows that b1 and b2 must be
the same constant symbol and that there must exist an i < κ where
{t(a1, ..., an) = b1, r = b1, t(a1, ..., an) = r} ⊆ ∆∗

i . We now note that we
also have:

I*. t(a1, ..., an) ∈ Con(mi,A
∗
i )

b2. For a constant free term t of L, it follows from the preceding and the fact
Y is the system for |=A

A
, that if for all i ∈ κ, {a1, ..., an} − Ci 6= Ø, then

|=A
A
t(a1, ..., an) = t(a1, ..., an) is undefined.

b4 . From the construction of Y , π(t(a1, ..., an)) = c ∈ Y if and only if there
exists an i < κ where t(a1, ..., an) = ci ∈ Y ′.

b5. For cs ∈ CV ar we will take csi ∈ CV ar to be the variable to constant
assignment where csi(x) = ci if and only if cs(x) = cj for any j < κ
and any given c ∈ C( We will allow j = 0 and have c0 = c). We will
take cs ∈ CV ar so that for all variables x there exists an lx < κ where
cs(x)lx = cs.

b6. We note that if our condition v of the definition of a simple contextual
model holds, then the condition must also hold when we replace C with
Ci in the antecedent, and both cv with cvi, and Ai with A∗

i , Aj with A∗
j
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throughout the statement. To show that for t ∈ mi and s ∈ dom(mi)
we have |=A

A
πt[s] = πt[si] is true (equivalently πtA[s] = πtA[si] under

our assumptions on t and s), we give a proof by contradiction. To these
ends we suppose t ∈ mi, s ∈ dom(mi) and |=A

A
πt[cs] 6= πt[csi] is true. It

follows:

a. From the above we have c1, c2 ∈ C and j < κ where c1 6= c2, i 6= j
and t[cs] = cj1 ∈ ∆∗

j while t[csi] = ci2 ∈ ∆∗
i . Note i = j would yield

t[cs] is t[csi] and we would immediately be in contradiction with our
assumptions. Note that we also have that if x is a variable occurring
in t, then cs(x) ∈ Cj and therefore t[cs] is the exact same term as
t[csj ].

b. It follows from b1 that I* holds for t[cs] with regard to mj , and that
t[cs] ∈ mi[cs]. From a above and the preceding statement we have
t[csj ] ∈ mi[cs

j ] ∩ Con(mj ,A
∗
j ) and consequently we are meeting the

conditions for requirement v of the definition of a κ-simple contextual
model.

c. It follows we have both t[csi]A
∗
i = (ci2)

A
∗
i and t[csj ]A

∗
j = (cj1)

A
∗
j ,

so that t[cs]Ai = (c2)
Ai and t[cs]Aj = (c1)

Aj . It is clear that the
consequence of the conditional statement v in the definition of a κ-
simple contextual model does not hold and therefore the negation of
its antecedent must hold to avoid a contradiction.

d. Since the negation of the antecedent of v holds we must have an
r[cs] ∈ mi[cs] which satisfies the conditions a1 to a3 for requirement
v, where then because s ∈ dom(mi) we have from the above that
there exists a c ∈ C and an l < κ where ri[cs] = cl ∈ ∆∗

l .

e. Since b2 above gives that r[cs] = cl ∈ ∆∗
l and t[cs] = cj1 ∈ ∆∗

j yields
all constants occurring in r[cs] and t[cs] must be subsets of Cl and
Cj respectively and since part a2 of requirement v gives that either
t[cs] is a sub-term of r[cs] or r[cs] is a sub-term of t[cs], we must have
l = j. Note that we then have r[cs] is the term r[csj ].

f. From e above we must have that I∗ holds for r[cs]( which is the term
r[csj ]), so that r[csj ] ∈ Con(mj ,A

∗
j ) . We now have a contradiction

since we must also have a2 holds for r[cs
j ] where a1 gives that r[cs

j ] /∈
Con(mj ,A

∗
j ).

As we have shown:

❼ ∀ i ∈ κ ∀ s ∈ dom(mi),∀ t ∈ mi, it is the case that (πt)A[si] = (πt)A[s],

❼ and we have shown that if ∀ i ∈ κ ∀ s ∈ dom(mi),∀ t ∈ mi, it is the
case that (πt)A[si] = (πt)A[s], then for all i ∈ κ and for all φ where
ter(φ) − (C ∪ V ) = mi and all variable assignments v ∈ V arAi, we have
Contx(φ, v) =|=A

A
π(φ[cv])

we have completed our proof of the First Model Completeness Theorem. �
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Definition 3.26. If |=A
A
is an Anti-Structure witnessing the validity of the First

Model Completeness Theorem for a simple Contextual model Contx of a lan-
guage L, then we will call |=A

A
an Anti-Structure model of the Simple Contextual

Model, and refer to it as a simple contextual Anti-Structure model. When an
experiment has a Simple Contextual Model, then we will call an Anti-Structure
model of the Simple Contextual model for the experiment an Anti-Structure
model for the experiment.

Corollary 3.27. If an experiment has a Simple Contextual model, then an ex-
periment has an Anti-Structure model.

We apply Theorem 3.25 to give a model of the orthohelium example given
in Kochen and Specker [4]. The model will have a function h representing the
measured angular momentum of the orthohelium atom. We will then have for
each triple v1, v2, v3 of pairwise orthogonal unit vectors in R3 a formula which
will assert that we are measuring h from the directions v1, v2, v3 and that all
but one of these tree directions gives a non-zero measurement. To be consistent
with Kochen and Speckers set up we will have the values in these non-zero di-
rections of measurement be the vector vi (giving the direction of measurement),
so that if v1 = 〈1, 0, 0〉, v2 = 〈0, 1, 0〉 and v3 = 〈0, 0, 1〉, then the formula for
v1, v2, v3 might be set to give h(0) = 〈1, 1, 0〉. We will make sure that the
directions of measurements are captured with functions and that there is only
one function fvi assigned to a vector vi. Theorem 3.25 will be used to give us
an Anti-Structure which determines the truth of the formulas given for a triple
v1, v2, v3 of pairwise orthogonal unit vectors in R3, by giving the formula the
truth value implied by the defined states(non-Anti-state) of the functions occur-
ring in the formulas at their terminal states (the value of the terminal terms).
This example demonstrations a simple means to resolve the issue of the non-
functionality of an assignment of a zero value to exactly one of the directions of
measurement for orthohelium when the directions of measurement are allowed
to vary over all triples v1, v2, v3 of pairwise orthogonal unit vectors in R3 see
Kochen and Specker [4]. It is important here to understand that by simple res-
olution, we mean that the issue of context change as a consequence of observing
orthohelium from a given direction, is being captured by simply checking for
where a formula having terminal terms corresponding to the orthohelium atoms
total angular momentum h, and the directions of measurements fvi has any
truth value at all. In this regard our model is resolving the aforementioned
issue of non-functionality (of an assignment of values for the different directions
of measurement), by only looking at things that are defined and then using
the defined values to determine the truth of any statement about the angular
momentum of the orthohelium.

In the orthohelium example in [5], Kochen and Specker prove that assigning
values to all collections of orthonormal bases in advance leads to a contradic-
tion where one direction is multi-valued. That is, there exists two collections
of orthonormal bases which share a common vector, where that vector must
have different values on both assignment. We build an Anti-Structure model
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for orthohelium that resolves this contradiction with an Anti-Structure that
gives value to functions representing in their action the components of angular
momentum of orthohelium, and thus yields a meaningfully representation of the
experiment with regard to the issue at hand.

Example 3.28. Let V be a collection of ordered orthonormal bases for R3

where for every orthonormal basis {x1,x2,x3} of R3, there exists 〈v1,v2,v3〉 ∈
V such that {x1,x2,x3} = {v1,v2,v3}, and if 〈v1,v2,v3〉, 〈x1,x2,x3〉 ∈ V with
〈v1,v2,v3〉 6= 〈x1,x2,x3〉, then {v1,v2,v3} 6= {x1,x2,x3}. We will then have:

❼ We will let L be a first order language that contains the unary function
symbols h, fv (for ‖ v ‖= 1), the binary function symbol +, and for each
v ∈ R3 a constant symbol cv.

❼ For every 〈v1,v2,v3〉 ∈ V, define

M〈v1,v2,v3〉 = {h(s), fv1
(s), fv2

(s), fv3
(s), (fv1

(s) + fv2
(s)) + fv3

(s)}

❼ For each 〈v1,v2,v3〉 ∈ V , we define the structure A〈v1,v2,v3〉, with point
set |A〈v1,v2,v3〉| = R3

❼ We will have +A〈v1,v2,v3〉 is the usual + on R3.

❼ For each v ∈ R3 we will have c
A〈v1,v2,v3〉
v = v

❼ f
A〈v1,v2,v3〉
vi is the constant function vi, for i ∈ {1, 2}, fA〈v1,v2,v3〉

v3
is the

constant function 0, and hA〈v1,v2,v3〉 is the constant function given by the

sum of f
A〈v1,v2,v3〉
vi , for i ∈ {1, 2, 3}.

❼ We now take φ〈v1,v2,v3〉 to be the sentence

((h(c0) = (fv1
(c0)+fv2

(c0))+fv3
(c0))∧(fv1

(c0) = cv1
)∧(fv2

(c0) = cv2
)∧(fv3

(c0) = c0))

so that (|=A〈v1,v2,v3〉
φ〈v1,v2,v3〉) = T .

Note that because we have s is a subterm of all of our terms and eachM〈v1,v2,v3〉
is unique by a function symbol, the above gives a simple contextual model, and
thus Theorem 3.25 gives an Anti-Structure |=A

A
, where

(|=AA π(φ〈v1,v2,v3〉)) = T

for all 〈v1,v2,v3〉 ∈ V .

We now give the following for our next corollary.

Definition 3.29. If Contx gives a κ-simple contextual model where given ter(φ)−
(C ∪ V ) = mi, we have Contx(φ, v) = (|=Ai φ[v]) for all variable assignment v
into |Ai|, then we define the complete simple contextual model CContx to be the
extension of Contx to formulas ψ which arise from the addition of quantification
to formulas φ, where ter(φ)− (C ∪ V ) = mi for some i, so that
CContx(ψ, v) = (|=Ai ψ[v]) for all variable assignments v into |Ai|.
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Corollary 3.30. If Contx is a κ-simple contextual model and |=A
A

is the Anti-
Structure witness to Theorem 3.25 applied to
Contx, then CContx(ψ, v) = (|=A

A
π(ψ[cv])).

Proof. Proof of Corollary 3.30
Given x1, ..., xn are the variables which are quantified in ψ, we define cvx1,...,xn

so that cvx1,...,xn(xl) = xl and for all variables y /∈ {x1, ..., xn} we will have
cvx1,...,xn(y) = cv(y). Given φ is ψ without quantification and ter(φ)−(C∪V ) =
mi, we will treat each xl for l ≤ n, as if it is a constant and apply the same pro-
cess used to give π(φ[cv]) to attain π(φ[cvx1,...,xn ])( assuming wlog that we now
have variables zxl /∈ {x1, ..., xn} for all l ≤ n). We note that x1, ..., xn are now
free in π(φ[cvx1,...,xn ]) and more specifically only occur free in (φ[cvx1,...,xn ])′′

and only as the argument of π, when they occur in π(φ[cvx1,...,xn ]). Tak-
ing s to be a variable assignment for |=A

A
, we note that if cv′ is the vari-

able to constant assignment where cv′(y) = cv(y) for all y /∈ {x1, ..., xn} and
cv′(xl) = (cs(xl)

0), then (|=A
A
π(φ[cvx1,...,xn ][s]) = Contx(φ, v′) = (|=A

Ai
φ[v′])

and it is easily checked that from the definition of |=Ai ψ[v], we will have
(|=A

A
π(ψ[cv])) = (|=Ai ψ[cv]) = CContx(ψ, v). �

Remark 3.31. From the proof of Theorem 3.25 it is seen that condition v
in the definition of a simple contextual model was used to guarantee that if
Contx(φ, v) = F , then |=A

A
π(φ[cv]) = F given |=A

A
is the Anti-Structure for

Contx given by Theorem 3.25. An example of a contextual model which would
fail to give a simple contextual model can be given as m1 = {f(x)}, m2 =
{ff(x)} and A1 and A2, structures where |Ai| = {0, 1} and for all x, fA1(x) = 0
while fA2(x) = 1. We see that ff(0) ∈ Con(m1,A1) where |=A1

ff(0) = 0 while
|=A2

ff(0) = 1 would then yield that if |=A
A

is the Anti-Structure generated
for this contextual model using the process for generating the Anti-Structure
witness to Theorem 3.25 for an arbitrary κ-simple contextual model, then |=A

A

π(ff(0) = 1) would be true and disagree with the contextual model. From this
example we see that condition v was failed by the defining of a second value for
ff(0) which confused the π interpretation with regard to the formula ff(0) =
1. As the confusion was derived from an errant second possibility for ff(0)
arising in our construction of |=A

A
, we may consider condition v as removing

the the issue of having unintended values for terms which would confuse the
π interpretation and as such we can think of satisfaction of condition v as
removing noise. In the proceeding example we will show how we can start with
a contextual model having nice properties which fails condition v, and then
make a simple adjustment which we will think of as removing noise, to attain
the satisfaction of condition v.

We have to this point avoided an analogous definition of quantum entangle-
ment for Anti-Structures, but now that we have a notion of κ-simple contextual
models which can have corresponding real world experimental counterparts, it
is reasonable to give a definition of entanglement for a κ- simple contextual
Anti-Structure model. To these ends we have the following definition:
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Definition 3.32. Given we have a simple contextual model with term set mα

for α < κ, two variable free terms t1 and t2 will be simple contextual entangled
in the simple contextual Anti-Structure Model |=A

A
iff ∃α1 , α2 < κ, ∃ cv1 , cv2 ∈

CV ar and cij for i, j ∈ {1, 2} where:

❼ c1,j 6= c2,j when j ∈ {1, 2}

❼ {t1, t2} ⊆Mαi [cvi] for i ∈ {1, 2}

❼ |=A
A
π((t1 = ci,1 ∧ t2 = ci,2 ∧

∧

t∈Mαi

t = t)[cvi]) is true for i ∈ {1, 2}.

The following example is meant to demonstrate a process of removing noise
from a contextual model to attain a simple contextual model as well as to both
demonstrate the behavior of a pair of non-trivial simple contextual entangled
terms, and show the utility of Theorem 3.25. Our example is meant to give a
loose interpretation of a real world pair of particles p1 and p2 which transition
in state, where an examination of the final state of one or the other of the two
particles produces a change in the state of both particles at a prior stage of
transition. ideally we would like to capture this as having functions f1 and g1
which capture the transitions in state for our p1 and p2 respectively and then
for some initial condition c0 have both (f1(c0) = 0)∧ (g1(c0) = 1)∧ (f1f1(c0) =
f1f1(c0)) and (f1(c0) = 1)∧(g1(c0) = 0)∧(g1g1(c0) = g1g1(c0)) be true. However
it should be clear from Remark 3.31 that we might have to do some adjustments
to a contextual model which would give us our desired results, in order to get
a κ-Simple contextual model representing the aforementioned contextual model
as an instance of simple contextual entanglement. To these ends we give the
following example:

Example 3.33. We start by giving the desired contextual model. We take:

❼ m1 = {f1(x), g1(x), f1f1(x)} and m2 = {f1(x), g1(x), g1g1(x)}

❼ We take |A1| = |A2| = {0, 1}

❼ We will have cAi0 = 0 and cAi1 = 1

❼ For all x we will have fA1

1 (x) = 0, gA1

1 (x) = 1, fA1

1 (x) = 1, gA1

1 (x) = 0.

It should be clear that the above gives a contextual model where c0 6= c1 and

❼ The truth of (f1(c0) = c0) ∧ (g1(c0) = c1) ∧ (f1f1(c0) = f1f1(c0)) is given
by |=A1

and is therefore true.

❼ While the truth of (f1(c0) = c1) ∧ (g1(c0) = c0) ∧ (g1g1(c0) = g1g1(c0)) is
given by |=A2

and is consequently also true.

However the above contextual model with regard to Remark 3.31 can be seen
as too noisy to satisfy condition v for a κ-Simple contextual model and thus
we have no guarantee that we have an Anti-Structure model for the above and
certainly a failure to demonstrate simple contextual entanglement. To correct
the problem with our example we proceed as follows:
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❼ We will extend our language by adding new function symbols f2 and g2

❼ We will extend A1 and A2 to the structures A′
1 and A′

2 where for all x,
f2(x) = g2(x) = x.

❼ We takem′
1 = {f1(x), g1(x), f1f2f1(x)} andm′

2 = {f1(x), g1(x), g1g2g1(x)}.
From the above it is easily seen that we have |=A′

1
((f1(c0) = c0) ∧ (g1(c0) =

c1) ∧ (f1f2f1(c0) = f1f2f1(c0))) is true and |=A′
2
((f1(c0) = c1) ∧ (g1(c0) =

c0)∧ (g1g2g1(c0) = g1g2g1(c0))) is true, so that if the above contextual model is
also a simple contextual model, then we have an example of simple contextual
entanglement. Because x occurs as a sub-term of all of our terms it follows
to show that we have a simple contextual model it will suffice for us to show
that {f1f2f1(c0), f1f2f1(c1)}∩Con(m′

2,A
′
2) = Ø and {g1g2g1(c0), g1g2g1(c1)}∩

Con(m′
1,A

′
1) = Ø. To see the preceding we need only make note of the fact

that g2 /∈ m′
1 and f2 /∈ m′

2 and therefore for any constant c the construction
of g1g2g1(c) and f1f2f1(c) from m′

1 under A′
1 and m′

2 under A′
2 respectively, is

impossible.

Remark 3.34. In the preceding example we demonstrated that from certain
contextual models a simple contextual model can be generated by introduction
into existing terms new function symbols. We might think of this as adding
buffer terms to lengthen the terms we started with, and remove noise. As the
new terms in our example were all assigned the identity function their con-
tribution was only to add a step which made no change in outcome as far as
functionality is concerned but did remove terms from having unintended conse-
quences on what we see as true (see Remark 3.31).

Our next set of definitions and theorem give further utility to the notion of
removing noise to generate simple contextual models.

Definition 3.35. A contextual model Contx will be called rational if and and
only if it satisfies conditions i-iv for being a simple contextual model and in
addition satisfies the following:
If there exists a cv ∈ CV ar where t[cv] ∈ mi[cv]∩mj [cv], for i 6= j and it is not
the case that there exists r ∈ mi where:

a′1. r[cv
′] /∈ mj [cv

′′] for all {cv′, cv′′} ⊆ CV ar,

a′2. and r shares a sub-term with t so that we might have (r is a sub-term of
t) or (t is a sub-term of r ),

then there is a constant symbol b where tAi [cv] = bAi and tAj [cv] = bAj .

Definition 3.36. We give a definition of a measure Slowed for rational con-
textual models, where Slowed(Contx) is meant to give a measure of how many
new function symbols we need to add to the terms of our rational contextual
model Contx to produce a meaningful simple contextual model. To these ends
we must first define what we will call an interior addition to a term and a
consistent alteration of a set of terms by interior additions.

35



❼ Given t is a term and f(r1, ..., rn) is a sub-term of t, if t′ is attained from
t by replacing the sub-term f(r1, ..., rn) in all of its occurrences in t for
at least one i ≤ n with f(r1, ..., g(ri)..., rn) where g did not occur in t,
then we say t′ is attained from t with an interior addition of g. If tn+1 is
attained from tn by the interior addition of a gn+1 where t1 is attained
from t with the interior addition of g1 and there is no occurrence of gigj in
tn+1, then tn+1 will be said to be attained from t by the interior addition
of g1, ..., gn+1.

❼ If S and S′ are sets of terms where there exists a bijection L : S → S′

so that L(t) is either equal to t or L(t) is attained from t by an interior
addition of terms, then we will say that S′ is a consistent alteration of S
by interior additions if and only if given t1, t2 ∈ S where t1 is a sub-term
of t2, we have that for each occurrence of t1 in t2 there is a corresponding
occurrence of L(t1) in L(t2) (by corresponding occurrence we mean that
given < is the lexicographic order defining the construction of a term from
subterms, then L preserves <) . We will call L the interior witness map.
When we define a map on terms which takes any term t to a term t′ only
if t′ can be attained from t by interior addition, then we will call this map
an interior addition map.

For a rational contextual model Contx having sets of measurables mi for
i ≤ κ, we will have Slowed(Contx) = δ if and only if δ is the minimum cardinal
number needed to attain a simple contextual model from Contx with a consistent

alteration of
⋃

i≤κ
mi by interior additions of δ many new function symbols.

Theorem 3.37. For every rational contextual model Contx there exists a car-
dinal δ where Slowed(Contx) = δ.

Proof. Suppose Contx is a rational contextual model having measurables mi

for i < κ. Taking F to be the set of function symbols for the language of Contx,
and F ′ the set of terms which consist of function symbols acting on variables.
We recursively construct a set of terms as follows:

❼ B1 = F ′

❼ Bn+1 = {f(t∗1(t1), ..., t∗mtm)|f ∈ F and {t1, ..., tm} ∈ Bn ∪ V } where for
each t ∈ Bn, t

∗ is a new unary function symbol which is added to the
language and is distinct for each t and if t is x, then t∗t is also x.

❼ T ∗ =
⋃

n∈N

Bn

Given T is the set of constant free terms of the language for Contx we will take
L : T → T ∗ so that if all new function symbols are removed from L(t), then you
have t. It is easily checked that L is a bijection. We take m∗

i = L[mi] and A∗
i to

be the extension of Ai to the new unary function symbols where (f∗)A
∗
i (x) = x.

We note the following:
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If t[cv] ∈ m∗
i [cv]∩m∗

j [cv], then L
−1(t)[cv] ∈ mi[cv]∩mj [cv] and therefore

either there exists a constant symbol b where:

i. tA
∗
i [cv] = L−1(t)Ai [cv] = bAi and tA

∗
j [cv] = L−1(t)Aj [cv] = bAj

ii. Or there is an r ∈ m∗
i where L

−1(r) satisfies conditions a′1 and a′2 for
L−1(t) of the definition of a rational contextual model.

If in ii above we have r ∈ F ′, then since for all cv′ ∈ CV ar, r[cv′] =
L−1(r)[cv′] /∈ mj [cv

′], we have r[cv] /∈ m∗
j [cv] and therefore r[cv] /∈

Con(m∗
j ,A

∗
j ).

We note that if t′(x1, ..., xn), t1, ..., tn ∈ T ∗, then t′(t1, ..., tn) /∈ T ∗ because
otherwise by construction, each xl in t′(x1, ..., xn) is the argument of a
function symbol fl ∈ F , and then we have that in t′(t1, ..., tn) there is an
occurrence of fl(..., tl, ...) which contradicts our construction of T ∗, since
being in T ∗ would require t∗l to act on tl, to compose fl and tl.

We also note that if t1, t2, t3 ∈ T ∗ where t2 is a proper sub-term of t1,
while t2 and t3 are distinct terms, then if t′ is obtained by substituting t3
for t2 into t1, we have t′ /∈ T ∗, since it contains at least an occurrence of
t∗2t3 and by construction and assumption we have both: if t3 occurs as a
sub-term of any term of T ∗ it must occur as t∗3t3; and t

∗
2 does not equal

t∗3.

From the preceding notes we see that if in ii above we have r /∈ F ′, then
since r ∈ T ∗ is a composite term and neither a composition of terms in
T ∗ nor a non-trivial substitution of a term from T ∗ into another term of
T ∗, can give a term in T ∗, we must have r[cv] /∈ Con(m∗

jA
∗
j ).

In the preceding we see that {〈m∗,A∗
i 〉|i < κ} defines a simple contextual

model from the rational contextual model Contx by a consistent alteration by
interior additions, and consequently it follows Slowed(Contx) is defined and
Slowed(Contx) ≤ |T ∗|.

Proposition 3.38. If Contx is a rational contextual model and Contx∗ is a
simple contextual model constructed from Contx by a consistent alteration by
interior additions, then given L is the interior witness map for the aforemen-
tioned alteration and given for each formula φ, we take φL to be the formula
attained from φ by replacing each t ∈ ter(φ)− (C ∪ V ) with L(t), then we have
for φ where ter(φ)− (C ∪ V ) = mi, Contx(φ, v) = Contx∗(φL, v).

Corollary 3.39. For every rational contextual model Contx there exists a term
map L and an Anti-Structure |=A

A
where (|=A

A
π(φL[cv]) = Contx(φ, v) when

〈φ, v〉 are in the domain of Contx.

For future use, as well as to complete our incorporation of alterations by
interior additions we give the following:
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Definition 3.40. Given Contx1 and Contx2 are simple contextual models given
by {〈mi,Ai〉|i < κ} and {〈wi,A′

i〉|i < κ} respectively, where for all mi, wj of
Contx1, Contx2 respectively we have that if t ∈ wj ∩mi then, there exists com-
pound terms r1 ∈ wj and r2 ∈ mi, so that t and rl share a sub-term for each
l ∈ {1, 2}.

We then will have Spaced({〈wi,A′
i〉|i < κ}, {〈mi,Ai〉|i < κ}) = δ if and only

if δ is the minimum cardinality of the number of new function symbols required
for a consistent alteration of {〈wi,A′

i〉|i < κ} by interior additions to attain a

{〈w∗
i , (A

′

i)
∗〉|i < κ} where {〈w∗

i , (A
′

i)
∗〉|i < κ} ∪ {〈mi,Ai〉|i < κ}) gives a simple

contextual model. Note that in the preceding each w∗
i is our alteration of wi by

interior additions with (A′
i)

∗ the extension of A′
i to the language of w∗

i where
all new function symbols are assigned the identity function.

Remark 3.41. We note that in the above Spaced({〈w,A〉}, {〈mi,Ai〉|i < κ})
is easily seen to be well defined because we can make an alteration by interior
additions of w much like we did in our proof of Theorem 3.37 and we then would
have {〈w∗,A∗〉}∪ {〈mi,Ai〉|i < κ} gives a simple contextual model, noting that
our requirements on w can be less strict than requirements a′1, a

′
2 for the rational

contextual model which was the subject of Theorem 3.37, because we are not
requiring that we have a consistent alteration of {〈w,A〉}∪{〈mi,Ai〉|i < κ}. We
then have Spaced({〈wi,A′

i〉|i < κ}, {〈mi,Ai〉|i < κ}) is similarly well defined.

4. Probabilistic Models for Wave Functions and Entanglement

We now look at contextual models where a formula φ under a variable
assignment v is meant to capture a statement about measured values at an
instance of an execution of an experiment where the experiment is being re-
peated continually, and which is allowed to vary its truth value from true
to false from instance to instance. The formula φ under a variable assign-
ment v is then given a probability of being true which we will take to be

µ(φ[v]) = lim
n→∞

Number of times φ[v] is true in the first n instances

n
. It is im-

portant to note that the model we give does not use the measure µ but rather
allows for us to check a formula φ under a variable assignment v from instance
to instance where if we then were to record when φ under v is true we would see
that our count of when φ under v is true, divided by the number of instances
checked, is tending to µ(φ[v]). We emphasize that instance refers to instance of
the execution of an experiment as φ may be a statement about multiple mea-
surements which occur at different moments in time or at different places in
a compound processes, and thus an instance of an execution of an experiment
could correspond to an interval of time of any given finite length. We now for-
mally establish the notion of a probabilistic simple contextual model and give
our second model completeness theorem.
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Definition 4.1. pContx will be a simple κ-probabilistic contextual model for
a language L if and only if each of the following hold:

1. For each n ∈ N there exists a κ- simple contextual model Contxn for
L where for all n, n′ ∈ N, we have mn

i = mn′

i . Where mj
i is the ith

measurement set for Contxj for all j ∈ N. We will also have that Ani is the
structure where Contxn(φ, v) = (|=Ani

φ[v]) when ter(φ)− (C ∪ V ) = mn
i .

2. When we have a φ where ter(φ)− (C ∪ V ) = mn
i for some n, then we will

have index(φ) = i where from the above we then have that if index(φ) = i,
then for all j ∈ N we have ter(φ)− (C ∪ V ) = mj

i

3. Given index(φ) = i and v is a variable assignment for Ani , then we will
have pContx(n, φ[cv]) = Contxn(φ, v

′).

4. We will have µpContx(φ[cv]) = lim
n→∞

|{j|j ≤ n ∧ pContx(j, φ[cv]) = T}|
n

Theorem 4.2. Given pContx is a simple κ-probabilistic model having language
L, where pContx(n, φ[cv]) = Contxn(φ, v) for 〈φ, v〉 in the domain of pContx
and n ∈ N, then there exists:

❼ A language L∗ which includes πL.

❼ For each n ∈ N, an interior addition map Ln from the terms of L into the
terms of L∗.

❼ And an Anti-Structure |=A
A

for L∗.

Where for all 〈φ, v〉 in the domain of pContx and all n ∈ N we have pContx(n, φ[cv]) =
(|=A

A
π(φLn [cv]))

Note that φLn is the formula given by replacing each t ∈ ter(φ)− (C ∪ V ) with
Ln(t).

Proof. Our proof will utilize witnesses to the Spaced operator to give |=A
A
and

each Ln, but before we can implement this construction we must modify each
〈mi

j ,A
i
j〉 to meet our requirements for Spaced to be defined. To these ends we

take a new unary function symbol s and we will define:

❼ For each term t, ts is the term given from t by replacing each occurrence
of a variable x in t with s(x), and then we will take (mi

j)
′ = {ts|t ∈ mi

j}

❼ For each structure Aij we extend the structure to the (Aij)
′ where s(A

i
j)

′

(x) =
x.

We note that if Wn = {〈(mn
j )

′, (Anj )
′〉|j < κ}, then we have satisfied our

requirements for Spaced(Wn+t,W
∗
n ∪ ... ∪ W1) to be defined where for each

i ≤ n, W ∗
i is given by a consistent alteration by interior additions of Wi where

W ∗
n ∪ ... ∪ W ∗

2 ∪ W1 then gives a simple contextual model. Taking Ln to be
the interior addition map for terms(L) and W ∗

n , and taking |=A
A
to be the Anti-

Structure for the simple contextual model given by W1∪
⋃

n∈N

W ∗
n we clearly have

pContx(n, φ[cv]) = Contxn(φ, v) = (|=A
A
π(φLn [cv])). �
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Example 4.3. We wish to give an Anti-Structure models for actions on a com-
pact domain X over instances, where these actions are governed by wave func-
tions and subject to having an interpretation in a superposition of wave func-
tions, which then collapse to the component wave functions when observed from
instance to instance. We will assume that X represents a product of some com-
pact region of space with a compact interval of time. So that X = Z × [a, b]
where Z is some compact convex neighborhood in some Rn and [a, b] is a closed
interval in R. To make things easy we will work with the closed unit sphere Sd−1

in Rd in place of X. Fixing d we define Ψ∗ to be the set of all wave functions

with domain Sd−1 and for each ψ ∈ Ψ∗ we will take δψ =

√

∫

Sd−1

|ψ|2.

❼ We will let L be a first order language that contains: the unary function
fψ where ψ ∈ Ψ∗, the binary function symbol +, a binary predicate Bǫ

for all ǫ ∈ R+, and for each v ∈ Rn a constant symbol cv.

❼ For ψ ∈ Ψ∗ we will take M〈ψ〉 = {fψ(s), fψ(s) + s}. We will then have
for each i ∈ N, that Ai〈ψ〉 will be a structure for our language where

|Ai〈ψ〉| = Sd−1 while f
A
i
〈ψ〉

ψ (c0) = xψi and xψi is the sequence asserted by
Proposition 4.4 below.

❼ For〈ψ〉 we will take φ
〈ψ〉
ǫ (z) to be

fψ(c0) + c0 = fψ(c0) ∧Bǫ(fψ(c0), z)

❼ For every ψ, ψ1, ..., ψn ∈ Ψ∗ where

ψ = α1ψ1 + ...+ αnψn,

with |αi|2 ∈ (0, 1) and
∑n
i=1 |αi|2 = 1, define

M〈ψ,α1ψ1,...αnψn〉 =

{fψ(s), fψ1
(s), ..., fψn(s), (...(fψ1

(s) + fψ2
(s)) + ...) + fψn(s)}

❼ Define the following formulas:

φi is the formula ((fψ(c0) = fψi(c0)) ∧
∧

j 6=i(fψj (c0) = c0))∧
(fψ(c0) = (...(fψ1

(c0) + fψ2
(c0)) + ...) + fψn(c0)))

φi,ǫ(z) is the formula φi ∧Bǫ(fψ(c0), z)

φǫ(z) is the formula (fψ(c0) = (...(fψ1
(c0) + fψ2

(c0)) + ...) + fψn(c0))∧
∧

j≤n(fψj (c0) = fψj (c0)) ∧Bǫ(fψ(c0), z).

❼ Given the following two propositions:
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Proposition 4.4. For any probability measure ψ ∈ Ψ∗, there exists xψ :
N → (Sd−1 ∪ {0}) such that for any ǫ ∈ R+ and any z ∈ Sd−1 ∪ {0} we
have

∫

‖v−z‖<ǫ
|ψ(v)
δψ

|2dv = lim
m→∞

|{j :‖ xψj − z ‖< ǫ} ∩ [m]|
m

.

Proposition 4.5. For complex α1, ..., αn where
∑n
j=1 |αj |2 = 1 there

exists disjoint subsets T1, ..., Tn of N where
⋃n
j=1 Tj = N, and for any

i ∈ {1, ..., n},
lim
m→∞

|Ti ∩ [m]|
m

= |αi|2

Now forM〈ψ,α1ψ1,...αnψn〉, we take T1, ..., Tn from Proposition 4.5, xψ1 , ..., xψn

from Proposition 4.4, and for each i ≤ n take an order preserving bijection
gi : Ti → N and define Al〈ψ,α1ψ1,...αnψn〉 for l ∈ Ti so that

1. |Al〈ψ,α1ψ1,...αnψn〉| = Sd−1,

2. f
A
l
〈ψ,α1ψ1,...αnψn〉

ψ (c0) = f
A
l
〈ψ,α1ψ1,...αnψn〉

ψi
(c0) = xψi

gi(l)
,

3. for j 6= i, f
A
l
〈ψ,α1ψ1,...αnψn〉

ψj
(c0) = 0.

The preceding gives us a pContx model, and applying Theorem 4.2 gives
an Anti-Structure |=A

A
, where:

* For 〈ψ, α1ψ1, ...αnψn〉 we have,

1. |αi|2 = µpContx(φi[cv]) = lim
m→∞

|{j :|=A
A
π(φ

Lj
i [cv]) = T} ∩ [m]|
m

,

2. |αi|2
∫

‖v−v(z)‖<ǫ
|ψi(v)
δψi

|2dv = µpContx(φi,ǫ[cv])

= lim
m→∞

|{j :|=A
A
π(φ

Lj
i,ǫ [cv]) = T} ∩ [m]|
m

3.
∑n
j=1

∫

‖v−v(z)‖<ǫ
|αj |2|

ψj(v)

δψj
|2dv = µpContx(φǫ[cv])

= lim
m→∞

|{j :|=A
A
π(φ

Lj
ǫ [cv]) = T} ∩ [m]|
m

.

* For 〈ψ〉 we have,

4.

∫

‖v−v(z)‖<ǫ
|ψ(v)
δψ

|2dv = µpContx(φ
〈ψ〉
ǫ [cv])

= lim
m→∞

|{j :|=A
A
π((φ

〈ψ〉
ǫ )Lj [cv]) = T} ∩ [m]|

m
.

In |=A
A
, we have fψ(c0), fψ1

(c0), ..., fψn(c0) are tangible actions taking 0 to a
place on Sd−1, where then 〈ψ,√α1ψ1, ...

√
αnψn〉 representing the superposi-

tion ψ =
∑n
j=1(

√
αj)ψj , and gives that φi, φi,ǫ, φǫ are formulas talking about
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fψ(c0), fψ1
(c0), ..., fψn(c0) and representing the superposition, where in |=A

A
we

have:

❼ φǫ yields that fψ has probability distribution consistent with it behaving
from instance to instance like it is under exactly one of the probability
distributions given by an αiψi.,

❼ φi yields that with frequency |αi|2 , fψ is fψi with fψj = 0 for j 6= i

❼ φi,ǫ yields that the probability distribution of fψ when it behaves like fψi
is consistent with the probability distribution given by ψi.

Under 〈ψ〉, φ〈ψ〉ǫ talks only about fψ(c0) and is not measuring it in the compo-
nents of a super position, and in this case we have that the probability distribu-
tion of fψ is consistent with ψ and consequently has a distribution from instance
to instance which is consistent with any interference occurring under ψ . And
thus we have that in |=A

A
, φi, φi,ǫ, φǫ are very much asserting that the action

fψ(c0) when not measured in the components of a superposition is governed by
ψ but when taken to be in a superposition of fψ1

, ..., fψn and measured as such,
is from instance to instance acting like exactly one of the fψi ’s in a manner
consistent with the collapse of the given superposition under measurement.

Remark 4.6. The significance of Example 4.3 is in the fact that the Anti-
Structure |=A

A
which is discerning truth solely on the basis of the defined states

of its terms, represents all the contexts in which we have an action fψ(c0) in
a superposition of actions fψ1

(c0), ..., fψn(c0) , where under measurement the
superposition collapses to exactly one of the actions and when under less strict
measurement exhibits interference. With Example 4.3 we have shown that even
the probabilistic nature of context change in quantum mechanics can be modeled
solely by where the terms of discourse are defined under the assumption that
there is absolutely no information where they are not defined. To show how
context change is captured by Example 4.3 we point out that if we had:

❼ We take normalized wave functions ψA and ψB representing the transition
of a photon from a source passing from intermediate slits A and B (in a
barrier) to a back wall respectively.

❼ We take ψ = 1√
2
ψA + 1√

2
ψB .

❼ We will take φǫ and φ
〈ψ〉
ǫ as given above for 〈ψ, 1√

2
ψA,

1√
2
ψB〉 and 〈ψ〉

* It follows:

❼ When z ranges over the back-wall, φ
〈ψ〉
ǫ (z) gives the interference pattern

on the back-wall without observation at A or B.

❼ When z ranges over the back-wall, φǫ(z) gives the sum of the Gaussian
distributions defined by | 1√

2
ψA|2 and | 1√

2
ψB |2.
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Example 4.7. We can capture a probabilistic example of entanglement by
making a slight alteration to the example outlined in Remark 4.6. The al-
teration will model the consequences of measuring or not measuring a photon
which is entangled with the photon that transitions from the source through the
slits A and B. The entanglement will occur at the slit of transition. We take fψ,
fψA , fψB and pContx1 to be the terms and the probabilistic simple contextual
model given in Remark 4.6. We will take gψ, gψA , gψB and pContx2 to copy fψ,
fψA , fψB and pContx1 on a unique point set. For clarity we will superscript a 1
and 2 respectivly for the measurement sets for pContx1 and pContx2. We will
take:

❼ M1∗
〈ψ,ψA,ψB〉 =M1

〈ψ,ψA,ψB〉∪{g(s)} and M2∗
〈ψ,ψA,ψB〉 =M2

〈ψ,ψA,ψB〉∪{f(s)}

❼ We will take the structures for M1∗
〈ψ,ψA,ψB〉 and M2∗

〈ψ,ψA,ψB〉 the union of

the structures given for M1
〈ψ,ψA,ψB〉 and M

2
〈ψ,ψA,ψB〉 respectively.

❼ We will define M∗ = {f(s), g(s)}.

❼ The structure for M∗ = {f(s), g(s)} will be the union of the structures
for M1

〈ψ〉 and M
1
〈ψ〉.

From our prior work the above gives a pContx model which in tern has an Anti-

Structure model |=A
A
. Taking 1φ

〈ψ〉
ǫ , 2φ

〈ψ〉
ǫ to be φ

〈ψ〉
ǫ in pContx1 and pContx2

respectively. We will have:

❼ φf,gǫ,δ (x, y) be (1φ
〈ψ〉
ǫ (x)) ∧ (2φ

〈ψ〉
δ (y))

❼ φfǫ (x) be

(1φ〈ψ〉ǫ (x))∧gψ(c0) = (...(gψ1
(c0)+gψ2

(c0))+...)+gψn(c0))∧
∧

j≤n
(gψj (c0) = gψj (c0))

❼ φgǫ (x) be

(2φ〈ψ〉ǫ (x))∧fψ(c0) = (...(fψ1
(c0)+fψ2

(c0))+...)+fψn(c0))∧
∧

j≤n
(fψj (c0) = fψj (c0))

The pContx and its corresponding Anti-Structure gives:

❼ Letting x and y range over the back walls, φf,gǫ,δ (x, y) will give a probability
distribution corresponding to having interference on each wall.

❼ Letting x range over the back wall for fψ and y range over the back wall
for gψ, φ

f
ǫ (x) and φ

g
ǫ (y) give respectively the probability distributions cor-

responding to measuring fψ and gψ at the slits A and B, where φfǫ (x) and
φgǫ (y) make statements about measuring gψ and fψ at the slits respectively
and distinctly. In summary the formulas assert that a measurement of gψ
at the slits destroys interference of fψ and a measurement of fψ at the
slits destroys the interference for gψ.

43



5. Pathological Examples, Comments, and Further Questions

We give two examples that highlight properties of Anti-Structures which are
pathological to standard structures but seem to be consistent with perceptions
of the world around us. Where the pertinent things, which we are asserting may
be perceived about the world around us, are:

1. We make statements about the universe and check the truth of these
statements, where we being a part of the universe then yields that the
universe can make statements about itself and check the truth of those
statements.

2. Finite things like a table top or a drawn line segment appear infinite until
we make more rigorous or intense observation of them.

The reader may disagree with the above being standard perceptions of reality,
and to any such dissent we give no counter argument, however even under such a
disagreement we believe that we can come to the agreement that a mathematical
structure which can determine its own truths, is pathological to Gödel’s incom-
pleteness theorem, and that a finite structure for a theory where every standard
model of the theory has an infinite point set, is clearly pathological to all the
standard structures. Section 5.1 contains two examples give Anti-structures
which demonstrate the aforementioned pathological behavior. Section 5.2 then
contains Comments, and Section 5.3 has Further Questions regarding

5.1. Pathological Examples

Example 5.1. We give an Anti-Structure to address 1 above. We take |=N to
be our standard natural numbers as a model of the axioms AE ,( see [1]) where
for each natural number n ∈ |N | we have a constant cn where cNn = n. We
add to our language a unary function symbol F and a binary function symbol
G, and give a recursive construction of a system Y for our Anti-Structure as
follows:

We take a function F mapping the quantifier free formulas of our extended
language bijectivly onto the constant symbols of our language.

We extend |=N to a structure |=N ′ for the extension of the language of
|=N to include G where then GN

′

(F(φ(x)), c) = F(φ(c))N
′

.

We will take Σ0 to be the set of variable free formulas of the language of
|=N ′ and we will take Y0 = {φ ∈ Σ0|(|=N ′ φ) = T}.

We take ∆n = {F (F(φ)) = i|(φ ∈ Σn) ∧ (i ∈ {0, 1}) ∧ (i = 1 ↔ φ ∈ Yn)}

Yn+1 will be the variable free formulas which are the consequences of
∆n ∪ Yn and Σn+1 will be the set of all variable free formulas φ where for
each t ∈ ter(φ) there exist a ψ ∈ Yn+1 where t ∈ ter(ψ).

We take Y =
⋃

n∈N

Yn
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Y is easily seen to be a system from its construction and therefore there
exists an Anti-Structure |=A

A
for Y .

For all variable free formulas φ we now have (|=A
A
φ) = (|=A

A
F (F(φ)) = 1)

where for all quantifier free formulas φ(x) we also have
GA(F(φ(x)), c) = F(φ(c))A ∈ A. We also have |=A

A
AE .

We note that the above example does not account for all sentences of our lan-
guage, however its pathological behavior with regard to Gödel’s incompleteness
theorem can easily be seen as follows: if |=B is a structure and F maps all
quantifier free formulas into the constant symbols for the language of B where
there exists: a special constant symbol 1, unary function symbol F and a binary
function symbol G in our language, so that:

i. GB(F(φ(x)), c) = F(φ(c))B

ii. For all variable free formulas φ, (|=B φ) = (|=B F (F(φ)) = 1)

then taking φ(x) to be the formula F (G(x, x)) 6= 1 and c = F(φ), we have

(|=B φ(c)) = (|=B F (F(φ(c))) = 1)

and
(|=B φ(c)) = (|=B F (G(c, c)) 6= 1) = (|=B F (F(φ(c))) 6= 1)

and therefore

(|=B F (F(φ(c))) = 1) = (|=B F (F(φ(c))) 6= 1)

which is a contradiction.

Example 5.2. We will take our language to be L where the non-logical symbols
will be:

* Unary function symbol S

* Binary function symbols +, · and E

* Binary predicat symbol <

* For each n in the natural numbers a constant symbol cn

we will take N to be the standard model of the natural numbers as given in
Enderton [1], where we have extended N so that cNn = n. We take AE from [1],
to be the following axioms:

S1. ∀x [S(x) 6= c0]

S2. ∀x ∀y [(S(x) = S(y)) → (x = y)]

L1. ∀x ∀y [(x < S(y)) ↔ ((x < y) ∨ (x = y))]

L2. ∀x [x 6< c0]
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L3. ∀x ∀y [(x < y) ∨ (x = y) ∨ (y < x)]

A1. ∀x [x+ c0 = x]

A2. ∀x ∀y [x+ S(y) = S(x+ y)]

M1. ∀x [x · c0 = c0]

M2. ∀x ∀y [x · S(y) = (x · y) + x]

E1. ∀x [xE0 = c1]

E2. ∀x ∀y [xES(y) = (xEy) · x]

We now have for all n ∈ N = |N| it can be seen that |={1,...,n}
N

AE by noting the
following:

❼ Taking all variables to have values taken in {1, ..., n} the instances of the

axioms L2, L3, A1 for these values are all seen to be true under |={1,...,n}
N

.
Note that an instance of one of our axioms is an unquantified formula
given by taking the entire formula occurring after the quantification from
one of our axioms. Also note that if all of the instances of L2, L3, A1 are
true under variable assignments into {1, ..., n}, then L2, L3, A1 are true

under |={1,...,n}
N

❼ Taking all variable assignments to have values taken in {1, ..., n} we have

that the instances of S1, S2, L1 only have a truth value in |={1,...,n}
N

when
S(n) does not occur in the instance under the variable assignment, and
when S(n) does not occur the instance under the variable assignment is

true under |={1,...,n}
N

. From the preceding we have that S1, S2, L1 are all

true under |={1,...,n}
N

.

❼ Taking all variable assignments to have values taken in {1, ..., n} we have
that the instances of A2, M2, E2 have truth value when respectively
x + S(y), x · S(y) and XES(y) are in {1, ..., n} under the given vari-

able assignment, and when they are defined they are true under |={1,...,n}
N

.

From the preceding we have A2, M2, E2 are all true under |={1,...,n}
N

.

From the above we have that |={1,...,n}
N

is a finite Anti-Structure model for AE
where every standard model of AE must be infinite. It is important to note that

there is no formula φ where |={1,...,n}
N

φ being true or false would tell us that we

are in a finite point set, and in this regard if |={1,...,n}
N

is a tool telling Peter what
he sees, then given any axiom that is notM1 or E1, Peter can not determine the
truth of any term substitution into an instance of the axiom beyond the term
taking some value before n, and as such n represents an upper bound on Peters
ability to observe things. We note that axioms M1 and E1 are different because
even though Sj(cn)

N /∈ {1, ..., n} for any j > 0 we have Sj(cn) · c0 = c0 and

Sj(cn)Ec0 = c1 are always true under |={1,...,n}
N

. We suppose one might debate
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to what degree a real person Peter would find they have such a bounding number
n on their ability to witness instances of the axioms AE in the real world, and
consequently we deliberately avoid making any deeper connection between our
example and the real world save to note that in both finite things can seem
infinite until they are more rigorously inspected.

Before we proceed with comments on the results and examples in this paper, we
first give definition to some terms which will allow us to generalize the results
and highlight the significance of the last two examples.

Definition 5.3. Given a first order language L, 〈Σ, X〉 will be a sound codified
semantic truth assignment for L if and only if

i. X is a point set.

ii. Given Form is the set of formulas for L, V is the set of variables of L and
V = {v|v : V → X}, we will have Σ : S → {T, F} with S ⊆ Form× V

iii. For each a ∈ X there exists a constant ca of L where for all variable
assignments v we have 〈ca = x, v〉 ∈ S. We will also have σ(ca = x, v) = T
if and only if v(x) = a

iv. If 〈ψ, v〉 ∈ S where ψ has no free variables, we will have {ψ} × V ⊆ S
where for all v1, v2 ∈ V, Σ(ψ, v1) = Σ(ψ, v2) and in this case we will write
Σ(ψ) for Σ(ψ, v).

v. Given S∗ = {ψ|ψ is variable free and there exists 〈ψ, v〉 ∈ S}, and Y =
{ψ ∈ S∗|Σ(ψ) = T} = {ψ ∈ S∗|Σ(¬ψ) = F}, we will have Y = cn(Y )∩S∗

(when Y ( cn(Y ) ∩ S∗ we say Σ is not sound), where cn(Y ) is the set of
logical consequences of Y .
We will let S′ = {ψ|ψ has no free variables and there exists 〈ψ, v〉 ∈ S}.

For sound and not sound semantic contextual truth assignments Σ we will call:

❼ X the Σ universe

❼ Y the Σ system

❼ TΣ = {ψ ∈ S′|Σ(ψ) = T}

❼ Σ non-trivial if Y removing the logically valid formulas gives a non-empty
set

❼ Σ total if S = form× V

❼ Σ will be atomic total if {ψ|ψ is an atomic formula of L} × V ⊆ S

❼ A sound Σ is non-contextual when cn(TΣ) is a proper subset of the set of
formulas of L.
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We note that any codified Anti-Structure |=A
A

is a codified semantic truth as-
signment where A is the universe of |=A

A
, the system as given in Definition 3.14

is the system for |=A
A
as given in the preceding Definition 5.3.

Definition 5.4. Given 〈Σ, X〉 is a codified semantic truth assignment for L. A
codified semantic truth assignment 〈Σ∗, X〉 for L will be expressible in 〈Σ, X〉
if and only if each of the following hold:

❼ (Σ∗(φ, v) = T ) ⇒ (Σ(φ, v) = T )

❼ Given C is the set of constant symbols for L and taking Y ∗ and Y to be
the systems for 〈Σ∗, X〉 and 〈Σ, X〉 respectively, we will have that there
exists a formula σ(x) of L, a binary function symbol h of L and a function
f from the formulas of L into C where:

i. Y ∗ = {ψ ∈ Y |Σ(σ(f(ψ))) = T}
ii. For all quantifier free formulas φ(x1, ..., xn) and all constant symbols

c,
(Σ(h(f(φ(x1, ..., xn)), c) = f(φ(x1, ..., c)))) = T

. Note here we mean the notation φ(x1, ..., xn) to inform us that
x1, ..., xn is the list of all the unquantified variables of φ where reading
φ left to write gives the first occurrence of xi is before xj if i < j.
Furthermore if η is φ(x1, ..., xn), then here we would be free to write
η(x1, ..., xn−1).

Additionally we will say that a formula σ(x) and binary function h witnesses
the expressibility of 〈Σ∗, X〉 in 〈Σ, X〉 when σ(x), h, 〈Σ∗, X〉 and 〈Σ, X〉 satisfy
the above for 〈Σ∗, X〉 being expressible in 〈Σ, X〉.

Definition 5.5. We will call a codified semantic truth assignment 〈Σ, X〉 for
a language L, expressive if and only if there exists formulas σ1(x), σ2(x, y, z)
in the language L, a unary function symbol g, a binary function h (which may
or may not occur in L), and a codified semantic truth assignment 〈Σ∗, X〉 for
L ∪ {g, h} where each of the following hold:

❼ For all formulas φ of L and all variable assignments v,

(Σ∗(φ, v) = T ) ⇔ (Σ(φ, v) = T )

❼ There is a constant symbol c in L where for all variable assignments v we
have

(Σ∗(g(x) = c, v)) = (Σ(σ1(x), v))

❼ It is the case that for all variable assignments v,

(Σ∗(h(x, y) = z, v) = T ) ⇔ (Σ(σ2(x, y, z), v) = T )

❼ g(x) = c and h witnesses the expressibility of 〈Σ∗, X〉 in itself.
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We will call Σ∗ the expressive resolution for Σ.

Definition 5.6. Given 〈Σ1, X〉 is a codified semantic truth assignment for a
language L, we will say that a codified semantic truth assignment 〈Σ2, X〉 is in
existential crisis under 〈Σ1, X〉 when the Σ2 system Y is represented in 〈Σ1, X〉
but 〈Σ2, X〉 is not expressed in 〈Σ1, X〉.

5.2. Comments

1. Our Example 5.1 gives an Anti-Structure |=A
A
where |=A

A
cn(AE) and where

from the above we also have |=A
A
is expressive. From Example 5.1 we also

have the following simple theorems:

Theorem 5.7. For all codified semantic truth assignments 〈Σ, X〉 it is the
case that 〈Σ, X〉 does not have an atomic complete expressive resolution.

�

Corollary 5.8. For all total non-contextual codified semantic truth as-
signments 〈Σ, X〉 it is the case that 〈Σ, X〉 is not expressive.

�

I. Assuming |=N is the codified structure for the natural numbers, and
♯ represents the Gödel numbering for the language of |=N, we can at-
tain much of Gödels incompleteness from Corollary 5.8 by noting that
the corollary readily produces a contradiction with the assumption
that there exists a formula γ(x) where

(|=N γ(♯ψ)) ⇔ (|=N ψ)

for all sentences ψ, since :

– Extending the language of |=N to include a binary function sym-
bol h and for every φ(x1, ..., xn) an n-ary function symbol
Kφ(x1,...,xn)(x1, ..., xn) (n > 0), we will take f to be a recursive
bijection mapping the formulas of our new language onto the
constants of our language.

– We will extend N to N∗ so that:

* For each φ(x1, ..., xn) and a1, ..., an ∈ |N∗| = |N| = N we
have

KA
∗

φ(x1,...,xn)
(a1, ..., an) = 1 ⇔|=N φ(a1, ..., an)

where we have slightly abused notation by substituting a1, ..., an
into the formula rather than substituting the constants cai
for ai. We note that

(|=N∗ Kφ(x1,...,xn)(a1, ..., an) = 1) ⇔ (|=N γ(♯φ(a1, ..., an))
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* For each φ(x1, ..., xn) we will have

hN
∗

(f(φ(x1, ..., xn))
N

∗

, cN
∗

) = f(φ(x1, ..., c))
N

∗

where because f is recursive we have a σ2(x, y, z) in the lan-
guage of N where

(AE ⊢ σ2(c1, c2, c3)) ⇔|=N∗ h(c1, c2) = c3

and again we note that

(|=N∗ h(c1, c2) = c3) ⇔ (|=N γ(♯σ2(c1, c2, c3)))

– It follows from the above that we can give a recursive function
f∗ mapping from and to the constant symbols of our language,
where

(|=N∗ φ) ⇔ (|=N γ(f∗(f(φ))))

where because f∗ is recursive we then can give a formula σ1(x)
in the language of N where

(AE ⊢ σ1(f(φ))) ⇔|=A∗ γ(f∗(f(φ))))

– We take g(x) = Kσ1
(x).

Noting that |=A∗ is a model of our original language union {g, h},
we have met the requirements for |=A∗ being an expressive resolu-
tion for |=A and consequently |=A is expressive which contradicts our
Corollary 5.8.

II. Because partial Boolean algebras are atomic complete (all atomic
formulas have truth value, see [7]), Theorem 5.7 gives that the ex-
pressive resolution for a semantic truth assignment when it exists,
can not be a partial Boolean algebra. Thus no expressive partial
Boolean algebra would have an expressive resolution that is a partial
Boolean algebra. To be fair to partial Boolean algebras nothing we
have presented rules out the existence of a codified semantic truth
assignment giving a partial Boolean algebra and being expressible in
itself. But when a partial Boolean algebra can be expressed in itself,
we then have that the property of being expressed in itself either:

* Does not have the ability to define a substitution function h for
the encoding function f witnessing the partial Boolean algebra
being expressed in itself.

Or

* The partial Boolean algebra when extended by definition to cap-
ture g and h (where g and h are functions given by formulas which
witnessing the fact that the partial Boolean algebra is expressed
in itself, and given by the failure of the above *, respectively)
gives a partial Boolean algebra which is not expressed in itself.
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In either case the partial Boolean algebra presents limitations on its
ability to meaningfully comment about itself, which we note are not
limitations of Anti-Structures. The above limitation can be charac-
terized as an inability to name functional processes as functions and
extend the significance of the meaning of these functional process to
account for it being named as a function. Naturally if the aforemen-
tioned limitation is not seen as a limitation of our universe, then the
ability to capture the logic of our universe at its most fundamental
level with a partial Boolean algebra is in question. Naturally if the
antecedent of the last sentence is not held true then we would not
necessarily have reason to worry about its consequence.

2. From the above it is clear that the notion of expressed captures when true
things asserted by a mechanism for assigning truth can be encoded and
captured by a formula under that mechanism (i.e. represented in the said
mechanisms truth assignments). But more motivational and a less rigorous
way to view the notion of expressed might be to think about a reasonable
to do list one might write (indeed such a list tangibly encodes possible real
world events and is even subject to a logical analysis), and then drawing
the analogy that the list is a representation, we could call the list expressed
if completed and giving existential crisis if never completed. Taking our
analogy a bit further under a clear suspension of rigor, letting Σ be the
assignment of truth given by what a physicist can observe in our universe,
and then assuming that Σ is a codified semantic truth assignment, we
might then consider the following as examples of existential crisis

a. Again under a suspension of rigor. We might take there to be an
ideal model of the Newtonian universe and a codified semantic truth
assignment Σ1 for it. Then also assuming that a physicist can use
the axioms of Newtonian physics to calculate what is true and untrue
about the Newtonian universe, we might further take it for granted
that this gives a representation of the Newtonian universe in Σ. As
say the orbit of Mercury contradicts the orbit it should have in the
Newtonian universe, we would say that the Newtonian universe is
represented in Σ but not expressed in Σ and therefore is in existential
crisis in Σ.

b. Following the lack of rigor above. We might assume that the wave
model for light which lead to the ultraviolet catastrophe (Rayleigh-
Jeans catastrophe) of the early 20th century, had a codified semantic
truth assignment Σ2 which was represented in Σ (from a above), but
not expressed in Σ and therefore in existential crisis in Σ .

We note that Planks resolution to the ultraviolet catastrophe is considered
as the foundation of quantum mechanics. It is well known that in Planks
resolution the amplitude of the wave representation of light was restricted
to integer multiples of the Plank constant where then no amplitude which
was not an integer multiple of the Plank constant could occur. Phrasing
things in terms of the language of our paper and again holding to a lack
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of rigor, we might say that the existential crisis of Σ2 with regard to the
amplitudes of of light was resolved with an Anti-Structure proxy |=A

A
for

Σ2 where |=A
A

is clearly very similar to the Anti-Structure given in Ex-
ample 3.13. Of course the lack of rigor here makes this statement more
of an opinion and should motivate questions to bring it out of the realm
of opinion and determine the truth of the matter. We refer the reader
to questions.... The orbit of Mercury from a above was resolved by Ein-
steins general relativity and does not seem to directly speak to a potential
Anti-Structure proxy. However we note that general relativity prevented
a contradiction with Maxwell’s equations and light, if one was to observe
light in a vacuum while traveling at the same velocity. Here the contra-
diction being that a photon according to Maxwell’s equations can only be
observed as traveling at the speed of light and then the contradiction be-
ing avoided was that of the photons non-existence to an observer traveling
at a velocity which would cause the observed velocity of the photon to be
reduced. Here we simply note that there is a clear correlation between
the impossibility of non-existence of a photon under the aforementioned
observation conditions and an Anti-state in an Anti-Structure. Naturally
this hypothetical connection should be more rigorously addressed with
formal questions. To these ends we refer the reader to Questions 1 and 2
in Section 5.3. We note that in a recent paper by [9], entanglement was
shown to be connected to the Plank length by the same assumption of no
preference reference frame (NPRF) given by Einstein with regard to the
photon.

3. In this comment we give some context for our choice of content for this
paper as well as the motivation for the general nature of the following
questions. In the summer of 2016 a version of this paper was submitted
to the Annuals of Pure and Applied Logic. The earlier version of the
paper called what is currently being called an Anti-state, a jump out.
The content of the first version of the paper was mostly the theorems
occurring before Theorem 3.25 of this paper and excluding Example 3.13.
The 2016 submission modeled the double slit experiment by having:

❼ A sequence of starting points sn and a function f acting on each sn
where then fm(sn) would represent m steps of the transition of a
particle emitted at moment sn from a source.

❼ Then taking certain terms fm(sn) to be Anti-states (jump outs)
caused the the set of si’s where si = x allowed for a formula φ having
fm(x) as a terminal term to be defined, would give that φ only had
a truth value for a specific subsequence of all of the si’s.

❼ The probability of a φ being true was determined using the relative
frequency measure for it being true on the sequence where φ was
defined.

❼ In the paper it was noted that any real world data for the double slit
experiment should be able to be matched using the aforementioned
process.
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The paper did not give any means for capturing interference and did not
make any connection to the use of Planks constant and the restriction to
integer values of continuous functions from Rn to R which we have made
in this paper. The paper was not accepted for publication because the
treatment of the jump out notion was to simple and it failed to give a
full explanation for the quantum mechanics involved in the double slit
experiment, although the notion of jump out was taken to be of interest.
This was a fair assessment although the intent of the paper was to show
how context change could be a consequence of a jump out (Anti-state).
This paper is very much attempting to address the referees critiques of the
last submission. When attempting to address the question of how a jump
out(Anti-state) gives a meaningful understanding to Quantum Mechanics
beyond capturing context change, we found that considerations of a and
b of Comment 2 lead us to see the significance of the Anti-state may be
in resolving our notion of existential crisis, and from Comment 1 that the
need to resolve such issues might be fundamental to the expressive nature
of our universe. In regard to the issues raised by Comments 1, 2 we came
to the conclusion that it would not suffice to show that an Anti-state is
necessary in avoiding a contradictions of our physics but rather that the
most fundamental questions at hand are:

❼ What is the expressive nature of our universe?

❼ How expressive is any given asserted model of our universe?

Our Theorems 3.25, 4.2 can be seen as establishing a general means for
constructing Anti-Structure models in which problems of our physics may
be expressed. The fact that the models given by Theorems 3.25 and 4.2
are governed entirely by their intentional construction, which seems to be
at odds with Anti-states giving an explanation of anything in physics that
one would call natural, leads very much to questions of what it means to
have an expressive structure that does not make such an appeal to outside
authority to suit its our purposes (A natural expressive structure). With
regard to our aforementioned intentions we note that even if in regard to
[9] paper we might have adapted our 2016 example to incorporate Plank
lengths in determining where an fm(si) was a jump out, and then find
some deeper connection between the example and double slit experiment,
this should still not have been sufficient for explaining why the laws of our
universe dictate these seemingly necessary unobservables, such as fractions
of Plank lengths. In the questions that follow we do not endeavorer the
lofty goals of addressing why our universe requires governing laws which
require the aforementioned unobservables, but rather we ask questions on
the lines of determining what types of rules govern expressive semantic
truth assignments and Anti-Structures.

5.3. Futher Questions

1. To what degree can the following be formally given as an existential crisis:
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a. The ultraviolet catastrophe

b. The non-existence of a photon if it had zero relative speed to an
observer

2. To what degree can Anti-states be seen to be connected to resolutions to
the problems presented by a and b from 1 above?

3. To what degree should a proposed model of our universe be able to rep-
resent itself and verify true statements about itself?

4. Noting that an Anti-Structure |=A
A

for a system Y has the requirement:
For all terms t of the language, t = t is true if and only if there exists a
constant symbol c where (t = c) ∈ Y .

We ask:

a. How strong is the above requirement?

b. How strong is the above requirement under the additional assumption
that t = t is always true?

c. Is there an expressive Anti-Structure which gives that the above re-
quirement is true about itself?

5. Relatively speaking a relationship R ⊆ Xn is definable in a theory T
when there exists an encoding of X into the constant symbols of the
language of T and a formula φR where φR(cx1

, ..., cxn) ∈ T if and only if
〈x1, ..., xn〉 ∈ R. Noting that in a system Y for an An-Structure, we can
have:

* A relation R and a formula φR where for all variable to constant
assignments cv, φR[cv] ∈ Y and φR defines R.

* A formula ψ where for all variable to constant symbols cv, ψ[cv] ∈ Y .

* There exists a variable to constant assignment bv where (φR∨ψ)[bv] /∈
Y

We ask:

a. What is the correct definition of a relation R being definable in a
system Y for an Anti-Structure?

b. Given the above mentioned ψ and bv give a context change where φR
has no truth value, is there a measure µ for definable relationships
in a system Y for an Anti-Structure, which gives the degree to which
φR has truth value and correctly defines R?

c. Given µ from item b can be defined for each system for an Anti-
Structure, is there an expressive Anti-Structure which can make
statements about its measure µ for its definable relations?

We additionally note: For a κ simple contextual model having measure-
ment sets mα for α < κ, if for all α, S ⊆ mα, and ψα is a tautology where
ter(ψ) = mα, then for any φ where ter(φ) = S and a variable to constant
assignment cv, we have that checking the truth of (ψα ∧ φ)[cv] in the κ-
simple contextual model, could be viewed as checking to see if S[cv] is in
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state φ[cv] (or in the form φ[cv]) under the measurement mα[cv] (where
we appeal to an intuitive notion of form or state here).

6. Taking definable in an Anti-Structure to mean definable in the system
for the Anti-Structure, what characterizes an Anti-Structure |=A

A
and a

non-trivial class of Anti-Structures S, where every Anti-Structure in S
is definable in |=A

A
, while in turn |=A

A
is definable in each Anti-Structure

contained in S?

7. Following from the comment on how constructed our examples from Sec-
tion 4 are, we ask if there can be a meaningful measure of how constructed
an Anti-Structure model is?

8. If there is a measure of how constructed Anti-Structure models are, then
can this measure be extended to arbitrary models for physics?
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