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Abstract In this paper, the complex simplified Lorenz
system is proposed. It is the complex extension of the
simplified Lorenz system. Dynamics of the proposed
system are investigated by theoretical analysis as well
as numerical simulation, including bifurcation diagram,
Lyapunov exponent spectrum, phase portraits, Poincaré
section, and basins of attraction. The results show that
the complex simplified Lorenz system has non-trivial
circular equilibria and displays abundant and compli-
cated dynamical behaviors. Particularly, the coexistence
of infinitely many attractors, i.e., extreme multistabil-
ity, is discovered in the proposed system. Furthermore,
the adaptive complex generalized function projective
synchronization between two complex simplified Lorenz
systems with unknown parameter is achieved. Based
on Lyapunov stability theory, the corresponding adap-
tive controllers and parameter update law are designed.
The numerical simulation results demonstrate the effec-
tiveness and feasibility of the proposed synchronization
scheme. It provides a theoretical and experimental ba-
sis for the applications of the complex simplified Lorenz
system.

Keywords Complex chaos · Simplified Lorenz system ·
Coexisting attractors · Extreme multistability ·
Adaptive control · Generalized function projective
synchronization

1 Introduction

Since Lorenz discovered the first chaotic attractor in
1963 [1], chaos has been extensively investigated over
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the last few decades due to its great importance and
broad applications. Particularly, in 1982, Fowler et al.
[2] derived the complex chaotic Lorenz equations, which
opened the prelude to the study of complex chaos. How-
ever, compared with the limited studies of chaos in com-
plex domain, there are a large quantity of articles of
chaos in real domain. As a matter of fact, in the real
world, many physical phenomena can be described by
complex-variable nonlinear dynamical equations, such
as thermal convection of liquid flows, detuned lasers
and complex nonlinear oscillators [3–7]. The complex
chaotic system, i.e., the chaotic system with complex
variables, is a kind of typical complex dynamical sys-
tem, which is obtained by extending the chaotic system
from real domain to complex domain. Due to the exis-
tence of complex variables, dynamical behaviors of the
complex chaotic system tend to be more abundant and
complicated, which indicates the wide scope of applica-
tions, especially for secure communication and digital
encryption [8–12].

Apart from the above-mentioned complex Lorenz
system, some other complex chaotic systems have been
proposed and investigated theoretically and numerically,
such as the complex Chen system [13], complex Lü
system [13], hyperchaotic complex Lorenz system [14]
and hyperchaotic complex Lü system [15]. On the other
hand, it is well known that the synchronization of chaotic
systems plays an important role in chaotic secure com-
munication. Therefore, some scholars also focused their
attention on the study of chaos control and synchro-
nization of complex chaotic systems in recent years, and
a great number of synchronization schemes have been
proposed, such as complete synchronization [16], lag
synchronization [17], complex modified projective syn-
chronization [18], adaptive impulsive synchronization
[19], adaptive complex modified projective synchroniza-
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tion [20], combination complex synchronization [21],
adaptive complex modified hybrid function projective
synchronization [22], and adaptive complex modified
function projective synchronization [23]. However, the
investigation of generalized synchronization of complex
chaotic systems, where the complex drive and response
systems synchronize with respect to a given functional
relationship, was rarely reported. Only in [24], Wang et
al. discussed the adaptive complex generalized synchro-
nization of a memristor-based hyperchaotic complex
Lü system. Furthermore, to better enhance the anti-
attack and anti-translated performance of the trans-
mitted signals in chaotic secure communication, it is
significant and meaningful to investigate the complex
generalized function projective synchronization of com-
plex chaotic systems. To the best of our knowledge,
although the generalized function projective synchro-
nization of real-variable chaotic systems has been stud-
ied [25,26], the complex generalized function projective
synchronization of complex chaotic systems was seldom
discussed.

Recently, the coexistence of infinitely many attrac-
tors in chaotic systems, which is defined as extreme
multistability, has become another research hotspot. In
fact, the extreme multistability is an intrinsic property
of many nonlinear dynamical systems. It means the co-
existence of infinitely many asymptotic stable states for
a given set of parameters. The state mainly depends
on initial conditions. At present, the phenomenon of
extreme multistability is found in some nonlinear cir-
cuits and dynamical systems [27–31]. Particularly, Bao
et al. [32] discovered the hidden extreme multistabil-
ity in a memristive hyperchaotic system. Lai et al. [33]
established a simple three-dimensional chaotic system
with infinitely many coexisting attractors based on the
Sprott B system [34]. Furthermore, Li et al. [35] success-
fully doubled the number of the coexisting attractors by
applying the offset boosting technique in combination
with the absolute-value function. Generally, the chaotic
system with multiple coexisting attractors is considered
to be more complicated than the chaotic system with
single attractor, and thus has more potential values in
practical applications [36]. However, the coexistence of
infinitely many attractors in complex chaotic systems
has not been effectively explored so far.

Motivated by the above discussion, in this paper, by
extending the real state variables from real domain to
complex domain, the complex simplified Lorenz system
is proposed. It is the complex extension of the simpli-
fied Lorenz system [37]. Dynamics and synchronization
of the proposed system are investigated theoretically
and numerically. The results show that the complex
simplified Lorenz system has non-trivial circular equi-

libria, and exhibits abundant and complicated dynami-
cal behaviors. Particularly, the coexistence of infinitely
many attractors, i.e., extreme multistability, is found in
this system. Furthermore, the adaptive complex gener-
alized function projective synchronization between two
complex simplified Lorenz systems with unknown pa-
rameter is achieved. Based on Lyapunov stability the-
ory, the adaptive controllers and parameter update law
are designed. The numerical simulation results demon-
strate the effectiveness and feasibility of the proposed
synchronization scheme.

The rest of this paper is organized as follows. In
Sec. 2, the complex simplified Lorenz system is pro-
posed, and basic dynamics of the proposed system is
investigated theoretically and numerically. In Sec. 3,
the adaptive complex generalized function projective
synchronization between two complex simplified Lorenz
systems with unknown parameter is discussed. The nu-
merical simulation results are presented to verify the
effectiveness and feasibility of the proposed synchro-
nization scheme. Finally, the main conclusions are sum-
marized in Sec. 4.

2 The complex simplified Lorenz system and
its basic dynamics

In 2009, Sun and Sprott [37] simplified the classic Lorenz
system, and proposed the simplified Lorenz system with
only one bifurcation parameter. This system has simi-
lar dynamical properties to the Lorenz system, but its
algebraic form is simpler. It is suitable for the study of
chaos control, synchronization and circuit implementa-
tion, where serving as a simple model of chaos in real
domain. The simplified Lorenz system is described by










ẋ1 = 10(x2 − x1),

ẋ2 = (24− 4c)x1 + cx2 − x1x3,

ẋ3 = −8x3/3 + x1x3,

(1)

where x1, x2, x3 ∈ R are real state variables, and c ∈ R

is the bifurcation parameter of system (1). Here, we
extend the real state variables x1, x2 from real domain
to complex domain, and obtain the complex simplified
Lorenz system, which is written in the following form










ẋ1 = 10(x2 − x1),

ẋ2 = (24− 4c)x1 + cx2 − x1x3,

ẋ3 = −8x3/3 + 1/2(x̄1x2 + x1x̄2),

(2)

where x1, x2 ∈ C are complex state variables, x3 ∈ R

is a real state variable, and c ∈ R is the bifurcation
parameter of system (2). In addition, x̄1, x̄2 stands for
the complex conjugate variables of x1, x2, respectively.
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For the convenience of dynamics analysis, setting x1 =

u1 + ju2, x2 = u3 + ju4, x3 = u5, where j =
√
−1, and

equating the real and imaginary parts of system (2), we
obtain






























u̇1 = 10(u3 − u1),

u̇2 = 10(u4 − u2),

u̇3 = (24− 4c)u1 + cu3 − u1u5,

u̇4 = (24− 4c)u2 + cu4 − u2u5,

u̇5 = −8u5/3 + u1u3 + u2u4,

(3)

where u1, u2, u3, u4, u5 ∈ R are real state variables, and
c ∈ R is the bifurcation parameter of system (3).

2.1 Symmetry and invariance

System (3) is symmetric and invariant under the coordi-
nates transformation: (u1, u2, u3, u4, u5) → (−u1,−u2,

−u3,−u4, u5), i.e., reflection about u5-axis. In addition,
this symmetry and invariance are accurate for all values
of the parameter c.

2.2 Dissipation and the existence of attractors

The rate of volume contraction of system (3) is given
by the Lie derivative

1

V

dV

dt
=

5
∑

k=1

du̇k

dt
= 2c− 68

3
= p, (4)

which can be solved to yield

V (t) = V (0)ept. (5)

If p < 0, i.e., c < 34/3, then system (3) is dissipative. It
means all the trajectories of system (3) contract at an
exponential rate p onto an attractor of zero volume that
can be a fixed point, a limit cycle or a strange attractor
when t → +∞.

2.3 Equilibria and their stability

To get the equilibria of system (3), we set the right part
of system (3) to zero, and obtain the following nonlinear
equations






























10(u3 − u1) = 0,

10(u4 − u2) = 0,

(24− 4c)u1 + cu3 − u1u5 = 0,

(24− 4c)u2 + cu4 − u2u5 = 0,

−8u5/3 + u1u3 + u2u4 = 0.

(6)

Obviously, the origin E0 = (0, 0, 0, 0, 0) is one of the
solutions of Eq. (6), and it’s easy to get the non-trivial
solutions of Eq. (6), which can be written as

u1 = u3 = r cos θ, u2 = u4 = r sin θ, u5 =
3

8
r2, (7)

where r =
√
64− 8c, and θ ∈ [0, 2π]. Therefore, system

(3) has non-trivial circular equilibria Eθ = (r cos θ, r sin θ,

r cos θ, r sin θ, 3r2/8).
To study the stability of E0, we calculate the Jaco-

bian matrix of system (3) at E0 as

J0 =













−10 0 10 0 0

0 −10 0 10 0

24− 4c 0 c 0 0

0 24− 4c 0 c 0
0 0 0 0 −8/3













, (8)

and its eigenvalues satisfy the following characteristic
equation
(

µ+
8

3

)

[

µ2 + (10− c)µ+ 30c− 240
]2

= 0, (9)

thus we have µ1 = −8/3, and the other four eigenvalues
satisfy the following equation
[

µ2 + (10− c)µ+ 30c− 240
]2

= 0. (10)

According to Routh-Hurwitz criterion, if 10−c > 0 and
30c− 240 > 0, i.e., c ∈ (8, 10), then E0 is stable, other-
wise it’s unstable. In addition, to study the stability of
Eθ, we calculate the Jacobian matrix of system (3) at
Eθ as

Jθ =













−10 0 10 0 0
0 −10 0 10 0

−c 0 c 0 −r cos θ

0 −c 0 c −r sin θ

r cos θ r sin θ r cos θ r sin θ −8/3













, (11)

and their eigenvalues satisfy the same characteristic
equation, which is written as

µ(µ+ 10− c)

[

µ3 +

(

38

3
− c

)

µ2

+

(

r2 +
80

3
− 8

3
c

)

µ+ 20r2
]

= 0,

(12)

thus we have µ1 = 0, µ2 = c − 10, and the other three
eigenvalues satisfy the following equation

µ3+

(

38

3
− c

)

µ2+

(

r2 +
80

3
− 8

3
c

)

µ+20r2 = 0. (13)

According to Routh-Hurwitz criterion, if c ∈ [−1.59, 7.75],
then there exist a negative real eigenvalue and a pair of
conjugate complex eigenvalues with positive real part.
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For example, if c = 2, then the corresponding eigen-
values are µ1 = 0, µ2 = −8, µ3 = −11.7318, µ4 =

0.5326 + 9.0302j, and µ5 = 0.5326− 9.0302j, which in-
dicates that Eθ are unstable and saddle-foci with index
two.

2.4 Bifurcation and chaos with different system
parameter c

As it is well known, bifurcation diagram and Lyapunov
exponent spectrum are two of the major methods for
analyzing dynamical behaviors of a nonlinear system.
Here, the classic fourth-order Runge-Kutta method is
applied for the calculation of system (3). When the ini-
tial condition u0 = (1,−1, 1,−1, 1), the bifurcation dia-
gram and Lyapunov exponents of system (3) are shown
in Fig. 1(a) and Fig. 1(b), respectively, where c varies
at the range [−2, 8] with the step size of ∆c = 0.01.
As shown in Fig. 1, system (3) is chaotic over most of
the range [−1.59, 7.75]. Additionally, there exist some
periodic windows at c ∈ [4.50, 7.75], such as W1 =

[4.592, 4.681], W2 = [4.703, 4.720], W3 = [5.762, 5.772],
W4 = [5.828, 5.835], and W5 = [6.050, 6.062]. Different
periodic windows exhibit different periodic trajectories.
In particular, we set c = 2 with the initial condition
u0 = (1,−1, 1,−1, 1), then all the five Lyapunov expo-
nents of system (3) can be calculated as λ1 = 0.8580,
λ2 = 0, λ3 = 0, λ4 = −7.9995, and λ5 = −11.5260.
Therefore, the Lyapunov dimension of system (3) is
fractional, which is defined as

DL = m+
1

|λm+1|

m
∑

k=1

λk = 3 +
0.8580

| − 7.9995| = 3.1073,

(14)

where m is the largest integer such that
∑m

k=1
λk > 0

and
∑m+1

k=1
λk < 0. Furthermore, the phase portrait on

(u1, u5) plane and its corresponding Poincaré section
generated in the hyperplane u5 = 18 (which passes
through the non-trivial equilibria) are plotted in Fig.
2(a) and Fig. 2(b), respectively. Obviously, as observed
in Fig. 2, system (3) is chaotic in this case.

2.5 Coexistence of infinitely many attractors

Extreme multistability exhibits a rich diversity of stable
states of a nonlinear dynamical system for a given set of
parameters, and it indicates the great potential of such
system in engineering applications. The coexistence of
infinitely many attractors is found in system (3). For
instance, phase portraits of five coexisting chaotic at-
tractors (c = 6.39) as well as five coexisting periodic

attractors (c = 7.50) of system (3) are shown in Fig.
3(a) and Fig. 3(b), respectively. As shown in Fig. 3, dif-
ferent colors represent different attractors with differ-
ent initial conditions, where the blue attractors match
(1, 2, 3, 4, 5), the red attractors match (2, 2, 3, 4, 5), the
green attractors match (3, 2, 3, 4, 5), the magenta at-
tractors match (4, 2, 3, 4, 5), and the cyan attractors
match (5, 2, 3, 4, 5). Moreover, it is well known that the
basin of attraction is an effective method to detect the
coexistence of attractors in a nonlinear system. In par-
ticular, when the initial condition of system (3) is given
as u0 = (u1, u2, 3, 4, 5), the basins of attraction with
respect to different initial conditions at c = 6.39 and
c = 7.50 are shown in Fig. 4(a) and Fig. 4(b), respec-
tively, where u1 ∈ [−10, 10], u2 ∈ [−10, 10] and dif-
ferent colors represent different attractors. Obviously,
due to the coexistence of infinitely many attractors, sys-
tem (3) has the property of extreme multistability, and
it reveals the complicated dynamical behaviors of the
complex simplified Lorenz system.

3 The adaptive complex generalized function
projective synchronization of the complex
simplified Lorenz system with unknown
parameter

In this section, based on Lyapunov stability theory,
the adaptive complex generalized function projective
synchronization between two complex simplified Lorenz
systems with unknown parameter is investigated.

3.1 Mathematical model and problem description

Firstly, we consider the following n-dimensional com-
plex drive system

ẋ = F (x)A+ f(x), (15)

and the complex response system with adaptive con-
troller is depicted as

ẏ = G(y)B + g(y) +U(x,y, Â, B̂), (16)

where x = (x1, x2, · · · , xn)
T ∈ C

n and y = (y1, y2, · · · ,
yn)

T ∈ C
n are complex state vectors of the complex

drive system (15) and complex response system (16),
respectively. A = (a1, a2, · · · , ap)T ∈ R

p and B =

(b1, b2, · · · , bq)T ∈ R
q are real vectors of unknown pa-

rameters of the complex drive system (15) and complex
response system (16), respectively. F : Cn×1 → C

n×p is
a n× p complex function matrix and f : Cn×1 → C

n×1

is a n×1 complex function vector. G : Cn×1 → C
n×q is

a n× q complex function matrix and g : Cn×1 → C
n×1
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Fig. 1 Bifurcation diagram and Lyapunov exponents of system (3) for c ∈ [−2, 8] with initial condition u0 = (1,−1, 1,−1, 1) (a)
Bifurcation diagram (b) Lyapunov exponents

Fig. 2 Phase portrait and Poincaré section of system (3) for c = 2 with initial condition u0 = (1,−1, 1,−1, 1) (a) Phase portrait
(b) Poincaré section

Fig. 3 Phase portraits of five coexisting chaotic attractors and five periodic attractors for (a) c = 6.39 (chaotic) and (b) c = 7.50
(periodic)

is a n×1 complex function vector. U(x,y, Â, B̂) is the
undetermined adaptive controller. Â, B̂ are parame-
ter estimations of the unknown parameters A and B.
The adaptive complex generalized function projective
synchronization error vector e(t) is defined as

e(t) = y(t)−Φ(t)x(t), (17)

where Φ(t) is a non-diagonal complex function transfor-
mation matrix. Therefore, the adaptive complex gener-
alized function projective synchronization error dynam-

ical system is written as

ė(t) =G(y)B + g(y)−Φ(t)F (x)A−Φ(t)f(x)

− Φ̇(t)x+U(x,y, Â, B̂).
(18)

Next, we introduce the definition of adaptive com-
plex generalized function projective synchronization of
complex chaotic systems with unknown parameters.
Definition 1. For the complex drive system (15) and
complex response system (16), if there exists an adap-
tive controller U(x,y, Â, B̂), such that limt→+∞ ∥y(t)−
Φ(t)x(t)∥ = 0, then the adaptive complex generalized
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Fig. 4 Basins of attraction of system (3) for (a) c = 6.39 (chaotic) and (b) c = 7.50 (periodic) with initial condition u0 =
(u1, u2, 3, 4, 5)

function projective synchronization between the com-
plex drive system (15) and complex response system
(16) is achieved asymptotically with respect to a non-
diagonal complex function transformation matrix Φ(t)

when t → +∞, and the parameter estimations Â, B̂
converge to the true values of the unknown parameters
A and B, respectively.
Theorem 1. For the given non-diagonal complex func-
tion transformation matrix Φ(t), along with the ini-
tial conditions x(0) and y(0), if the adaptive controller
U(x,y, Â, B̂) is designed as

U(x,y, Â, B̂) =Φ(t)F (x)Â+Φ(t)f(x) + Φ̇(t)x

−G(y)B̂ − g(y) +Ke,
(19)

where K = diag[k1, k2, · · · , kn] is a feedback gain ma-
trix, whose diagonal elements are negative real con-
stants, i.e., kl < 0 (l = 1, 2, · · · , n), and the correspond-
ing parameter update laws are selected as














˙̂
A =−

(

Φr(t)F r(x)−Φi(t)F i(x)
)T

er

−
(

Φr(t)F i(x) +Φi(t)F r(x)
)T

ei,
˙̂
B = (Gr(y))

T
er +

(

Gi(y)
)T

ei,

(20)

then the adaptive complex generalized function pro-
jective synchronization between the complex drive sys-
tem (15) and complex response system (16) is achieved
asymptotically when t → +∞, and Â, B̂ converge to
the true values of A and B, respectively.
Hypothesis For the given non-diagonal complex func-
tion transformation matrix Φ(t), along with the com-
plex function matrices F (x) and G(y), the complex
function vector group, consisting of all the columns of
Φ(t)F (x) and −G(y), is linear independence.
Proof Substituting Eq. (19) into Eq. (18), we have

ė(t) = Φ(t)F (x)Ã−G(y)B̃ +Ke, (21)

where Ã = Â−A and B̃ = B̂−B are estimation errors
of the unknown parameters A and B, respectively.

The Lyapunov function candidate is chosen as

V
(

er, ei, Ã, B̃
)

=
1

2

(

(er)
T
er +

(

ei
)T

ei

+ÃTÃ+ B̃TB̃
)

,
(22)

and its derivative with respect to time is

V̇
(

er, ei, Ã, B̃
)

= (er)
T
Ker +

(

ei
)T

Kei. (23)

Obviously, V̇ is negative semi-definite, thus we can’t
conclude directly that system (21) is stable asymptot-
ically at the origin. However, according to Eq. (22)
and Eq. (23), we know that V (t) is bounded owing to
0 ≤ V (t) ≤ V (0), and we can also conclude that er, ei,
Ã, B̃ are bounded. Therefore, ė exists and is finite. In
addition, from Eq. (23), we know that V̇ ≤ kmax|e|2,
i.e., |e|2 ≤ V̇ /kmax, where kmax = max(k1, k2, · · · , kn).
Hence, we have

∫ t

0
|e(τ)|2dτ ≤ (V (t) − V (0))/kmax ≤

−V (0)/kmax, which means that e(t) is square integrable.
According to the Barbalat’s lemma [38], we can finally
draw the conclusion that limt→+∞ e(t) = 0. Conse-
quently, the adaptive complex generalized function pro-
jective synchronization between the complex drive sys-
tem (15) and complex response system (16) is achieved
asymptotically with respect to a non-diagonal complex
function transformation matrix Φ(t) by using the adap-
tive controller (19) and parameter adaptive laws (20).
Besides, according to the LaSalle’s invariance principle
[39], the maximal invariant set can be written as

M =
{

e, Ã, B̃
∣

∣

∣ e = 0, ė(t) = Φ(t)F (x)Ã−G(y)B̃

+Ke = 0} .
(24)

Therefore, we have Φ(t)F (x)Ã−G(y)B̃ = 0, and due
to the linear independence hypothesis, we can conclude
that Ã = 0 and B̃ = 0, i.e., the unknown parameters
A and B can be correctly identified. The proof is com-
pleted.
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Corollary 1. If the structures of the complex drive sys-
tem (15) and complex response system (16) are identi-
cal, i.e., F (·) = G(·), f(·) = g(·), and A = B, then the
adaptive controller U(x,y, Â) is designed as

U(x,y, Â) =(Φ(t)F (x)− F (y))Â+Φ(t)f(x)

+ Φ̇(t)x− f(y) +Ke,
(25)

where K = diag[k1, k2, · · · , kn] is a feedback gain ma-
trix, whose diagonal elements are negative real con-
stants, i.e., kl < 0 (l = 1, 2, · · · , n), and the correspond-
ing parameter update laws are selected as
˙̂
A =

(

F r(y)−Φr(t)F r(x) +Φi(t)F i(x)
)T

er

+
(

F i(y)−Φr(t)F r(x)−Φi(t)F i(x)
)T

ei.
(26)

Hence, the adaptive complex generalized function pro-
jective synchronization between two identical complex
chaotic systems with unknown parameters is achieved
asymptotically when t → +∞, and Â converges to the
true values of A.

3.2 Numerical simulations and discussion

To observe the adaptive complex generalized function
projective synchronization between two complex simpli-
fied Lorenz systems with unknown parameter, we define
the complex drive system as










ẋ1 = 10(x2 − x1),

ẋ2 = (24− 4c)x1 + cx2 − x1x3,

ẋ3 = −8x3/3 + 1/2(x̄1x2 + x1x̄2),

(27)

and the complex response system with adaptive con-
trollers is depicted as










ẏ1 = 10(y2 − y1) + v1,

ẏ2 = (24− 4c)y1 + cy2 − y1y3 + v2,

ẏ3 = −8y3/3 + 1/2(ȳ1y2 + y1ȳ2) + v3,

(28)

where v1, v2, v3 are undetermined adaptive controllers,
and c is the unknown parameter. If the non-diagonal
complex function transformation matrix Φ(t) is chosen
as

Φ(t) =





0 ejt 0

e2jt 0 0

0 0 cos 3t



 , (29)

then the errors between the complex drive system (27)
and complex response system (28) are expressed by










e1 = y1 − ejtx2,

e2 = y2 − e2jtx1,

e3 = y3 − x3 cos 3t,

(30)

therefore, the adaptive complex generalized function
projective synchronization error dynamical system is
written as






































ė1 =10(y2 − y1)− ejt [(24− 4c)x1 + cx2 − x1x3]

− jejtx2 + v1,

ė2 =(24− 4c)y1 + cy2 − y1y3 − 10e2jt(x2 − x1)

− 2je2jtx1 + v2,

ė3 =− 8y3/3 + 1/2(ȳ1y2 + y1ȳ2) + cos 3t [8x3/3

−1/2(x̄1x2 + x1x̄2)] + 3x3 sin 3t+ v3.

(31)

According to Theorem 1, if the adaptive controllers
v1, v2, v3 are designed as






































v1 =10(y1 − y2) + ejt[(24− 4ĉ)x1 + ĉx2 − x1x3]

+ jejtx2 + k1e1,

v2 =(4ĉ− 24)y1 − ĉy2 + y1y3 + 10e2jt(x2 − x1)

+ 2je2jtx1 + k2e2,

v3 =8y3/3− 1/2(ȳ1y2 + y1ȳ2)− cos 3t [8x3/3

−1/2(x̄1x2 + x1x̄2)]− 3x3 sin 3t+ k3e3,

(32)

where ĉ is the estimation of the unknown parameter c,
and its parameter update law is selected as

˙̂c =er1
(

4xr
1 cos t+ xi

2 sin t− 4xi
1 sin t− xr

2 cos t
)

+ ei1
(

4xr
1 sin t+ 4xi

1 cos t− xr
2 sin t− xi

2 cos t
)

+ er2 (y
r
2 − 4yr1) + ei2

(

yi2 − 4yi1
)

,

(33)

then the adaptive complex generalized function projec-
tive synchronization between the complex drive system
(27) and response system (28) with unknown parame-
ter c is achieved asymptotically when t → +∞, and ĉ

converges to the true value of c.
In the numerical simulations, let c = 2. In this case,

the complex simplified Lorenz system behaves chaoti-
cally. The initial conditions are randomly selected as
x(0) = (1+2j, 3+4j, 5) and y(0) = (6+7j, 8+9j, 10).
The initial value of the parameter estimation ĉ and
the feedback gain matrix K are set as ĉ(0) = 2.5 and
K = diag[−5,−5,−5], respectively. Time evolutions of
the synchronization error and parameter estimation are
plotted in Fig. 5, where |e| =

√

|e1|2 + |e2|2 + |e3|2. As
observed in Fig. 5, the numerical simulation results il-
lustrate that the adaptive complex generalized function
projective synchronization between the complex drive
system (27) and complex response system (28) has been
achieved almost within two seconds, and the unknown
parameter c is successfully identified. Additionally, the
feedback gain matrix K has a great effect on the perfor-
mance of the proposed synchronization scheme. Time
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Fig. 5 Time evolutions of the synchronization error and parameter estimation (a) |e| versus t (b) ĉ versus t

Fig. 6 Time evolutions of the synchronization error and parameter estimation with different feedback gain matrices (a) |e| versus
t (b) ĉ versus t

evolutions of the synchronization error and parame-
ter estimation with different feedback gain matrices are
plotted in Fig. 6, where K1 = diag[−3,−3,−3], K2 =
diag[−5,−5,−5], and K3 = diag[−7,−7,−7]. Obvi-
ously, as shown in Fig. 6, the adaptive complex gener-
alized function projective synchronization between the
complex drive system (27) and complex response sys-
tem (28) is achieved more rapidly with a stronger feed-
back gain matrix. Meanwhile, the unknown parameter
c is also identified more quickly.

4 Conclusions

In this paper, by extending the real state variables from
real domain to complex domain, the complex simpli-
fied Lorenz system is proposed. Dynamics and synchro-
nization of the proposed system are investigated theo-
retically and numerically. The results show that the
complex simplified Lorenz system has non-trivial circu-
lar equilibria and displays abundant and complicated
dynamical behaviors. Particularly, the coexistence of
infinitely many attractors, i.e., extreme multistability,
is revealed by phase portraits and basins of attrac-
tion. Furthermore, the adaptive complex generalized
function projective synchronization between two com-
plex simplified Lorenz systems with unknown parame-

ter is achieved. Based on Lyapunov stability theory, the
corresponding adaptive controllers and parameter up-
date law are designed. The numerical simulation results
demonstrate the effectiveness and feasibility of the pro-
posed synchronization scheme. Additionally, it is found
that the feedback gain matrix has a great effect on the
performance of the proposed synchronization scheme.
With a stronger feedback gain matrix, the synchroniza-
tion between the complex drive system and complex
response system is achieved more rapidly, and the un-
known parameter is also identified more quickly. The
proposed synchronization scheme can be applied to se-
cure communication for higher transmission efficiency
and security performance due to the complex variables,
unknown parameters, and unpredictable non-diagonal
complex function transformation matrix. Next, we will
try to study the hardware implementation and engi-
neering applications of the complex simplified Lorenz
system.
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Figures

Figure 1

Bifurcation diagram and Lyapunov exponents of system (3) for c  [−2, 8] with initial condition u0 = (1, −1,
1, −1, 1) (a) Bifurcation diagram (b) Lyapunov exponents

Figure 2

Phase portrait and Poincaré section of system (3) for c = 2 with initial condition u0 = (1, −1, 1, −1, 1) (a)
Phase portrait (b) Poincaré section



Figure 3

Phase portraits of �ve coexisting chaotic attractors and �ve periodic attractors for (a) c = 6.39 (chaotic)
and (b) c = 7.50 (periodic)

Figure 4

Basins of attraction of system (3) for (a) c = 6.39 (chaotic) and (b) c = 7.50 (periodic) with initial
condition u0 = (u1, u2, 3, 4, 5)



Figure 5

Time evolutions of the synchronization error and parameter estimation (a) |e| versus t (b) cˆ versus t

Figure 6

Time evolutions of the synchronization error and parameter estimation with different feedback gain
matrices (a) |e| versus t (b) cˆ versus t


