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Abstract This paper is concerned with the distributed re-

cursive filtering problem for a class of time-varying multi-

rate systems in sensor networks with stochastic nonlinear-

ities and the Round-Robin (RR) protocol. For the purpose

of alleviating data collisions, the RR protocol is utilized to

schedule the order of the data transmission, under which

each sensor node only broadcasts partial information to both

the corresponding local filter and its neighboring nodes. Due

to different sampling rates of the plant and the sensors, the

lifting technique is proposed by which the multi-rate sampled-

data system under consideration is transformed into a single-

rate system. The main purpose of this paper is to design a

distributed recursive filter for each sensor such that, in the

simultaneous presence of stochastic nonlinearities, the RR

communication protocol and the multi-rate mechanism, an

upper bound for the filtering error covariance is guaranteed

and subsequently minimized by properly designing the fil-

ter parameters. Furthermore, by utilizing the mathematical

induction method, a sufficient condition is established to en-

sure the uniform boundedness of the filtering error covari-

ance. Finally, a simulation example is provided to demon-

strate the effectiveness of the proposed design scheme of

distributed filters.

Keywords Distributed filtering · Recursive filtering ·
Sensor networks · Multi-rate systems · Round-Robin

scheduling

1 Introduction

In the past few decades, the filtering or state estimation prob-

lem has been deemed to be a fundamental topic in areas

X. Zhao and S. Liu
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of signal processing and control engineering [1–4]. To date,

considerable research effort has been made to the filter de-

sign approaches according to various performance specifica-

tions such as the recursive filtering, the H∞ filtering [5] and

the set-membership filtering [6]. In particular, the renowned

recursive filtering methods (including the classical Kalman

filtering (KF) algorithm [7, 8], the extended KF algorith-

m [9,10], and the unscented KF algorithm [11]) have gained

particular research attention due to their advantage in on-

line real-time implementation and fruitful results have been

reported with wide application prospect in engineering prac-

tice [12, 13]. On the other hand, it is well known that non-

linearities exist in almost all real-world systems. In certain

noisy environments, the nonlinear disturbances may give rise

to the system complexity and serious degradation of the sys-

tem performance [14, 15]. Up to now, the recursive filter-

ing problem for the time-varying systems with stochastic

nonlinearities has received an ever-increasing research in-

terest and many representative results have been proposed

in [9, 16] and the references therein.

In recent years, sensor networks have gained tremen-

dous research interest with attractive applications including

health monitoring, environmental monitoring, target track-

ing and industrial control systems [17–21]. It is well known

that, in a sensor network, plenty of spatially distributed sen-

sor nodes can not only collect and process data but also com-

municate with neighboring nodes according to the topology

of the sensor network. In particular, very recently, the corre-

sponding distributed filtering problem over sensor network-

s is undergoing a notable surge in popularity owing to its

merits in improving robustness against sensor failures, see

[22–25] and the references therein. Some frequently used

distributed filtering schemes include the distributed Kalman

filtering, the distributed H∞ filtering and the distributed set-

membership filtering, all of which have been widely report-

ed in the literature [26–28].
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In the context of network communication, sensor net-

works may suffer inevitably from the limited bandwidth and

the constrained communication capacity, which would give

rise to the occurrence of some network-induced phenomena

[29–31]. As such, much effort has been devoted for energy-

saving purposes. For instance, in order to decrease the fre-

quency of data transmission, the event-based distributed fil-

tering scheme has already attracted an increasing research

interest, see [32, 33]. Another practical yet efficient way is

to employ appropriate communication protocols whose pur-

pose is to prevent data collisions by reducing the commu-

nication traffic. In industry applications, several importan-

t communication protocols with respect to the networked

control systems have been developed to schedule the data

transmission including the Round-Robin (RR) protocol, the

try-once-discard protocol and the stochastic communication

protocol, see [34–39]. Among these protocols, the RR pro-

tocol achieves the scheduling based on its periodic property,

and some pioneering works have recently been reported in

the literature [24, 36, 40, 41].

It is worth point out that almost all results mentioned

previously have focused on sensor networks with a single

sampling rate. In the real world, however, different system

components (e.g., sensors, controllers and filters) might have

diverse physical restrictions, which means that it is extreme-

ly unreasonable to adopt the single sampling rate for differ-

ent physical signals (produced from different system com-

ponents). To this end, the so-called multi-rate sampling prob-

lem has begun to gain attention and relevant results have

been reported in the literature, see [42–45]. Due to the com-

plexity resulting from multi-rate samplings, the correspond-

ing distributed recursive filtering problem has not received

adequate attention yet, not to mention the case where the s-

tochastic nonlinearities are also involved, which constitutes

the main motivation of our current study.

Motivated by the above discussion, in this paper, the dis-

tributed recursive filtering problem is investigated for a class

of time-varying multi-rate systems in sensor networks with

stochastic nonlinearities and the RR protocol. The main con-

tributions of this paper can be highlighted as follows.

1. The multi-rate scheme and stochastic nonlinearities are

firstly considered for the distributed filtering problem

under the RR protocol.

2. The influence of the multi-rate strategy and the RR pro-

tocol is explicitly reflected in the design of distributed

filters via the lifting technique combined with the zero-

order holder (ZOH) strategy.

3. An upper bound for the filtering error covariance is en-

sured by virtue of the mathematical induction method

and such an upper bound is subsequently minimized.

4. A sufficient condition is put forward so as to ensure the

uniform boundedness of the filtering error covariance.

The outline of this paper is organized as follows. Sect.

2 formulates the addressed problem. In Sect. 3, by resorting

to the mathematical induction method, an upper bound for

the filtering error covariance is obtained. Furthermore, the

expected filter parameters are explicitly given. A sufficient

condition to guarantee the uniform boundedness of the fil-

tering error covariance is given in Sect. 4. A simulation ex-

ample is provided in Sect. 5 to illustrate the effectiveness of

the proposed filter design algorithm and this paper is finally

concluded in Sect. 6.

Notation The notation used here is fairly standard ex-

cept where otherwise stated. Rn and R
n×m denote, respec-

tively, the n dimensional Euclidean space and the set of all

n×m real matrices. I denotes the identity matrix of compat-

ible dimension. For a matrix M, MT , M−1 and tr(M) repre-

sent the transpose, the inverse of matrix and the trace of M,

respectively. The notation X ≥ Y (X > Y ) with X and Y be-

ing the symmetric matrices means that X−Y is non-negative

definite (positive definite). E{x} stands for the expectation

of stochastic variable x. coln{A j} represents the block ma-

trix [AT
1 , · · · ,A

T
n ]

T and veci
n{Ai j} describes the block matrix

[Ai1 · · · Ain]. diag{A1,A2, · · · ,An} represents a block diago-

nal matrix whose elements are matrices A1,A2, · · · ,An. The

notation mod(a,b) represents the remainder of diving an in-

teger a by a positive integer b. † denotes the pseudo-inverse.

2 Problem Formulation

For the sensor network under consideration, the sensor n-

odes are distributed in space according to a fixed network

topology represented by a directed graph G , (V ,E ,H ) of

order n with the set of nodes (sensors) V , {1,2, . . .n}, set

of edges E ⊆V ×V , and an adjacency matrix H = [hi j]n×n

with nonnegative adjacency elements hi j. The edge (i, j) ∈
E , if and only if, hi j > 0, which represents that the ith node

can receive the information from the jth node, otherwise,

hi j = 0. Moreover, we assume hii = 1 for all i∈V and, there-

fore, (i, i) can be regarded as an additional edge. The set of

neighbors of node i is denoted by Ni , { j ∈ V |(i, j) ∈ E }.

Consider a class of discrete time-varying stochastic non-

linear systems as follows:

x(Tk+1) = A(Tk)x(Tk)+g(x(Tk),η(Tk))+B(Tk)w(Tk) (1)

where x(Tk) ∈ R
nx is the system state, w(Tk) ∈ R

nw is a

zero-mean Gaussian white noise sequence with covariance

Q(Tk)> 0, and η(Tk) ∈ R
nη is a zero-mean Gaussian white

noise sequence. 0 = T1 < · · · < Tk < · · · is a sequence of

update instants satisfying h , Tk+1 − Tk with h > 0 being

a given update period. A(Tk) and B(Tk) are known matri-

ces with appropriate dimensions. The initial state x(T0) is

a stochastic variable with the mean x̄(T0) and covariance

X(T0). g(·, ·) : Rnx ×R
nη 7→ R

nx is a stochastic nonlinear
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function satisfying g(0,η(Tk)) = 0 and the following sta-

tistical properties:



































E{g(x(Tk),η(Tk))|x(Tk)}= 0

E{g(x(Tk),η(Tk))g
T (x(Tl),η(Tl))|x(Tl)}= 0,k ̸= l

E{g(x(Tk),η(Tk))g
T (x(Tk),η(Tk))|x(Tk)}

=
b

∑
i=1

Πi(Tk)x
T (Tk)Γi(Tk)x(Tk)

(2)

where b is a known positive integer. Πi(Tk) and Γi(Tk) are

known positive semidefinite matrices with appropriate di-

mensions.

For the ith sensor node, the measurement model is de-

scribed by

yi(tk) =Ci(tk)x(tk)+Di(tk)vi(tk) (3)

where, for i = 1,2, . . . ,n, yi(tk) ∈ R
ny is the measurement

output of the ith node and vi(tk) ∈ R
nv is the measurement

noise characterized by a zero-mean Gaussian white noise

sequence with covariance Ri(tk) > 0. Ci(tk) and Di(tk) are

known matrices with appropriate dimensions. 0 = t1 < · · ·<
tk < · · · is a sequence of sampling instants with ah , tk+1 −
tk (a ≥ 1, a ∈ N) being the sampling period.

Assumption 1 x(T0) and all noises aforementioned are un-

correlated mutually.

In this paper, the measurement outputs from each sen-

sor node are transmitted to the corresponding filter through

a shared communication network with limited bandwidth.

For the sake of decreasing data collisions and improving the

success rate of data transmission, the RR protocol is intro-

duced, which allows only one sensor node to transmit it-

s data at each time instant. More specifically, the variable

θ i(tk) ∈ {1, · · · ,ny} is introduced to indicate the decision

made by the scheduler from sensor node i at time tk. Subse-

quently, recalling the periodic property of the RR protocol,

θ i(tk) can be iteratively determined by

θ i(tk) =

{

ny, k = 0

mod(k−1,ny)+1, otherwise.
(4)

Define the measurement signal after the RR protocol

scheduling by ȳi(tk)∈R
ny and the matrix Φm , diag{δ (m−

1),δ (m−2), · · · ,δ (m−ny)} ∈R
ny×ny , ∀m∈ {1, · · · ,ny}. By

recurring to the ZOHs, ȳi(tk) is characterized by a sequence

of delayed measurements with the following form:

ȳi(tk) =
ny−1

∑
l=0

Φθ i(tk−l)
yi(tk−l). (5)

Here, θ i(tk−l) , l when k− l < 0 and ȳi(tk) , yi(0) when

k ≤ 0, where yi(0) is the initial measurement output.

Note that the update period of the plant (1) is set as h ,

Tk+1−Tk, and the sampling period of the measurement (3) is

assumed as ah , tk+1 − tk, where a is a positive integer. As

a consequence, (1) and (3) constitute a multi-rate system.

Next, to facilitate the filter design, the lifting technique is

employed to transform the multi-rate system into a single-

rate system.

By means of the lifting technique, we derive the follow-

ing system state equation with the time scale tk:

x(tk+1) = Aa(tk)x(tk)+Ba(tk)wa(tk)+ Āa(tk)ḡ(x(tk),η(tk))

(6)

where, for j = 1, · · · ,a−1

Aa(tk),
a

∏
j=1

A(tk+1 − jh),

A j(tk),
a− j

∏
s=1

A(tk+1 − sh),

B j(tk), A j(tk)B(tk +( j−1)h),

Āa(tk), [A1(tk) · · · Aa−1(tk) A(tk +(a−1)h)],

Ba(tk), [B1(tk) · · · Ba−1(tk) B(tk +(a−1)h)],

wa(tk), col{w(tk),w(tk +h), · · · ,w(tk +(a−1)h)},

ḡ(x(tk),η(tk)), col{g(x(tk),η(tk)),g(x(tk +h),η(tk +h)),

· · · ,g(x(tk +(a−1)h),η(tk +(a−1)h))}.

Obviously, we conclude that the covariance of wa(tk) is Q̄(tk)

, diag{Q(tk),Q(tk +h), · · · ,Q(tk +(a−1)h)}.

In view of the given network topology, for node i (1 ≤
i ≤ n), the actual input to the corresponding filter is denoted

by

yi(tk) = h̄iȳ(tk) (7)

where h̄i , diag{hi1I,hi2I, · · · ,hinI} and ȳ(tk), coln{ȳi(tk)}.

For node i (1 ≤ i ≤ n), we construct the following RR-

protocol-based time-varying distributed filter:

x̂i(tk+1) = Ki(tk)x̂i(tk)+Gi(tk)yi(tk) (8)

where x̂i(tk) ∈ R
nx is the estimate of x(tk) on sensor node

i, Gi(tk), veci
n{Gi j(tk)}, and Ki(tk) and Gi j(tk)(1 ≤ j ≤ n)

are the filter gains to be determined.

Let us denote the filtering error on node i as x̃i(tk) ,
x(tk)− x̂i(tk). Then, it is easily known from (6) and (8) that

x̃i(tk+1) =Aa(tk)x(tk)+ Āa(tk)ḡ(x(tk),η(tk))

+Ba(tk)wa(tk)−Ki(tk)x̂i(tk)−Gi(tk)yi(tk)

=(Aa(tk)−Ki(tk)−Gi(tk)h̄iΦ̄θ(tk)C̄(tk))x(tk)

+Ki(tk)x̃i(tk)+ Āa(tk)ḡ(x(tk),η(tk))

+Ba(tk)wa(tk)−Gi(tk)h̄iE (tk)

−Gi(tk)h̄iV (tk)

(9)
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where

C̄(tk), coln{Ci(tk)}, v̄(tk), coln{vi(tk)},

Φ̄θ(tk) , diag{Φθ 1(tk)
,Φθ 2(tk)

, · · · ,Φθ n(tk)},

D̄(tk), diag{D1(tk),D2(tk), · · · ,Dn(tk)},

E (tk),
ny−1

∑
l=1

Φ̄θ(tk−l)C̄(tk−l)x(tk−l),

V (tk),
ny−1

∑
l=0

Φ̄θ(tk−l)D̄(tk−l)v̄(tk−l).

It is easy to obtain that the covariance of v̄(tk) is R̄(tk) ,
diag{R1(tk),R2(tk), · · · ,Rn(tk)}.

Remark 1 In order to follow physical restrictions on differ-

ent components (e.g., sensor, filter and actuator), the multi-

rate scheme is considered for the distributed recursive fil-

tering problem in this paper. To be more specific, the update

period of the plant is h while the sampling period of the mea-

surement output is ah, where a is a positive integer. More-

over, the proposed multi-rate system is capable of avoiding

unnecessary waste of resources by setting different sampling

periods according to the needs of different devices.

Remark 2 For the distributed filtering problem, the informa-

tion available on each node is not only from itself but also

from its neighbors according to the given topology. From the

filter (8), we can see that the filter on node i only receives the

measurements from the sensors on node j when nodes i and

j are connected, that is, the filter on node i is not required to

know the measurements from node j when hi j = 0. This is

more close to the engineering practice.

3 Main results

In this section, an upper bound of the filtering error covari-

ance is derived and the required filter gains are designed

to guarantee that such an upper bound is minimized. Be-

fore proceeding further, we introduce the following lemmas

which will be needed for the derivation of our main results.

Lemma 1 [46] For arbitrary matrices A, B and X = XT ≥

0 with appropriate dimensions and a positive scalar ε , the

following inequality AXBT +BXAT ≤ εAXAT + ε−1BXBT

holds.

Lemma 2 For the discrete time-varying system with stochas-

tic nonlinearities described by (1), the state covariance ma-

trix X(Tk) , E{x(Tk)x
T (Tk)} satisfies the following recur-

sive equation:

X(Tk+1) =A(Tk)X(Tk)A
T (Tk)+

b

∑
i=1

Πi(Tk)tr(X(Tk)

×Γi(Tk))+B(Tk)Q(Tk)B
T (Tk).

(10)

Proof According to (1), one has

X(Tk+1) =E{x(Tk+1)x
T (Tk+1)}

=A(Tk)E{x(Tk)x
T (Tk)}AT (Tk)

+E{g(x(Tk),η(Tk))g
T (x(Tk),η(Tk))}

+B(Tk)Q(Tk)B
T (Tk)

where the cross terms are equal to 0 because of the indepen-

dence in x(Tk), g(x(Tk),η(Tk)) and w(Tk). From (2), it can

be seen that

E{g(x(Tk),η(Tk))g
T (x(Tk),η(Tk))}

=
b

∑
i=1

Πi(Tk)E{xT (Tk)Γi(Tk)x(Tk)}.

Note that E{xT (Tk)Γi(Tk)x(Tk)} is a scalar, so its value

will not be changed by taking its trace. That is, the following

equality holds

E{xT (Tk)Γi(Tk)x(Tk)}= E{tr(xT (Tk)Γi(Tk)x(Tk))}.

Then, based on the property of the matrix trace, we have

E{tr(xT (Tk)Γi(Tk)x(Tk))}= tr(X(Tk)Γi(Tk)),

which concludes the proof.

Theorem 1 Let the initial condition Ξi(t0) = Pi(t0)> 0 and

positive scalars εi(tk) (i = 1,2,3,4) be given. The filtering

error covariance Pi(tk+1) satisfies Pi(tk+1)≤ Ξi(tk+1) where

Ξi(tk+1)

= µ1(tk)Ki(tk)Ξi(tk)K
T
i (tk)

+µ2(tk)

(

Aa(tk)−Ki(tk)−Mi(tk)Φ̄θ(tk)C̄(tk)

)

×X(tk)

(

Aa(tk)−Ki(tk)−Mi(tk)Φ̄θ(tk)C̄(tk)

)T

+
b

∑
i=1

Āa(tk)Π̄i(tk)Γ̄i(tk)Ā
T
a (tk)+Ba(tk)Q̄(tk)B

T
a (tk)

+µ3(tk)(ny −1)
ny−1

∑
l=1

Mi(tk)

(

Φ̄θ(tk−l)C̄(tk−l)X(tk−l)

×C̄T (tk−l)Φ̄θ(tk−l)

)

MT
i (tk)+µ4(tk)ny

ny−1

∑
l=0

Mi(tk)

×

(

Φ̄θ(tk−l)D̄(tk−l)R̄(tk−l)D̄
T (tk−l)Φ̄θ(tk−l)

)

MT
i (tk)

(11)

with

µ1(tk), 1+ ε−1
1 (tk)+ ε3(tk)+ ε4(tk),

µ2(tk), 1+ ε1(tk)+ ε2(tk),

µ3(tk), 1+ ε−1
2 (tk)+ ε−1

3 (tk),

µ4(tk), 1+ ε−1
4 (tk),Mi(tk), Gi(tk)h̄i,
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Π̄i(tk), diag{Πi(tk),Πi(tk +h), · · · ,Πi(tk +(a−1)h)},

Γ̄i(tk), diag{tr(X(tk)Γi(tk))I, tr(X(tk +h)Γi(tk +h))I,

· · · , tr(X(tk +(a−1)h)Γi(tk +(a−1)h))I}.

Proof In this proof, the mathematical induction approach is

employed. First, it can be obtained from the initial condition

that Pi(t0)≤ Ξi(t0) holds. Next, we assume that Ξi(tk) satis-

fies Pi(tk)≤ Ξi(tk) and then we shall aim to show Pi(tk+1)≤
Ξi(tk+1).

Noticing the filtering error system (9), the filtering error

covariance Pi(tk+1) can be calculated as follows:

Pi(tk+1)

,E{x̃i(tk+1)x̃
T
i (tk+1)}

=(Aa(tk)−Ki(tk)−Gi(tk)h̄iΦ̄θ(tk)C̄(tk))

×E{x(tk)x
T (tk)}(Aa(tk)−Ki(tk)−Gi(tk)h̄iΦ̄θ(tk)

×C̄(tk))
T +Ki(tk)Pi(tk)K

T
i (tk)+Ba(tk)Q̄(tk)B

T
a (tk)

+ Āa(tk)E{ḡ(x(tk),η(tk))ḡ
T (x(tk),η(tk))}ĀT

a (tk)

+Gi(tk)h̄iE{E (tk)E
T (tk)}h̄iG

T
i (tk)

+Gi(tk)h̄iE{V (tk)V
T (tk)}h̄iG

T
i (tk)

+P(tk)+P
T (tk)+Q(tk)+Q

T (tk)

+R(tk)+R
T (tk)+S (tk)+S

T (tk)

(12)

where

P(tk),(Aa(tk)−Ki(tk)−Gi(tk)h̄iΦ̄θ(tk)C̄(tk))

×E{x(tk)x̃i(tk)}KT
i (tk),

Q(tk),− (Aa(tk)−Ki(tk)−Gi(tk)h̄iΦ̄θ(tk)C̄(tk))

×E{x(tk)E
T (tk)}h̄iG

T
i (tk),

R(tk),−Ki(tk)E{x̃i(tk)E
T (tk)}h̄iG

T
i (tk),

S (tk),−Ki(tk)E{x̃i(tk)V
T (tk)}h̄iG

T
i (tk).

According to the statistical properties of stochastic non-

liear function g(x(tk),η(tk)), we have

E{ḡ(x(tk),η(tk))ḡ
T (x(tk),η(tk))}

=
b

∑
i=1

diag{Πi(tk)tr(X(tk)Γi(tk)),Πi(tk +h)

× tr(X(tk +h)Γi(tk +h)), · · · ,Πi(tk +(a−1)h)

× tr(X(tk +(a−1)h)Γi(tk +(a−1)h))}

=
b

∑
i=1

Π̄i(tk)Γ̄i(tk).

(13)

From Lemma 1, we have

P(tk)+P
T (tk)

≤ ε1(tk)
(

Aa(tk)−Ki(tk)−Gi(tk)h̄iΦ̄θ(tk)C̄(tk)
)

×X(tk)
(

Aa(tk)−Ki(tk)−Gi(tk)h̄iΦ̄θ(tk)

×C̄(tk)
)T

+ ε−1
1 (tk)Ki(tk)Pi(tk)K

T
i (tk),

Q(tk)+Q
T (tk)

≤ ε2(tk)
(

Aa(tk)−Ki(tk)−Gi(tk)h̄iΦ̄θ(tk)C̄(tk)
)

×X(tk)
(

Aa(tk)−Ki(tk)−Gi(tk)h̄iΦ̄θ(tk)

×C̄(tk)
)T

+ ε−1
2 (tk)Gi(tk)h̄iE{E (tk)E

T (tk)}

× h̄iG
T
i (tk),

R(tk)+R
T (tk)

≤ ε3(tk)Ki(tk)Pi(tk)K
T
i (tk)+ ε−1

3 (tk)Gi(tk)h̄i

×E{E (tk)E
T (tk)}h̄iG

T
i (tk),

S (tk)+S
T (tk)

≤ ε4(tk)Ki(tk)Pi(tk)K
T
i (tk)+ ε−1

4 (tk)Gi(tk)h̄i

×E{V (tk)V
T (tk)}h̄iG

T
i (tk),

E{E (tk)E
T (tk)}

=
ny−1

∑
j=1

ny−1

∑
l=1

E{Φ̄θ(tk− j)C̄(tk− j)x(tk− j)

× xT (tk−l)C̄
T (tk−l)Φ̄θ(tk−l)}

≤
1

2

ny−1

∑
j=1

ny−1

∑
l=1

E{Φ̄θ(tk− j)C̄(tk− j)X(tk− j)C̄
T (tk− j)Φ̄θ(tk− j)

+ Φ̄θ(tk−l)C̄(tk−l)X(tk−l)C̄
T (tk−l)Φ̄θ(tk−l)}

≤(ny −1)
ny−1

∑
l=1

Φ̄θ(tk−l)C̄(tk−l)X(tk−l)C̄
T (tk−l)Φ̄θ(tk−l)

and

E{V (tk)V
T (tk)}

=
ny−1

∑
j=0

ny−1

∑
l=0

E{Φ̄θ(tk− j)D̄(tk− j)v̄(tk− j)

× v̄T (tk−l)D̄
T (tk−l)Φ̄θ(tk−l)}

≤
1

2

ny−1

∑
j=0

ny−1

∑
l=0

E{Φ̄θ(tk− j)D̄(tk− j)R̄(tk− j)D̄
T (tk− j)Φ̄θ(tk− j)

+ Φ̄θ(tk−l)D̄(tk−l)R̄(tk−l)D̄
T (tk−l)Φ̄θ(tk−l)}

≤ny

ny−1

∑
l=0

Φ̄θ(tk−l)D̄(tk−l)R̄(tk−l)D̄
T (tk−l)Φ̄θ(tk−l).

From the above calculations, it can be derived that

Pi(tk+1)

≤ µ1(tk)Ki(tk)Pi(tk)K
T
i (tk)

+µ2(tk)(Aa(tk)−Ki(tk)−Gi(tk)h̄iΦ̄θ(tk)C̄(tk))
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×X(tk)(Aa(tk)−Ki(tk)−Gi(tk)h̄iΦ̄θ(tk)C̄(tk))
T

+ Āa(tk)E{ḡ(x(tk),η(tk))ḡ
T (x(tk),η(tk))}ĀT

a (tk)

+µ3(tk)Gi(tk)h̄iE{E (tk)E
T (tk)}h̄iG

T
i (tk)

+µ4(tk)Gi(tk)h̄iE{V (tk)V
T (tk)}h̄iG

T
i (tk)

+Ba(tk)Q̄(tk)B
T
a (tk)

≤ µ1(tk)Ki(tk)Pi(tk)K
T
i (tk)

+µ2(tk)(Aa(tk)−Ki(tk)−Gi(tk)h̄iΦ̄θ(tk)C̄(tk))

×X(tk)(Aa(tk)−Ki(tk)−Gi(tk)h̄iΦ̄θ(tk)C̄(tk))
T

+
b

∑
i=1

Āa(tk)Π̄i(tk)Γ̄i(tk)Ā
T
a (tk)+Ba(tk)Q̄(tk)B

T
a (tk)

+µ3(tk)(ny −1)
ny−1

∑
l=1

(Gi(tk)h̄i)(Φ̄θ(tk−l)C̄(tk−l)

×X(tk−l)C̄
T (tk−l)Φ̄θ(tk−l))(Gi(tk)h̄i)

T

+µ4(tk)ny

ny−1

∑
l=0

(Gi(tk)h̄i)(Φ̄θ(tk−l)D̄(tk−l)

× R̄(tk−l)D̄
T (tk−l)Φ̄θ(tk−l))(Gi(tk)h̄i)

T

≤Ξi(tk+1).

Therefore, the proof of Theorem 1 is complete.

Theorem 2 Define the following real-valued matricesϒ1i(tk),
ϒ2i(tk), ϒ3i(tk), ϒ4i(tk) and ϒ5i(tk):

ϒ1i(tk), µ1(tk)Ξi(tk)+µ2(tk)X(tk),

ϒ2i(tk), µ2(tk)Aa(tk)X(tk),

ϒ3i(tk), µ2(tk)(h̄iΦ̄θ(tk)C̄(tk))X(tk)(h̄iΦ̄θ(tk)C̄(tk))
T

+µ3(tk)(ny −1)
ny−1

∑
l=1

(h̄iΦ̄θ(tk−l)C̄(tk−l))

×X(tk−l)(h̄iΦ̄θ(tk−l)C̄(tk−l))
T

+µ4(tk)ny

ny−1

∑
l=0

(h̄iΦ̄θ(tk−l)D̄(tk−l))

× R̄(tk−l)(h̄iΦ̄θ(tk−l)D̄(tk−l))
T

−ϒ5i(tk)ϒ
−1

1i (tk)ϒ
T

5i (tk),

ϒ4i(tk), µ2(tk)Aa(tk)(h̄iΦ̄θ(tk)C̄(tk)X(tk))
T

−ϒ2i(tk)ϒ
−1

1i (tk)ϒ
T

5i (tk),

ϒ5i(tk), µ2(tk)(h̄iΦ̄θ(tk)C̄(tk)X(tk)).

(14)

Then, the upper bound Ξi(tk+1) for the filtering error vari-

ance Pi(tk+1) can be minimized by designing the filter pa-

rameters as

Ki(tk) =ϒ2i(tk)ϒ
−1

1i (tk)−Gi(tk)ϒ5i(tk)ϒ
−1

1i (tk) (15)

Gi j(tk) =

{

0, hi j = 0

(ϒ̃4i(tk)ϒ̃
†

3i(tk))
∗
j , hi j ̸= 0

(16)

where ϒ̃4i(tk) and ϒ̃3i(tk) are, respectively, the simplified ma-

trices by removing the zero-columns of ϒ4i(tk) and by remov-

ing the zero-columns and zero-rows of ϒ3i(tk) with respect to

the topology structure. Here, (Z)∗l means the sub-matrix Zl

extracted from matrix Z = [Z1 Z2 · · · Zm] for all l satisfying

hil ̸= 0.

Proof To determine the filter parameters Ki(tk) and Gi(tk),
we take the partial derivation of the trace of Ξi(tk+1) with

respect to Ki(tk) and Gi(tk), respectively, and then letting the

partial derivation be zero, we have

∂

∂Ki(tk)
tr(Ξi(tk+1))

= 2µ1(tk)Ki(tk)Ξi(tk)+2µ2(tk)(−Aa(tk)X(tk)

+Ki(tk)X(tk)+Gi(tk)h̄iΦ̄θ(tk)C̄(tk)X(tk)) = 0

(17)

and

∂

∂Gi(tk)
tr(Ξi(tk+1))

= 2µ2(tk)

(

−Aa(tk)X(tk)C̄
T (tk)Φ̄θ(tk)h̄i +Ki(tk)

×X(tk)C̄
T (tk)Φ̄θ(tk)h̄i +Gi(tk)h̄iΦ̄θ(tk)C̄(tk)X(tk)

×C̄T (tk)Φ̄θ(tk)h̄i

)

+2µ3(tk)(ny −1)
ny−1

∑
l=1

Gi(tk)h̄i

× Φ̄θ(tk−l)C̄(tk−l)X(tk−l)C̄
T (tk−l)Φ̄θ(tk−l)h̄i

+2µ4(tk)ny

ny−1

∑
l=0

Gi(tk)h̄iΦ̄θ (tk−l)D̄(tk−l)R̄(tk−l)

× D̄T (tk−l)Φ̄θ(tk−l)h̄i = 0.

(18)

From (14), the optimal filter parameter Ki(tk) is given by

Ki(tk) =ϒ2i(tk)ϒ
−1

1i (tk)−Gi(tk)ϒ5i(tk)ϒ
−1

1i (tk). (19)

Then, we aim to obtain the filter gain Gi(tk). It follows read-

ily from (18) that

Gi(tk)ϒ̄3i(tk) = µ2(tk)(Aa(tk)X(tk)C̄
T (tk)Φ̄θ(tk)h̄i

−Ki(tk)X(tk)C̄
T (tk)Φ̄θ(tk)h̄i)

(20)

where

ϒ̄3i(tk), µ2(tk)(h̄iΦ̄θ(tk)C̄(tk))X(tk)(h̄iΦ̄θ(tk)C̄(tk))
T

+µ3(tk)(ny −1)
ny−1

∑
l=1

(h̄iΦ̄θ(tk−l)C̄(tk−l))

×X(tk−l)(h̄iΦ̄θ(tk−l)C̄(tk−l))
T

+µ4(tk)ny

ny−1

∑
l=0

(h̄iΦ̄θ(tk−l)D̄(tk−l))

× R̄(tk−l)(h̄iΦ̄θ(tk−l)D̄(tk−l))
T
.
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Substituting (19) to (20), the optimal filter gain Gi(tk) is ob-

tained as follows:

Gi(tk)ϒ3i(tk) =ϒ4i(tk). (21)

Furthermore, recalling the definition of h̄i, it is easily seen

that there are some difficulties to obtain the gain Gi(tk) di-

rectly, which is due to the fact thatϒ3i(tk) may be non-invertible

at time-instant tk. In this case, the technique developed in

[33] can be used to deal with this issue. Then, we have

Gi j(tk) =

{

0, hi j = 0

(ϒ̃4i(tk)ϒ̃
†

3i(tk))
∗
j , hi j ̸= 0,

(22)

which completes the proof.

4 Uniform boundedness analysis

From the perspective of the engineering practice, it is usu-

ally required that the filtering error covariance is convergen-

t/uniformly bounded. In what follows, we are going to de-

velop a sufficient condition that ensures the uniform bound-

edness of the obtained upper bound of the filtering error co-

variance. To begin with, some reasonable assumptions are

given as follows.

Assumption 2 There are positive real constants a, a, b, c,

π , τ , q, d, d, r, r, X , and X such that the following condi-

tions hold

Aa(tk)A
T
a (tk)≤ aI, Āa(tk)Ā

T
a (tk)≤ aI,

Ba(tk)B
T
a (tk)≤ bI, C̄(tk)C̄

T (tk)≤ cI,

b

∑
i=1

Πi(tk)≤ πI, Γi(tk)≤ τI, Q̄(tk)≤ qI,

dI ≤ D̄(tk)D̄
T (tk)≤ dI, rI ≤ R̄(tk)R̄

T (tk)≤ rI,

X I ≤ X(tk)≤ tr(X(tk))I ≤ X I.

For the sake of simplicity, we fix µi(tk)= µi (i= 1,2,3,4)
for any tk.

On the basis of Assumption 2, in the following theorem,

a sufficient condition with respect to the uniform bounded-

ness of the obtained upper bound shall be presented.

Theorem 3 Under Assumption 2, if the condition ξ ≤ p is

satisfied subject to the initial constraint Ξi(t0) ≤ pI, then

Ξi(tk)≤ pI holds for any tk ≥ 1, where

κ ,
2µ2

2

(µ1 p+µ2X )2
(a+ cm)X

2
,

m ,
2µ2

2 acX
2

(µ4nyrd)2
(1+µ2

2 (µ1 p+µ2X )−2
X

2
),

ξ , µ1 pκ +3µ2(a+κ + cm)X +aπτX +qb

+µ3(ny −1)cmX +µ4nyrdm.

Proof The proof will be performed by the mathematical in-

duction, that is, assuming pI ≤ Ξi(tk) ≤ pI, we will verify

that Ξi(tk+1)≤ pI.

Taking the partial derivation of the trace of Ξi(tk+1) with

respect to Ki(tk) and Mi(tk), respectively, and letting the par-

tial derivation be zero, we have

∂

∂Ki(tk)
tr(Ξi(tk+1))

= 2µ1Ki(tk)Ξi(tk)+2µ2(−Aa(tk)X(tk)

+Ki(tk)X(tk)+Mi(tk)Φ̄θ(tk)C̄(tk)X(tk)) = 0

(23)

and

∂

∂Mi(tk)
tr(Ξi(tk+1))

= 2µ2(−Aa(tk)X(tk)C̄
T (tk)Φ̄θ(tk)+Ki(tk)

×X(tk)C̄
T (tk)Φ̄θ(tk)+Mi(tk)Φ̄θ(tk)C̄(tk)X(tk)

×C̄T (tk)Φ̄θ(tk))+2µ3(ny −1)
ny−1

∑
l=1

Mi(tk)

× Φ̄θ(tk−l)C̄(tk−l)X(tk−l)C̄
T (tk−l)Φ̄θ(tk−l)

+2µ4ny

ny−1

∑
l=0

Mi(tk)Φ̄θ (tk−l)D̄(tk−l)R̄(tk−l)

× D̄T (tk−l)Φ̄θ(tk−l) = 0.

(24)

Noticing that (23) and (24), one has

Ki(tk) =µ2(Aa(tk)−Mi(tk)Φ̄θ(tk)C̄(tk))X(tk)ϒ
−1

1i (tk),

Mi(tk) =µ2Aa(tk)(I −µ2X(tk)ϒ
−1

1i (tk))(Φ̄θ(tk)C̄(tk)

×X(tk))
T Σ−1

3i (tk)

(25)

where

Σ3i(tk), µ2Φ̄θ(tk)C̄(tk)X(tk)C̄
T (tk)Φ̄θ(tk)+µ3(ny −1)

×
ny−1

∑
l=1

Φ̄θ(tk−l)C̄(tk−l)X(tk−l)C̄
T (tk−l)Φ̄θ(tk−l)

+µ4ny

ny−1

∑
l=0

Φ̄θ(tk−l)D̄(tk−l)R̄(tk−l)D̄
T (tk−l)

× Φ̄θ(tk−l)−µ2
2 Φ̄θ(tk)C̄(tk)X(tk)ϒ

−1
1i (tk)X(tk)

×C̄T (tk)Φ̄θ(tk).

It is not difficult to see

ϒ−1
1i (tk)≤

1

µ1 p+µ2X
I,

Σ−1
3i (tk)≤

1

µ4nyrd
I.

(26)
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In addition, it can be easily obtained that

(I −µ2X(tk)ϒ
−1

1i (tk))(I −µ2X(tk)ϒ
−1

1i (tk))
T

≤2I +2µ2
2 X(tk)ϒ

−1
1i (tk)ϒ

−1
1i (tk)X(tk)

≤2

(

1+
µ2

2 X
2

(µ1 p+µ2X )2

)

I.

(27)

Next, taking the specific property of Φ̄θ(tk) into account, we

have

Mi(tk)Mi(tk)
T

= µ2
2 Aa(tk)(I −µ2X(tk)ϒ

−1
1i (tk))X(tk)C̄

T (tk)Φ̄θ(tk)

×Σ−1
3i (tk)Σ

−1
3i (tk)Φ̄θ(tk)C̄(tk)X(tk)(I −µ2X(tk)

×ϒ−1
1i (tk))

T AT
a (tk)

≤
2µ2

2 acX
2

(µ4nyrd)2
(1+µ2

2 (µ1 p+µ2X )−2
X

2
)Φ̄θ(tk)Φ̄θ(tk)

≤
2µ2

2 acX
2

(µ4nyrd)2
(1+µ2

2 (µ1 p+µ2X )−2
X

2
)I

= mI.

(28)

From (28), it is known that

Ki(tk)K
T
i (tk)

= µ2
2 (Aa(tk)−Mi(tk)Φ̄θ(tk)C̄(tk))X(tk)ϒ

−1
1i (tk)ϒ

−1
1i (tk)

×X(tk)(Aa(tk)−Mi(tk)Φ̄θ(tk)C̄(tk))
T

≤
2µ2

2

(µ1 p+µ2X )2
X

2
(Aa(tk)A

T
a (tk)+Mi(tk)Φ̄θ(tk)

×C̄(tk)C̄
T (tk)Φ̄θ(tk)M

T
i (tk))

≤
2µ2

2

(µ1 p+µ2X )2
(a+ cm)X

2
I

= κI.

(29)

Finally, based on the above conclusions and the specific prop-

erty of Φ̄θ(tk) (i.e.,∑
ny−1

l=0 Φ̄θ(tk−l) = I), we can obtain

Ξi(tk+1)≤ µ1 pκI +3µ2(Aa(tk)X(tk)A
T
a (tk)+Ki(tk)

×X(tk)K
T
i (tk)+Mi(tk)Φ̄θ(tk)C̄(tk)X(tk)

×C̄T (tk)Φ̄θ(tk)M
T
i (tk))+aπτX I +qbI

+µ3(ny −1)cmX I +µ4nyrdmI

≤ µ1 pκI +3µ2(a+κ + cm)X I +aπτX I +qbI

+µ3(ny −1)cmX I +µ4nyrdmI

= ξ I.

Therefore, in terms of the condition ξ ≤ p, it can be conclud-

ed that Ξi(tk+1)≤ pI. The proof of this theorem is complete.

Remark 3 Up to now, in Theorem 2, the desired filter pa-

rameters have been obtained, which can minimize the upper

bound of the filtering error covariance obtained in Theorem

1. Theorem 3 has discussed the uniform boundedness of the

filtering error covariance, which involves the stability of the

recursive filtering problem attracting special attention in the

field. On the other hand, it can be observed that Theorem

2 and Theorem 3 have covered many important factors that

lead to the complexity of the filter design including: 1) the

topology of the sensor networks; 2) the stochastic nonlin-

earities; 3) the period of the RR protocol; 4) the individual

sampling/update periods of different devices.

Remark 4 Compared with the existing literature, the pro-

posed filtering problem in this paper has three notable char-

acteristics. 1) The RR protocol is employed to reduce the da-

ta collisions caused by limited network resources when the

data is transmitted from each sensor node to both the cor-

responding local filter and its neighbors; 2) The stochastic

nonlinearities are considered for the distributed recursive fil-

tering problem in order to meet the needs of the real world;

3) The multi-rate scheme is introduced to govern differen-

t sampling/update rates of the plant and the sensors for the

sake of fulfilling physical constraints and engineering spec-

ifications.

5 An illustrative example

In this section, a numerical example is given to illustrate the

effectiveness of the proposed filter design scheme.

The topology of the sensor network is represented by a

directed graph G = (V ,E ,H ) where the set of nodes V =
{1,2,3}, the set of edges E = {(1,1),(1,3),(2,1),(2,2),(3,

1),(3,3)}, and the adjacency elements associated with the

edges of the graph are hi j = 1.

Consider the discrete time-varying system with the fol-

lowing parameters:

A(Tk) =





0.78+0.2sin(Tk) 0 0.2

1.2 −0.6−0.2cos(2Tk) 0.2

0 −0.3−0.3sin(3Tk) 1.0



 ,

B(Tk) =
[

0.10+0.24sin(Tk) 0.15 0.25−0.1cos(5Tk)
]T

,

and the nonlinear function

g(x(Tk),η(Tk)) = (0.3sign(x1(Tk))x1(Tk)η1(Tk)

+0.24sign(x2(Tk))x2(Tk)η2(Tk)

+0.25sign(x3(Tk))x3(Tk)η3(Tk))B1

(30)

with B1 = [0.1 0.2 0.1]T and η(Tk) is a zero-mean Gaussian

white noise with the covariance 0.001. It is easily known that

the nonlinear function (30) satisfies (2) with the parameters

b = 1, Π1(Tk) = B1BT
1 , Γ (Tk) = diag{0.32,0.242,0.252}.
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The parameters of the sensor model (3) are described as

follows:

C1(tk) =

[

2+0.3cos(−2tk) 1 1

1 1 1.8−0.1cos(3tk)

]

,

C2(tk) =

[

2+0.23cos(−2tk) 0 1

1 0 2−0.05cos(3tk)

]

,

C3(tk) =

[

1+0.1cos(−2tk) 0 0

2 0 2.5−0.1cos(3tk)

]

,

and

D1(tk) = [0.12 0.17+0.2cos(tk)]
T
,

D2(tk) = [0.1 0.12+0.27cos(tk)]
T
,

D3(tk) = [0.1 0.17+0.1cos(tk)]
T
.

In this simulation, the initial covariance is assumed to

be X(T0) = 10I. The initial upper bound of filtering error

covariance on node i is set as Ξ1(0) = Ξ2(0) = Ξ3(0) =
P1(t0) = P2(t0) = P3(t0) = 10I. The variance of the process

noise is Q(Tk) = 0.01. Suppose that the stochastic variables

vi(tk) are independent zero-mean Gaussian white noise se-

quences with the covariances Ri(tk) = 0.01 (i = 1,2,3). In

addition, set εi(tk) = 50000 (i = 1,2,3,4), h = 1 and a = 2.

The simulation results are presented in Figs. 1-6. Figs. 1-

3 plot the trajectories of the true states and the corresponding

estimates, which shows that the estimation trajectories can

well track the true ones. To quantify the estimation accuracy,

we use the mean square error (MSE) defined as follows:

MSEi(tk) =
1

N

N

∑
j=1

3

∑
s=1

(xs(tk)− x̂i
s(tk))

2
.

Figs. 4-6 depict the MSE and the trace of the minimum up-

per bound Ξi(tk) calculated from Theorem 1. As a result,

the simulation results have illustrated the effectiveness of

the proposed recursive estimation algorithm.

6 Conclusion

This paper has investigated the distributed recursive filter-

ing problem for a class of time-varying multi-rate systems

in sensor networks with stochastic nonlinearities and the R-

R protocol. The RR protocol has been utilized to schedule

the order of the data transmission from each sensor to both

the corresponding local filter and its neighbors in order to

alleviate data collisions. Besides, the multi-rate strategy has

been considered to govern the sampling/update rate of the

plant and the sensors. By virtue of the mathematical induc-

tion method, an upper bound of the filtering error covariance

has been derived, and the desired filter gains have been ex-

plicitly expressed by minimizing the trace of such an upper

bound. Furthermore, a sufficient condition has been estab-

lished to guarantee the uniform boundedness of the filter-

ing error covariance. Finally, a simulation example has been
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Fig. 1: Trajectories of the true state and its estimate
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Fig. 3: Trajectories of the true state and its estimate
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Fig. 4: MSE and its upper bound
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Fig. 6: MSE and its upper bound

given to demonstrate the feasibility of the proposed design

scheme of distributed filters.
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