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Abstract The operational law put forward by

Zhou et al. on strictly monotone functions with

regard to regular LR fuzzy numbers makes a
valuable push to the development of fuzzy set
theory. However, its applicable conditions are

confined to strictly monotone functions and reg-

ular LR fuzzy numbers, which restricts its ap-

plication in practice to a certain degree. In this

paper, we propose an extensive operational law

that generalizes the one proposed by Zhou et
al. to apply to monotone (but not necessarily
strictly monotone) functions with regard to reg-

ular LR fuzzy intervals (LR-FIs), of which reg-

ular fuzzy numbers can be regarded as particu-

lar cases. By means of the extensive operational

law, the inverse credibility distributions (ICD-

s) of monotone functions regarding regular LR-

FIs can be calculated efficiently and effective-

ly. Moreover, the extensive operational law has

a wider range of applications, which can deal

with the situations hard to be handled by the

original operational law. Subsequently, based

on the extensive operational law, the compu-

tational formulae for expected values (EVs) of

LR-FIs and monotone functions with regard to

regular LR-FIs are presented. Furthermore, the

M. Zhao
School of Economics and Management, Tongji Uni-
versity, 200092, Shanghai, China

Y. Han
Faculty of Economics and Business, KU Leuven,
3000, Leuven, Belgium

J. Zhou �
School of Management, Shanghai University, Shang-
hai 200444, China
E-mail: zhou jian@shu.edu.cn (J. Zhou )

proposed operational law is also applied to dis-

pose fuzzy optimization problems with regular

LR-FIs, for which a solution strategy is provid-
ed, where the fuzzy programming is converted
to a deterministic equivalent first and then a

newly-devised solution algorithm is utilized. Fi-

nally, the proposed solution strategy is applied

to a purchasing planning problem, whose per-

formances are evaluated by comparing with the

traditional fuzzy simulation-based genetic algo-
rithm. Experimental results indicate that our
method is much more efficient, yielding high-

quality solutions within a short time.

Keywords Fuzzy interval · Monotone func-

tion · Operational law · Expected value · Fuzzy
programming

1 Introduction

In real-life cases uncertainty on input param-

eters involved in some optimization problem-

s is inevitable due to the unpredictable nat-

ural factors. In this regard, fuzzy set theory
initiated by Zadeh (1965) as one of the pop-

ular ways coping with uncertainties is applied

to practical optimization process of various re-

search fields, such as management (Ke et al.

2018), transportation (Büyüközkan et al. 2018),
finance (Muzzioli and De Baets 2017) among

others. Under the fuzzy circumstance, uncer-

tain parameters are commonly assigned to be

fuzzy variables, in which fuzzy numbers and

fuzzy intervals (Dubois and Prade 1988) (or flat

fuzzy numbers (Dubois and Prade 1979)) are t-
wo frequently used types. The main difference
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between them is that the modal value of fuzzy

number is a point value, while the set of modal

values of fuzzy interval is an interval. From the

mathematical viewpoint, we can consider fuzzy

numbers as a particular situation of fuzzy in-

tervals. Therefore, the emphasis of research in

this paper is placed on fuzzy intervals.

With regard to the parametric representa-

tion of fuzzy interval, Dubois and Prade (1979,

1988) defined a well-known L-R representation,

in which L and R are shape functions represent-

ing the left and right sides of membership func-

tion respectively. From another point of view,

Goetschel and Voxman (1986) proposed an e-
quivalent representation named as L-U repre-

sentation in accordance with the lower and up-

per branches, which define the two endpoints

of an α-cut. Stefanini and Guerra (2017) sug-

gested ACF-representation to describe a fuzzy
interval by using a new defined average cumula-

tive function on the basis of the possibility theo-

ry. It should be mentioned that the typical L-R

representation in Dubois and Prade (1988) is u-
tilized to delineate fuzzy interval in this paper,

and the corresponding fuzzy interval is termed
as LR-FI accordingly.

As an effective and efficient tool used in fuzzy

optimization, fuzzy arithmetic has attracted in-
terests of many researchers. Zadeh (1975) ini-
tially extended the common arithmetic opera-

tions for real numbers to fuzzy intervals via the
proposed extension principle on the basis of a
triangular norm (t-norm). As for the t-norm-

based arithmetic operations, an important fea-

ture is to offer a way for controlling the rise on

uncertainty in the process of computations, and

avoid variables shifting off their most vital val-

ues simultaneously. However, the practical use
of Zadeh’s extension principle is a little com-
plicated owing to the involved nonlinear oper-

ators. Subsequently, Dubois and Prade (1979)

proposed some analytical calculations includ-

ing the basic arithmetic addition, subtraction,

multiplication, and division among LR-FIs to-

gether with some properties. Meanwhile, there

is some other literature focusing on algebraic

operations of fuzzy intervals. Hwang and Lee

(2001) studied the sum for LR-FIs in accor-

dance with a given nilpotent t-norm, which mod-

ified the form of output sum in Markova (1997)

to the one with arbitrary spreads, and general-

ized the results of Hong and Hwang (1997) for
the membership function of the sum for LR-

FIs. For the sake of preserving the shapes of

fuzzy intervals during the practical computa-
tion, some shape-preserving operations on fuzzy
intervals with sigmoid and bell-shaped member-
ship functions (Dombi and Gyorbiro 2006; Hong

2007; Hong et al. 2007) were investigated. With

the same aim, Mak (2012) constructed the real
vector space of LR-FIs, and then presented the

algebraic forms and the associated application.
Based upon the definition of unrestricted LR-
FI (Kaur and Kumar 2012), Kaur and Kumar

(2013) presented the product of unconstrained

LR-FI, thereby formulating a Mehar’s method
to deal with the fully linear programming prob-
lems. Additionally, some operations on a specif-

ic type of fuzzy intervals like trapezoidal fuzzy

numbers are discussed by Abbasi and Allahvi-

ranloo (2019), Shakeel et al. (2019a,b), etc.

As a particular kind of LR-FIs, LR fuzzy

numbers have got quite a few attentions be-

cause of the good interpretability and easy per-

forming for usual operations since they were

introduced by Dubois and Prade Dubois and
Prade (1978). So far there has been many rel-

evant studies on arithmetic operations of LR
fuzzy numbers (see, e.g., Ban et al. 2016; Chou

2003; Oussalah and De Schutter 2003; Zhou et

al. 2016). In particular, on account of the credi-

bility measure pioneered by Liu (2002), Zhou et

al. (2016) proposed an operational law target-
ing at strictly monotone functions with regard

to LR fuzzy numbers. Based on this, a crispy
solution framework for the fuzzy programming
was formulated, which reduces the computation

complexity a lot. Given the effectiveness of the

operational law in Zhou et al. (2016), it has

been gradually employed to dispose of sorts of
optimization problems. For example, Zhong et

al. (2019) devised a two-phase approach by inte-
grating the operational law in Zhou et al. (2016)

into a genetic algorithm to handle with the pre-

ventive maintenance scheduling problem. Yang

et al. (2019) developed an improved method to

tackle a fuzzy facility location problem by us-

ing the operational law proposed in Zhou et al.

(2016). Besides, the research findings in Zhou et

al. (2016) are also applied to other fields such as

location problem (Soltanpour et al. 2019), qual-

ity function deployment (Liu et al. 2016), eval-

uation for the air quality (Wang et al. 2017),
green-fuzzy vehicle routing problem (Wang et

al. 2018), diagnosis of prostate cancer (Kar and
Majumder 2017), and so on.
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Although the operational law in Zhou et

al. (2016) is quite practical and applicable to
some fuzzy optimization problems, it is notable

that the functions in the fuzzy programming

models are restricted to strictly monotone ones

in regard to fuzzy variables and the involving

fuzzy variables are required to be regular LR

fuzzy numbers such as triangular fuzzy number-

s. In practice, many optimization problems can-

not be modeled by strictly monotone functions

like classical newsvendor problem and moreover

as for the fuzzy variables there are too many

cases where the operational law in Zhou et al.

(2016) cannot work, for example, when those

fuzzy variables are regular LR-FIs defined by
Liu et al. (2020) like trapezoidal fuzzy numbers.

Therefore, it is necessary and valuable to make

an extensive study for the research of Zhou et

al. (2016).

The major contributions of this paper to the
field of fuzzy arithmetics and fuzzy optimiza-

tion are fourfold.

1. We propose the ICD of an LR-FI based on

credibility measure, which is a generaliza-
tion for the ICD of regular LR fuzzy number
defined in Zhou et al. (2016), and verify two

equivalent conditions of regular LR-FI.

2. We present an extensive operational law on

monotone functions with regard to regular

LR-FIs, which generalizes the operational

law in Zhou et al. (2016) from both the
function monotonicity and the type of fuzzy

variables. Concretely, the strictly monotone

functions are extended to be monotone (but

not necessarily strictly monotone) function-

s, and the regular LR fuzzy numbers are

generalized to regular LR-FIs such as trape-

zoidal fuzzy numbers.
3. We develop calculation formulas for EVs of

LR-FIs and monotone functions with regard

to regular LR-FIs on the basis of the exten-

sive operational law. In accordance with the

calculation formulas, the EVs of monotone

functions of regular LR-FIs can be directly

derived by means of the corresponding ICD-

s.

4. We construct a solution strategy including

a newly-devised heuristic algorithm with a

new effective fuzzy simulation for the fuzzy

chance-constrained programming (CCP) with

monotone functions of regular LR-FIs. Then

we apply it to solve a fuzzy purchasing plan-

ning problem. Based on the numerical ex-

periments, our method shows better perfor-

mances on both solution accuracy and ef-
ficiency in comparison with another tradi-
tional heuristic algorithm.

The remaining of this paper is organized as fol-
lows. Section 2 recalls some fundamental no-
tions regarding the LR-FI, defines its ICD in

the light of the credibility distribution, and then
derives the equivalent conditions of regular LR-
FIs. In Section 3, we explore the property of

monotone functions with regard to regular LR-

FIs, propose a new operational law and then

discuss the EVs of LR-FIs and monotone func-

tions in regard to regular LR-FIs. In Section 4, a

solution strategy for the fuzzy CCP is formulat-

ed based on the new operational law. To exhibit

the effectiveness of our strategy, some numeri-

cal experiments are implemented by using our

method and a traditional heuristic method re-

spectively in the context of a purchasing plan-

ning problem. Finally, the main findings are

concluded in Section 5. The conceptual frame-

work of our study is demonstrated in Figure 1.

2 LR fuzzy interval and its inverse

credibility distribution

In this section, some elementary conceptions in
relation to LR-FI and the credibility distribu-
tion of fuzzy variable are reviewed first. We sub-

sequently define the ICD of an LR-FI, and de-

rive its mathematical expression. After that we

introduce the definition of the regular LR-FI

and prove its two necessary and sufficient con-

ditions.

2.1 LR fuzzy interval and its credibility
distribution

The well-known LR-FI was initially proposed

by Dubois and Prade (1988), in which L and R

are the decreasing left and right shape functions

from [0,∞) → [0, 1] with L(0) = 1 and R(0) =

1 respectively.

Definition 1 (Dubois and Prade 1988) A fuzzy

interval M̃ defined on universal set of real num-

bers R is said to be an LR-FI if it has the mem-
bership function with shape functions L, R and
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Fig. 1 Conceptual framework of our study

four parameters c, c, ρ > 0, σ > 0 as

ν(t) =





L

(
c− t

ρ

)
, if t < c

1, if c ≤ t ≤ c

R

(
t− c

σ

)
, if t > c,

(1)

where [c, c] is the core of M̃ , c and c are respec-

tively called the lower and upper modal values,
ρ and σ are respectively called the left and right

spreads. More briefly, the fuzzy interval M̃ is

denoted by (c, c, ρ, σ)LR.

Remark 1: If ρ and σ are both equal to 0,
that is, M̃ = (c, c, 0, 0)LR for all L and R, then

M̃ degenerates into a real interval as [c, c]. If

the core of M̃ is a real number c (i.e., c = c),

then M̃ degrades into an LR fuzzy number de-

noted by (c, ρ, σ)LR. Furthermore, when M̃ =

(c, c, 0, 0)LR for all L and R, M̃ is just a real
number c ∈ R.

For the subsequent research on the proper-

ties of fuzzy events in the fuzzy world, the cred-

ibility measure proposed by Liu and Liu (2002)
is introduced here to measure the credibility of

a fuzzy event. If t is a real number and ζ is

a fuzzy variable with membership function ν,

then the credibility of fuzzy event {ζ ≤ t} can

be calculated by

Cr{ζ ≤ t} =
1

2

(
sup
y≤t

ν(y) + 1− sup
y>t

ν(y)

)
. (2)

To describe fuzzy variables, credibility dis-

tributions as a carrier of incomplete information

of those variables were defined by Liu (2004)

as follows.

Definition 2 (Liu 2004) If ζ is a fuzzy vari-
able, then its credibility distribution ψ : R →
[0, 1] is defined by

ψ(t) = Cr{ζ ≤ t}. (3)

In accordance with the mathematical prop-
erties of credibility measure, it is known that

the credibility distribution ψ is non-decreasing

on R, in which ψ(−∞) = 0 and ψ(+∞) = 1.

As for the LR-FI M̃ = (c, c, ρ, σ)LR with the
membership function ν in Eq. (1), on account

of Eqs. (2)-(3), its credibility distribution can
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be derived as

ψ(t) =





0.5L

(
c− t

ρ

)
, if t < c

0.5, if c ≤ t ≤ c

1− 0.5R

(
t− c

σ

)
, if t > c.

(4)

Example 1 If an LR-FI (c, c, ρ, σ)LR has the shape

functions L(t) = R(t) = max{0, 1 − t}, then
it is called trapezoidal fuzzy number denoted

by T (c, c, ρ, σ)LR with the membership function

and credibility distribution

ν(t) =





t+ ρ− c

ρ
, if c− ρ ≤ t < c

1, if c ≤ t ≤ c

c+ σ − t

σ
, if c < t ≤ c+ σ

0, otherwise

(5)

and

ψ(t) =





0, if t < c− ρ

t+ ρ− c

2ρ
, if c− ρ ≤ t < c

0.5, if c ≤ t ≤ c

t+ σ − c

2σ
, if c < t ≤ c+ σ

1, if t > c+ σ,

(6)

as depicted in Figures 2(a) and 2(b), respective-

ly.

Example 2 If an LR-FI (c, c, ρ, σ)LR has the shape

functions L(t) = R(t) = max{0, 1−t2}, denoted
by A(c, c, ρ, σ)LR, then it has the membership
function

ν(t) =





1− (c− t)2

ρ2
, if c− ρ ≤ t < c

1, if c ≤ t ≤ c

1− (t− c)2

σ2
, if c < t ≤ c+ σ

0, otherwise

(7)

and the credibility distribution

ψ(t) =





0, if t < c− ρ

0.5− (c− t)2

2ρ2
, if c− ρ ≤ t < c

0.5, if c ≤ t ≤ c

0.5 +
(t− c)2

2σ2
, if c < t ≤ c+ σ

1, if t > c+ σ,

(8)

as depicted in Figures 3(a) and 3(b), respective-

ly.

Example 3 If an LR-FI (c, c, ρ, σ)LR has the shape

functions L(t) = max{1 − t, 0} and R(t) =

max{1− t2, 0}, denoted by B(c, c, ρ, σ)LR, then
it has the membership function

ν(t) =





t+ ρ− c

ρ
, if c− ρ ≤ t < c

1, if c ≤ t ≤ c

1− (t− c)2

σ2
, if c < t ≤ c+ σ

0, otherwise

(9)

and the credibility distribution

ψ(t) =





0, if t < c− ρ

t+ ρ− c

2ρ
, if c− ρ ≤ t < c

0.5, if c ≤ t ≤ c

0.5 +
(t− c)2

2σ2
, if c < t ≤ c+ σ

1, if t > c+ σ,

(10)

as depicted in Figures 4(a) and 4(b), respective-

ly.

Example 4 If an LR-FI (2, 4, 2, 4)LR has the fol-
lowing shape functions

L(t) =





1, if t = 0

0.6, if 0 < t ≤ 0.5

0.3, if 0.5 < t ≤ 1

0, otherwise

and

R(t) =





−0.8t+ 1, if 0 ≤ t ≤ 0.25

0.8, if 0.25 < t ≤ 0.5

−1.6t+ 1.6, if 0.5 < t ≤ 1

0, otherwise,

then it can be deduced that it has the member-
ship function and credibility distribution

ν(t) =





0.3, if 0 ≤ t < 1

0.6, if 1 ≤ t < 2

1, if 2 ≤ t ≤ 4

−0.2t+ 1.8, if 4 < t ≤ 5

0.8, if 5 < t ≤ 6

−0.4t+ 3.2, if 6 ≤ t ≤ 8

0, otherwise
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0 c− ρ c c c+ σ

1

t

ν(t)

(a) The membership function

0 c− ρ c c c+ σ

0.5

1

t

ψ(t)

(b) The credibility distribution

Fig. 2 The membership function and credibility distribution of T (c, c, ρ, σ)LR in Example 1

0 c cc− ρ c+ σ

1

t

ν(t)

(a) The membership function

0 c cc− ρ c+ σ

1

0.5

t

ψ(t)

(b) The credibility distribution

Fig. 3 The membership function and credibility distribution of A(c, c, ρ, σ)LR in Example 2

0 c cc− ρ c+ σ

1

t

ν(t)

(a) The membership function

0 c cc− ρ c+ σ

0.5

1

t

ψ(t)

(b) The credibility distribution

Fig. 4 The membership function and credibility distribution of B(c, c, ρ, σ)LR in Example 3
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and

ψ(t) =





0, if t ≤ 0

0.15, if 0 < t < 1

0.3, if 1 ≤ t < 2

0.5, if 2 ≤ t < 4

0.1t+ 0.1, if 4 ≤ t < 5

0.6, if 5 ≤ t < 6

0.2t− 0.6, if 6 ≤ t < 8

1, if t ≥ 8,

as depicted in Figures 5(a) and 5(b), respective-
ly.

2.2 Inverse credibility distribution of LR fuzzy

interval

For our purpose, the ICD of an LR-FI is de-

fined as below, which will play an important

role then.

Definition 3 Let ζ be an LR-FI. A multi-valued

function F : [0, 1] 7→ R is called the ICD of ζ if

Cr {ζ ≤ fδ} = δ, δ ∈ [0, 1], (11)

where fδ ∈ {t|t = F (δ)} and δ = sup{γ|F (γ) =
F (δ)}.

Remark 2: For simplicity, F (δ) is denoted by

ψ−1(δ), which differs from the inverse function

of ψ(t).

Theorem 1 Let ψ(t) be the credibility distri-

bution of an LR-FI ζ, and Dψ be the domain

of values of ψ(t). Then the ICD of ζ is deduced

as

ψ−1(δ) =





sup{t|ψ(t) = 0}, if δ = 0

{t|ψ(t) = δ}, if 0 < δ < 1

and δ ∈ Dψ

inf{t|ψ(t) ≥ δ}, if 0 < δ < 1

and δ /∈ Dψ

inf{t|ψ(t) = 1}, if δ = 1.

(12)

Proof: The proof is provided in Appendix B.

Example 5 The ICD of T (c, c, ρ, σ)LR in Exam-

ple 1 is (see Figure 6)

ψ−1(δ) =





2ρδ + c− ρ, if 0 ≤ δ < 0.5

[c, c], if δ = 0.5

2σα+ c− σ, if 0.5 < δ ≤ 1.

(13)

Example 6 The ICD of A(c, c, ρ, σ)LR in Exam-

ple 2 is (see Figure 7)

ψ−1(δ) =





c− ρ
√
1− 2δ, if 0 ≤ δ < 0.5

[c, c], if δ = 0.5

c+ σ
√
2δ − 1, if 0.5 < δ ≤ 1.

(14)

Example 7 The ICD of B(c, c, ρ, σ)LR in Exam-

ple 3 is (see Figure 8)

ψ−1(δ) =





2ρδ + c− ρ, if 0 ≤ δ < 0.5

[c, c], if δ = 0.5

c+ σ
√
2δ − 1, if 0.5 < δ ≤ 1.

(15)

Example 8 The ICD of the LR-FI (2, 4, 2, 4)LR
in Example 4 is (see Figure 9)

ψ−1(δ) =





(−∞, 0], if δ = 0

0, if 0 < δ < 0.15

(0, 1), if δ = 0.15

1, if 0.15 < δ < 0.3

[1, 2), if δ = 0.3

2, if 0.3 < δ < 0.5

[2, 4), if δ = 0.5

10δ − 1, if 0.5 ≤ δ < 0.6

[5, 6), if δ = 0.6

5δ + 3, if 0.6 ≤ δ < 1

[8,+∞), if δ = 1.

(16)

2.3 Regular LR fuzzy interval

It is worth noting that that the credibility dis-

tributions ψ(t) (or the ICDs ψ−1(δ)) of LR-FIs

in Examples 1-3 (or in Examples 5-7) are con-

tinuous and strictly increasing on the domain

{t| 0 < ψ(t) < 0.5 or 0.5 < ψ(t) < 1}. For the

sake of describing such kind of LR-FIs, we first

introduce the definition of regular LR-FI pro-

posed in Liu et al. (2020) and then verify two
equivalent conditions.

Definition 4 (Liu et al. 2020) If the shape func-

tions L and R of an LR-FI ζ are continuous

and strictly decreasing on the domains {t| 0 <
L(t) < 1} and {t| 0 < R(t) < 1}, respectively,
then the LR-FI is regular.
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0 1 2 4 5 6 8

0.3

0.6

0.8

1

t

ν(t)

◦

◦

(a) The membership function

0 1 2 4 5 6 8

0.15

0.3

0.5
0.6

1

t

ψ(t)

◦

◦

(b) The credibility distribution

Fig. 5 The membership function and credibility distribution of the LR-FI (2, 4, 2, 4)LR in Example 4

0 0.5 1

c− ρ

c

c

c+ σ

δ

ψ−1(δ)

Fig. 6 The ICD of T (c, c, ρ, σ)LR in Ex-
ample 1

0 0.5 1

c

c

c− ρ

c+ σ

δ

ψ−1(δ)

Fig. 7 The ICD of A(c, c, ρ, σ)LR in Ex-
ample 2

0

c

c

c− ρ

c+ σ

0.5 1
δ

ψ−1(δ)

Fig. 8 The ICD of B(c, c, ρ, σ)LR in Exam-
ple 3

0 0.15 0.3 0.5 0.6 1

1

2

4

5

6

8

δ

ψ−1(δ)

Fig. 9 The ICD of the LR-FI (2, 4, 2, 4)LR

in Example 4

Theorem 2 An LR-FI is regular if and only if
it satisfies any one of the following conditions,

(i) The credibility distribution ψ(t) is contin-

uous on the domain {t| 0 < ψ(t) < 1} and

strictly increasing on the domain {t| 0 < ψ(t) <

0.5 or 0.5 < ψ(t) < 1};
(ii) The ICD ψ−1(δ) is continuous on (0, 1) and

strictly increasing on (0, 0.5) ∪ (0.5, 1).

Proof: This theorem follows from Eq. (4) and
Definitions 3-4 immediately.

As regards regular LR-FI, it seems clear that
its L and R shape functions are both continuous

and strictly increasing on respective domains,

which also means that there exist the inverse

functions of shape functions, i.e., L−1 and R−1.

Thus it follows from the above analysis and the

definition of regular LR-FI that the ICD of a

regular LR-FI can be deduced directly.
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Theorem 3 Let ζ = (c, c, ρ, σ)LR be a regular

LR-FI. Then its ICD is derived as

ψ−1(δ) =





c− ρL−1(2δ), if 0 ≤ δ < 0.5

[c, c], if δ = 0.5

c+ σR−1(2− 2δ), if 0.5 < δ ≤ 1.

(17)

Proof: This theorem follows from Eq. (4) and

Theorem 1.

3 Operational law and expected value

for monotone function of regular LR

fuzzy intervals

This section first recalls the the concept of mono-
tonicity of functions, and discusses the property
of credibility distributions of monotone func-

tions with regard to regular LR-FIs. On this

basis, we put forward a novel operational law

on monotone function with regard to regular

LR-FIs and further explore its EV.

3.1 Monotone function of regular LR fuzzy

intervals

At present the monotonicity of a function is de-

fined by many scholars from various perspec-

tives. The definition of monotone function and

strictly monotone function proposed by Liu et

al. (2016) and Liu (2010) is employed in this
paper.

Definition 5 (Liu et al. 2016 and Liu 2010)

A real-valued function f(t1, t2, · · · , tn) is called
monotone function if it is increasing regarding
t1, t2, · · · , tk and decreasing regarding tk+1, tk+2,

· · · , tn, that is,

f(t1, · · · , tk, tk+1, · · · , tn) ≥ f(s1, · · · , sk, sk+1,

· · · , sn)
(18)

holds for any ti ≥ si for i = 1, 2, · · · , k and

ti ≤ si for i = k + 1, · · · , n. Moreover, if the

function f(t1, t2, · · · , tn) satisfies

f(t1, · · · , tk, tk+1, · · · , tn) > f(s1, · · · , sk, sk+1,

· · · , sn)
(19)

for any ti > si for i = 1, 2, · · · , k and ti < si
for i = k+1, · · · , n, then it is said to be strictly

monotone.

Remark 3: A real-valued function f(t1, t2, · · · ,
tn) is called increasing (decreasing) function re-

garding t1, t2, · · · , tn if f(t1, t2, · · · , tn) ≥ f(s1,

s2, · · · , sn) holds for any ti ≥ si (ti ≤ si) for i =

1, 2, · · · , n. Moreover, if the function f(t1, t2, · · ·
, tn) satisfies f(t1, t2, · · · , tn) > f(s1, s2, · · · , sn)
for any ti > si (ti < si) for i = 1, 2, · · · , n, then
it is called strictly increasing (decreasing) func-

tion.

Example 9 The following functions are strictly

monotone,

f(t1, t2) = t1 − t2,

f(t1, t2) = t1 × t2, t1, t2 > 0.

Example 10 The following functions are mono-

tone but not strictly monotone,

f(t1, t2) = a ∨ t1 − b ∧ t2,

f(t1, t2) = a ∨ t1/(b ∧ t2), a ∨ t1, b ∧ t2 > 0.

In some practical optimization problems, the

objective functions of the formulated optimiza-

tion models are usually monotone but not strict-

ly monotone, such as the well-known newsven-

dor problem, inventory problem, project schedul-

ing problem, etc. Considering the generality of

monotone functions in practical applications,

we will proceed to analyse the property of con-

tinuous and monotone (but not necessarily strict-
ly monotone) functions of regular LR-FIs.

Theorem 4 Let ζ1, ζ2, · · · , ζn be independent

regular LR-FIs and f : Rn → R a continuous

and monotone function. Then ζ = f(ζ1, ζ2, · · · ,
ζn) is an LR-FI.

Proof: The proof is provided in Appendix C.

Example 11 Let ζ1 ∼ T (2, 4, 2, 3)LR . The func-

tion f1

f1(t) =





t− 1, if t < 3

2, if 3 ≤ t ≤ 5

t− 3, if t > 5

(20)
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is increasing but not strictly increasing. Then

the credibility distribution of f1(ζ1) is obtained
as follows

ψ(t) =





0, if t < −1

t+ 1

4
, if − 1 ≤ t < 1

1

2
, if 1 ≤ t ≤ 2

t+ 2

6
, if 2 < t ≤ 4

1, if t > 4,

(21)

as depicted in Figure 10. It can be concluded

from Figure 10 that f1(ζ1) is not a regular LR-

FI.

3.2 Operational law

On account of the extensive applications of mono-
tone functions and regular LR-FIs in optimiza-
tion problems, a new operational law is pro-
posed in this subsection, which can be consid-

ered as an extension to the one developed in

Zhou et al. (2016).

Theorem 5 Let ζ1, ζ2, · · · , ζn be independen-

t regular LR-FIs with ICD ψ−1
1 , ψ−1

2 , · · · , ψ−1
n ,

respectively. If the continuous function f(t1, t2,

· · · , tn) is increasing regarding t1, t2, · · · , tk and
decreasing regarding tk+1, tk+2, · · · , tn, then ζ =

f(ζ1, ζ2, · · · , ζn) is an LR-FI with the ICD

ψ−1(δ) = f(ψ−1
1 (δ), · · · , ψ−1

k (δ), ψ−1
k+1(1− δ),

· · · , ψ−1
n (1− δ)).

(22)

Proof: The proof is provided in Appendix D.

Example 12 Let ζ1 be a trapezoidal fuzzy num-

ber denoted by T (2, 4, 2, 3)LR with the credibil-
ity distribution ψ1. Then the ICD of f1(ζ1) with

f1 defined in Eq. (20) is deduced from Theo-

rem 5 as

ψ−1
f1

(δ)= f1(ψ
−1
1 (δ))

=





4δ − 1, if 0 ≤ δ <
1

2

[1, 2], if δ =
1

2

2, if
1

2
< δ ≤ 2

3

6δ − 2, if
2

3
< δ ≤ 1,

(23)

as depicted in Figure 11.

Example 13 Let ζ2 be a trapezoidal fuzzy num-

ber denoted by T (1, 2, 2, 1)LR with the credi-

bility distribution ψ2. Then by using the opera-
tional law in Theorem 5, it is easy to deduce the

ICD of f2(ζ2) where the function f2 is defined
as

f2(t) = 5− 2t ∨ 1. (24)

Since f2 is decreasing, in the light of Theorem 5,

the ICD of f2(ζ2) is derived as (see Figure 12)

ψ−1
f2

(δ)= f2(ψ
−1
2 (1− δ))

=





4δ − 1, if 0 ≤ δ <
1

2

[1, 3], if δ =
1

2

8δ − 1, if
1

2
< δ ≤ 5

8

4, if
5

8
< δ ≤ 1.

(25)

Example 14 Let ζ1 and ζ2 be independent trape-

zoidal fuzzy numbers denoted by T (2, 4, 2, 3)LR
and T (1, 2, 2, 1)LR with the ICDs ψ−1

1 and ψ−1
2 ,

respectively. As the function f(t1, t2) = f1(t1)+

f2(t2) with f1 and f2 defined in Eqs. (20) and (24)
respectively is increasing regarding t1 and de-

creasing regarding t2, in accordance with Theo-

rem 5, the ICD of ζ = f(ζ1, ζ2) = f1(ζ1)+f2(ζ2)

is obtained as

ψ−1(δ) = f1(ψ
−1
1 (δ)) + f2(ψ

−1
2 (1− δ)). (26)



Title Suppressed Due to Excessive Length 11

0-1 1 2 4

1

2

2

3

1

◦

•
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Fig. 10 The credibility distribution of
f1(ζ1) in Example 11
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2

4

δ

ψ−1

f1
(δ)

Fig. 11 The ICD of f1(ζ1) in Example 12
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1

3

4

δ
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f2
(δ)

Fig. 12 The ICD of f2(ζ2) in Example 13

0 1/2 5/8 2/3 1

-2

2

5

6

8

δ

ψ−1(δ)

Fig. 13 The ICD of f(ζ1, ζ2) in Example
14

Then, on account of Eqs. (23) and (25), we can

obtain that

ψ−1(δ)=





8δ − 2, if 0 ≤ δ <
1

2

[2, 5], if δ =
1

2

8δ + 1, if
1

2
< δ ≤ 5

8

6, if
5

8
< δ ≤ 2

3

6δ + 2, if
2

3
< δ ≤ 1,

(27)

as depicted in Figure 13.

3.3 Expected value

Expected value (EV) is the mean value of all

possible values of a fuzzy variable in the sense

of fuzzy measure. Based on the EV of a fuzzy

variable defined by Liu and Liu Liu and Liu

(2002), a calculation formula of the EV of an
LR-FI is presented.

Definition 6 (Liu and Liu 2002) If ζ is a fuzzy

variable, then its EV is defined as

E[ζ] =

∫ +∞

0

Cr{ζ ≥ t}dt−
∫ 0

−∞

Cr{ζ ≤ t}dt

(28)

suppose that at least one of the two integrals is

finite.

Theorem 6 If the EV of the LR-FI ζ exists,

then

E[ζ] =

∫ 1

0

ψ−1(δ)dδ, (29)

where ψ−1 is the ICD of ζ.

Proof: The proof is provided in Appendix E.
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Example 15 Let ζ be T (c, c, ρ, σ)LR. Its EV is

E[ζ] =

∫ 0.5

0

(2ρδ + c− ρ)dδ

+

∫ 1

0.5

(2σδ + c− δ)dδ

=
2c+ 2c+ σ − ρ

4
.

(30)

Following from Theorem 5 and Theorem 6,

a theorem that can be able to calculate EVs

of monotone functions with regard to regular

LR-FIs is proposed.

Theorem 7 Let ζ1, ζ2, · · · , ζn be independent

regular LR-FIs with ICDs ψ−1
1 , ψ−1

2 , · · · , ψ−1
n ,

respectively. If the continuous function f(t1, t2,
· · · , tn) is increasing regarding t1, t2, · · · , tk and

decreasing regarding tk+1, tk+2, · · · , tn, then the

EV of the LR-FI ζ = f(ζ1, ζ2, · · · , ζn) is

E[ζ] =

∫ 1

0

f(ψ−1
1 (δ), · · · , ψ−1

k (δ), ψ−1
k+1(1− δ),

· · · , ψ−1
n (1− δ))dδ.

(31)

Proof: On the basis of Theorem 5, we can

derive that the ICD of ζ = f(ζ1, ζ2, · · · , ζn) is
f(ψ−1

1 (δ), · · · , ψ−1
k (δ), ψ−1

k+1(1−δ), · · · , ψ−1
n (1−

δ)). Then by using Theorem 6, we obtain E-

q. (31).

Example 16 Let us consider the EV of ζ = f(ζ1,
ζ2) = f1(ζ1)+f2(ζ2) in Example 13, whose ICD

is f1(ψ
−1
1 (δ))+f2(ψ

−1
2 (1−δ)) in Eq. (27). Then

according to Theorem 7, the EV of ζ = f(ζ1, ζ2)

is

E[ζ] =

∫ 1

0

(
f1(ψ

−1
1 (δ)) + f2(ψ

−1
2 (1− δ))

)
dδ

=

∫ 1

2

0

(8δ − 2)dδ +

∫ 5

8

1

2

(8δ + 2)dδ

+

∫ 2

3

5

8

6dδ +

∫ 1

2

3

(6δ + 2)dδ

=
157

48
.

4 Fuzzy programming

Fuzzy programming is a type of mathematical

models to address optimization problems in-

volving fuzzy parameters, which has been stud-

ied by many researchers from different points

of view (see Liu 1998; Liu and Liu 2002; Li-

u and Iwamura 1998a,b; Zhou et al. 2016). In

this section, we discuss the fuzzy CCP model
in Zhou et al. (2016) containing monotone but

not necessarily strictly monotone objective and

constraint functions with regular LR-FIs and

then develop a solution framework.

4.1 Fuzzy CCP and its equivalent crisp model

Suppose that t is a decision vector, ζ = (ζ1, ζ2,
· · · , ζn) is an n-dimensional fuzzy vector, f(t, ζ)

is the objective function, and hv(t, ζ) is the con-

straint function for v = 1, 2, · · · , w. Owing to

the fuzziness of the objective function f(t, ζ), it
is hard to be minimized directly. As an alterna-

tive way, it is quite natural to minimize its EV,

i.e., E[f(t, ζ)]. In addition, as to the fuzzy con-

straints hv(t, ζ) ≤ 0 for v = 1, 2, · · · , w, since
there is no deterministic feasible set defined by

them, Liu and Iwamura (1998a) suggested that

it should be desirable that the solutions satisfy
the fuzzy constraints at a predetermined confi-

dence level δv for v = 1, 2, · · · , w, that is,

Cr{hv(t, ζ) ≤ 0} ≥ δv, v = 1, 2, · · · , w. (32)

In this way, a fuzzy CCP model to minimize

the EV of objective function under a series of

chance constraints was constructed by Zhou et
al. (2016) as





min
t

E[f(t, ζ)]

subject to:

Cr{hv(t, ζ) ≤ 0} ≥ δv, v = 1, 2, · · · , w.
(33)

When fuzzy parameters in the fuzzy CCP
model (33) are regular LR-FIs, and the objec-

tive and constraint functions are both contin-
uous and monotone with regard to these fuzzy
parameters, model (33) can be converted to a

deterministic counterpart, which is verified in

the following theorem.

Theorem 8 Assume that the function f(t, ζ1,

ζ2, · · · , ζn) is continuous and increasing regard-

ing ζ1, ζ2, · · · , ζk and decreasing regarding ζk+1,

ζk+2, · · · , ζn, and the functions hv(t, ζ1, ζ2, · · · ,
ζn) are increasing regarding ζ1, ζ2, · · · , ζkv and
decreasing regarding ζkv+1, ζkv+2, · · · , ζn for v =
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1, 2, · · · , w. If ζ1, ζ2, · · · , ζn are independent reg-

ular LR-FIs, then model (33) can be converted
to the following crisp equivalent





min
t

∫ 1

0

f(t, ψ−1
1 (δ), · · · , ψ−1

k (δ), ψ−1
k+1(1− δ),

· · · , ψ−1
n (1− δ))dδ

subject to:

hv(t, ψ
−1
1 (δv), · · · , ψ−1

kv
(δv), ψ

−1
kv+1(1− δv),

· · · , ψ−1
n (1− δv)) ≤ 0,

v = 1, 2, · · · , w,
(34)

where ψ−1
i is the ICD of ζi for i = 1, 2, · · · , n.

Proof: The proof is provided in Appendix F.

4.2 Solution methods

It is worth noting that there exists an inte-

gral in the objective function of model (34),
which means that the fuzzy model (33) cannot

be solved directly by well-developed software

packages after translation. In order to solve mod-

el (33), Liu (2002) designed a hybrid intelli-

gent algorithm (HIA) by combining stochastic

discretization algorithm (SDA), neural network

and genetic algorithm. However, Li (2015) and
Liu et al. (2020) pointed out that SDA has

poor performance both on accuracy and com-

putational time over simulating the EV. Liu et

al. (2020) subsequently proposed a numerical-

integral based algorithm, but it is not appli-

cable to monotone but not necessarily strictly

monotone functions with regard to regular LR-

FIs. Thus this paper proposes a new numerical

integration algorithm (NIA) to fill the gap.

With regard to the basic principle of NIA for

simulating E[f(t, ζ)], on account of Theorem
8, we know that E[f(t, ζ)] is an integration of

function f(t, ψ−1
1 (δ), · · · , ψ−1

k (δ), ψ−1
k+1(1− δ),

· · · , ψ−1
n (1−δ)). Based on the definition of def-

inite integral in mathematics, we partition the
closed interval [0, 1] into S equal parts and take

the value of the right of each equal part as

the integration variable, that is, δ = s/S for

s = 1, 2, · · · , S. When the number of integra-

tion points, S, is set to be sufficiently large, we

can obtain that

E[f(t, ζ)]≈ ∑S
s=1 f(t, ψ

−1
1 (s/S), · · · , ψ−1

k (s/S),

ψ−1
k+1(1− s/S), · · · , ψ−1

n (1− s/S))/S.

(35)

The NIA is given as Algorithm 1.

Algorithm 1: (NIA)

Step 1. Initialize the integration points S;

E = 0; s = 1.

Step 2. Calculate γi = ψ−1
i (s/S) for each 1 ≤

i ≤ k and γi = ψ−1
i (1− s/S) for k + 1

≤ i ≤ n based on Eq. (17).

Step 3.Update E = E + f(t, γ1, γ2, . . . , γn)/S

and s = s+ 1.

Step 4. If s ≤ S, go to Step 2. Otherwise,
return the E.

To illustrate the performance of NIA on ac-

curacy and efficiency, comparisons between NI-

A and SDA for simulating the EV of monotone

functions over some numerical experiments of

an example are conducted.

Example 17 Consider two continuous and mono-

tone functions f1(ζ1, ζ2) = 5 ∧ ζ1 − 1 ∨ ζ2 and

f2(ζ1, ζ2) = 5 ∧ ζ1/(1 ∨ ζ2), in which fuzzy in-
tervals ζ1 ∼ (2, 4, 2, 3)LR and ζ2 ∼ (1, 2, 2, 1)LR
are set to regular LR-FIs appearing in Exam-
ples 1-3 successively.

For each case, after using SDA and NIA to

calculate EVs of the function respectively, the

experimental results covering exact value, sim-

ulation value and running time are all listed

in Table 1. To facilitate comparing the differ-

ences between the simulation values obtained
by two algorithms and the exact value obtained
by Matlab, a parameter named Error is intro-
duced, which is derived from the formula | simu-

lation value - exact value | / exact value×100%.

From Table 1, it can be seen that there are

slight differences with Errors no more than 6%

between the EVs obtained by two algorithms
and the exact values. Compared with SDA, NI-
A is more reliable and stable in the accuracy of
solutions and solution efficiency. More specifi-

cally, the largest error for SDA is up to 5.7871%,

while the errors for NIA are all not more than

0.05%. On the other hand, the running time of
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Table 1 Comparison between SDA and NIA

Algorithm T (c, c, ρ, σ)LR A(c, c, ρ, σ)LR B(c, c, ρ, σ)LR

SDA f1 f2 f1 f2 f1 f2
Exact value 1.1667 2.6331 0.9815 2.6159 1.1481 2.6804

Simulation value 1.2217 2.6357 1.0383 2.6193 1.2076 2.6825
Error (%) 4.7142 0.0987 5.7871 0.1300 5.1824 0.0783

Running time (s) 0.176 0.181 0.173 0.177 0.168 0.174

NIA f1 f2 f1 f2 f1 f2
Exact value 1.1667 2.6331 0.9815 2.6159 1.1481 2.6804

Simulation value 1.1671 2.6331 0.9819 2.6159 1.1485 2.6804
Error (%) 0.0343 0.0000 0.0408 0.0000 0.0348 0.0000

Running time (s) 0.001 0.001 0.001 0.001 0.001 0.001

SDA is more than 160 times than NIA’s. Over-

all, NIA outperforms SDA and is probably able

to get an accurate value in a relatively short
time.

Based on the above analyses, we embed NI-

A used for simulating E[f(t, ζ)] into a classical

genetic algorithm, thereby formulating a new
algorithm (NIA-GA) to dispose of model (34),
whose performance will be compared with HIA

algorithm and evaluated on a set of numerical
experiments from a purchasing planning prob-
lem in the following section.

4.3 Numerical example

Provided that there is a dealer selling n type-
s of products, he would like to determine the

optimal order quantity to satisfy customer de-
mands for products with the aim of maximizing
the total profit. In order to have a better un-
derstanding for this problem, some assumptions

are given as follows and some relevant notations

are shown in Table 2 where the parameter val-
ues are summarized in Table 3.

Assumptions

1. The customer demands are uncertain and

characterized by regular LR-FIs.

2. Any leftover inventory can be salvaged at a
unit value, which is lower than the selling

price.

3. The total cost of purchasing products from

supplier is not more than budget.

According to the assumptions and notation-
s, the total procurement cost, total opportunity

loss and the total profit are

C(t) =

n∑

i=1

citi, (36)

S(t, ζ) =

n∑

i=1

si(ζi − ζi ∧ ti)) (37)

and

Π(t, ζ) =
n∑

i=1

[(pi − vi)(ζi ∧ ti) + (vi − ci)ti] ,

(38)

respectively.

Assuming that the total budget on the pro-

curement is C0 and the biggest opportunity loss
the dealer can undertake is S0, then it follows

from the idea of fuzzy CCP model (33) that a
fuzzy CCP model for this problem is construct-

ed as





max E

[
n∑

i=1

[(pi − vi)(ζi ∧ ti) + (vi − ci)ti]

]

subject to:
n∑
i=1

citi ≤ C0

Cr

{
n∑
i=1

si(ζi − ζi ∧ ti)) ≤ S0

}
≥ δ0

ti ≥ 0, i = 1, 2, · · · , n.
(39)

Apparently, both the total profitΠ(t, ζ) and
the total opportunity loss S(t, ζ) are increasing

but not strictly increasing with respect to ζi.

Here we assume that the retailer has three type-

s of the products, and other parameter values

are all summarized in Table 3. Then based on
Theorem 8, a deterministic programming model
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Table 2 Notations

Decisionvariable

ti order quantity of the ith type of products, i = 1, 2, · · · , n

Parameters

ci purchasing cost of the ith type of products, i = 1, 2, · · · , n

pi selling price of the ith type of products, i = 1, 2, · · · , n

vi salvage value of the ith type of products, i = 1, 2, · · · , n

si opportunity loss of the ith type of products, i = 1, 2, · · · , n

ζi customer demand of ith type of products, i = 1, 2, · · · , n

C(t) total purchasing cost, where t = (t1, t2, . . . , tn)

S(t, ζ) total opportunity loss, where t = (t1, t2, . . . , tn), ζ = (ζ1, ζ2, · · · , ζn)

Π(t, ζ) total profit, where t = (t1, t2, . . . , tn), ζ = (ζ1, ζ2, · · · , ζn)

can be obtained as





max

∫ 1

0

[40(ψ−1
1 (δ) ∧ t1) + 20(ψ−1

2 (δ) ∧ t2)

+80(ψ−1
3 (δ) ∧ t3)]dδ − 10t1 − 10t2 − 20t3

subject to:

50t1 + 40t2 + 70t3 ≤ C0

30(ψ−1
1 (δ0)− ψ−1

1 (δ0) ∧ t1) + 10(ψ−1
2 (δ0)

−ψ−1
2 (δ0) ∧ t2) + 60(ψ−1

3 (δ0)− ψ−1
3 (δ0)

∧t3) ≤ S0

ti ≥ 0, i = 1, 2, 3,

(40)

where ψ−1
i is the ICD of ζi, which can be de-

rived from Theorem 1.

Afterward, 20 test problems are generated
by increasing C0 from 61000 to 70000 with an

increase of 1000 and decreasing S0 from 6500

to 2000 with a decrease of 500 simultaneous-

ly under the confidence level fixed at 0.8 and

0.9, respectively. For each problem, HIA and

NIA-GA are run accordingly to solve the corre-
sponding models. Considering the randomness
of results obtained by metaheuristic algorithm-

s, we implement each test problem for 10 times

and then select the optimal solution with the

best target value as the final solution. Then the

optimal solutions, the corresponding target val-

ues, E[Π(t∗, ζ)], and the average time for run-
ning 10 times are shown in Table 4. Moreover,

in accordance with the poor performance of F-

S in HIA as illustrated in Section 3.2, a new

EV of profit, E[Π(t∗, ζ)]∗, is computed by sub-

stituting the optimal solution acquired by HIA

into NIA, which is listed in the last column of

Table 4. So, it makes sense to judge the qual-

ity of the optimal solutions obtained by HIA

and NIA-GA by comparing E[Π(t∗, ζ)]∗ with

E[Π(t∗, ζ)] in last third column of Table 4. Fur-

thermore, for the sake of visualising the differ-

ences better, the target values, E[Π(t∗, ζ)] ob-
tained by two solution methods and E[Π(t∗, ζ)]∗

in Table 4 are plotted in Figures 14(a) and
14(b).

From Table 4, it can be seen that NIA-GA

possesses an outstanding advantage over HIA
in terms of running time. Concretely, the run-

ning time of NIA-GA is almost one hundred
times faster than that of HIA. In the mean-
time, as for the quality of solutions found by t-
wo methods, we can conclude that the solution-

s derived by NIA-GA are all better than those

obtained by HIA, since it can be observed from

Figures 14(a) and 14(b) that E[Π(t∗, ζ)] de-

rived by NIA-GA are all larger than E[Π(t∗, ζ)]∗,
and the maximum relative deviation (calculated

by formula |E[Π(t∗, ζ)]−E[Π(t∗, ζ)]∗|/E[Π(t∗,

ζ)] × 100%) is up to 3.12% for No.4 test prob-

lem. Additionally, we can also see the obvious

difference between E[Π(t∗, ζ)] from HIA and
E[Π(t∗, ζ)]∗ recalculated by NIA, and the max-

imum relative deviation (calculated by formu-

la |E[Π(t∗, ζ)] − E[Π(t∗, ζ)]∗|/E[Π(t∗, ζ)]∗ ×
100%) reaches 0.81% for No.10 test problem.

In summary, compared with HIA, NIA-GA

not only has excellent performance on running

time but also can obtain a better target value,

mainly because NIA-GA reduces the number of

fuzzy simulation on constraint functions, and

NIA for the computation of EV of total profit

E[Π(t∗, ζ)] is more precise than FS. The re-

sults also imply that our solution method could
provide the retailer with a better reference to
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Table 3 Parameter values of the numerical example

Parameters i = 1 i = 2 i = 3

ζi T (380, 400, 20, 30)LR T (470, 510, 10, 20)LR T (300, 360, 50, 40)LR

pi 80 50 130
ci 50 40 70
vi 40 30 50
si 30 10 60

Table 4 Experimental results

HIA NIA-GA

No. δ0 C0 S0 E[Π(t∗, ζ)]
Running
time (s)

E[Π(t∗, ζ)]
Running
time (s)

E[Π(t∗, ζ)]∗

1 0.9 61000 6500 33366.09 2781.12 33548.43 27.03 33188.40
2 0.9 62000 6000 33207.61 2926.56 33850.47 26.72 33093.59
3 0.9 63000 5500 33502.66 3005.67 34088.54 26.49 33389.68
4 0.9 64000 5000 33369.17 3043.23 34280.58 26.74 33211.55
5 0.9 65000 4500 33980.26 3015.78 34452.78 27.26 33831.01
6 0.9 66000 4000 34354.63 3054.89 34515.35 27.44 34131.97
7 0.9 67000 3500 34731.30 3025.69 34525.38 28.03 34475.98
8 0.9 68000 3000 34745.76 3056.13 34525.23 27.39 34514.03
9 0.9 69000 2500 34770.69 3070.93 34525.23 27.60 34513.42
10 0.9 70000 2000 34772.15 3064.36 34525.39 27.55 34493.91
11 0.8 61000 6500 33280.12 2876.26 33560.44 26.44 33112.88
12 0.8 62000 6000 33478.67 2906.11 33850.47 26.62 33280.79
13 0.8 63000 5500 33790.93 3006.77 34050.07 27.08 33550.23
14 0.8 64000 5000 33907.88 2930.04 34256.08 26.93 33661.15
15 0.8 65000 4500 34602.57 3002.46 34417.79 26.72 34361.39
16 0.8 66000 4000 34748.72 3012.32 34515.35 27.36 34491.82
17 0.8 67000 3500 34760.56 2960.77 34525.38 27.20 34490.77
18 0.8 68000 3000 34719.65 3077.22 34525.72 27.34 34491.92
19 0.8 69000 2500 34750.27 3077.74 34525.23 27.37 34505.39
20 0.8 70000 2000 34743.07 3054.82 34525.38 27.40 34478.86
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place the order so as to reduce the risk of the

overstocking or shortage of products.

5 Conclusion

Fuzzy arithmetic is of great importance as an

advanced tool to be used in fuzzy optimization

and control theory. In this research field, Zhou

et al. Zhou et al. (2016) proposed an operational

law to exactly calculate the credibility distribu-
tion of strictly monotone functions regarding

regular LR fuzzy numbers, which facilitates the

development of fuzzy arithmetic both in the-

ory and application. Although the operational

law is rather useful to handle many fuzzy opti-

mization problems, restrictions on the strictly
monotone functions and regular LR fuzzy num-
bers block its applications to some problems

modeled by monotone functions with LR fuzzy

intervals, such as the classical newsvendor prob-

lem with fuzzy demands represented by trape-

zoidal fuzzy numbers. Thus, this paper aims at

generalizing the operational law in Zhou et al.

(2016) and then explored the generalized op-

erational law’s applications to fuzzy arithmetic

and fuzzy optimization problems.

The main findings of this study are as fol-

lows. Firstly, the ICD of an LR-FI in view of the

credibility measure was defined and accordingly

its calculation formula was suggested. Following
that, some equivalent conditions of the regular
LR-FI were proved. Next, an extensive opera-

tional law on exactly calculating ICDs of mono-

tone functions with regard to regular LR-FIs

was proposed. Then an equivalent formula for

calculating the EV of an LR-FI and a theorem

for calculating the EVs of monotone functions
were proposed. Subsequently, a solution strate-
gy for the fuzzy CCP with monotone functions

of regular LR-FIs was formulated, where the

fuzzy model was translated into a crisp equiv-

alent first and then a new heuristic algorith-

m called NIA-GA which integrates NIA with

a standard GA was devised. Finally, the pro-

posed solution method was applied to a pur-

chasing planning problem and its performance

was demonstrated by comparing with HIA over

a set of numerical experiments. The computa-

tional results reveal that our method outper-

forms HIA in both solution accuracy and effi-

ciency and could also assist the decision-maker

to determine a suitable order quantity under

uncertain environment to maximize the expect-

ed profit.

For future work, the theoretical findings in
this paper can be applied to deal with many

other optimization problems under the fuzzy

environment such as the project scheduling prob-

lem and the reliability optimization problems.

On the other hand, we can extend this study

further from the continuous functions to the

noncontinuous functions in theory so that more

practical problems modeled by the noncontinu-

ous functions of fuzzy variables can be worked

out easily.
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Appendix A The abbreviations

Table 5 The abbreviations are used in this
manuscript

LR-FI: LR fuzzy interval

EV: expected value

ICD: inverse credibility distribution

CCP: chance-constrained programming

SDA: stochastic discretization algorithm

HIA: hybrid intelligent algorithm

NIA: numerical integration algorithm for LR-FIs

NIA-GA: an algorithm by integrating NIA with

genetic algorithm

T (c, c, ρ, σ)LR: trapezoidal fuzzy number

A(c, c, ρ, σ)LR, B(c, c, ρ, σ)LR: two specified

regular LR-FIs

Appendix B The proof of Theorem 1

Proof: For the case of δ = 0, we have Cr{ζ ≤
ψ−1(0)} = Cr{ζ ≤ sup{t|ψ(t) = 0}} = 0, thus

Eq. (11) holds.

For any δ ∈ (0, 1) and δ ∈ Dψ, it is obvious

that there should be at least one point t0 makes

ψ(t0) = δ holds. Thus Cr{ζ ≤ t0} = δ holds for
any t0 ∈ {t|ψ(t) = δ}, that is, Cr{ζ ≤ fδ} = δ

holds for fδ ∈ ψ−1(δ). It is not difficult to find
that sup{γ|ψ−1(γ) = ψ−1(δ)} = δ. Eq. (11) is

proved.

If δ ∈ (0, 1) and α /∈ DΨ , in the light of E-

q. (12), we can get Cr{ζ ≤ ψ−1(δ)} = Cr{ζ ≤
inf{t|ψ(t) ≥ δ}}. Let Cr{ζ ≤ inf{t|ψ(t) ≥ δ}} =
δ. Then we have δ = sup{γ|ψ−1(γ) = ψ−1(δ)}.
Eq. (11) holds.

If δ = 1, Cr{ζ ≤ ψ−1(1)} = Cr{ζ ≤ inf{t|ψ(t)
= 1}} = 1. Eq. (11) is proved.

In the light of Definition 3, ψ−1(δ) is the

ICD of ζ.

Appendix C The proof of Theorem 4

Proof: For simplicity, we just consider the sit-

uation of n = 2. Assume that

ζ = f(ζ1, ζ2),

where f(ζ1, ζ2) is increasing for ζ1 and decreas-

ing for ζ2. In addition, suppose that

f(t1, t2) = s0, ∀ (t1, t2) ∈ {(t1, t2)|δ ≤ R1(
t1−c1
σ1

)

≤ δ, δ ≤ L2(
c2−t2

ρ2
) ≤ δ}
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where s0 is a constant, 0 < δ < δ < 1.

According to Zadeh’s extensive principal, we

know that ν(s) = sup{ν1(t1)∧ν2(t2)|f(t1, t2) =
s}. Since f(ζ1, ζ2) is increasing for ζ1 and de-

creasing for ζ2, and ζ1 and ζ2 are regular LR-
FIs, in view of Definition 1, it can be obtained

that ∀t1 ∈ {t1|L1(
c1−t1

ρ1
) ∈ (0, 1)}, t2 ∈ {t2|R2(

t2−c2
σ2

) ∈ (0, 1)},

ν(s)f(t1,t2)=s = L1

(
c1 − t1

ρ1

)
= R2

(
t2 − c2
σ2

)
,

and ∀t1 ∈ {t1|R1(
t1−c1
σ1

) ∈ (0, δ) ∪ (δ, 1)}, t2 ∈
{t2|
L2(

c2−t2

ρ2
) ∈ (0, δ) ∪ (δ, 1)},

ν(s)f(t1,t2)=s = R1

(
t1 − c1

σ1

)
= L2

(
c2 − t2
ρ2

)
.

Besides, it is easily known that ν(s0)f(t1,t2)=s0 =

δ for (t1, t2) ∈ {(t1, t2)|δ ≤ R1(
t1−c1
σ1

) ≤ δ, δ ≤
L2(

c2−t2

ρ2
) ≤ δ}. Based on the above analysis

and Definition 1, we can get that ζ = f(ζ1, ζ2)

is an LR-FI.

Appendix D The proof of Theorem 5

Proof: According to Theorem 4, it is easily

known that ζ is an LR-FI. Now we verify that

Eq. (22) holds. For simplicity, we just verify the
situation of k = 1 and n = 2. Assume that

ζ = f(ζ1, ζ2), (41)

where f is increasing for ζ1 and decreasing for

ζ2. In addition, suppose that

ψ−1(δ) = f
(
ψ−1
1 (δ), ψ−1

2 (1− δ)
)
, (42)

where ψ−1
1 and ψ−1

2 are the ICDs of ζ1 and ζ2,
respectively. For each δ ∈ [0, 1], it is defined

that

δ =sup{γ | f
(
ψ−1
1 (γ), ψ−1

2 (1− γ)
)

= f
(
ψ−1
1 (δ), ψ−1

2 (1− δ)
)
},

(43)

which means that

f
(
ψ−1
1 (δ), ψ−1

2 (1− δ)
)
= f

(
ψ−1
1 (δ), ψ−1

2 (1− δ)
)
.

(44)

We know that ψ−1
1 (δ) and ψ−1

2 (1 − δ) are

both intervals or both points, in which points
can be considered as a special kind of intervals.

Therefore, we only prove the case of intervals.

The case of points can be verified similarly.
In view of Eq. (44), it is obvious that both

ψ−1
1 (δ) and ψ−1

2 (1− δ) are also intervals. Then

we can attain that, for ∀t1 ∈ ψ−1
1 (δ) and ∀t2 ∈

ψ−1
2 (1− δ),

f (t1, t2) ∈ ψ−1(δ) = ψ−1(δ). (45)

For one thing, considering that f is increas-
ing for ζ1 and decreasing for ζ2, it can be de-

duced that

ζ1 ≤ t1 and ζ2 ≥ t2 ⇒ f(ζ1, ζ2) ≤ f(t1, t2),

(46)

which means that

{ζ1 ≤ t1} ∩ {ζ2 ≥ t2} ⊆ {f(ζ1, ζ2) ≤ f (t1, t2)} .
(47)

In accordance with the increase of the cred-

ibility measure Cr, we can obtain

Cr {ζ ≤ f (t1, t2)} ≥ Cr {{ζ1 ≤ t1} ∩ {ζ2 ≥ t2}} .
(48)

Then it can be attained that

Cr {{ζ1 ≤ t1} ∩ {ζ2 ≥ t2}}

= Cr {ζ1 ≤ t1} ∧ Cr {ζ2 ≥ t2}

= δ ∧ δ = δ.

(49)

In accordance with Eqs. (48) and (49), we
get

Cr {ζ ≤ f (t1, t2)} ≥ δ, ∀f (t1, t2) ∈ ψ−1(δ).

(50)

For another thing, since f is increasing for

ζ1 and decreasing for ζ2, it can be deduced that

f(ζ1, ζ2) ≤ f (t1, t2) ⇒ ζ1 ≤ t1 or ζ2 ≥ t2. (51)

Following from Eq. (51), we can get

{f(ζ1, ζ2) ≤ f(t1, t2)} ⊆ {ζ1 ≤ t1} ∪ {ζ2 ≥ t2} .
(52)

In terms of the increase of the credibility

measure Cr, it can be attained that

Cr {ζ ≤ f (t1, t2)} ≤ Cr {{ζ1 ≤ t1}∪{ζ2 ≥ t2}} .
(53)
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Then it can be derived that

Cr {{ζ1 ≤ t1} ∪ {ζ2 ≥ t2}}

= Cr {ζ1 ≤ t1} ∨ Cr {ζ2 ≥ t2}

= δ ∨ δ = δ.

(54)

In view of Eqs. (53) and (54), we have

Cr {ζ ≤ f (t1, t2)} ≤ δ, ∀f (t1, t2) ∈ ψ−1(δ).

(55)

Finally, combing Eqs. (50) and (55), we can

get

Cr {ζ ≤ fδ} = δ, ∀f (t1, t2) = fδ ∈ ψ−1(δ),

(56)

where δ = sup{γ | ψ−1(γ) = ψ−1(δ)} holds in
accordance with Eq. (43). In terms of Definition

3, it can be known that ψ−1(δ) = f(ψ−1
1 (δ), ψ−1

2

(1− δ)) is just the ICD of ζ = f(ζ1, ζ2).

Appendix E The proof of Theorem 6

Proof: Following from Definition 6, we can get

that

E[ζ]=

∫ +∞

0

Cr{ζ ≥ t}dt−
∫ 0

−∞

Cr{ζ ≤ t}dt

=

∫ +∞

0

(1− ψ(t)) dt−
∫ 0

−∞

ψ(t)dt

=

∫ +∞

0

tdψ(t).

(57)

By taking δ to replace ψ(t) and ψ−1(δ) to

replace t, then it can be derived that

E[ζ] =

∫ 1

0

ψ−1(δ)dδ. (58)

Appendix F The proof of Theorem 8

Proof: In the light of Theorem 7, it is deduced

that

E[f(t, ζ)] =

∫ 1

0

f(t, ψ−1
1 (δ), · · · , ψ−1

k (δ), ψ−1
k+1

(1− δ), · · · , ψ−1
n (1− δ))dδ.

In view of Theorem 5, the ICD of hv(t, ζ1, ζ2, · · · ,
ζn) is derived as

φ−1
v (δ) = hv(t, ψ

−1
1 (δ), · · · , ψ−1

kv
(δ), ψ−1

kv+1(1− δ),

· · · , ψ−1
n (1− δ)).

It is not hard to find that Cr{hv(t, ζ1, ζ2, · · · , ζn)
≤ 0} ≥ δ holds if and only if φ−1

v (δ) ≤ 0. Espe-

cially, when φ−1
v (0.5) is not unique, Cr{hv(t, ζ1, ζ2,

· · · , ζn) ≤ 0} ≥ 0.5 holds if only and if inf φ−1
v (0.5)

≤ 0.
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