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Probabilistic assessment of monthly river flow discharge using copula and OSVR 16 

approaches 17 

Abstract 18 

Simulation of flow discharge based on monthly precipitation values as inputs is one of the 19 

important issues in hydrology and water resources studies, especially in areas where data with the 20 

shorter time scales are not available. In this study, the applicability of support vector regression 21 

(SVR) model optimized by Ant colony and Copula-GARCH algorithms was investigated and 22 

compared to simulate the flow discharge based on total monthly rainfall in Talezang Basin, Iran. 23 

Entropy theory was used to select a suitable meteorological station corresponding to a hydrometric 24 

station. The vector autoregressive model was also used as the base model in Copula-GARCH 25 

simulations. The correlation results of the studied paired variable confirmed the possibility of using 26 

copula-based models. The simulation results were evaluated using R2, Nash-Sutcliffe Efficiency 27 

(NSE) and root mean square error (RMSE) statistics. According to the 99% confidence intervals 28 

of the simulations, the accuracy of both models was confirmed. The simulation results showed that 29 

the Copula-GARCH model was more accurate than the optimized SVR (OSVR) model. 30 

Considering the 90% efficiency (NSE = 0.90) of Copula-GARCH approach, the results show a 31 

36% improvement of RMSE statistics by Copula-GARCH model compared to OSVR model in 32 

simulating the flow discharge on a monthly scale. The results also showed that by combining 33 

nonlinear ARCH models with the copula-based simulations, the reliability of the simulation results 34 

increases, which was also confirmed using the violin plot. The results also showed an increase in 35 

the accuracy of the Copula-GARCH model at the minimum and maximum values of the data. 36 

Keywords: ARCH Models, ARMA, Conditional heteroscedasticity, Copula-GARCH, Rainfall- 37 

Runoff Modeling. 38 



1. Introduction 39 

River flow discharge as an input to water resources systems is one of the important parameters 40 

in managing the operation of dam reservoirs. Simulation and forecasting the annual discharge can 41 

be done using stochastic methods. On a monthly scale, which is more important in dam 42 

management, due to the seasonal and periodic approach of stochastic methods, the number of 43 

parameters increases and as a result, the estimation error will be increased. Therefore, by including 44 

other effective parameters in discharge values, the accuracy of the simulations can be increased. 45 

Accurate calculation of flow discharge and flood is a special priority for many river engineering 46 

and flood control projects. On the other hand, various studies in different parts of Iran indicate the 47 

occurrence of climate change and changes in meteorological parameters in recent decades 48 

(Ramezani and Tahroudi, 2020). This will also have a more impact on the flow discharge. 49 

Meteorological studies also show that changes in precipitation pattern in different parts of Iran are 50 

irregular. These changes have increased the frequency of extreme events, especially precipitation 51 

and it led to increase the maximum runoff occurrences. Since the design of most dams in the 52 

country does not take into account the conditions of climate change and the occurrence of such 53 

rainfalls, usually the runoff from these rainfalls is not stored and becomes unavailable as floods 54 

(Ramezani et al. 2020; Tahroudi et al. 2019 a & b; Khozeymehnezhad and Tahroudi, 2019). River 55 

flow discharge is also affected by base flow and rainfall in each region. Simulation of flow 56 

discharge given by rainfall will greatly assist in the water resources management and flood control 57 

in catchments. In addition to the importance of modeling and simulations in estimation of flow 58 

discharge, sometimes different simulation models are used to overcome the problem of data 59 

shortage or lack of data on a short time scale. One of the most widely approaches in this field is 60 

using the linear time series models. One of the most important models of this family is vector 61 



autoregressive (VAR) models that are able to model several time series with different delays. 62 

Using these models, the effect of different variables on each other or the simultaneous effect of a 63 

particular variable in several stations can be examined. 64 

The VAR model is one of the linear time series models that can be combined with nonlinear 65 

models and the residuals of these models can be considered and modeled. The most important 66 

nonlinear models are autoregressive conditional heteroscedasticity (ARCH) family models such 67 

as generalized autoregressive conditional heteroskedasticity (GARCH) model. These models have 68 

a high ability to connect with the residuals of the linear models. In most cases, while combining 69 

with linear models, they have increased the accuracy of calculations. Recent developments in the 70 

use of copula functions and their integration with non-linear ARCH models have led to new 71 

research that the effect of various parameters can be considered in terms of multivariate analysis 72 

based on the copula function. Copulas are functions that create a multivariate distribution function 73 

by connecting univariate margin functions (Nelsen, 2006; Sklar, 1959). Separate analysis of 74 

marginal distributions and their dependence structure is one of the most important advantages of 75 

copula functions (Serinaldi et al. 2009; Salvadori et al. 2007; Ramezani et al. 2019). In recent 76 

years, the use of hybrid models and copula based models for simulations has attracted the attention 77 

of researchers. Using the Copula-GARCH approach, Yoo et al. (2016) analyzed and simulated 78 

precipitation values at 12 rain gauge stations in South Korea. The results showed that the proposed 79 

method will be very effective in quantifying the uncertainty of bivariate drought frequency curves. 80 

Various studies can also be mentioned in this field (Li and Zheng, 2016; Guo and Wang, 2017; 81 

Abdi et al. 2017; Ayantobo et al. 2018; Kim et al. 2019). Yuan et al (2020) used the Copula-82 

GARCH approach to study price fluctuations in agricultural commodities. Their results showed 83 

that the proposed approach has a high ability to describe the interaction of parameters with each 84 



other. Tahroudi et al. (2020a) investigated the changes and joint frequency analysis of 85 

meteorological and hydrological droughts in the Zarrineh-Rud catchment in the south of Lake 86 

Urmia in Iran using copula functions. The results showed that by using copula functions, for a 87 

specific meteorological drought duration in a station, the duration of hydrological drought in an 88 

existing hydrometric station can be determined based on the probability of conditional occurrence 89 

as well as certain return periods. Tahroudi et al. (2020b) analyzed the conditional and joint 90 

behavior of groundwater level deficiency and rainfall deficiency signature in the Naqadeh sub-91 

basin located in the Lake Urmia Basin in Iran using copula functions. Considering the maximum 92 

groundwater level deficiency produced, the relationship between rainfall deficiency and 93 

groundwater level deficiency was obtained to estimate the groundwater level deficiency signature 94 

values. In addition to the proposed approaches that have been used recently, there are various other 95 

models in this field, which can be referred to as support vector machine models, regression-based 96 

models, genetic programing, etc. The optimized support vector regression (OSVR) method has 97 

high efficiency in simulating meteorological and hydrological parameters, which has been 98 

mentioned in the studies of Tahroudi and Ramezani (2020). Optimizing the parameters of the 99 

support vector regression method using various algorithms such as the ant colony improves the 100 

performance and accuracy of the model in the simulations. Nazeri Tahroudi and Ramezani (2020) 101 

simulate the dew point temperature values in different climates of Iran by optimizing the 102 

parameters of the support vector regression model. Copula-based simulation and simulation based 103 

on OSVR are both optimized and enhanced models, that the first model can be upgraded using the 104 

GARCH nonlinear model and the second one can be upgraded using optimization algorithms such 105 

as the ant colony optimization (ACO) algorithm. With the simulation approach based on the 106 

Copula-GARCH hybrid model, the values obtained from the bivariate frequency curve will be 107 



more reliable. The Copula-GARCH model integrates conditional variability dependencies between 108 

variables in the simulation. Also, due to the existence of heteroscedasticity in hydrological time 109 

series, including rainfall (Wang et al. 2005; Modarres and Ouarda, 2012; Yusof and Kane, 2012), 110 

the Copula-GARCH hybrid model will be suitable for simulating the rainfall time series. 111 

Accordingly, in this study, while examining the performance of Copula-GARCH and OSVR 112 

models, a simulation of mean monthly discharge (MMD) given by monthly rainfall (MR) is 113 

performed. In addition, an attempt based on the optimized entropy theory was used to select the 114 

rain gauge station corresponding to the hydrometric station. 115 

 116 

2. Material and Methods 117 

2.1 Case Study 118 

Dez basin is located between two meridians of eastern 48°,10’ and 50°, 21’ and two orbits of 119 

northern 31°, 34’ and 34°, 7’ in the western regions of Iran. The area of this basin is equal to 21720 120 

square kilometers and have an average elevation 1600 meters above mean sea level. In this study, 121 

Copula-GARCH and OSVR models were used for modeling the monthly rainfall-runoff in the 122 

mentioned basin. The data used belong to the Dez basin at the Talezang hydrometric station in the 123 

period 1988- 2018. Fig 1 shows the location of the studied basin and its hydrometric and rain gauge 124 

stations. The summery of statistical characteristics of the studied data are also presented in Table 125 

1. 126 

Fig. 1.  127 

 128 

Table 1.  129 

 130 



2.2 Kendall’s tau correlation 131 

The first step in copula-based analysis is to examine the dependence structure between the 132 

studied variables. The usual method for examining correlation is the Kendall’s tau correlation 133 

coefficient. The Kendall’s tau, denoted by τ, is defined as the probability of concordance minus 134 

the probability of discordance between the two paired random variables X1 and X2. The Kendall’s 135 

tau value between the continuous random variables X1 and X2 is defined as Equation (1): 136 

1 2 11 21 12 22 11 21 12 22( X ,X ) P(( X X )( X X ) 0 ) P(( X X )( X X ) 0 )         (1) 

where, 11 12( X X )  and 21 22( X X )  are independent and regular distributed differences of 137 

1 2( X ,X )  (Hollander et al. 2014). 138 

 139 

2.3 Vector Autoregressive (VAR) Models 140 

VAR is one of the flexible models for analyzing the multivariate time series. The VAR model 141 

was introduced to describe the dynamic behavior of the economic and financial series and their 142 

prediction. VAR model predictions are quite flexible, since they can bet on the future path of 143 

potential variables. In addition to describing and forecasting data, the VAR model is also used for 144 

structural inferences and analyzing the policies. In structural analysis, specific hypotheses are 145 

imposed on the structure of the data under investigation, and the effects of unexpected shocks or 146 

innovations are summed up with the model variables. These effects are usually summarized with 147 

impact reaction and predicted error variance analysis functions. This model focuses on the analysis 148 

of constant multivariate covariance. VAR models in economic analysis have been introduced by 149 

Sims (1980). In this study, the base model was selected to create the Copula-GARCH model, is a 150 

VAR model. This model has been selected according to the number of studied parameters and their 151 

dependencies. For more information, see Shahidi et al. (2020). 152 



 153 

2.4 Autoregressive model with conditional heteroskedasticity 154 

The GARCH model was developed as an alternative to time series models that, based on the 155 

assumption of linearity between variables at different time stages, could not take into account the 156 

conditional dependence of the variance or heteroskedasticity. Because of its power in modeling 157 

variables in which changes are significant, it has been widely used, especially in the financial and 158 

economic fields (Duan, 1996; Tse and Tsui, 2002; Floros et al. 2007; Watanabe, 2012). The 159 

GARCH model has many applications in hydrological time series simulation (Wang et al. 2005; 160 

Modarres and Ouarda, 2012; Yusef and Kane, 2012; Ramezani et al. 2019). In this paper, the 161 

GARCH model is developed to detect heteroskedasticity in the flow discharge time series. The 162 

parameters of the GARCH model were estimated using the maximum likelihood method. 163 

The GARCH model is actually a generalized model of the ARCH family. This model was first 164 

introduced and developed in economic studies by Engle (1982). All different modes of this model 165 

are based on the ARCH model. In general, the ARCH model is as follows: 166 

(2) 



m

i
ititttt baandz

1

2
0

2   

where, 2
t  is the conditional variance, t is the error term or the remainder of the model with 167 

zero mean and variance of 1, 0 0, 0ia b   are the model parameters, m is equal to the order of 168 

model, and Zt is also the time series of the desired variable (Engle, 1982). 169 

To better understand the model, the structure of the ARCH model was considered here. 170 

(3) 2 2
0 1 1,t t t t ta a a a       

where, 1 00, 0a a  . First of all, the conditional mean ta  must be zero. Because: 171 

(4) 1( ) [ ( | )] [ ( )]t t t t tE a E E a F E E    



Then the conditional variance is obtained from the following equation: 172 

(5) 2 2 2 2
1 0 1 1 0 1 1( ) ( ) [ ( | )] [ ] ( )t t t t t tVar a E a E E a F E a a a a a E a         

Since, according to ( 0)tE a  and 2
1 1( ) ( ) ( )t t tVar a E a E a   , ta  is a static and trend free, we will 173 

have: 174 

(6) 0 1( ) ( )t tVar a a aVar a   

(7) 
0

0

( )
(1 ( ))

t

a
Var a

a


  

Since the variance of ta  should be positive, thus the range of 1a  should be between 0 and 1. 175 

In some applications, above values ( ta ) should also exist and so, α1 should provide some extra 176 

moments. For example, in studying the behavior of sequences, it is necessary to limit the fourth 177 

moment ( ta ). Assuming that t  is normal, we will have the following equation (Shahidi et al. 178 

2020): 179 

(8) 4 2 2 2 2
1 1 0 1 1[ ( | )] 3[ ( | )] 3 ( )t t t t tE E a F E a F E a a a      

Therefore: 180 

(9) 4 4 2 2 2 2 2 2 4
1 0 1 1 0 0 1 1 1 1( ) [ ( | )] 3 ( ) 3 ( 2 )t t t t t tE a E E a F E a a a E a a a a a a          

If ta  is considered as the fourth moment and 4
4 ( )tm E a , then: 181 

(10) 
2 2 2 21
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Eventually: 182 
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Although the ARCH model is simple, it often requires a lot of parameters to obtain the proper 183 

modeling process. For this reason, we have to look for alternative models (Moffat et al. 2017). 184 

Bollerslev (1992) proposed the developed ARCH model as follows: 185 

(12) 2 2 2
0

1 1

t t t

q p

t i t i j t j
i j

a e

      
 



   
 

where, et is a random series with zero mean and variance of one. Also, the EGARCH model is a 186 

natural logarithmic model of the GARCH model, which was presented by Nelson (1991). 187 

 188 

2.5 Copula functions and Sklar theorem 189 

Copulas are a flexible way to create joint distributions with different type of margins. Copulas 190 

are multivariate distribution functions whose one-dimensional margins are uniform over the range 191 

(0,1). A Copula definition is attributed to Sklar (1959) who describes in a theory how univariate 192 

distribution functions can be combined in the form of multivariate distributions. Sklar showed that 193 

for continuous d dimension random variables with  marginal CDFs that 194 

, there is a d-dimensional copula of  such that: 195 

 196 

 (13)                                                                      𝐶𝑈1,…,𝑈𝐷(𝑈1, … , 𝑈𝐷) = 𝐻𝑋1,…,𝑋𝐷(𝑋1, … , 𝑋𝐷) 197 

where, is jth margin and is the joint CDF of . Because for continuous random 198 

variables, the CDF function of the margins are non-decreasing from 0 to 1, the copula can 199 

be considered as a  transformation from  to . The result of this transformation 200 

is that marginal distributions are separated from and, therefore, reflects only the 201 

relationship between the variables and provide a complete description of the overall dependence 202 

1 d{X ,....,X }
jj X ju =F (x )

j=1,...,d
1 dU ,...,UC

u j 1 dX ,...,XH
1 dX ,...,XH

1 ,...,C
dU U

1 dX ,...,XH d[- , ]  d[0,1]

1 dX ,...,XH
1 ,...,C

dU U



structure (Nelsen, 2006). The selection of the copula function first depends on determining the 203 

degree of dependence of the studied paired variables. In the present study, for estimating the copula 204 

dependence parameter, in this study, the method of inference functions for margins (IFM), which 205 

is the most common method for estimating the copula parameters, was used (Joe, 1997). 206 

In the case of two variables, it was assumed that the two correlated random variables and 207 

were distributed as functions and , respectively, that 208 

 are the parameters of  and  are the parameters of . The 209 

actual number of parameters depends on the type of univariate margin distributions. For n pairs of 210 

independent observations, the likelihood logarithmic functions for and , i.e. 211 

 and , were maximized separately to estimate the 212 

parameters. and are the estimated parameters. The log-likelihood 213 

function of the joint probability density function of was considered as follows: 214 

 215 

 (14)                                       𝐿𝑛 𝐿(𝑥, 𝑦; �̂�1, �̂�2, … , �̂�𝑝, 𝛾1, 𝛾2, … , 𝛾𝑟 , 𝜃) =216 𝐿𝑛 𝐿𝐶  (𝑥, 𝑦; 𝐹𝑥(𝑥), 𝐹𝑦(𝑦), 𝜃) + 𝐿𝑛 𝐿𝑋 (𝑥;  �̂�1, �̂�2, … , �̂�𝑝) + 𝐿𝑛 𝐿𝑌 (𝑦;  𝛾1, 𝛾2, … , 𝛾𝑟)   217 

where,  is the log-likelihood function of the copula density. By replacing the estimated 218 

values for 1 2
ˆ ˆ ˆ, ,..., r    and  in Equation (14), the log-likelihood function is maximized 219 

to obtain the estimated dependence parameter . Then, by comparing the results of each copula 220 

with the results of the empirical probability, the appropriate copula is selected for the paired 221 

variables. Copula-based simulations were also first discussed in the research of Bedford and Cook 222 

(2001 and 2002). To obtain the sample u1,…,ud from a d variable copula, the following method is 223 

performed: 224 

X Y
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 228 

To determine the conditional distribution functions j | j 1 ,...,1C , j 1,...,d   required for the pair 229 

copulas structure, the recursive relationship for the conditional distribution function with the h 230 

function is used. For a two-variable copula  ij i i ijC u ,u ;  with parameter θi j, the h functions are 231 

defined as follows: 232 

   i\ j i j ij ij i j ij

j

h u | u ; : C u ,u ;
u
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 233 

2.6 Entropy Theory 234 

The studied basin in this research is the Dez basin, which has 11 rain gauge stations with a 235 

sufficient data length. In the present study, the entropy theory was used to select the most suitable 236 

rain gauge station that reflects the general characteristics of the studied basin and its information 237 

can be generalized to the whole basin. See Tahroudi et al (2019c) for more information on entropy 238 

theory and how stations are selected and ranked. 239 

 240 

2.7 Optimized Support Vector Regression (OSVR) 241 



In this study, the SVR optimized by the ant colony optimization algorithm was used in two 242 

cases. In the first case, it used to investigate the interaction effect of the studied stations in entropy 243 

theory and the second case it used to simulate mean monthly discharge (MMD) values affected by 244 

monthly rainfall (MR). The first application of this method in water problems was presented by 245 

Dibike et al. (2001) for rainfall-runoff modeling (Nazeri-Tahroudi and Ramezani, 2020). SVR is 246 

an efficient learning system based on a constrained optimization theory which is used from the 247 

principle of induction the minimization of structural error, and leads to a general optimal answer. 248 

In the SVM regression model, a function related to the dependent variable y, which is a function 249 

of several independent variables x, is estimated. Similar to other regression models, it assumes that 250 

the relation between independent and dependent variables was determined by an algebraic function 251 

such as f (x) plus some amount of confusion (allowed error ε): 252 

(19)    Tf x W . bx  

(20)  y f x noise  

If W (vector of coefficients) and b (constant) are the properties of the regression function and 253 

 is also the kernel function, then the object is finding the functional form for f(x). This topic is 254 

achieved by training the SVM model through a set of samples (training set). Therefore, to calculate 255 

w and b, it is necessary to optimize the error function in the  -SVM model by considering the 256 

conditions listed in Equation 22. 257 
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where, C is a positive integer that determines the penalty when the model training error occurs. 258 

 is the kernel function, N is the number of samples, and the two indices of 
i

  and 
*

i
  are the 259 

Slack variables, which determine the upper and lower limit of the training error associated with 260 

the allowed error value ε. In problems, it is predicted that the data is within the boundary range ε. 261 

Now, if the data is out of range ε, then there will be an error equal to 
i

  and 
*

i
 . It is worth 262 

mentioning that the SVM model solves the problems caused by the under fitting and over fitting 263 

by simultaneously minimizing two terms . / 2TW W  and training errors, namely 
*

1

( )
N

i i
i

C  


 , 264 

in Equation 23. Therefore, by introducing 2 Lagrange coefficients 
ia  and 

*

ia , the optimization 265 

problem will be solved with the numerical maximization of the following quadratic function: 266 

 267 
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 268 

The above objective function in Equation 25 is a convex function and therefore, the solution of 269 

Equation 25 would be unique and optimal. After defining the Lagrange coefficients in Equation 270 



25, the characteristics w and b in the SVM regression model is calculated using the Karush-Kan-271 

Tucker theory, where *

1

( ) ( )
N

i i
j

W ia a x


  . As a result, for the SVM regression model there is: 272 

(25) *

1

( ) ( ) (x)
N T

i i
i

W bia a x 


   

It should be noted that the Lagrange terms (
*

( )
i ia a ) can be zero or non-zero. Therefore, 273 

only data sets whose coefficients 
ia  are non-zero are entered in the final regression equation and 274 

this data set is known as the support vectors. In simple terms, support vectors are data that help to 275 

create a regression function. Among the vectors mentioned, those whose 
ia  values are less than 276 

C are called margin support vectors. When the value 
ia  of the support vectors is equal to C, it is 277 

known as an error support vector or a bounded support vector. Margin support vectors are found 278 

on the margin of the insensitive boundary while error support vectors are out of range. Finally, the 279 

regression SVM function can be rewritten in the following form: 280 

(26) 
1

( ) ( )( )
N T

i
i

f x bji xa x 


  

In Equation 26, the calculation of (x) in its characteristic space may be very complicated. To 281 

solve this problem, the regular approach in the SVM regression model is the selection of a kernel 282 

function as 2( , ) 4( )
T

iK x x b acix   . Various kernel functions can be used to construct 283 

different types of ε-SVM models. The most commonly used kernel functions available in the 284 

vector regression model are: A polynomial kernel with 3 target characteristics, a sigmoid kernel 285 

containing 2 target characteristics and kernel of radial base functions (RBF) with a target 286 

characteristic. 287 

 288 



2.8 Ant colony optimization algorithm (ACO) 289 

The ant colony optimization (ACO) algorithm was first proposed by Colorni et al. (1991). 290 

One of the first applications of the ACO algorithm has been to solve the traveling salesman 291 

problem. Since the ACO algorithms depend on the type of use and similarity of the ants moving 292 

on the graph, the use of the traveling salesman problem to explain the basic principles of ant 293 

algorithms was highly logical, and it was originally a typical example for introducing this 294 

algorithm. For more information, see (Colorni et al. 1991, Dorigo, 1992; Nazeri-Tahroudi and 295 

Ramezani, 2020). 296 

 297 

3. Results and Discussion 298 

There are 11 rain gauge stations in the Dez basin with recorded data in the period of 1988- 299 

2018. In this study, entropy theory was used to select the best and most valuable rain gauge station 300 

that clearly shows the characteristics of the studied basin. By applying the entropy theory and 301 

calculating its indicators, the studied stations were ranked. The results of ranking and information 302 

transfer index (ITI) of the studied stations are presented in Table 2. The results of the study and 303 

ranking of the studied stations based on the N(i) index of entropy theory showed that Vanaei station 304 

is the best and most valuable rain gauge station in the region that the rainfall values of this station 305 

can be generalized to the whole basin area. It should be noted that the support vector regression 306 

method optimized with the ant colony optimization (ACO) algorithm was used to evaluate the 307 

interaction of rain gauge stations (Tahroudi et al. 2019c). The results showed that the information 308 

transfer of Vanaei station is established with other stations and is related to all existing stations. 309 

By selecting Vanaei station as the representative station, the correlation between the MMD values 310 

of the Talezang hydrometric station and the MR values of Vanaei station was investigated. 311 



 312 

Table 2. 313 

 314 

The results of evaluating the Information Transfer Index (ITI) also showed that, except of the 315 

two stations Kamandan and Sepidasht Sezar, other studied rain gauge stations are located in the 316 

surplus area in the basin in terms of concentration of stations. In this study, in order to simulate 317 

the MMD values given by the occurrence of MR values, the performance of ARCH-based models 318 

(Copula-GARCH models) and the OSVR-based model was investigated and compared. First, the 319 

correlation between the mentioned paired variables was investigated. The scatter diagram of the 320 

studied data at the real scale is presented in Figure 2. In this figure, the empirical contour lines, 321 

histograms of the studied data and Kendall’s tau coefficient are presented. The value of the 322 

Kendall’s tau statistic that reflect the correlation between the studied variables is 0.34 which is 323 

acceptable for further analysis. 324 

Fig. 2.  325 

3.1 Simulation of MMD values of Talezang hydrometric station given monthly rainfall 326 

values of Vanaei rain gauge station using Copula-GARCH model 327 

Next step, in order to present the Copula-GARCH model, it is first necessary to fit time series 328 

models on the studied data. In this regard, VAR model was used (Shahidi et al. 2020). The data 329 

were analyzed using the VAR model with different delays and finally the residual series of the 330 

VAR model was extracted for the paired variables. The basis of modeling based on the Copula-331 

GARCH model is the VAR model. This model actually models the average part of the time series 332 

and due to the existence of heteroskedasticity in the time series of rainfall and flow discharge, 333 

modeling the variance of data was also investigated. In this regard, the residual series was extracted 334 



for the paired variables and fitted by the GARCH model. The residual series were produced from 335 

the GARCH model. Prior to fitting the GARCH model, the structural stability of the residual series 336 

was investigated using the Ordinary least squares (OLS) residuals and Cusum tests and presented 337 

in Figure 3 (Ploberger and Krämer, 1992). 338 

 .Fig. 3 339 

The Cusum test calculates the process of empirical fluctuations using a specific method from 340 

a generalized statistical framework. According to Figure 3 and the confidence intervals, the results 341 

of this test were also confirmed (Kramer et al. 1991). As can be seen, the OLS-based CUSUM 342 

process has not exceeded the confidence intervals. Hence, there is no evidence of structural change. 343 

In the next step, for joint frequency analysis of the paired residual series of the VAR model, the 344 

fitness of different copula functions and their rotational form were examined. Akaike information 345 

criterion (AIC), Bayesian information criterion (BIC) and Log-Likelihood (Log-Like) were used 346 

to select the superior copula function. The results of goodness of fit tests were performed for the 347 

paired residual series confirmed the superiority of Gaussian copula to other copulas. Accordingly, 348 

the Gaussian copula function was selected with AIC, BIC and Log-Like values of -90.9, -87 and 349 

46.4, respectively, with a copula parameter of 0.51. After selecting the Gaussian copula as the 350 

superior copula, the simulation based on the bivariate copula of the paired residual series was 351 

investigated. The results of simulation of the mean monthly discharge (MMD) of Talezang station 352 

given recorded monthly rainfall (MR) at the Vanaei rain gauge station using Copula-GARCH 353 

model in the period of 1988-2018 were presented as Figures 4 and 5. 354 

 355 

 356 

Fig 4.  357 



According to Figure 4, it can be seen that the simulated MMD (m3/s) data has a good 358 

agreement with the observed data in both training and test stages. The maximum and minimum 359 

points are well simulated in most cases. In some cases, overestimation is seen, but on average, 360 

there is a good correlation between the observed and simulated values based on the Copula-361 

GARCH model. The calibration results of the Copula-GARCH model are also shown in Figure 5, 362 

except for two overestimated cases, all the simulated data are in the 99% confidence intervals and 363 

the accuracy of the model is also confirmed. The simulation based on Copula-GARCH has the 364 

RMSE of 79.64 m3/s on a monthly scale.  According to the correlation values and Nash-Sutcliffe 365 

statistics, this RMSE is acceptable and the performance of the model in the simulation of MMD 366 

values (m3/s) given the occurrence of MR values is confirmed. The results presented in Figures 4 367 

and 5 are based on modeling the mean and variance of the MMD series and also include 368 

considering its heteroskedasticity, which is also modeled by the copula-based model. According 369 

to the statistics presented in Figure 5, it can be concluded that the proposed hybrid model has a 370 

high ability to simulate MMD values given by MR values. 371 

Fig 5.  372 

3.3 Simulation of MMD values of Talezang hydrometric station given monthly rainfall values of 373 

Vanaei rain gauge station using OSVR model 374 

Simulation of the MMD of Talezang hydrometric station based on the OSVR model approach 375 

was performed by considering the MR values at the Vanaei rainfall station as input. The parameters 376 

of the OSVR model (Epsilon, c and Sigma) were optimized using the ant colony optimization 377 

(ACO) algorithm to achieve higher accuracy, and with 100 iterations, the values of Epsilon, c and 378 

Sigma were estimated 21.473, 1000 and 12.91, respectively. The results showed that in iteration 379 

13, the OSVR model reached the optimal state and the cost function obtained the lowest value. 380 

The results of the objective function (RMSE) are shown in Figure 6. As can be seen from Figure 381 



6, the OSVR model was able to reduce the simulation RMSE of MMD values from about 200 m3/s 382 

to 105.8 m3/s during iterations. There was no improvement in the results from 13 to 100 repetitions. 383 

Finally, using the optimized coefficients of the OSVR model, the simulation of the MMD values 384 

was performed given MR values and the simulation results are presented in Figures 7 and 8. 385 

Fig 6.  386 

Fig 7.  387 

As it can be seen from Figure 7, there is good agreement between observed MMD values and 388 

corresponding values simulated by the OSVR model. The minimum points in these simulations 389 

are not well estimated due to the presence of zero MR data. Also, in some months, the maximum 390 

values are not well simulated. According to Figure 8, the results of the study and the RMSE of the 391 

OSVR model in simulating MMD values showed that the RMSE of the model is about 106 (m3/s) 392 

and the NSE of the model is 78%. According to the 99% confidence intervals, the results showed 393 

that about 15 points of the simulated MMD values (m3/s) are outside the confidence range, which 394 

indicates overestimation or underestimation of the target points. However, the performance of the 395 

model is acceptable according to the presented results. 396 

Fig 8.  397 

By using and implementing the Copula-GARCH model, which actually consists of the VAR, 398 

VAR-GARCH models and the joint residual series of the VAR-GARCH model, the NSE of this 399 

model compared to the OSVR model was improved by about 15%. On the other hand, compared 400 

to the OSVR model, the R2 and RMSE statistics of the simulations by the Copula-GARCH model 401 

have been improved by 11% and 36%, respectively. The accuracy of simulation results of MMD 402 

values (m3/s) improved about 36%, which indicates a decrease of RMSE by 26.16 (m3/s). Finally, 403 

Violin Plot and Taylor Diagram were used to compare the performance of the used models and 404 

also to evaluate their certainty in simulating the MMD values of the Talezang hydrometric station. 405 



The Violin plot of observed and simulated data is presented in Figure 10 and Taylor diagram of 406 

Copula-GARCH and OSVR models also presented in Figure 11. 407 

Fig. 9.  408 

Fig. 10.  409 

As can be seen from Figures 9 and 10, the results of the studied models in the MMD simulation 410 

of the Talezang hydrometric station are very close to each other based on the evaluation criteria. 411 

In other words, evaluation criteria cannot provide any information on how data are distributed. 412 

Therefore, using plots such as Violin and Taylor diagrams can be very useful. The violin plot is 413 

another form of box plot. Box plots show only the minimum, maximum, mean, and quarters of the 414 

data, but the violin plot is used to visualize the data distribution and its probability density. 415 

According to the presented violin plot, it can be seen that the simulated time series with the OSVR 416 

model has slightly overestimating and the maximum values are simulated more than the 417 

corresponding observed values. But in general, the Copula-GARCH model simulates MMD values 418 

better than the OSVR model. According to Figure 9, the range of variation of MMD values, as 419 

well as the range of 5 and 95% of the values simulated by the Copula-GARCH model, is closer to 420 

the observed values, which increases the reliability of the model. As it can be seen from Figure 9, 421 

the Copula-GARCH model better covers the range of data changes. Appropriate certainty in 422 

copula-based simulation of the different meteorological and hydrological values has been 423 

investigated and confirmed in various studies. Recent studies in simulation of different hydro-424 

meteorological variables using two and multidimensional copula functions show that these 425 

functions have high ability and accuracy in bivariate simulations of meteorological and 426 

hydrological phenomena (Bezak et al. 2017; Ahmadi et al. 2018; Nazeri Tahroudi at al. 2020 a & 427 

b; Kim et al. 2019). Regarding the simulation of other variables using copula functions, Bazak et 428 



al. (2017) also stated that the copula functions have acceptable accuracy in the simulation of 429 

sediment values and have a higher accuracy compared to the regression method. In addition, the 430 

results of this study showed that by using the copulas, the accuracy and efficiency of the hybrid 431 

VAR-GARCH model can be improved, that are consistent with the results of Yoo et al. (2016). 432 

Yuan et al. (2020) also confirmed the acceptable accuracy of the Copula-GARCH model in 433 

agricultural commodity price modeling by combining copulas with GARCH models. The Taylor 434 

diagram (Figure 10) is based on the geometric relationship among the correlation coefficient (R), 435 

the time series standard deviation, and the root mean square difference. This diagram is a good 436 

tool for evaluating various methods. The reference point (hollow circle between standard deviation 437 

200 and 300) indicates the position of the observed values based on the standard deviation of the 438 

time series. The position of the simulated data with OSVR and Copula-GARCH models is plotted 439 

based on the root mean square difference, its correlation coefficient with the observed values and 440 

the time series standard deviation in Figure 10. Due to the fact that the Copula-GARCH location 441 

is closer to the reference point, it can be concluded that the Copula-GARCH model have a higher 442 

accuracy than the OSVR model in simulating the MMD values. 443 

 444 

4. Conclusion 445 

In this study, a Copula-GARCH model and a VAR model were used to simulate MMD values 446 

of the Talezang hydrometric station given MR values of Vanaei rain gauge in the Dez basin in 447 

southwestern Iran. Due to the influence of MR time series on MMD values on a monthly scale, 448 

vector autoregressive model (VAR) was used as the base model. The VAR model provides 449 

relatively good results due to the involvement of an effective parameter in the modeling. The 450 

correlation of the studied variables using Kendall’s tau test was 0.34, which satisfies the initial 451 



condition of using copula-based models. The results of the joint frequency analysis of the paired 452 

variables showed that the Gaussian copula has the best fitness on the residual series of VAR model. 453 

The results of simulation of MMD values based on Copula-GARCH model showed that this model 454 

has a high ability to simulate the studied variables and has high accuracy. Appropriate estimation 455 

of MMD values is observed in all months and in the whole range of changes in MMD values. The 456 

maximum and minimum points of the MMD values are also well estimated throughout the studied 457 

period. In this study, in addition to the copula model, the OSVR model was applied to simulate 458 

monthly runoff. After estimating the coefficients of the SVR model using the ant colony 459 

optimization algorithm, the MMD values were simulated according to the MR values. The results 460 

showed that the OSVR model did not simulate the minimum points or base flow well due to the 461 

presence of zero data in the rainfall time series. The values of R2, RMSE and NSE statistics also 462 

confirmed the superiority of the Copula-GARCH model over the OSVR model. In addition to the 463 

mentioned statistics, the results of Violin plot and Taylor diagram also showed higher certainty of 464 

Copula-GARCH model than OSVR model. The proposed approach, due to the use of the copula 465 

function and the appropriate marginal distribution functions for each series, brought the simulation 466 

results closer to the observed values, which increased the model accuracy. Using this approach 467 

will improve performance in simulation of important meteorological and hydrological variables, 468 

which will be very useful in water resources planning and management. 469 
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Figures

Figure 1

Location map of the studied rain gauge and hydrometric stations in Dez basin Note: The designations
employed and the presentation of the material on this map do not imply the expression of any opinion
whatsoever on the part of Research Square concerning the legal status of any country, territory, city or



area or of its authorities, or concerning the delimitation of its frontiers or boundaries. This map has been
provided by the authors.

Figure 2

Kendall’s tau, histogram and empirical contour lines of rainfall (mm) and �ow discharge (m3/s) series

Figure 3

The OLS-based Cusum process of VAR(p) model (the red lines show the con�dence intervals)



Figure 4

Results of simulation the MMD (m3 /s) of Talezang hydrometric station given MR values (mm) of Vanaei
rain gauge station using Copula-GARCH model in two training and test stages (1988-2018)



Figure 5

The simulated values of the MMD (m3/s) using Copula-GARCH model versus observed values at the
Talezang hydrometric station



Figure 6

Results of objective function (RMSE) improvement in different iterations to optimize OSVR model
coe�cients



Figure 7

Results of simulation the MMD (m3 /s) of Talezang hydrometric station given MR values (mm) of Vanaei
rain gauge station using OSVR model in two training and test stages (1988-2018)



Figure 8

The simulated values of the MMD (m3/s) using OSVR model versus observed values at the Talezang
hydrometric station



Figure 9

Violin plot of MMD (m3/s) series in the Talezang hydrometric station and corresponding simulated series
by Copula-GARCH and OSVR models.



Figure 10

Taylor Diagram of MMD (m3/s) and corresponding simulated series using OSVR and Copula-GARCH
models


