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Abstract 8 

This paper reports the use of five probability cumulative distribution functions (normal, log-9 

normal, logistic, Gompertz, and Weibull) to correlate published breakthrough data of water and 10 

air contaminants (ciprofloxacin, ammonium, hydrogen chloride, and hydrogen sulfide). 11 

Because the shape of the ciprofloxacin breakthrough curve is fairly symmetric, it is well 12 

correlated by all five functions (R2 > 0.99).  They also provide a good representation of the 13 

overall shape of the ammonium breakthrough curve (R2 > 0.99). However, none can describe 14 

the leakage of ammonium during the initial period of column operation. The log-normal and 15 

Weibull functions give an excellent representation of the tailing HCl data while the normal, 16 

logistic, and Gompertz functions are quite poor. This difference in performance can be 17 

explained by the different characteristics of their inflection points. The log-normal and Weibull 18 

functions have a floating inflection point, which gives them flexibility in tracing the shape of 19 

the tailing data. The invariant inflection points of the normal, logistic, and Gompertz curves 20 

restrict their data fitting ability. Only the log-normal function can provide a reasonable fit to 21 

the H2S data with strong tailing. It is shown that the invariant inflection point of a probability 22 

function can be converted to a floating one. A version of the Gompertz function so modified 23 

provides a good quantitative correlation of the tailing data of H2S (R2 = 0.99). 24 
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 27 

Introduction 28 

Fixed bed adsorption of water and air contaminants is the subject of this article. In this field of 29 

research, the bulk of experimental results collected in the form of breakthrough data are 30 

invariably processed using mathematical models. Mechanism-driven models are useful for 31 

exploring the fundamental aspects of fixed bed adsorption. The parameters of these models are 32 

often calibrated using information obtained from independent sources and/or engineering 33 

correlations. Breakthrough data are not used for parameter estimation; they are instead used to 34 

validate the predictive ability of the model. A variety of such models formulated at different 35 

levels of complexity have been tested in the environmental adsorption literature (Danish et al. 36 

2021; Mirzaie et al. 2021; Roy et al. 2021). Because these models are cast in the form of 37 

coupled partial differential equations, specialized software and programming code are required 38 

for their numerical solution. 39 

An alternative to mechanism-driven models is the so-called data-driven models. The 40 

terms “big data” and “data science” are becoming pervasive, affecting many aspects of water 41 

science and engineering (Hering 2019; Newhart et al. 2019). Large amounts of data are being 42 

used to develop optimization and process control strategies. In the context of fixed bed 43 

adsorption, “small data” sets are used to construct empirical models. Commonly used methods 44 

to build empirical models from breakthrough data include the design of experiments and neural 45 

network modeling approaches (Dalhat et al. 2021; Schio et al. 2021). These data-driven models 46 

may be used for process design or optimization, but they lack mechanistic merit and should not 47 

be used to predict breakthrough behavior outside the range of experimental conditions used for 48 

model calibration. 49 
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Another data-driven modeling approach involves simple phenomenological models of 50 

fixed bed adsorption, with the Bohart-Adams and Thomas models being the most popular ones 51 

(Bohart and Adams 1920; Thomas 1944). These two models consider adsorption equilibrium 52 

but their rate mechanisms are based on simple reaction kinetics. Although unrealistic, the 53 

assumption of reaction kinetics as the rate-limiting step allows analytical solutions to be 54 

derived. These relatively simple analytical expressions permit modeling work to be conducted 55 

using standard spreadsheet programs. We classify the Bohart-Adams and Thomas equations as 56 

data-driven models because breakthrough data are used to estimate their parameters. Another 57 

popular data-driven model is the Yoon-Nelson equation (Yoon and Nelson 1984), which often 58 

appears together with the Bohart-Adams and Thomas models in modeling studies. The Yoon-59 

Nelson model is highly empirical since it is devoid of typical fixed bed variables such as flow 60 

rate and bed length. 61 

The literature of environmental adsorption is replete with articles reporting the 62 

modeling of breakthrough data using the Bohart-Adams, Thomas, and Yoon-Nelson models. 63 

Unfortunately, the majority of these studies are not meaningful because the three models are 64 

analogous to one another and should not be treated separately (Chatterjee and Schiewer 2011; 65 

Chu 2020; Lee et al. 2015). Another shortcoming of the three models is that they cannot fit 66 

typical breakthrough curves of water and air contaminants which are mostly asymmetric. From 67 

a practical perspective, this is a serious limitation because a poorly fitted model will produce 68 

grossly inaccurate estimates of breakthrough and exhaustion times. Limited efforts have been 69 

made to enhance the data fitting ability of the three models, as summarized by Apiratikul and 70 

Chu (2021). To enlarge the pool of models capable of representing asymmetric breakthrough 71 

curves, this paper evaluates the feasibility of adopting probability distribution functions as 72 

breakthrough curve models. 73 
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Probability cumulative distribution functions are attractive because they are capable of 74 

producing sigmoid or S-shaped curves, which are similar to the shapes of contaminant 75 

breakthrough curves. Also, straightforward data analysis by spreadsheet calculation is possible 76 

because most of the probability functions have simple mathematical forms. As a preliminary 77 

investigation we have selected five probability functions for testing: normal, log-normal, 78 

logistic, Gompertz, and Weibull. Previous research in this area was restricted to evaluating 79 

some of these functions separately (Chu 2020b, 2021; Dima et al. 2020). This paper is the first 80 

systematic attempt to compare a set of probability functions using previously published 81 

breakthrough data of ciprofloxacin, ammonium, hydrogen chloride, and hydrogen sulfide. 82 

 83 

Model development 84 

Normal distribution 85 

This distribution, sometimes referred to as Gaussian distribution, occurs throughout statistics. 86 

A particular normal distribution is completely determined by its mean and standard deviation. 87 

The formula for the normal cumulative distribution function, formulated to describe fixed bed 88 

adsorption, may be written 89 

1

0 1

1
1 erf

2 2

c t a

c b

  
   

   
         (1) 90 

where c is the effluent concentration at any time t, c0 is the feed concentration, and a1 and b1 91 

are respectively the mean and standard deviation of the normal function.  92 

The normal function predicts a sigmoid curve, whose shape is determined by its 93 

inflection point. An inflection point is where a curve changes concavity, that is, it is a point at 94 

which a curve goes from concave up to concave down, or vice versa. For the normal function, 95 

the location of its inflection point can be determined by finding at what time the second 96 

derivative of the function is zero. The second derivative of Eq. 1 is given by 97 
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      (2) 98 

By equating the preceding expression to zero and solving the resulting equation for the 99 

t-term, we obtain t = a1 at the inflection point. Substitution of this t value in Eq. 1 gives 100 

0

1

2

c

c
           (3) 101 

The inflection point of the normal function is therefore located at the mid-point of the 102 

sigmoid curve. 103 

Log-normal distribution 104 

This function differs from the normal function in one aspect: the t-term in Eq. 1 is replaced by 105 

a ln(t)-term. The formula reads 106 

  2

0 2

ln1
1 erf

2 2

t ac

c b

  
   

   
        (4) 107 

where a2 and b2 are fitting parameters. 108 

The second derivative of Eq. 4 is given by 109 

      22 2
2

2 2 2 2
0

2 3 2
2

ln exp ln 2

2

a b t a t bc c

t b t 

        



    (5) 110 

Setting the preceding equation to zero and solving for ln(t) leads to   2
2 2ln t a b  . 111 

Substitution of the last result in Eq. 4 gives 112 

2

0

1
1 erf

2 2

c b

c

        
        (6) 113 

The preceding expression indicates that the location of the inflection point varies with 114 

the b2-term; the log-normal function therefore has a floating inflection point. 115 

It should be mentioned that converting the t-term in the normal function to the ln(t)-116 

term in the log-normal function requires some mathematical manipulation. Since one can take 117 
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the logarithm only of dimensionless numbers, the t-term, which is a dimensioned quantity, must 118 

first be made dimensionless. Here, we describe how this can be done. First, we assign a unit to 119 

the t-term in Eq. 1, say, min. Next, we multiply the t-term by t*/t* where t* = 1 min. We now 120 

have t*(t/t*) with the bracketed term being a dimensionless quantity. Finally, we take the 121 

logarithm of the bracketed term, obtaining t*ln(t/t*). So, Eq. 4 becomes 122 

 * *
2

0 2

ln1
1 erf

2 2

t t t ac

c b

  
   

    
       (7) 123 

The preceding expression is numerically analogous to the original Eq. 4 since the two 124 

t*-terms are equal to unity. For simplicity, they may be omitted from Eq. 7.  Then, Eq. 7 reverts 125 

to Eq. 4, but the logarithmic term is now dimensionless. Likewise, the a2-term should also be 126 

a dimensionless parameter. 127 

Logistic distribution 128 

This function has been used extensively for growth models. It is written as 129 

 0 3 3

1

1 exp

c

c a b t


 
         (8) 130 

where a3 and b3 are fitting parameters. 131 

To find its inflection point, we equate the second derivative of the logistic function to 132 

zero and solve the resulting equation for the t-term. 133 

   
 

 
 

2 2 2
0 3 3 3 3 3 3

3 22

3 3 3 3

2 exp 2 2 exp
0

1 exp 1 exp

c c b a b t b a b t

t a b t a b t

  
  

          
    (9) 134 

From Eq. 9, t = a3/b3. Substitution of the last result in Eq. 8 yields 135 

0

1

2

c

c
            (10) 136 

We see that the inflection point is located at the mid-point and is identical to that of the 137 

normal function. 138 
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Gompertz distribution 139 

Whilst this function was originally developed to graduate human mortality rates, it is now used 140 

to model sigmoid curves across many areas of scientific research. A typical formula is written 141 

as 142 

 4 4

0

exp exp
c

a b t
c

             (11) 143 

where a4 and b4 are parameters to be estimated. 144 

As before, to find the location of its inflection point, the Gompertz function is 145 

differentiated twice with respect to the t-term. 146 

     
2

20
4 4 4 4 4 4 42

exp 1 exp exp
c c

b a b t a b t a b t
t


            

   (12) 147 

Setting the preceding result to zero and solving the resulting equation for the t-term, we 148 

get t = a4/b4. Substitution of the last result in Eq. 11 gives 149 

 
0

exp 1
c

c
            (13) 150 

The location of the inflection point is fixed at c/c0 = 0.37. 151 

Weibull distribution 152 

This function is one of the most widely used lifetime distributions in reliability engineering. 153 

There is a large collection of probabilistic and stochastic models derived from the Weibull 154 

function. A commonly used two-parameter formula reads 155 

5

0 5

1 exp

b

c t

c a

  
    

   
        (14) 156 

where a5 and b5 are adjustable parameters. 157 

The second derivative of the preceding expression is given by 158 

       5 5 52
5 5 5 5 5 50

2 2

exp 1
b b b

t a b t a b b t ac c

t t

         


    (15) 159 
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Equating the second derivative to zero and rearranging the resulting equation gives  160 

51

5
5

5

1
b

b
t a

b

 
  

 
          (16) 161 

Substitution of the preceding result in Eq. 14 yields 162 

5

0 5

1
1 exp

c b

c b

 
   

 
        (17) 163 

The Weibull function has a floating inflection point because its location varies with the 164 

b5-term. 165 

 166 

Nonlinear least-squares regression 167 

Nonlinear least-squares regression was applied to the probability functions tested in this work 168 

to estimate their free parameters. The overall fit of a function was measured with the coefficient 169 

of determination R2 and residual root mean square error (RRMSE). It is not necessary to use 170 

other statistical indicators such as the Akaike Information Criterion for model comparison 171 

because all the models examined here contain the same number of fitting parameters. The R2 172 

and RRMSE metrics are given by 173 
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         (18) 174 

 2

1RRMSE

w

j jj
M E

w p








       (19) 175 

where w is the number of data points, Mj are model values of c/c0, Ej are experimental values 176 

of c/c0, Em is the mean of experimental values, and p is the number of adjustable parameters. 177 

Note that the R2 value is traditionally defined only for linear relationships. Nonetheless it is 178 

commonly used as an informal measure of the goodness of a nonlinear fit.  179 

 180 



9 
 

Result and discussion 181 

Four sets of published breakthrough data of water and air contaminants are used to test and 182 

compare the data fitting abilities of the five probability functions described above. To provide 183 

a rigorous comparison, the data sets were carefully selected to reflect different curve 184 

characteristics. The first data set, reported by Sausen et al. (2018), exhibits a relatively 185 

symmetric curve shape. The second one, taken from the work of Nguyen et al. (2019), is 186 

characterized by a leakage of contaminant at the column exit. The third and fourth data sets, 187 

reported by Papurello et al. (2019), demonstrate different degrees of tailing behavior. 188 

Case 1: breakthrough curve of ciprofloxacin 189 

In this case study (Sausen et al. 2018), a series of column experiments were performed to 190 

measure the breakthrough curves of ciprofloxacin as functions of bed height and flow rate. 191 

Ciprofloxacin, a widely used antibiotic, has been detected in wastewater treatment plant 192 

effluents and surface waters. The fixed bed experiments were conducted in a glass column with 193 

an internal diameter of 1 cm and a length of 30 cm. The column was packed with a commercial 194 

cation exchanger with an average size of 0.653 mm. Figure 1 shows the selected data set, 195 

obtained with the following experimental conditions: feed concentration = 100 mg/L, flow rate 196 

= 5 cm3/min, and packed bed length = 7.6 cm. 197 

Figure 1 plots the fitted curves of the normal, log-normal, logistic, Gompertz, and 198 

Weibull functions, computed using the best-fit parameters listed in Table 1, case 1. Visual 199 

inspection of Fig. 1 indicates that the measured data are well represented by the five functions. 200 

The values of R2 (>0.99) and RRMSE (0.02-0.04) for the five fits, also shown in Fig. 1, support 201 

this observation. The Weibull, logistic, and normal functions are similar in performance and 202 

slightly better than the log-normal and Gompertz functions. Because of the symmetric nature 203 

of the measured curve, probability functions with an inflection point close to the mid-point are 204 

expected to do well. The inflection points of the logistic and normal functions are located at 205 
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the mid-point. The inflection points of the log-normal and Weibull functions, computed from 206 

Eqs. 6 and 17, are located at c/c0 = 0.41 and c/c0 = 0.55 respectively. The location of the 207 

Gompertz function’s inflection point is given by c/c0 = 0.37. It is thus not surprising that the 208 

normal, logistic, Weibull, and log-normal functions can handle symmetric data of this type 209 

rather well. The inferior performance of the Gompertz function can be explained by the fact 210 

that its inflection point is farthest from the mid-point. It is conclusive that the slightly 211 

asymmetric data set of Fig. 1 poses no great difficulty to the five functions. 212 

 213 

 214 

Fig. 1 Probability function fits compared to observed ciprofloxacin breakthrough data reported 215 

by Sausen et al. (2018) 216 

 217 

 218 

 219 
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Table 1 Parameter estimates for the nonlinear fits in Figs. 1-4 220 

Function Parameter Case 1 Case 2 Case 3 Case 4 

Normal 

Log-normal 

Logistic 

Gompertz 

Weibull 

a1 (min); b1  

a2; b2 

a3; b3 (min–1) 

a4; b4 (min–1) 

a5 (min); b5 

2071; 470.4 

7.63; 0.23 

7.39; 0.004 

4.57; 0.002 

2234; 5.19 

1437; 188.7 

7.27; 0.13 

12.78; 0.01 

8.75; 0.01 

1508; 8.69 

23.02; 18.6 

2.99; 0.95 

2.03; 0.09 

0.99; 0.06 

29.32; 1.13 

78.39; 47.0 

4.28; 0.65 

2.76; 0.04 

1.53; 0.03 

96.06; 1.65 

 221 

Case 2: breakthrough curve of ammonium 222 

This case reports the removal of ammonium by corncob biochar which was packed in a glass 223 

column with an internal diameter of 1.5 cm and a total column length of 50 cm (Nguyen et al. 224 

2019). The effects of initial concentration, flow rate, and packed bed length on the 225 

breakthrough characteristics of ammonium were investigated. The selected breakthrough data 226 

set was obtained with a feed concentration of 10 mg/L, a flow rate of 1 cm3/min, and a packed 227 

length of 8 cm. Figure 2 presents the measured data and plots the fits of the five functions. The 228 

fit statistics and parameter estimates are presented respectively in Fig. 2 and Table 1, case 2. A 229 

visual comparison of the plots in Fig. 2 highlights the fact that there is little difference in the 230 

performances of the five functions. The second observation that jumps out is that the initial 231 

section of the breakthrough curve is poorly represented by the five functions. However, the R2 232 

scores for the five fits are very impressive (> 0.99, see Fig. 2) because most of the data points 233 

above the initial stages of breakthrough are well tracked by the five functions. Overall fit 234 

indicators such as the R2 metric do not always tell the whole picture. In assessing goodness of 235 

fit, it is inappropriate to trumpet high R2 scores without first examining a graph of the data 236 

together with the model fit. 237 

 238 
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 239 

 240 

Fig. 2 Probability function fits compared to observed ammonium breakthrough data reported 241 

by Nguyen et al. (2019) 242 

 243 

Figure 2 reveals the presence of a phenomenon known as fronting or leakage, which 244 

refers to the appearance of a noticeable effluent concentration level soon after initiation of 245 

column operation. This nonzero effluent concentration level remains relatively stable for a 246 

period of time before the breakthrough curve rises rapidly. If the desired breakthrough 247 

concentration is comparable to the nonzero effluent concentration level, the leakage 248 

phenomenon will lead to a premature breakthrough time, and consequently resulting in severe 249 

underutilization of the column capacity. There are surely several reasons for the occurrence of 250 

leakage, with nonuniform flow being one. The problem of nonuniform flow is most likely due 251 

to poor column packing. The use of adsorbents with irregular particle shape or compressible 252 
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adsorbent material is rather common in this field of research. It is not easy to pack a column 253 

well with adsorbents of this type. Since fronting breakthrough curves are undesirable, there is 254 

little point in developing models that can track such curve shapes. Efforts should instead focus 255 

on eliminating fronting breakthrough curves by optimizing the experimental conditions and 256 

equipment. 257 

Case 3: breakthrough curve of hydrogen chloride 258 

This example, taken from the work of Papurello et al. (2019), reports the breakthrough 259 

characteristics of a simulated biogas stream containing hydrogen chloride and hydrogen sulfide 260 

in glass filters packed with two types of commercial activated carbon (Norit RST3 and Airdep 261 

Carbox) and a biochar material produced by gasification of wood. The adsorption experiments 262 

were conducted using adsorbent particles in the size range 0.1-0.18 mm and a gas hourly space 263 

velocity of 1636 h–1. Feed concentrations of HCl in the range 10-377 ppm(v) and of H2S in the 264 

range 10-200 ppm(v) and were used. 265 

Figure 3 presents a set of HCl breakthrough data obtained with a biochar filter subjected 266 

to a feed concentration of 377 ppm(v). Also shown in Fig. 3 are the associated function fits, 267 

computed using the parameter estimates presented in Table 1, case 3. The observed 268 

breakthrough curve depicted in Fig. 3 is different from those of Figs. 1 and 2. It is asymmetric 269 

in shape, which is characterized by an immediate breakthrough of HCl, followed by a sharp 270 

rise in exit concentration, and finally a long period of filter saturation. Curve shape of this type 271 

is known as tailing. Note that the initial section of the experimental profile exhibits a very slight 272 

curve curvature, which makes the breakthrough curve look like a hyperbolic curve instead of a 273 

sigmoid curve. 274 

By visual comparison of the plots in Fig. 3, we see that the five functions can be 275 

classified into two groups. The first group consists of the log-normal and Weibull functions 276 

while the remaining three functions, Gompertz, logistic, and normal, make up the second group. 277 
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As Fig. 3 shows, the asymmetric shape of the observed breakthrough curve is well represented 278 

by the first group, with reported R2 > 0.99 and RRMSE < 0.03. By contrast, the agreement 279 

between the observed data and the functions of the second group is unsatisfactory, with 280 

reported R2 < 0.99. 281 

 282 

 283 

Fig. 3 Probability function fits compared to observed HCl breakthrough data reported by 284 

Papurello et al. (2019) 285 

 286 

The difference in performance between the two groups can be explained by the fact that 287 

the two functions in the first group have a floating inflection point while the other three in the 288 

second group have an invariant one. The inflection points of the log-normal and Weibull 289 

functions, computed from Eqs. 6 and 17 using the b-term values given in Table 1, are located 290 

respectively at c/c0 = 0.17 and 0.11. To fit the tailing breakthrough curve depicted in Fig. 3, it 291 
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is necessary to shift the inflection point away from the mid-point and toward the 0,0 origin. In 292 

the case of the log-normal and Weibull functions, this can be done by optimizing their b-term 293 

vales during the nonlinear regression process. The normal and logistic functions have an 294 

invariant inflection point located at the mid-point. As a consequence, they are confined to 295 

predicting perfectly symmetric curves, and therefore cannot describe the Fig. 3 data to a 296 

significant degree of precision. The Gompertz fit is slightly better than the normal and logistic 297 

fits because its inflection point is located below the mid-point at c/c0 = 0.37. 298 

In addition to giving poor fits to the tailing data of HCl, the normal, logistic, and 299 

Gompertz functions predict significant nonzero exit concentrations at t = 0, as may be seen in 300 

Fig. 3. At time zero, the dimensionless exit concentrations predicted by the normal (Eq. 1), 301 

logistic (Eq. 8), and Gompertz (Eq. 11) functions are respectively 10.8%, 11.6%, and 6.8%, 302 

which contradict the expected value of zero. The log-normal function is undefined at t = 0, but 303 

it predicts very small exit concentrations near time zero. The Weibull function is the only one 304 

that predicts zero outlet concentration at t = 0.  305 

The log-normal fit with an R2 score of 0.999 is remarkably accurate in tracking the 306 

tailing data of HCl. It is also slightly better than the Weibull fit. Since both functions have a 307 

floating inflection point, the difference in the two fits is likely due to the more flexible 308 

mathematical form of the log-normal function. Nevertheless, the results underscore the fact 309 

that a floating inflection point plays a critical role in determining the performance of a 310 

probability function. 311 

Case 4: breakthrough curve of hydrogen sulfide 312 

In the previous section, we tested the ability of the five probability functions to describe the 313 

tailing data of HCl taken from the work of Papurello et al. (2019). Here, another set of tailing 314 

breakthrough data reported in the same article is used to test the five functions. The selected 315 

data set was obtained with a carbon filter (Norit RST3) subjected to a feed stream of H2S [c0 = 316 
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76 ppm(v)]. The H2S data set, presented in Fig. 4, differs from the HCl data set shown in Fig. 317 

3 in two major aspects. First, there is no immediate breakthrough of H2S. Second, the H2S 318 

curve exhibits a significant degree of tailing. Figure 4 plots the associated function fits, 319 

computed using the parameter estimates listed in Table 1, case 4. In comparing the functions, 320 

Figure 4 shows that the log-normal provides the highest R2 and the lowest RRMSE values. 321 

Although the log-normal function is the best performer, its R2 score is less than 0.99. Evidently, 322 

the log-normal with a floating inflection point has some difficulty in representing this particular 323 

data set with strong tailing. The other four functions are clearly inferior to the log-normal, 324 

producing visually similar fits to the observed data which bypass most of the data points. 325 

 326 

 327 

Fig. 4 Probability function fits compared to observed H2S breakthrough data reported by 328 

Papurello et al. (2019) 329 

 330 
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As Fig. 4 shows, the log-normal function is vastly superior to the normal function. As 331 

demonstrated previously, the former can be easily derived from the latter via a logarithmic 332 

transformation. It is therefore of interest to convert the logistic and Gompertz functions to 333 

similar logarithmic forms. Applying the logarithmic transformation procedure described 334 

previously to the logistic and Gompertz functions yields 335 

 0 6 6

1

1 exp ln

c

c a b t


   
        (20) 336 

  7 7

0

exp exp ln
c

a b t
c

            (21) 337 

Equation 20 is referred to as the log-logistic function while Eq. 21 is known as the log-338 

Gompertz function (Chu 2020b). The t-term in Eqs. 20 and 21 is a dimensionless quantity 339 

defined by t/t* where t* = 1 min. Likewise, b6 and b7 are dimensionless parameters defined by 340 

the actual b6×t* and the actual b7×t* respectively. 341 

 342 

 343 

Fig. 5 Modified probability function fits compared to observed H2S breakthrough data reported 344 

by Papurello et al. (2019) 345 
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The predictions of the log-logistic and log-Gompertz functions calculated according to 346 

Eqs. 20 and 21 respectively are compared with the H2S data in Fig. 5. The parameter values 347 

used to compute the two curves are a6 = 11.07, b6 = 2.60, a7 = 7.73, and b7 = 1.92. It is apparent 348 

that the log-logistic fit depicted in Fig. 5 is considerably more accurate than the logistic fit 349 

depicted in Fig. 4. Likewise, the log-Gompertz fit illustrated in Fig. 5 is superior to the 350 

Gompertz fit shown in Fig. 4. Both the log-logistic and log-Gompertz fits do not display 351 

obvious nonzero effluent concentrations at t = 0. 352 

The enhanced data fitting ability of the log-Gompertz and log-logistic functions can be 353 

explained by the fact that they have a floating inflection point. To find their inflection points, 354 

Eqs. 20 and 21 are first differentiated twice with respect to the t-term: 355 

        
 

22
6 6 6 6 60

32

6

exp exp 1 1

exp

b b

b

a b t a b t bc c

t a t

      
   

    (22) 356 

         7 7

2
2 10

7 7 7 7 7 72
exp exp exp 1b bbc c

b t a a t a b b t
t

  
        

  (23) 357 

Next, equating Eqs. 22 and 23 to zero and solving the resulting equations for the t-term, 358 

we obtain 359 

  6
6

6 6

1 1
ln ln

1

b
t a

b b

  
     

         (24) 360 

   7 7 7

7

ln 1
ln

a b b
t

b

             (25) 361 

Substituting Eqs. 24 and 25 in Eqs. 20 and 21 respectively gives 362 

6

0 6

1

2

c b

c b


            (26) 363 

7

0 7

1
exp

c b

c b

  
   

  
         (27) 364 
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The preceding equations confirm that the location of the inflection point is variable and 365 

depends on the value of the b-term. Given b6 = 2.60 and b7 = 1.92 as outlined above, the 366 

inflection points of the log-logistic and log-Gompertz computed from Eqs. 26 and 27 are 367 

located at c/c0 = 0.31 and c/c0 = 0.22 respectively. The inflection points of the original logistic 368 

and Gompertz functions are fixed at c/c0 = 0.5 and c/c0 = 0.37 respectively. These invariant 369 

inflection points restrict their ability to track the tailing H2S data. For the four functions with a 370 

floating inflection point, the R2 and RRMSE scores presented in Figs. 4 and 5 demonstrate that 371 

the log-Gompertz function is best supported by the H2S data. The log-normal and log-logistic, 372 

which are similar in performance, are the next best supported by the data, while the Weibull 373 

function is the least supported. Papurello et al. (2019) used a mechanistic model to describe 374 

several sets of H2S breakthrough data. It seems that the mechanistic model was only used to fit 375 

the initial stages of the data sets. It is not known whether the mechanistic model can track the 376 

entire profiles of the tailing breakthrough curves of H2S. 377 

Because of its improved data fitting ability, the log-Gompertz function can provide 378 

accurate breakthrough and exhaustion times corresponding to any predetermined effluent 379 

concentration level. However, it cannot be used for process design because it lacks typical fixed 380 

bed variables such as feed concentration, flow rate, and bed length. A simple way to fix this 381 

shortcoming is to let the two parameters of the log-Gompertz equation mimic the parameters 382 

of commonly used phenomenological models. For example, the Bohart-Adams model contains 383 

variables such as the feed concentration (c0), superficial velocity (u), and bed length (L). So, 384 

the a7 and b7 terms of the log-Gompertz equation may be defined as follows: a7 = k1k2L/u and 385 

b7 = k1c0 where k1 and k2 are adjustable parameters. The log-Gompertz equation can now be 386 

used in the same way as the Bohart-Adams model for process design. 387 

 388 

 389 
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Linear forms of probability functions 390 

The four functions with a variable inflection pointlog-normal, Weibull, log-logistic, and log-391 

Gompertzcan be transformed into linear forms and linear regression can then be used to 392 

estimate their parameters. For example, they can be expressed in the following linear forms: 393 

Log-normal:  1 2

0 2 2

1
erf 2 1 ln

2 2

c a
t

c b b

  
    

 
     (28) 394 

Weibull:    5 5 5

0

ln ln 1 ln ln
c

b a b t
c

  
      

  
     (29) 395 

Log-logistic:  0
6 6ln 1 ln

c
a b t

c

    
 

       (30) 396 

Log-Gompertz:  0
7 7ln ln ln

c
a b t

c

    
 

       (31) 397 

These linear forms can be used to estimate the a- and b-terms by linear regression of 398 

the left-hand member of each equation vs. ln(t). In Eq. 28 erf–1(y) designates the inverse error 399 

function. In Excel there is no inverse error function but it can be approximated using the inverse 400 

normal cumulative distribution [erf–1(y) = NORM.S.INV((y+1)/2)/SQRT(2)].  401 

Figure 6 plots the linear fits, computed using the parameter estimates given in Table 2. 402 

All four linear fits are rather poor, yielding parameter estimates that are quite different from 403 

those generated by nonlinear regression (see Table 2). Thus, the results of linear regression are 404 

not statistically optimal. In nonlinear regression, initial values for each parameter in the model 405 

must be specified, usually based on intelligent guessing or previous experience. If the initial 406 

values are far from the final values, the nonlinear regression procedure can go in the wrong 407 

direction and never converge on a solution or converge on the wrong solution. To guard against 408 

this problem, one can use parameter estimates based on linear transformations as initial values 409 

for nonlinear regression. These estimates are usually fairly close to the final values. In a 410 

practical sense, Eqs. 28-31 are quite useful for preliminary data analysis. 411 
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 412 

Fig. 6 Linear fits of Eqs. 28-31 compared to observed H2S breakthrough data reported by 413 

Papurello et al. (2019) 414 

 415 

Table 2 Parameter estimates for the linear fits in Fig. 6 (values in parenthesis represent 416 

parameter estimates obtained from nonlinear regression) 417 

Function Parameter value 

Log-normal 

Weibull 

Log-logistic 

Log-Gompertz 

a2 = 4.35 (4.28); b2 = 0.59 (0.65) 

a5 = 106.92 (96.06); b5 = 2.03 (1.65) 

a6 = 13.42 (11.07); b6 = 3.09 (2.60) 

a7 = 8.98 (7.73); b7 = 2.22 (1.92) 
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Probability functions and fixed bed modeling 418 

Here, we give an overview of previous research on the use of the five probability functions in 419 

breakthrough curve modeling. We also point out an interesting observation: some 420 

phenomenological models resemble the normal and logistic functions. 421 

The model of Belter et al., published in a textbook in the late 1980’s (Belter et al. 1988), 422 

reads 423 

0.5

0 0 0.5

1
1 erf

2 2

c t t

c t

  
   

   
        (32) 424 

where t0.5 and 0 are adjustable parameters. 425 

Although Belter et al. (1988) did not specify the origin of Eq. 32, it seems very likely 426 

that it is based on the normal function defined by Eq. 1. Its inflection point is thus located at 427 

c/c0 = 0.5. Like the normal function, the Belter et al. model is confined to fitting symmetric 428 

breakthrough curves. It should not be used to represent tailing breakthrough data. 429 

It is possible to rearrange the Belter et al. model to a linear form: 430 

1

0 0 0 0.5

1 1
erf 2 1

2 2

c
t

c t 
  

    
 

     (33) 431 

A plot of the left-hand member of Eq. 33 vs. the t-term should yield a straight line if 432 

the data follow the linear model. Equation 33 can be used to generate initial values for a 433 

subsequent nonlinear fit of Eq. 32. As mentioned previously, to plot Eq. 33 in Excel, one may 434 

use the inverse normal cumulative distribution to approximate erf–1(y), the inverse error 435 

function. As examples of recent applications of the Belter et al. model in environmental 436 

adsorption research one may cite the works of Saldaña-Robles et al. (2018) and Faisal et al. 437 

(2021). A modified form of the normal function incorporating some fixed bed variables for 438 

correlating breakthrough curves has been presented by Dima et al. (2020). 439 
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Interestingly, a handful of phenomenological models based on the assumption of linear 440 

adsorption bear a resemblance to the normal function. We present three such models here: (1) 441 

a simplified form of the model of Lapidus and Amundson (1952), (2) an asymptotic form of 442 

the model of Rosen (1952), and (3) an approximate form of the model of Anzelius (1926). 443 

These models may be written 444 

Lapidus-Amundson: 
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1 erf
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Rosen:  0
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Anzelius: 
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In these equations, the symbols are defined as follows: L  the packed bed length, v  456 

the interstitial velocity, ε  the bed voidage, p  the particle density, rp  the particle radius, K 457 
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 the Henry constant, Da  the axial dispersion coefficient, Ds  the solid diffusion coefficient, 458 

and kLDF  the linear driving force rate coefficient. 459 

Each of the three phenomenological models assumes a single curve broadening 460 

mechanism. The Lapidus-Amundson model assumes that axial dispersion is the dominant rate 461 

mechanism. In the Rosen model, the rate-limiting step is solid diffusion. The Anzelius model 462 

assumes that intraparticle diffusion can be represented by a linear driving force rate expression. 463 

Note that the expression selected for the Anzelius model is known as the Klinkenberg 464 

approximation (Klinkenberg 1948). We see that the normal function, Lapidus-Amundson, 465 

Rosen, and Anzelius equations all share the same mathematical form defined by Eq. 42, with 466 

different error function arguments. This similarity is most likely a sheer coincidence. 467 

 
0

1
1 erf

2

c
y

c
             (42) 468 

Next, a quasi-log-normal distribution function has been used to derive an approximate 469 

solution to a fixed bed model which includes linear adsorption, the axial dispersion of mass as 470 

well as external film and intraparticle diffusional resistances to mass transfer (Xiu and Li 1999; 471 

Xiu et al. 1997). The approximate solution reads 472 

  2
ln

0

0

1
exp

22

c
d

c

    






 
  

 
        (42) 473 

where β is an integration parameter and µ0, µ , , and  are parameters which include all the 474 

relevant fixed bed variables and equilibrium and rate parameters. For a complete definition of 475 

these parameters, the reader is referred to Xiu et al. (1997). The semi-infinite integral of Eq. 42 476 

is somewhat cumbersome; a more tractable alternative given in a simple error function form is 477 

available in the literature (Sigrist et al. 2011): 478 
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The last result is analogous to the log-normal function given by Eq. 4. Given µ0 = 1 480 

(Xiu et al. 1997), if we let µ  = a2,  = b2, and  = t, Eq. 43 reduces to Eq. 4. The two equations 481 

differ in the definitions of their parameters: the µ , , and   terms comprise physically 482 

significant parameters while the a2 and b2 terms are empirical parameters. It seems that under 483 

the assumption of linear adsorption a fixed bed breakthrough curve can be considered as a 484 

probability cumulative distribution curve, and it is possible to link the fixed bed’s variables to 485 

the probability function’s parameters. We have shown that the log-normal function with a 486 

floating inflection point is quite effective in tracking the tailing breakthrough data of HCl and 487 

H2S. Consequently, Eq. 43 should have no problem in handling the same type of breakthrough 488 

data.  489 

We now turn our attention to the logistic function. Oulman (1980) pointed out that a 490 

simplified form of the Bohart-Adams model is the same as the logistic function. It is now 491 

known that the Thomas and Yoon-Nelson models are also analogous to the logistic function 492 

(Chatterjee and Schiewer 2011; Chu 2020; Lee et al. 2015). Because there is no intrinsic 493 

relation between the three models and the logistic function, this mathematical equivalence is 494 

sheer coincidence. Similar to the logistic function which is confined to predicting perfectly 495 

symmetric breakthrough curves, the widely used Bohart-Adams, Thomas, and Yoon-Nelson 496 

models cannot describe tailing breakthrough curves.  497 

Few studies have investigated the ability of the remaining two probability functions, 498 

Gompertz and Weibull, to represent breakthrough data. Two recent studies (Chu 2020b, 2021) 499 

used asymmetric breakthrough data to test the two functions, but no attempts were made to 500 

compare their data fitting ability.  501 

 502 

 503 

 504 
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Conclusions 505 

Probability cumulative distribution functions provide a useful method for correlating 506 

breakthrough data of water and air contaminants. In this work the data fitting abilities of the 507 

normal, log-normal, logistic, Gompertz, and Weibull functions have been studied using 508 

literature breakthrough data of ciprofloxacin, ammonium, HCl, and H2S. The five functions are 509 

shown to provide excellent correlations of the relatively symmetric breakthrough data of 510 

ciprofloxacin. For the fronting breakthrough data of ammonium, all five functions provide 511 

satisfactory overall fits but none can track the leakage of ammonium during the initial period 512 

of column operation. When challenged with the tailing breakthrough data of HCl, the 513 

probability functions show apparent differences in performance. The normal, logistic, and 514 

Gompertz functions, which have an invariant inflection point, provide unsatisfactory 515 

correlations of the tailing data. The log-normal and Weibull functions, which have a floating 516 

inflection point, are more accurate in describing the HCl data. Only the log-normal function 517 

provides a reasonably accurate representation of the H2S data with strong tailing. A modified 518 

version of the Gompertz function, which has a floating inflection point, provides the best result 519 

for the H2S data. It is concluded that probability functions with a variable inflection point can 520 

be used quite reliably to correlate asymmetric breakthrough data. Further studies extending to 521 

other probability functions with a floating inflection point are needed to test the validity of the 522 

present results. 523 
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Figures

Figure 1

Probability function �ts compared to observed cipro�oxacin breakthrough data reported by Sausen et al.
(2018)



Figure 2

Probability function �ts compared to observed ammonium breakthrough data reported by Nguyen et al.
(2019)



Figure 3

Probability function �ts compared to observed HCl breakthrough data reported by Papurello et al. (2019)



Figure 4

Probability function �ts compared to observed H2S breakthrough data reported by Papurello et al. (2019)



Figure 5

Modi�ed probability function �ts compared to observed H2S breakthrough data reported by Papurello et
al. (2019)



Figure 6

Linear �ts of Eqs. 28-31 compared to observed H2S breakthrough data reported by Papurello et al. (2019)


