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Abstract  

In the present paper, a full theoretical model for calculating the carrier mobility coming as a 

result of the existence of a truncated conical quantum dots of n-type quantum dot infrared 

photodetectors (QDIPs) is developed. This model is built on solving Boltzmann’s transport 
equation that is a complex integro-differential equation describing the carrier transport. The time-

domain finite-difference method is used in this numerical solution. The influences of dimensions 

and density of the QDs for this structure on the carrier mobility are studied. Eventually, the 

calculated mobility for truncated conical InAs/GaAs QDIP is contrasted to other conical, spherical, 

and hemispherical QD structures. The model put forward is a generic model that is applicable to 

various structures of truncated conical QDs devices. 

 

Keywords:  Quantum dot, QDIP (Quantum Dot Infrared Photodetector), Mobility, Photodetectors, 

Boltzmann Transport Equation. 

 

1. Introduction 

 
Quantum computing and quantum cryptography together warranted the escalating interest in 

quantum dot technologies [1]. This interest is in turn motivated by the inherent characteristics of 

the various quantum (well, wire, and dot) to tune the optical and electronic characteristics of 

various semiconductors making them more suitable for specific applications including thermal 

imaging, remote sensing, photovoltaics, and infrared photodetectors [2]-[3]. However, quantum 

dot infrared photodetectors (QDIPs) have particularly gained a significant momentum among 

modern and well-established infrared (IR) photodetectors including quantum well infrared 

photodetectors (QWIPs) and mercury-cadmium-telluride photodetectors (HgCdTe) since they 

have the following potential advantages, they: Retain high 3D carrier confinement of electron 

wave function, Show high normal photon absorption, Possess low dark current capacity; a major 

source of detection noise, Operate at high temperatures, Have extended photoexcitation lifetime 

and Exhibit phonon bottleneck effect [2]-[7]  . 

The multiple structural merits abovementioned have approbated extensive experimental and 

theoretical research on the design of QDIPs. Many theoretical and experimental works have 

conducted the enhancement of the design of these photodetectors by modifying the quantum dot 



parameters including shape, size, restrain and chemical composition [8]-[13]. Carrier mobility of 

the QD structure is considered as an important factor influencing major detector’s parametric 
functions such as dark current, drift velocity, and electrical conductivity. Some theoretical models, 

however, did include carrier mobility in their designs yet with approximated models that did not 

prove efficient in real-world devices [14]. Building on our previous theoretical model of 

characterization of QDIPs with different structures of the quantum dots including conical, 

spherical and hemispherical QDIPs [15]-[16], the current work presents a complete theoretical 

modeling of the carrier mobility for truncated conical quantum dot structures that can be 

considered the most appropriate quantum dot shaped for describing the self-assembled QD 

structures. The presented model is based on solving the semi-classical Boltzmann transport 

equation (BTE), where the numerical solution of BTE is based on the finite difference time domain 

method. Finally, the carrier mobility of the truncated quantum dot is compared to the structures 

with conical, spherical, and hemispherical QDs. The proposed carrier mobility calculation in the 

present study is uniformly applicable across various QDIP-based semiconductors regardless of 

their chemical composition, quantum dot density, shape or size, or the number of quantum dot 

layers used.  The truncated conical quantum dot is the most appropriate structure that describes the 

self–assembled quantum dot structures, where the conical QD most probably is not the fabricated 

shape. This paper is structured as follows, in section 2, a description of the structure of the 

truncated QDIP is presented, and a complete theoretical model to calculate the electron mobility 

is developed. In section 3, the impacts of the dimensions, aspect ratio and quantum density over 

the carrier mobility are investigated. Also, the calculated electron mobility is compared to those of 

other QD structures. Finally, a conclusion is presented in section 4.   

2. Electron Mobility for Truncated Conical QD Structure 

A schema of the self-assembled truncated conical quantum dots infrared photodetector (QDIP) is 

depicted in Figure 1 (a), where it contains of an optically active region that mainly consists of barrier 

material with distributed layers of self-assembled quantum dots deposited over a very thin wetting 

layer. This active region is sandwiched between top and bottom contacts. The basic cell of a 

truncated conical QD is shown in Figure 1 (b) with radius 𝑟𝑏 and height of ℎ𝑏 where it   contains a 

QD with of a bottom base of radius 𝑟𝑑, a upper base of radius 𝑟0  and a height of ℎ𝑑 . 

 

 

 

 

 

 



  

(a)                                                                    (b) 

Figure 1: (a) Truncated conical QDIP structure (b) Basic cell of truncated conical QD structure 

 

In the presented model of the carrier mobility, some reasonable assumptions are considered; (1) 

the quantum dots shape are considered to be truncated conical with insignificant variability in 

dimensions, (2) the influence of the very thin wetting layer underneath QDs is ignored, (3) the 

coupling between QDs can be ignored, since the QD size is relatively much smaller than the 

distance between them and the active region is thought of as a unitary medium where the QDs 

scatter carriers. To develop a complete theoretical method for computing the carrier mobility in 

QDIP, the Boltzmann transport equation will be solved to obtain the average total scattering 

electrons per unit time that affects the carrier mobility in the presence of the truncated conical 

QDs.  

In the current study, the electron mobility of the truncated quantum dot is calculated by solving 

numerically the semi-classical Boltzmann transport equation (BTE). The procedure of this 

modeling is based on calculating the distribution function of the electrons, 𝑓(𝑟, 𝑝, 𝑡) [17]. It is 

obvious that the distribution function must satisfy the continuity equation in the absence of 

collisions in a six-dimensional phase space, and it expresses the probability of finding electron in 

the state at position 𝑟 with momenta 𝑝 at time 𝑡. This distribution function is not dependent on 𝑟, 
as the active region is thought of as a unitary homogeneous medium where QDs scatter carriers. 

Then, the change of the rate of fp associated with scattering is Formulated as 

 



(𝜕𝑓𝑝𝜕𝑡 )scattering =  𝜕𝑓𝑝𝜕𝑡 + 𝑑𝑝𝑑𝑡 . ∇�⃑�𝑓𝑝  (1) 

where 
𝑑�⃑�𝑑𝑡   is the rate of change of the wave vector, which is just proportional to the force owing to 

the electric field E. The field term in BTE, 𝑑�⃑�𝑑𝑡 . ∇�⃑�𝑓𝑝= 
𝑞�⃑⃑�ℏ . ∇�⃑�𝑓𝑝  , and the scattering term in BTE can 

be formulated as  (𝜕𝑓𝑝𝜕𝑡 )scat =∭[𝑆𝑝′,𝑝(1 − 𝑓𝑝)𝑓𝑝′ − 𝑆𝑝,𝑝′(1 − 𝑓𝑝′)𝑓𝑝] 𝑑3𝑝′ 𝛺(2𝜋)3, (2) 

where 𝑓𝑝′  and 𝑓𝑝  are the probabilities of finding the electron in energy levels 𝜀𝑝′ and 𝜀𝑝, 

respectively. In the above equation, 𝑆𝑝′,𝑝 and 𝑆𝑝,𝑝′  are the transition rates from 𝑝′ to 𝑝 and vice 

versa, respectively, and they can be calculated as  𝑆𝑝′ ,𝑝 = 𝑆𝑝,𝑝′ =  2𝜋ℏ |𝑉𝑝′ ,𝑝|2𝛿(𝜀𝑝′ − 𝜀𝑝), (3) 

where 𝑉𝑝′ ,𝑝 is the matrix element of the perturbation 𝑉(𝑟)  between the unperturbed and it is 

calculated according  𝑉𝑝′,𝑝 = 1Ω �̃�(𝑝′⃑⃑⃑⃑ − 𝑝), (4) 

where �̃�(𝑝′⃑⃑⃑⃑ − 𝑝) is the potential three-dimensional Fourier transform and Ω is the sample volume. 

The matrix elements are calculated for the truncated quantum dot structure , where it has upper 

and lower base radii of 𝑟𝑏 and 𝑟𝑜, respectively, and a height of  𝑧𝑜  while its vertex is within the z-

direction. The external edges equations will be: 

 𝑧 : from 0 to ℎ𝑑 

 𝑦 : from 𝑦1 = −√(𝑧 + 𝑙)𝑡𝑎𝑛𝜃0   to 𝑦2 = √(𝑧 + 𝑙)𝑡𝑎𝑛𝜃0   where 𝜃0=𝑡𝑎𝑛−1( 𝑟𝑜𝑙  ) 
 𝑥 : from 𝑥1 = −√(𝑧 + 𝑙)2𝑡𝑎𝑛𝜃02 − 𝑦2  to 𝑥2 = √(𝑧 + 𝑙)2𝑡𝑎𝑛𝜃02 − 𝑦2 

Then, the matrix element perturbation owing to QDs with conduction band offset between the 

barrier and quantum dot 𝑉𝑏   is written as 

𝑉𝑓𝑖 = −𝑉𝑏Ω ∭ exp(𝑖(𝑝′ − 𝑝). 𝑟) 𝑑3𝑟𝑥=𝑥2,   𝑦=𝑦2,   𝑧=ℎ𝑑
𝑥=𝑥1,   𝑦=𝑦1,   𝑧=0  (5) 

where 𝑝  and 𝑝′ are the wave vector that can expressed as 𝑝 = 𝑝(sin 𝜃𝑝 cos𝜑𝑝 �̂� +sin 𝜃𝑝 sin 𝜑𝑝�̂� + cos𝜃𝑝 �̂�) and  𝑝′  = 𝑝′(sin  𝜃𝑝′ cos  𝜑𝑝′ �̂� + sin 𝜃𝑝′  sin 𝜑𝑝′�̂� + cos  𝜃𝑝′ �̂�). 
Then,  



|�̃�(𝑝′ − 𝑝)|2 = [𝑣𝑏∬ 2sin(𝑝(sin 𝜃𝑝 cos𝜑𝑝 − sin 𝜃𝑝′ cos 𝜑𝑝′) 𝑥2)𝑝(sin 𝜃𝑝 cos𝜑𝑝 − sin 𝜃𝑘′ cos 𝜑𝑝′)𝑦=𝑦2 ,   𝑧=ℎ𝑑𝑦=𝑦1 ,   𝑧=0∙ cos(𝑝(sin 𝜃𝑝 cos𝜑𝑝 − sin 𝜃𝑝′ cos 𝜑𝑝′)𝑦 + (cos 𝜃𝑝 − cos 𝜃𝑝′)𝑧)]2+ [𝑣𝑏∬ 2sin(𝑝(sin 𝜃𝑝 cos𝜑𝑝 − sin 𝜃𝑝′ cos 𝜑𝑝′) 𝑥2)𝑝(sin 𝜃𝑝 cos 𝜑𝑝 − sin 𝜃𝑝′ cos 𝜑𝑝′)𝑦=(𝑧+𝑙) 𝑡𝑎𝑛𝜃𝑜,𝑧=ℎ𝑑𝑦=−(𝑧+𝑙) 𝑡𝑎𝑛𝜃𝑜 ,𝑧=0∙ sin(𝑝(sin 𝜃𝑝 cos𝜑𝑝 − sin 𝜃𝑝′ cos 𝜑𝑝′)𝑦 + (cos 𝜃𝑝 − cos 𝜃𝑝′)𝑧)]2 
(6) 

In concordance with Matthiessen’s rule, the average total scattering electrons per unit time depends 

on the scattering times by a number of microscopic scattering mechanisms and it can be expressed 

as  1𝜏 = 1𝜏𝑙𝑎𝑡𝑡𝑖𝑐𝑒 + 1𝜏optical phonons + 1𝜏imputities + 1𝜏defects, (7) 

where 𝜏 𝑙𝑎𝑡𝑡𝑖𝑐𝑒 , 𝜏 optical phonons , 𝜏 impurities, and 𝜏 defects which are the mean free time associating 

with the scattering from lattice vibrations, optical phonons, impurities, and lattice defects such as 

quantum dots, respectively. In quantum dot devices, the most crucial factor in determining the 

carrier mobility in the active region is the scattering caused by the quantum dots [16], as the 

scattering from lattice vibrations and optical phonons have no significant impact on the mobility 

at low temperatures. Furthermore, due to the difference in sizes between the impurities and the 

quantized structures the scattering from the impurities is very small compared to the scattering 

from quantum dots. Then the scattering rate and the mobility of electrons in QPIDs is mainly 

influenced by QDs scattering mechanism that follows the Fermi’s golden rule:  (𝜕𝑓𝑝𝜕𝑡 )scat = 𝑛𝑄𝐷(2𝜋)2ℏ∭(𝑓𝑝′ − 𝑓𝑝) |�̃� (𝑝′ ⃑⃑⃑⃑⃑ − 𝑝)|2 𝛿(𝜀𝑝′ − 𝜀𝑝)𝑑3𝑝′, (8) 

where nQD is the QDs density.  In the presented model, BTE equation is worked out numerically 

using the time-domain finite-difference method as the truncated conical QDs lack the spherical 

symmetry. As the truncated conical quantum dots have azimuthal symmetry and �⃑⃑� does not depend 

on the wave vector 𝑝, then  �⃑⃑�. ∇�⃑�𝑓𝑝 = 1𝑝2 𝜕𝜕𝑝 (𝑝2𝑓𝑝𝐸 cos𝜃𝑝 ) − 1𝑝 sin 𝜃𝑝 𝜕𝜕𝜃𝑝 (sin2(𝜃𝑝) 𝑓𝑝𝐸). (9) 

Using the finite difference method, and the BTE can be represented as  𝜕𝑓(𝑝)𝜕𝑡 + 𝑞ℏ ( 1𝑝2 𝜕𝜕𝑝 (𝑝2𝑓𝑝𝐸 cos𝜃𝑝 ) − 1𝑝 sin 𝜃𝑝 𝜕𝜕𝜃𝑝 (sin2(𝜃𝑝) 𝑓𝑝𝐸))= 𝑛QD(2𝜋)2ℏ∭(𝑓𝑝′ − 𝑓𝑝)|�̃�(𝑝′ − 𝑝)|2𝛿(𝜀𝑝′ − 𝜀𝑝) 𝑑3𝑝′ (10) 

 



First, in the absence of the electric field, an initial distribution function is assumed, then the 

perturbation matrix element is computed for each point of  (𝑝, 𝜃𝑝, 𝑝′, 𝜃𝑝′ , 𝜑𝑝′). The collision term 

for each point of (𝑝, 𝜃𝑝)  is calculated using the distribution function and the matrix element.at the 

same time, The field term for each point of (𝑝, 𝜃𝑝)  is computed for a certain value of electric field  

using the distribution function. In order to subsequently solve the Boltzmann transport equation, 

the two terms of field and collision are used to define the new distribution function value by 

recruiting the time-domain-finite-difference methodology. Using the trapezoidal rule, the above 

integration is done numerically and using time-domain finite-difference method. Equation (10) can 

be rewritten as 𝑓(𝑡 + ∆𝑡) = 𝑓(𝑡)
+ ∆𝑡. ( 

 −𝑞𝐸ℏ ( 1𝑝2 𝜕𝜕𝑝 (𝑝2𝑓𝑝𝐸 cos 𝜃𝑝 ) − 1𝑝 sin 𝜃𝑝 𝜕𝜕𝜃𝑝 (sin2(𝜃𝑝) 𝑓𝑝𝐸))+ 𝑛QD(2𝜋)2ℏ∭(𝑓𝑝′ − 𝑓𝑝)|�̃�(𝑝′ − 𝑝)|2𝛿(𝜀𝑝′ − 𝜀𝑝) 𝑑3𝑝′ ) 
 

 
(11) 

Under the influence of electric field, the final form of the drift velocity can be written and 

calculated as  

〈𝑣〉 = ∬ℏ𝑝 cos𝜃𝑝𝑚 𝑓(𝑝, 𝜃𝑝)𝑝2 sin 𝜃𝑝 𝑑𝑘𝑑𝜃𝑝∬𝑓(𝑝, 𝜃𝑝)𝑝2 sin 𝜃𝑝 𝑑𝑝𝑑𝜃𝑖  
(12) 

As the electric field and electron velocity have a linear relation at low fields, therefore the slope of 

the linear part of the velocity-field curve is the carrier mobility.  

 

3. Results  

Figure 2 depicts, in each time step, the electron velocity while updating until it reaches a steady 

state and gets to be autonomous on time. The dependence of velocity on the electric field is 

determined at different values of the applied electric field, and subsequently, the carrier mobility 

is calculated from the slope of the velocity-electric field relation. As the figure shows, increasing 

the electric field increases the velocity effectively, and it takes more time steps to reach a constant 

carrier velocity. This calculated for a truncated conical InAs/ GaAs QDIP with QD density of 673 μm−2 while the radii of the bottom and top bases of the truncated conical QD are 8.132 nm and 

3.253 nm, respectively and the QD height is equal to 9.615 nm. For an operating temperature of 

77 K, the electron mobility of the device will be 0.0636 m2/ (V.S). 



 

Figure 2: The electron velocity versus number of time steps for different applied electric field values 

The influence of the density and dimensions of QDs on the carrier mobility are studied in both 

Figure 3 and Figure 4. These characteristics have been studied for QDIP described in Figure 1 (a), 

which comprises 5 layers of truncated conical InAs QDs, while GaAs is the barrier material, and 

the operating temperature of the photodetector is assumed as 77 K. In Figure 3 depicts the mobility 

on the QD height ℎ𝑑 for different values of the QD densities is shown where the QD base radius 

is kept at 𝑟𝑑 = 8.13173 nm. While Figure 4 depicts the mobility dependence on the QD base radius 𝑟𝑑 for different values of QD density while the QD height is kept at ℎ𝑑= 10 nm. As predicted, 

mobility declines with the increase of the radius, density, and height of the QD, as these combined 

factors lead to an increase of the surface area in the plane that is normal to the electric field 

direction, which results in slowing down the carriers due to the increase of number of the scattering 

events. These characteristics and the effects of the dimensions and the surface area of the truncated 

conical QD on the carrier mobility is shown in  

Table 1. 

Figure 5 shows the electron velocity versus applied electric field characteristics for both truncated 

conical, conical, hemispherical and spherical, QDs of identical volumes. For these different 

quantum dot structures, as illustrated, the slope in case of the truncated conical QDs is smaller than 

the slope for conical QD case but larger than the slope for hemispherical or spherical QDs. Also, 

by decreasing the aspect ratio of the truncated conical QD (ro/rd), the mobility increases as it 

approaches the conical shape. This behavior is shown in details in Table 2, where the carrier 

mobility of truncated conical, conical, hemispherical, and spherical QDs with the same volume, 

materials, operating temperature, and density are compared. 



As the diagram shows, there is an inverse correlation between expanding the surface area and the 

carrier mobility, because an enlarged contact locale increases the collision probability between the 

QD’s surface and the carrier. It is noteworthy that there is a substantial difference between the 

carrier mobility values for truncated conical, conical, and hemispherical QDs on the one hand and 

the values of the spherical QDs on the other, which emphasizes that the necessity of solving the 

BTE without approximations. 

 

 

Figure 3: Carrier mobility versus the height of a 

truncated conical for various densities 

 

Figure 4:  Carrier mobility versus radius of a truncated 

conical for various densities 

 

Table 1:  Truncated conical mobility of QDs with changing height under the same aspect ratio for T =  77 

K 

Form of 

QD 

 

Dimensions 

of QD  

nm 

Volume 

of QD 𝐧𝐦𝟑 

Type of 

Materials 

 

Density 

Of QD 𝛍𝐦−𝟐 

Mobility 

 𝐦𝟐/(𝐕. 𝐒) Surface 

Area 

Truncated 

Conical 

 

𝑟𝑑1 = 8.1317   𝑟𝑑2 = 4.0658 ℎ𝑑 = 10 
1211.8045 InAs/GaAs 673 0.0542 673.3340 

Truncated 

Conical 

 

𝑟𝑑1 = 8.1317   𝑟𝑑2 = 4.0658 ℎ𝑑 = 12 
1454.1654 InAs/GaAs 673 0.0503 745.18877 

Truncated 

Conical 

 

𝑟𝑑1 = 8.1317   𝑟𝑑2 = 4.0658 ℎ𝑑 = 15 
1817.7067 InAs/GaAs 673 0.0474 855.212 



 

 

 

Figure 5: The carrier velocity versus applied electric field for different QD shapes 

 

Table 2: The carrier mobility values under truncated conical, conical, spherical and hemispherical QDs of identical 

volume where  T =  77 K 

Form of 

QD 

 

Dimensions 

of QD 

nm 

Volume 

of QD  𝐧𝐦𝟑 

Type of 

Materials 

Density 

of QD 𝛍𝐦−𝟐 
Mobility 

 𝐦𝟐/(𝐕. 𝐒) 
Cone 𝑟𝑑 = 8.1317  ℎ𝑑 = 15 

1038.69 InAs/GaAs 673 0.0695 

Truncated 

conical 

 

𝑟𝑑1 = 8.1317   𝑟𝑑2 = 3.2526  ℎ𝑑 = 9.615 

1038.69 InAs/GaAs 673 0.0636 

Truncated 

conical 

 

𝑟𝑑1 = 8.1317   𝑟𝑑2 = 4.0658 ℎ𝑑 = 8.571 

1038.69 InAs/GaAs 673 0.0596 

Sphere 𝑟𝑜 = 6.2825 1038.69 InAs/GaAs 673 0.0413 

Hemisphere 𝑟𝑜 = 7.9154 1038.69 InAs/GaAs 673 0.0508 



4. Conclusions  

In the current research, a full theoretical model is introduced to determine the carrier mobility 

through a truncated conical QDIP. Carrier mobility is an important factor influencing major 

detector’s parametric functions i.e. drift velocity, electrical conductivity and dark current. The 

truncated conical QD is the most likely shaped to enable the self-assembled QDs. The Boltzmann 

transport equation was numerically solved in the presented model to obtain precise carrier mobility 

using the time-domain finite difference method. The interdependence of QDs dimensions and 

densities on the carrier mobility is examined in this work. QD size or density are inversely 

proportional to the carrier mobility, as the scattering events number increases leading to a 

slowdown of the carriers, leading to the decrease of the device's photocurrent and dark current. 

Additionally, the carrier mobility of the truncated conical QD is contrasted to conical, spherical, 

and hemispherical QD of similar QD volume, type of material, and density at the same operating 

temperature. Calculating the diverse structures of QD using the proposed theoretical method of 

mobility calculation is a considerable step to predict the behavior of QDIPs. 
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Figures

Figure 1

(a) Truncated conical QDIP structure (b) Basic cell of truncated conical QD structure



Figure 2

The electron velocity versus number of time steps for different applied electric �eld values

Figure 3



Carrier mobility versus the height of a truncated conical for various densities

Figure 4

Carrier mobility versus radius of a truncated conical for various densities



Figure 5

The carrier velocity versus applied electric �eld for different QD shapes


