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Abstract 11 

Accuracy of unstructured finite volume discretization is greatly influenced by the gradient 12 

reconstruction. For the commonly used k-exact reconstruction method, the cell centroid is always 13 

chosen as the reference point to formulate the reconstructed function. But in some practical 14 

problems, such as the boundary layer, cells in this area are always set with high aspect ratio to 15 

improve the local field resolution, and if geometric centroid is still utilized for the spatial 16 

discretization, the severe grid skewness cannot be avoided, which is adverse to the numerical 17 

performance of unstructured finite volume solver. In previous work, we explored a novel 18 

global-direction stencil and combine it with face-area-weighted centroid on unstructured finite 19 

volume methods from differential form to realize the skewness reduction and a better reflection of 20 

flow anisotropy. Note, however, that the differential form is hard to achieve higher-order accuracy, 21 

and in order to set stage for the method promotion on higher-order numerical simulation, in this 22 

research, we demonstrate that it is also feasible to extend this novel method to the unstructured 23 

finite volume discretization in integral form. Numerical examples governed by linear convective, 24 
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Euler and Laplacian equations are utilized to examine the correctness as well as effectiveness of 25 

this extension. Compared with traditional vertex-neighbor and face-neighbor stencils based on the 26 

geometric centroid, the grid skewness is almost eliminated and computational accuracy as well as 27 

convergence rate is greatly improved by the global-direction stencil with face-area-weighted 28 

centroid. As a result, on unstructured finite volume discretization from integral form, the method 29 

also has a better numerical performance. 30 

Keywords: unstructured finite volume methods, k-exact reconstruction algorithm, global-direction 31 

stencil, grid skewness, face-area-weighted centroid 32 

Introduction 33 

Compared with the block-structured grid, unstructured grid is highly automated in grid 34 

generation [1-3] and convenient for the grid adaptation [4,5], while the computational accuracy 35 

and stabilities are hard to be guaranteed [6], especially on high-aspect-ratio triangular grids [7-9]. 36 

Regarding the current difficulties, scholars are continued trying to improve the discretization 37 

algorithms to break through the bottleneck of accuracy loss and stability deterioration on highly 38 

anisotropic grids, and realize the unification of automated grid generation and accurate numerical 39 

simulation [10,11]. 40 

As for the research about unstructured finite volume discretization on high-aspect-ratio 41 

triangular grids, Diskin and Thomas [12,13] test the accuracy of gradient reconstruction, and 42 

results show that the accuracy of reconstructed gradient on such grid is determined by both 43 

solution and grid, and the existing discretization schemes cannot meet the requirements of grid 44 

quality and computational accuracy simultaneously. On this basis, Diskin and Thomas [14,15] et 45 

al., systematically compare the numerical performance of inviscid and viscous fluxes on different 46 



 

3 
 

node-centered and cell-centered unstructured finite volume methods. Research suggests that for 47 

high-aspect-ratio triangular grids, there are few discretization schemes able to preserve the 48 

simulation accuracy, and after adding disturbance to grid points, the magnitude of computational 49 

errors obtained by all schemes are proportional to cell aspect ratios. Similar conclusions are 50 

obtained in Ref. [16]. 51 

On this basis, we notice that although there are numerous discretization approaches for 52 

high-aspect-ratio triangular grids, studies related to the stencil selection is quite few, and within 53 

the framework of unstructured finite volume method, both inviscid and viscous fluxes are greatly 54 

influenced by the gradient reconstruction [17], where different stencils play a crucial role. 55 

Commonly used stencils are face-neighbor and vertex-neighbor stencils that consist of cells 56 

sharing faces or vertices with the central cell. Apart from these two commonly used stencils, an 57 

ingenious stencil augmentation method is proposed in Ref. [18]. For each vertex, an extra cell 58 

closest to geometric centroid is selected from vertex-adjacent cells and appended to the 59 

face-neighbor stencil. On isotropic triangular grid, the instability of face-neighbor stencil is 60 

effectively avoided by this improvement, while if the grid has high aspect ratio, the numerical 61 

performance is also unstable and results in the computing divergence [19]. Besides, Xiong [20] et 62 

al., propose a local-direction stencil selection method, where stencil cells are augmented along two 63 

local directions. In this method, characteristics of the flowfield are taken into account during the 64 

process of determining local directions. On isotropic triangles, two local directions are close to the 65 

normal and tangential directions of the wall, while on high-aspect-ratio triangular grids, stencil 66 

cells selected by this method will deviate a lot from the boundary normal, and the numerical 67 

performance on such grids will get deteriorated [21,22].  68 
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Compared with the local-direction stencil selection method, global direction stencil selection 69 

method [22,23] effectively overcomes the deviation on grids with high aspect ratios, and cells are 70 

always selected along two global directions, that is, normal and tangential directions of the wall. 71 

Hence, the flow anisotropy could be well reflected. And after verification, on high-aspect-ratio 72 

triangular grids, global-direction stencil has a better numerical performance on both computational 73 

accuracy and efficiency than commonly used face-neighbor and vertex-neighbor stencils as well as 74 

the local-direction stencil. 75 

Although global-direction stencil preliminary exhibits a better numerical performance, the 76 

distribution of reference points is still much more skewed, especially on high-aspect-ratio 77 

triangular grids. You and Mittal [24] et al., first propose the grid skewness on such grids, and 78 

conclude that grid skewness is adverse to the computational accuracy and stabilities of CFD 79 

solvers. Regarding the grid skewness, there are various definitions of that, such as the angle 80 

between face normal and the vector pointing form face centroid to the cell centroid, the minimal 81 

internal angle of grid cell [25], ratio of the max diagonal to the minimum [26], etc. Nevertheless, 82 

from different definitions, the same conclusion could be drawn that on high-aspect-ratio triangular 83 

grids, the grid skewness is always quite evident [27].  84 

Different from above skewness measures, Nishikawa [28] propose a novel definition of that, 85 

and it is defined at a face shared by two neighbor cells, say, A and B, as the dot product of the unit 86 

vector pointing from the centroid of cell A to that of cell B. Therefore, a non-skewed grid has the 87 

measure one and highly-skewed grid nearly zero. Specifically, on highly-skewed triangular grids, 88 

the reference point distribution is irregular and exhibits deflective phenomenon. Thus, although 89 

global-direction stencil cells mentioned above are along the normal and tangential directions of the 90 
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wall, the irregular distribution of reference points is not changed, and it is hard to say whether 91 

flowfield characteristics are well reflected or not. In order to reduce the grid skewness and 92 

optimize the reference point distribution, Nishikawa propose a novel face-area-weighted centroid 93 

[28] for the second-order unstructured finite volume discretization from differential form. After 94 

verification, the second-order accuracy is also achieved, and the convergence rate is greatly 95 

improved. Besides, compared with the traditional geometric centroid, the distribution of this novel 96 

reference point is more regular, and the connection of that is almost parallel to the boundary 97 

normal vector.  98 

Based on this phenomenon, in previous work, we combine this novel centroid and 99 

global-direction stencil for the second-order unstructured finite volume method [23], and it is 100 

verified that the global-direction stencil with face-area-weighted centroid has a lower 101 

discretization error than stencils with the geometric centroid including face-neighbor and 102 

vertex-neighbor stencils as well as the global-direction stencil. What’s more, this novel method 103 

has a more stable numerical performance on high-mach-number flow. As a result, the current 104 

situation related to accuracy loss and stability deterioration on high-aspect-ratio triangular grids 105 

are greatly ameliorated by the employment of this improved global-direction stencil. 106 

However, above method is designed for the differential finite volume solver, where both 107 

solution and source term vectors are evaluated as point values rather than the cell-averaged, and it 108 

is not directly applicable to the integral form. Besides, for this special finite volume discretization, 109 

the flux divergence is approximated by the cell integral average, and therefore, the error is already 110 

committed in governing equations, which cannot be eliminated no matter how accurately the flux 111 

integral is discretized, unless the flux is a linear function or a constant. In this situation, the 112 
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unstructured finite volume discretization from differential form is only second-order accurate, and 113 

if we want to extend it to higher-order accuracy, we can only reconstruct the primitive function [29] 114 

of flux to ensure the governing equation is analytically accurate. However, again, there is no 115 

detailed research related to the high-order unstructured finite volume discretization from 116 

differential form, and although the primitive function of flux could be reconstructed, the unique 117 

value at the face integral point and the corresponding boundary condition implementation still 118 

need to be further discussed. 119 

From above analysis, we wonder whether the reference point could also be moved in 120 

unstructured finite volume method from integral form to set stage for the skewness reduction. In 121 

this research, we first verify the feasibility of moving reference point, and derive the k-exact 122 

reconstruction process [30-36] based on any local origins. In addition, we extend the 123 

global-direction stencil with face-area-weighted centroid to the integral form, and set four 124 

representative numerical examples to verify the effectiveness of this extension. 125 

The paper is organized as follows. In Section 2, governing equations and spatial 126 

discretization from both differential and integral forms are given at first. And then, we 127 

theoretically derive the k-exact reconstruction process based on any local origins. Different stencil 128 

selection methods and global-direction stencil with face-area-weighted centroid are presented in 129 

Section 3. In Section 4, numerical examples governed by linear convective, Euler and Laplacian 130 

equations are employed to verify the effectiveness, feasibilities as well as superiorities of the 131 

method on integral unstructured finite volume solver. Concluding remarks and future work will be 132 

summarized in Section 5.  133 
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2. Unstructured finite volume method 134 

In this section, we give unstructured finite volume discretizations from both differential and 135 

integral forms at first. In addition, the k-exact reconstruction method based on any local origins is 136 

also derived in this section. 137 

2.1 Finite volume discretization from differential form 138 

Usually, the differential inviscid governing equation could be formulated as, 139 

 ,c
t j j jdiv  u F s   (1) 140 

where, ju  is a solution vector. c
jF  is the convective flux and js  is a source (or forcing) term 141 

vector. In differential unstructured finite volume method, both solution and source term vectors are 142 

evaluated as point values at the geometric centroid, rather than cell-averaged values. 143 

Approximating the flux divergence by the integral average, we obtain 144 

 
1

,
j

c
t j n j

j V

dS
V 

  u f s   (2) 145 

where, Vj and jV  are the volume and boundaries of cell j, and c
nf  is convective flux along the 146 

face normal vector. This equation is not accurate in general since, by definition, 147 

 
0

1 1
lim .

j
j j

c c c
j n n

V
j jV V

div dS dS
V V

 

  F f f    (3) 148 

Therefore, the governing equation itself has already committed the lower order errors in 149 

approximation, and it could not be eliminated no matter how precisely the flux integral is 150 

discretized. Hence, currently, the differential form is only second-order accurate.  151 

Note, however, that higher-order accurate discretization from the differential form is also 152 

possible to realize. In Ref. [29], where Masatsuka provide an idea by reconstructing the primitive 153 

function of flux to guarantee the governing equation is analytically accurate. However, there is no 154 
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relevant research about extending the discretization to higher-order accuracy. Therefore, in order 155 

to set stage for the method promotion, this research is concentrated on the integral form. 156 

2.2 Finite volume discretization from integral form 157 

Compared with the unstructured finite volume discretization from differential form, 158 

governing equation in integral form could be written as, 159 

 .
j j j

c
t j j j

V V V

dV div dV dV    u F s   (4) 160 

According to the divergence theorem, Eq. (4) could be transformed as, 161 

 .
j j j

c
t j n j

V V V

dV dS dV


    u f s   (5) 162 

On this basis, Eq. (5) could be discretized as follows, 163 

 
{ }

1 1
,

j j

t j jk jk j
k kj j V

A dV
V V

   u Φ s   (6) 164 

where, ju  is the cell-averaged solution vector and {kj} are faces of cell j. Besides, jkΦ is the 165 

numerical flux along the normal vector at the k-th face, and jkA  is the k-th face area or length (in 166 

2D). The diagram of unstructured finite volume discretization is shown as follows. 167 

 168 

Fig. 1 Diagram of unstructured finite volume discretization 169 

As shown in Fig. 1, where uL and uR are two state vectors obtained by owner and neighbor 170 

cells of the common face. rj and rk are two vectors pointing from the cell centroid of owner and 171 

neighbor stencil cells to integral point respectively. Two state vectors could be computed by 172 

 , ,L j j j R k k k     u u u r u u u r   (7) 173 
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where, ju  and ku  are point values of owner and neighbor cells. Actually, these two point 174 

values are always evaluated by the cell-averaged for the second-order unstructured finite volume 175 

methods, and in Section 2.3, we will discuss it in detail. Besides, ju  and ku  are solution 176 

gradients of two cells. On this basis, the numerical flux along the face normal vector could be 177 

formulated as, 178 

  , ,
n

jk L R n jk

n

u

u P

u H






 
 

  
 
 

Φ u u v n   (8) 179 

where n jku  v n  is computed by the Roe flux [37], and   21 2H p      v  is the 180 

specific total enthalpy. 181 

2.3 k-exact reconstruction based on any local origins 182 

Least Square (LSQR) gradient reconstruction [38-40] is commonly used in the second-order 183 

unstructured finite volume methods [13,14,18,41]. Note, however, that for integral finite volume 184 

discretization, the real point value utilized in reconstruction and flux evaluation process is always 185 

given by the cell-averaged. This approximation is second-order accurate only if the reference point 186 

is located in the geometric centroid, and if the reference point is chosen anywhere, the point value 187 

is unable to be replaced by the cell-averaged, unless the solution is a constant. As a result, 188 

provided the reference point is moved, the LSQR gradient reconstruction method is inapplicable, 189 

because the point value within grid cell cannot be obtained. 190 

Compared with LSQR, the existing problems could be well eliminated by k-exact 191 

reconstruction method. By solving reconstructed equations, derivatives as well as point value are 192 

all obtained, which could be utilized for the flux evaluation, and none of discretization errors are 193 

introduced during this process. As a result, although this research is focused on the second-order 194 
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unstructured finite volume discretization, we also employ the k-exact reconstruction method to 195 

solve the solution gradient and obtain the point value at the corresponding reference point. 196 

In k-exact reconstruction [34,35], the geometric centroid is always used to formulate the 197 

reconstructed function  j jR x x , 198 

      ,j

gc gc gc gc
j j j

j j

R x x y y
x y

 
     

 
u u

x x u   (9) 199 

where, gc
jx  and gc

jy  are coordinates of the geometric centroid in Cartesian system. Taking the 200 

integral average of this expansion over the control volume gives 201 

  1
,

j

gc gc
j j j j j

jj V j

R dV x y
V x y

 
   

 
u u

x x u   (10) 202 

where n m
jx y  is the integration of geometric quantities and is called Moments [34,35]. Besides, 203 

Conservation of the mean requires that the average of the reconstructed function  j jR x x  and 204 

original solution over control volume be the same, 205 

    1 1
.

j j

j j j
j jV V

R dV dV
V V

   x x u x u   (11) 206 

In other words, provided Eq. (11) is satisfied, the reconstructed function could be formulated 207 

based on any local origins. Thus, we first rewrite the reconstructed function and integrate it over 208 

the control volume 209 

      1
,

j j j

ori ori ori ori
j j j j j

jj V V Vj

R dV x x dV y y dV
V x y

 
     

   
u u

x x u   (12) 210 

where, ori
jx  and ori

jy  are coordinate of any local origins. Replacing  ori
jx x  and  ori

jy y  211 

with    gc gc ori
j j jx x x x    and    gc gc ori

j j jy y y y    respectively, we obtain 212 

  1
,

j

ori ori
j j j j j j j

j jj V j j

R dV x y x y
V x y x y

   
       

   
u u u u

x x u   (13) 213 
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where, jx  and jy  are abbreviations of  gc ori
j jx x  and  gc ori

j jy y , and it is easily 214 

distinguished from Eq. (10). If the reconstructed function is expanded based on any local origins, 215 

there are another two terms in its integral average. Abbreviate these two terms as jRem , and the 216 

mean constraint of Eq. (11) could be rewrote as  217 

 .ori
j j j j j

j j

x y Rem
x y

 
   

 
u u

u u   (14) 218 

On this basis, if we integrate the reconstructed function over a stencil cell k, we obtain 219 

     .
k k

ori ori ori
k j j j

j V Vj

x x dV y y dV
x y

 
    

  
u u

u u   (15) 220 

Similarly replace  ori
jx x ,  ori

jy y  by    gc gc ori
k k jx x x x    and    gc gc ori

k k jy y y y    221 

respectively, and reconstructed equation on stencil cell k could be written as, 222 

      .ori gc ori gc ori
k j k k j k k j

j j

x x x y y y
x y

 
      

 
u u

u u   (16) 223 

This equation is written for every stencil cell, of which there should be more than the number of 224 

derivatives to be solved to create an overconstrained system. If we write the novel mean constraint 225 

together with the Eq. (16) for each stencil cell, we have 226 
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  (17) 227 

where the first row is the mean constraint, and geometric terms could be expressed as, 228 
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k
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  (18) 229 

and the weights are set to emphasize the geometrically adjacent data, 230 
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1

jk

j k

 
x x

  (19) 231 

where jx  and kx  are local origins of central and stencil cells. By solving Eq. (17), solution 232 

vectors at any local origins as well as its gradient could be obtained. Therefore, the k-exact 233 

reconstruction method based on any local origins is derived, and it sets stage for the employment 234 

of novel reference points on unstructured finite volume discretization from integral form. 235 

3. Global-direction stencil based on the face-area-weighted centroid 236 

In Section 2.3, we theoretically derive the feasibility of k-exact reconstruction based on any 237 

local origins. In this section, we first introduce some commonly used stencil selection methods. 238 

And then, we briefly discuss the grid skewness on high-aspect-ratio triangular grids as well as the 239 

effect of skewness reduction by the employment of face-area-weighted centroid. Finally, to reduce 240 

the grid skewness and achieve a better reflection of flow anisotropy, the global-direction stencil 241 

with this novel centroid is introduced. The main content in this section has been analyzed in Ref. 242 

[23], while considering the completeness of the article, it is also discussed here. 243 

3.1 Stencil selection methods 244 

Commonly used stencils are vertex-neighbor and face-neighbor stencils. As Fig. 2 exhibits, 245 

face-neighbor stencil includes entire neighbor cells that share faces with the central cell, and 246 

vertex-neighbor stencil is similarly constructed by cells that share vertices with the central cell. 247 

Besides, both of them are topological-dependent, and therefore are limited by the original mesh 248 

topology. Furtherly, the stencil size of them is hard to accurately control, especially for 249 

vertex-neighbor stencil, and characteristics of flowfield cannot be well reflected. 250 
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      251 
(a) Vertex-neighbor stencil                           (b) Face-neighbor stencil 252 

Fig. 2 Vertex-neighbor and face-neighbor stencils, where different numbers represent stencil layers (e.g., for 253 

face-neighbor stencil, the first layer stencil is composed of all cells that share faces with the central cell, and the 254 

second layer stencil consists of cells that share faces with the first layer stencil.) 255 

Apart from two commonly used stencils, in 2018, Xiong [20] et al., put forward the 256 

local-direction stencil selection method, by which selected stencil cells are along two local 257 

directions. As shown in Fig. 3(a), on isotropic grid, two local directions are close to the normal 258 

and tangential directions of the wall, while on high-aspect-ratio triangular grids, as Fig. 3(b) 259 

displays, one of the local directions has severely deviated from the normal direction of the wall, 260 

and flow anisotropy is not well reflected. Besides, it is verified that on this grid type, accuracy loss 261 

and stability deterioration cannot be avoided [22], and the implementation process of this stencil 262 

selection method is quite complicated. 263 

    264 
(a) Minor-aspect-ratio                               (b) High-aspect-ratio 265 

Fig. 3 Local-direction stencil cells on minor and high-aspect-ratio triangular grids. 266 

In previous work, based on the existing problems on local-direction stencil, a novel 267 

global-direction stencil selection method [22,23] was proposed. Compared with the local-direction 268 
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stencil, problems mentioned above are well solved by this novel stencil. Specifically, for this 269 

method, two global directions, that is normal and tangential directions of the wall, are determined 270 

at first. And then, for each central cell, two lines which are parallel to global directions 271 

respectively and pass the cell centroid are generated. Finally, cells in a given set, such as the 272 

vertex-adjacent cells that intersect with these two lines are selected to construct the new stencil, 273 

and the stencil size is governed by layer of vertex-adjacent cells. 274 

    275 
(a) Minor-aspect-ratio                               (b) High-aspect-ratio 276 

Fig. 4 Global-direction stencil cells on minor and high-aspect-ratio triangular grids. 277 

As Fig. 4 demonstrates, stencil cells selected by this method are always along two global 278 

directions no matter the grid with high aspect ratio or not. Therefore, flow anisotropy can be well 279 

reflected, and in corresponding numerical examples [23], global-direction stencil has a better 280 

numerical performance than commonly used vertex-neighbor and face-neighbor stencils as well as 281 

local-direction stencil. Besides, on cases with simple shapes, two global directions could be easily 282 

determined, while for complex surface, there is no analytical expressions to obtain the normal and 283 

tangential directions of the wall. Hence, in this situation, we can refer to the method of computing 284 

wall distance to get the corresponding normal vector [42], and construct the global-direction 285 

stencil. 286 

But after analysis, although global-direction stencil cells are always along the normal and 287 

tangential directions of the wall, no matter on grid with high aspect ratio or not, the only data 288 
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obtained by k-exact reconstruction and required for the flux evaluation are solution vectors stored 289 

at the reference point rather than stencil cells themselves, and it is hard to guarantee whether flow 290 

anisotropy is well reflected or not. In the next section, we will focus on different locations of 291 

reference points. 292 

3.2 Face-area-weighted centroid and global-direction stencil 293 

In this section, we give a brief analysis about grid skewness and face-area-weighted centroid 294 

on triangular mesh, and explain the reason as well as the idea of the combination of 295 

global-direction stencil and this novel reference point in detail. 296 

3.2.1 Grid skewness measure and face-area-weighted centroid 297 

In introduction, we have analyzed that although there are various definitions of grid skewness, 298 

the same conclusion could be drawn that on high-aspect-ratio triangles, the grid skewness is 299 

always evident. Here, we consider a typical skewness measure. 300 

 301 

Fig. 5 Grid skewness measure on grids with different aspect ratios. 302 

As shown in Fig. 5, the grid skewness is defined at common face shared by two neighbor 303 

cells, where ˆ
jke  is a unit vector pointing from centroid of cell j to that of cell k, ˆ

jkn  is the unit 304 

outward normal vector of common face. The grid skewness is measured by ˆ ˆ
jk jke n , and from 305 

Fig. 5, it could be easily found that the non-skewed grid has the measure one, and with the 306 

increase of cell aspect ratio, the highly-skewed grid is close to zero. On this basis, the most direct 307 

intuition is using isotropic or minor-aspect-ratio triangles to ensure the computing process is 308 

carried out on non-skewed grids, while for some typical flows, such as boundary-layer-type flow, 309 

solutions in boundary layer are changed dramatically, particularly along the normal direction of 310 



 

16 
 

the wall. Therefore, to enhance the resolution in this local field, highly-anisotropic grids cannot be 311 

avoided, and we can only rely on a novel local origin to reduce the grid skewness and improve the 312 

numerical performance. 313 

For high-aspect-ratio triangular grids, a novel face-area-weighted centroid was proposed by 314 

Nishiakwa [28] on the second-order differential unstructured finite volume solver. By the 315 

employment of this reference point, the grid skewness is almost eliminated. In the following 316 

analysis, we will briefly summarize the face-area-weighted formula and the effect about skewness 317 

reduction, 318 

A typical choice for the local origin is the geometric centroid that could be written for a 319 

triangle by the arithmetic average of face midpoints, 320 

    
3

1

1
, , ,

3j j mk mk
k

x y x y


    (20) 321 

where,  ,mk mkx y  is coordinate of the k-th face centroid. Besides, we generalize Eq. (20) to the 322 

face-area-weighted centroid formula: 323 
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  (21) 324 

where, jkA  is the area or length (in 2D) of the face shared by two neighbor cells, and p (> 0) is a 325 

real value that controls the skewness degree. Note when p = 0, face-area-weighted centroid is just 326 

consistent with the geometric centroid. 327 

As shown in Fig. 6, where h is the grid spacing in y-direction and R is cell aspect ratio. For a 328 

typical triangular grid in Cartesian-coordinate system, skewness measure along the x-direction 329 

approaches one, while in y-direction is nearly zero. Thus, in the following analysis, we will focus 330 

on faces shared by cell 1 and cell 2 as well as cell 2 and cell 3.  331 
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 332 

Fig. 6 A typical high-aspect-ratio triangular grid in Cartesian-coordinate system. 333 

For these two common faces, if we use the geometric centroid, the grid skewness measure is 334 

 12 232 2

2 2
, .

1 4

R
d d

R R
 

 
  (22) 335 

With the increase of cell aspect ratio, both measures nearly equal to zero. Hence the grid is highly 336 

skewed. But if we employ the face-area-weighted centroid and when parameter p is equaling to 2, 337 

the skewness measure becomes 338 

 2 2
12 23 2

1
1, 1 ,

2
p pd d

R
      (23) 339 

As a result, for high-aspect-ratio triangular grid, the grid skewness could be eliminated, and note, 340 

moreover, that with the increase of cell aspect ratio, the grid skewness, at the face like between 341 

cell 2 and cell 3, could be further reduced. Besides, it is demonstrated in Fig. 7 when the 342 

face-area-weighted centroid is employed, line connecting the novel local origins is almost parallel 343 

to the normal direction of the wall, and the serrated phenomenon exhibited on geometric centroid 344 

is effectively avoided. 345 

  346 

(a) Geometric centroid                         (b) Face-area-weighted centroid 347 

Fig. 7 Geometric and face-area-weighted centroids on high-aspect-ratio triangular grids. 348 

This special distribution just coincides with our original motivation of designing the 349 

global-direction stencil, and in previous work, we combine the global direction stencil and 350 
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face-area-weighted centroid on the second-order unstructured finite volume solver in differential 351 

form to capture the flow anisotropy more accurately. After verification, a better numerical 352 

performance is obtained by this novel method. In this work, we further investigate feasibilities of 353 

extension to the integral form. 354 

3.2.2 Combination of global-direction stencil and face-area-weighted centroid 355 

In Section 3.1, we have demonstrated that compared with commonly used vertex-neighbor 356 

and face-neighbor stencils, although global-direction stencil cells are along the normal and 357 

tangential directions of the wall, the only data obtained by k-exact reconstruction and required for 358 

the flux evaluation are solution vectors stored at cells reference points, rather than stencil cells 359 

themselves, and if we still use the geometric centroid, grid skewness is unable to eliminate. 360 

Therefore, it is hard to guarantee whether the flowfield characteristics are well captured or not. 361 

But when face-area-weighted centroid is employed, the distribution of reference points is more 362 

regular, and the line connecting them is along the normal direction of the wall. 363 

Besides, in Section 2.3, we have derived the k-exact reconstruction process based on any 364 

local origins, and therefore, in this section, we give the method of combining the global-direction 365 

stencil and face-area-weighted centroid in detail to realize the unified direction of both stencil 366 

cells and local origins. Global-direction stencils with geometric and face-area-weighted centroids 367 

on grids with straight and curved boundaries are displayed in Fig. 8 and Fig. 9. 368 
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      369 
(a) Geometric centroid                          (b) Face-area-weighted centroid 370 

Fig. 8 Global-direction stencil cells combined with geometric centroids and face-area-weighted centroids on grid 371 

with the straight boundary. 372 

      373 
(a) Geometric centroid                          (b) Face-area-weighted centroid 374 

Fig. 9 Global-direction stencil cells combined with geometric centroids and face-area-weighted centroids on grid 375 

with the curved boundary. 376 

From these two figures, we can easily find although same stencil cells are selected, geometric 377 

centroids are deflective and exhibit serrated phenomenon. Particularly on high-aspect-ratio 378 

triangular grids, the mentioned phenomenon is much more evident. By comparison, when 379 

face-area-weighted centroids are employed, line connecting them is close to the normal direction 380 

of the wall no matter on grid with straight or curved boundaries, and it is consistent with one of 381 

the global directions. As a result, the flow anisotropy could be well reflected, and the grid 382 

skewness is reduced. 383 
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On unstructured finite volume method from differential form, both computational accuracy 384 

and stabilities are greatly improved by this novel method, and in the next section, four 385 

representative numerical examples are designed to verify the effectiveness and superiorities of this 386 

novel method on integral unstructured finite volume solver. 387 

4. Numerical examples 388 

To examine the effectiveness of global-direction stencil with face-area-weighted centroid on 389 

unstructured finite volume method from integral form, in this section, numerical examples 390 

governed by linear convective, Euler and Laplacian equations are utilized. For comparison, these 391 

numerical examples are simulated with four different stencils, including vertex-neighbor and 392 

face-neighbor stencils, as well as the global direction stencil with geometric centroid and 393 

face-area-weighted centroid. Note that from Section 3.2.1, we can find the face-area-weighted 394 

centroid could be further distinguished by different p values, and when 2p  , skewness has been 395 

almost eliminated. Hence, the face-area-weighted centroid in this section refers to the result of 396 

2p  . In addition, to simplify the presentation in the following analysis, different stencils are 397 

abbreviated as follows. 398 

Table 1 Abbreviation of different stencils 399 

Different stencils Abbreviation 

Vertex-neighbor stencil V-Stencil 

Face-neighbor stencil F-Stencil 

Global-direction stencil (With cell centroid) G-Stencil (Cell centroid) 

Global-direction stencil (With face-area-weighted centroid) G-Stencil (F-a-w centroid) 

4.1 Manufactured boundary layer (Governed by Linear convective equation) 400 

In this section, we first use the Method of Manufactured Solutions (MMS) [43-46] on linear 401 

convective equation to verify feasibilities of the employment of face-area-weighted centroid on 402 

unstructured finite volume discretization from integral form, and examine the numerical 403 
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performance of global-direction stencil with this novel reference point. The governing equation 404 

can be written as, 405 

 0,
u

u
t


  


α   (24) 406 

where, cos , sin
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a  is the constant convective velocity, and to simulate characteristics of 407 

boundary layer, manufactured solution is 408 
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    (25) 409 

where c = 0.59 is a constant, and parameter μ is utilized to control the thickness of boundary layer. 410 

Flowfields corresponding to different μ values are shown in Fig. 10, and in the following test, μ is 411 

set as 10-6. 412 

    413 

(a) μ = 10-6                                       (b) μ = 10-8 414 

Fig. 10 Flowfields with different μ values 415 

By bringing the manufactured solution to Eq. (24), the modified equation with source term could 416 

be written as, 417 
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On this basis, the manufactured solution represents the analytical solution of this modified 419 

governing equation, and we can calculate both L2 and L∞ errors of different stencils. 420 
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where ju , analyu  and jA  are numerical and analytical solutions and area of cell j respectively. 422 

Besides, as shown in Fig. 11, both regular and randomly perturbed triangular grids are used in this 423 

numerical example, and two levels of grid stretching, including 103 and 104 these two wall cell 424 

aspect ratios (AR), are tested. In each level, five sets of triangular grids from the coarsest to finest 425 

are generated within    , 0.05,1.05 0, 0.001x y  . 426 

    427 

(a) Regular                                  (b) Randomly perturbed 428 

Fig. 11 Regular and randomly perturbed triangular grids 429 

During the grid generation process, nodes in x-direction are equidistantly distributed, while 430 

the y-coordinates of different nodes are determined by 431 

 1
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1,2,...,
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    (28) 432 

where ˆ
yh  is the first layer vertical spacing, and   is the stretching factor that could be 433 

computed by the known condition 310Ny  . Besides, distribution of five sets of background 434 

quadrilateral grids from the coarsest to finest is shown in Table 2. 435 

Table 2 Distribution of background quadrilateral grids in x and y directions 436 

Grid name 
Distribution in x and y directions 

AR = 103 AR = 104 

vcoa 30×10 15×10 

coa 45×15 30×20 

med 60×20 45×30 

fin 80×30 60×40 

vfin 120×40 90×60 

On this basis, computational accuracy and discretization errors of four different stencils on 437 

integral unstructured finite volume solver are counted and given in Fig. 12 and Fig. 13. 438 
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4.1.1 Computational results on regular grids 439 

1) AR = 103 440 

      441 

(a) L2 errors                                     (b) L∞ errors 442 

Fig. 12 Errors of different stencils on regular grids with AR = 103 443 

2) AR = 104 444 

      445 
(a) L2 errors                                     (b) L∞ errors 446 

Fig. 13 Errors of different stencils on regular grids with AR = 104 447 

From Fig. 12 and 13, we can easily find the second-order accuracy is achieved by all stencils 448 

we tested, for both L2 and L∞ errors. Therefore, the effectiveness of employing face-area-weighted 449 

centroid on unstructured finite volume method from integral form is verified. In addition, it is also 450 
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proved that the derivation of k-exact reconstruction based on any local origins is feasible, and its 451 

correctness has been well demonstrated by computational results. 452 

Besides, combining the specific data listed in Table 3, we find both L2 and L∞ errors of 453 

G-Stencil (F-a-w centroid) are the lowest among all stencils we tested, and when AR = 104, 454 

computational accuracy of L∞ errors could be obviously improved. What’s more, from Table 3, we 455 

notice that G-Stencil requires the least number of stencil cells, and the efficiency can also be 456 

improved. 457 

Table 3 Computational errors and average stencil size of different stencils on the finest grid 458 

Different stencils 
AR = 103 AR = 104 Average 

stencil size L2 errors L∞ errors L2 errors L∞ errors 

V-Stencil 7.287×10-5 4.183×10-4 1.982×10-4 9.499×10-4 11.779 

F-Stencil 6.317×10-5 4.259×10-4 1.704×10-4 9.439×10-4 8.861 

G-Stencil (Cell centroid) 6.273×10-5 3.599×10-4 1.688×10-4 8.635×10-4 6.917 

G-Stencil (F-a-w centroid) 3.31×10-5 2.67×10-5 9.833×10-5 4.007×10-4 6.917 

4.1.2 Computational results on randomly perturbed grids 459 

On randomly perturbed triangular grids, we also test the case of AR = 103 and 104. For 460 

simplicity, results of AR = 104 are given here. 461 

      462 

(a) L2 errors                                      (b) L∞ errors 463 

Fig. 14 Errors of different stencils on randomly perturbed grids with AR = 104 464 
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From Fig. 14, we find errors on randomly perturbed grids demonstrate the similar trends to 465 

results on regular grids, and when face-area-weighted centroid is employed on the global-direction 466 

stencil, both L2 and L∞ errors are greatly reduced. As a result, on linear convective governing 467 

equation, the effectiveness as well as superiorities of this novel method is well verified. 468 

4.2 Supersonic vortex flow (Governed by Euler equations) 469 

To further test the effectiveness and feasibilities of this novel method on Euler equations, in 470 

this section, the supersonic vortex flow is introduced. Computational domain is two concentric 471 

circular arcs with radius ri = 1 and r0 = 1.384 located in the first quadrant. These two circular arcs 472 

represent the inviscid wall boundary, and the flow at both inlet and outlet are supersonic. 473 

Analytical solution [47] of this numerical example could be derived by isentropic relation and is 474 

given as follows, 475 
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  (29) 476 

where the value of Mach number at the inner radius is 2.25iM   and the density 1i  . 477 

Besides, the sound speed is calculated as, 478 

 1,i i ic P     (30) 479 

Flow structure of this numerical case is shown as follows 480 

        481 

(a) Mach number                                   (b) Density 482 

Fig. 15 Flowfields of supersonic vortex flow. 483 
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For this numerical example, both regular and randomly perturbed triangular grids are utilized. 484 

As shown in Fig. 16, where the regular grid is generated by splitting the background quadrilateral 485 

grid with right diagonals, and randomly perturbed grid is generated by introducing the random 486 

node perturbation to the regular grid with topology and the number of cells unchanged. Besides, 487 

two levels of grid aspect ratios are employed, and in each level, five sets of grids from the coarsest 488 

to finest are generated. 489 

        490 

                 (a) Regular                                 (b) Randomly perturbed 491 

Fig. 16 Regular and randomly perturbed triangular grids. 492 

Considering that the aspect ratio of grid with the curved boundary is not a fixed value, 493 

similarly, the wall cell aspect ratio is utilized, and two aspect ratios are approximately equal to 4 494 

and 8 respectively. The distribution of background quadrilateral grids in the radical and 495 

circumferential is shown in Table 4. 496 

Table 4 Distribution of background quadrilateral grids in radical and circumferential directions 497 

Grid name 
Distribution in x and y directions 

AR ≈ 4 AR ≈ 8 

vcoa 10×10 20×10 

coa 20×20 40×20 

med 40×40 80×40 

fin 60×60 120×60 

vfin 80×80 160×80 
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4.2.1 Computational errors on regular grids 498 

1) AR ≈ 4 499 

      500 
(a) L2 errors                                     (b) L∞ errors 501 

Fig. 17 Errors of different stencils on regular grids with AR ≈ 4. 502 

2) AR = 103 503 

      504 
(a) L2 errors                                     (b) L∞ errors 505 

Fig. 18 Errors of different stencils on regular grids with AR ≈ 8. 506 

As shown in Fig. 17 and Fig. 18, for three stencils with the geometric centroid, both L2 and 507 

L∞ errors of global-direction stencil are the lowest. On this basis, we employ the 508 

face-area-weighted centroid, and discretization errors are further reduced. Besides, according to 509 

the specific data listed in Table 5, higher-order accuracy on both L2 and L∞ errors is achieved by 510 

G-Stencil (F-a-w centroid). Particularly, L2 errors can reach 2.755 order accurate. As a result, the 511 
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employment of face-area-weighted centroid on unstructured finite volume method from integral 512 

form will not deteriorate the designed order of accuracy but greatly improve the numerical 513 

performance of the finite volume solver after being introduced in global-direction stencil. 514 

Table 5 Computational errors on the finest grid and L2, L∞ accuracy between the last two grids of different stencils 515 

Different 

stencils 

AR ≈ 4 AR ≈ 8 

L2 accuracy L∞ accuracy 
L2 errors L∞ errors L2 errors L∞ errors 

V-Stencil 8.706×10-5 1.984×10-4 1.039×10-4 2.002×10-4 2.22 2.076 

F-Stencil 7.489×10-5 2.261×10-4 8.234×10-5 1.981×10-4 2.434 2.05 

G-Stencil 

(Cell centroid) 
2.946×10-5 9.303×10-5 5.065×10-5 8.56×10-5 2.525 2.074 

G-Stencil 

(F-a-w centroid) 
7.961×10-6 8.831×10-5 5.651×10-6 6.063×10-5 2.755 2.101 

4.2.2 Computational errors on randomly perturbed grids 516 

In order to adequately illustrate the numerical performance of different methods, errors on 517 

randomly perturbed grids are also counted. For simplicity, the results of AR ≈ 8 are given here. 518 

      519 

(a) L2 errors                                     (b) L∞ errors 520 

Fig. 19 Errors of different stencils on regular grids with AR ≈ 8 521 

From Fig. 19, errors exhibit the similar trends to that of regular grids, and both average and 522 

max errors of G-Stencil (F-a-w centroid) are the lowest among all stencils we tested. Therefore, 523 

correctness of k-exact reconstruction based on any local origins as well as the effectiveness and 524 

superiorities of the global-direction stencil with face-area-weighted centroid is verified on Euler 525 

equations as well. 526 
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4.3 Subsonic flow over a NACA0012 airfoil (Governed by Euler equations) 527 

In Section 3.1 we give a brief introduction about the determination of global directions based 528 

on wall distance [42], and in this section, the subsonic flow over a NACA0012 airfoil governed by 529 

Euler equations is simulated to examine the effectiveness of the mentioned method as well as the 530 

effectiveness of global-direction stencil with face-area-weighted centroid. The angle of attack is 531 

0   , and initial condition is 0.5Ma  . 532 

Regular and randomly perturbed triangular grids with O-type topology are utilized in this 533 

numerical example. For regular grid, the first layer spacing in normal direction is 10-3, and there 534 

are 201 and 71 grid points distributed in circumferential and normal directions respectively. 535 

Regular and randomly perturbed grids near the airfoil are shown in Fig. 20. 536 

    537 

(a) Regular                                 (b) Randomly perturbed 538 

Fig. 20 Regular and randomly perturbed triangular grids over a NACA0012 airfoil. 539 

Besides, to intuitively contrast the effect of geometric centroid and face-area-weighted 540 

centroid on cells adjacent to the airfoil, we display these two reference points on randomly 541 

perturbed grid respectively. 542 

    543 

(a) Geometric centroid                           (b) Face-area-weighted centroid 544 

Fig. 21 Geometric centroid and face-area-weighted centroid of perturbed triangular grid over a NACA0012 airfoil. 545 
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From Fig. 21, we can easily find that compared with the geometric centroid, the distribution 546 

of face-area-weighted centroid is more regular, and the reference points are almost spread along 547 

the normal direction of the wall, especially on grid adjacent to the airfoil surface. On this basis, we 548 

count lift and drag coefficients as well as the residual of different stencils respectively, and are 549 

shown as follows. 550 

  551 

(a) Cl on regular grid                              (b) Cl on perturbed grid 552 

Fig. 22 Cl on regular and perturbed triangular grids 553 

    554 
(a) Cd on regular grid                              (b) Cd on perturbed grid 555 

Fig. 23 Cd on regular and perturbed triangular grids. 556 

From results of lift and drag coefficients, we can easily find from local amplifications of both 557 

regular and randomly perturbed grids that the lift coefficeient of G-Stencil (F-a-w centroid) is the 558 

lowest among four different stencils, and in the same time steps, there is almost no oscillations on 559 

V-Stencil and G-Stencil (Cell centroid ) as well as G-Stencil (F-a-w centroid). However, compared 560 

with these three stencils, oscillations of the F-Stencil are quite evident, and has not yet converged. 561 

Similar phenomenon could be concluded on drad coefficient, where the result of G-Stencil 562 

(F-a-w centroid) is lower than V-Stencil and G-Stencil (Cell centroid) but slightly higher than 563 
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F-Stencil. Nevertheless, oscillations of F-Stencil are quite obvious, and the convergence property 564 

of this stencil is much poorer than another three stencils. 565 

    566 

(a) Residual on regular grid                         (b) Residual on perturbed grid 567 

Fig. 24 Residuals on regular and randomly pertubred grids. 568 

Conclusions related to lift an drag coefficients mentioned above can be better illustured by 569 

residuals of different stencils. As exhibited in Fig. 24, we can eaisly find that for three stencil with 570 

geometric centroid, the convergence speed of G-Stencil is colose to the commonly used V-Stencil, 571 

and in same time steps, residuals of these two stencils are decreased by 7 orders of magnitude, 572 

while only 4 orders of magnitude is decreased on F-Stencil. On this basis, with the introduction of 573 

face-area-weighted centroid on global-direction stencil, the residual is further decreased, and 574 

therefore, the convergence property of integral unstructured finite volume solver is greatly 575 

improved by global-direction stencil with face-area-weighed centroid. 576 

In short, feasibilities and superiorities of global-direction stencil with face-area-weighted 577 

centroid on unstructured finite volume method from integral form are demostrated again. And 578 

according to results displayed in Section 4.1, 4.2 and 4.3, we can easily find computational 579 

accuracy, efficiency and convergence speed are all improved by this novel method. 580 

4.4 Dissipative term evaluation (Governed by Laplacian equation) 581 

From Section 4.1 to 4.3, three numerical examples govern by linear convective and Euler 582 

equations are simulated, and the correctness of k-exact reconstruction based on any local origins is 583 



 

32 
 

verified. Moreover, on unstructured finite volume method from integral form, the global-direction 584 

stencil with face-area-weighted centroid also has a better computational accuracy, efficiency as 585 

well as convergence rate for convective flux evaluation. 586 

But, the numerical performance on dissipative term is also need to be further test to set stage 587 

for the extension to viscous problems. In this section, the MMS method is also used on Laplacian 588 

equation to examine discretization errors and convergence speed of different stencils. Laplacian 589 

model equation could be formulated as, 590 
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  (31) 591 

where   is a constant equaling to 1. Integrating this model equation over the control volume, we 592 

obtain 593 
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According to the divergence theorem, Eq. (32) could be transformed as 595 
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From Eq. (33), we can clearly find the difference between convective term and dissipative term. 597 

For dissipative term computation, what we need to compute at the face integral point is not two 598 

state vectors obtained by owner and neighbor cells, but solution gradient, which could be 599 

evaluated by the arithmetic average of left and right cells for the second-order unstructured finite 600 

volume method, 601 

  1
.

2
f L R

int int int        (34) 602 

On this basis, in order to improve the stability and reduce the truncation errors, the average face 603 

gradient is always added a solution jump term [28,48,49]. Here are many different schemes for 604 
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adding the jump term, such as the edge-normal (EN) and face-tangent (FT) schemes [50]. Based 605 

on the FT scheme, a novel α-damping scheme is proposed by Nishikawa [51-54]. The accuracy as 606 

well as robustness of second-order unstructured finite volume solver is greatly improved by this 607 

scheme, and it could be formulated as 608 
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  (35) 609 

where,   is a damping coefficient, and here, a special value is 4 3  , which has been known 610 

to provide superior accuracy and robustness [28,48,51]. ˆ
jkn  is the unit face normal vector, and 611 

ˆ
jke  is the unit vector between two cell centroids. Ljk is the length from one centroid to another. 612 
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Besides, L
  and R

  are solutions linearly reconstructed at integral point, 614 

    1 1
,

2 2L j j k j R k k j k               x x x x   (37) 615 

On the basis of determining the discretization method of dissipative term, the manufactured 616 

solution of Eq. (31) is 617 

    cos sin 10 ,x y     (38) 618 

where 2   is a constant, and the source term could be derived as, 619 

      2 210 1 cos sin 10 .s x y      (39) 620 

As shown in Fig. 25, the simulation is carried out on five sets of triangular grids generated by 621 

splitting the quadrilateral grids with regular or random diagonals, and the cell aspect ratio is AR = 622 

10. The distribution of these five sets of grids is from 10×10 to 80×80, and the computational 623 

domain is   2 2, 0.5, 0.5 5 10 , 5 10x y          . 624 
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    625 

(a) Regular diagonals                               (b) Random diagonals 626 

Fig. 25 Quadrilateral grids split by regular and random diagonals 627 

From Eq. (35), we notice that the damping term is greatly influenced by the grid skewness 628 

measure. On this basis, we first count it on both two grid types, and list the results in Table 6.   629 

Table 6 Grid skewness measure of geometric centroid and face-area-weighted centroid on two grid types 630 

Different grids 

Grid with regular diagonals Grid with random diagonals 

Cell centroid 
Face-area- 

weighted centroid 
Cell centroid 

Face-area- 

weighted centroid 

vcoa 0.4597 0.9980 0.5173 0.9985 

coa 0.4613 0.9980 0.4918 0.9983 

med 0.462 0.9980 0.4796 0.9982 

fin 0.4628 0.9980 0.4867 0.9982 

vfin 0.4632 0.9980 0.4860 0.9982 

As a result, superiorities of face-area-weighted centroid are illustrated again, and with the 631 

employment of this novel centroid, the grid skewness is almost eliminated. In order to reflect the 632 

relative position of two different centroids on grid with regular and random diagonals, the 633 

distribution of these two local origins is shown in Fig. 26. 634 

      635 

(a) Regular diagonals                              (b) Random diagonals 636 

Fig. 26 Geometric and face-area-weighted centroids on grids with regular and randomly diagonals. 637 
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From Fig. 26, we can easily find that face-area-weighted centroids are almost distributed 638 

along y-axis no matter on grid with regular or random diagonals, but the distribution of geometric 639 

centroid is irregular, and according to the data listed in Table 6, it has been demonstrated that the 640 

evident skewness will be introduced by this traditional centroid. Based on above analysis, we 641 

count discretization errors of four different stencils, and corresponding results are shown in Fig 27, 642 

28 and Table 7. 643 

      644 

(a) L2 errors                                     (b) L∞ errors 645 

Fig. 27 Errors of different stencils on grids with regular diagonals. 646 

      647 

(a) L2 errors                                     (b) L∞ errors 648 

Fig. 28 Errors of different stencils on grids with random diagonals. 649 
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From Fig. 27, Fig. 28 and combining the specific data listed in Table 7, we find that 650 

discretization errors of G-Stencil (F-a-w centroid) are the lowest among all stencils we tested no 651 

matter on grid with regular or random diagonals, and the computational accuracy is greatly 652 

improved by this novel method. 653 

Table 7 Computational errors on the finest regular grid and L2, L∞ accuracy between the last two grids of different 654 

stencils 655 

Different stencils L2 errors L∞ errors L2 accuracy L∞ accuracy 

V-Stencil 8.586×10-4 3.164×10-3 1.991 2.063 

F-Stencil 8.386×10-4 2.626×10-3 1.986 1.984 

G-Stencil (Cell centroid) 3.617×10-4 5.405×10-4 1.993 1.971 

G-Stencil (F-a-w centroid) 2.831×10-4 4.617×10-4 1.992 1.986 

On this basis, residuals on the coarsest and finest regular grids of different stencils are shown 656 

in Fig. 29. 657 

      658 
(a) Residual on the coarsest regular grid                (b) Residual on the finest regular grid 659 

Fig. 29 Residuals on the coarsest and finest regular grids. 660 

From Fig. 29, we can easily find that among three stencils with the geometric centroid, the 661 

G-Stencil (Cell centroid) has a faster convergence speed than two commonly used V-Stencil and 662 

F-Stencil. What’s more, when face-area-weighted centroid is employed, the convergence rate is 663 

further promoted. Hence, except for convective term, on dissipative term, a better computational 664 

accuracy and faster convergence rate are also realized by this novel method. In short, feasibilities 665 
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and superiorities of employing face-area-weighted centroid on unstructured finite volume 666 

discretization from integral form are verified again on Laplacian model equation. 667 

5. Concluding remarks 668 

In this paper, we have shown that the reference point used in the unstructured finite volume 669 

method from integral form does not have to be the geometric centroid, and there is a better choice 670 

that reduces the grid skewness. Besides, we combine the global-direction stencil with this novel 671 

reference point trying to improve the numerical performance of unstructured finite volume solver. 672 

Specifically, we first illustrate in detail that the traditional LSQR reconstruction method is 673 

only applicable when the reference point is located in the geometric centroid, and that is the reason 674 

why we focus on k-exact reconstruction algorithm. On this basis, the k-exact reconstruction based 675 

on any local origins is analytically derived, and during the reconstruction process, the mean 676 

constraint can always be satisfied. Besides, we extend the global-direction stencil with novel 677 

face-area-weighted centroid from unstructured finite volume method in differential form to the 678 

integral form for the grid skewness reduction and a better reflection of flow anisotropy. More 679 

importantly, it sets stage for the promotion on higher-order accuracy. 680 

Four representative numerical examples governed by linear convective, Euler and Laplacian 681 

equations are simulated to examine the correctness of k-exact derivation and the effectiveness of 682 

global-direction stencil with face-area-weighted centroid on the unstructured finite volume 683 

discretization from integral form. After verification, in numerical cases governed by linear 684 

convective and Euler equations, when the face-area-weighted centroid is utilized on finite volume 685 

discretization, the second-order accuracy also could be achieved. What’s more, the 686 

global-direction stencil with this novel reference point has the lowest discretization errors among 687 
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all stencils we tested. Besides, in subsonic flow over NACA0012 airfoil, we find this novel 688 

method has a better numerical performance on calculating lift and drag coefficients, and has a 689 

faster convergence speed than commonly used stencils based on the geometric centroid. 690 

Finally, a Laplacian model equation is utilized to further test its effectiveness on dissipative 691 

term evaluation. From the result, similar conclusions are demonstrated that errors of the 692 

global-direction stencil with face-area-weighted centroid are still lower than another three stencils, 693 

and the convergence rate is also greatly promoted by this novel method. As a result, this 694 

conclusion sets stage for the further extension to viscous flows. 695 

In short, the computational accuracy of the second-order unstructured finite volume method 696 

from integral form will not get deteriorated by the employment of face-area-weighted centroid, 697 

and it is feasible to extend the global-direction stencil with face-area-weighted centroid from 698 

differential finite volume solver to the integral form. The next work will be carried out from two 699 

aspects. Firstly, in terms of method extension, we will continue to extend this novel method to 700 

higher-order unstructured finite volume solver. Besides, the application on viscous and 701 

high-mach-number flows with complex surface is also necessary to further examine its numerical 702 

performance. 703 
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