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 13 

Abstract 14 

We test hypotheses about glacial dynamics by evaluating the ability of a linear statistical model to 15 

simulate climate during the previous ~800,000 years. During this period, the linear model 16 

simulates the timing and magnitude of glacial cycles, including the saw-tooth pattern in which ice 17 

accumulates gradually and ablates rapidly, without falsely simulating an interglacial after each 18 

peak in obliquity. Conversely, the linear model fails to simulate experimental observations that are 19 

created by a nonlinear data generating process. Together, these (in)abilities suggest that 20 

nonlinearities, threshold effects, bifurcations, and/or phase-specific governing equations do not 21 

play a critical role in glacial cycles during the late Pleistocene. Furthermore, the model’s accuracy 22 

throughout the sample period suggests that changes in orbital geometry create the Mid-Brunhes 23 

event. 24 

	  25 
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 26 

1 Introduction 27 

When considered over the last eight-hundred thousand years, climate shows highly persistent 28 

patterns. Most notable are glacial cycles. During glaciations, temperature, greenhouse gas 29 

concentrations, and sea level remain below their sample mean for extended periods; during these 30 

same periods, land and sea ice remain above their sample means (Kaufmann and Juselius, 2013). 31 

These positions are reversed for extended periods known as interglacials. These persistent 32 

movements and complex climate dynamics create difficulties for statistical analyses of climate 33 

data. Using ordinary least squares to analyze time series that show persistent movements tends to 34 

greatly inflate findings of a statistically meaningful relations among time series when none are 35 

present (Yule, 1929; Engle and Granger, 1987).  36 

Difficulties posed by highly persistent movements and complex dynamics are alleviated using 37 

vector-autoregression, cointegration, and equilibrium correction (Kaufmann and Juselius, 2013). 38 

Using these methods, Kaufmann and Juselius (2013), herein KJ2013, estimate a linear statistical 39 

model of climate from a sample that includes observations from the previous 391 thousand years. 40 

The model, termed a cointegration vector autoregression (CVAR), specifies linear relations 41 

between four exogenous variables for orbital geometry; eccentricity (Ecc), obliquity (Obl), 42 

precession (Prec), and summer time insolation at 65o south SunSum (Supplementary Note 1) and 43 

ten endogenous climate variables; Antarctic land (Temp) and sea surface temperature (SST), carbon 44 

dioxide (CO2) and methane (CH4) concentrations, land (Ice) and sea ice (Na), sea level (Level), 45 

iron dust (Fe), and non sea-salt sulfate (SO4) and calcium (Ca), which are chosen to proxy physical 46 

relations thought to drive glacial cycles (Kaufmann and Juselius, 2013, Supplementary Note II). 47 

The CVAR model explicitly represents linear long-run equilibrium relations between orbital 48 

geometry and climate, which are given by ten cointegrating relations, and climate dynamics, which 49 

are given by constant rates at which the climate system adjusts towards the equilibrium given by 50 

the long-run (cointegrating) relations. A similar approach is applied to a subset of climate variables 51 

(Davidson et al., 2016). 52 

As described in Kaufmann and Juselius (2013; 2016) as well as Kaufmann and Pretis (2021), 53 

these statistical relations validate some basic hypotheses about the mechanisms that are postulated 54 

to drive glacial cycles (e.g. carbon dioxide affects temperature via radiative forcing), reproduce 55 
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the main features of glacial cycles (e.g. the timing, magnitude, and saw-tooth pattern of changes 56 

in land ice volume), and separate observed interglacial periods from skipped/missing beats (e.g. 57 

Huybers, 2012), which are peaks in insolation (e.g. obliquity) that do not generate deglaciations 58 

and thus interglacials. Over the last million years, twelve of the twenty-five peaks in obliquity are 59 

not associated with deglaciations (Tzedakis et al., 2017). 60 

To date, efforts to explain missing beats in particular, and glacial cycles in general, focus on 61 

nonlinear relations (e.g. Tziperman et al., 2006), threshold effects (e.g. Paillard, 1998; 2001, 62 

Ganopolski et al., 2016), bifurcations (e.g. Ashwin and Ditlevsen, 2015) and/or phase-specific 63 

governing equations (e.g. Tzedakis et al., 2017). Some of these dynamics are embodied in several 64 

models that account for many features of the glacial cycle (e.g. Parrenin and Paillard, 2012; 65 

Paillard and Parennin, 2004). Based on these successes, there is a consensus that nonlinearities, 66 

threshold effects, bifurcations, and/or phase specific governing equations play a critical role in 67 

glacial cycles in general and terminations in particular, as summarized by a recent review 68 

“Terminations clearly represent a strongly nonlinear response to regional changes in the 69 

seasonality of solar radiation (Past interglacials Working Group of Pages, 2016).”  70 

Here, we explore this consensus using a linear CVAR model reported by KJ2013. Specifically, 71 

is the success of previous models based on their inclusion of nonlinearities, threshold effects, 72 

bifurcations, or phase-specific governing equations, etc? To test this hypothesis, we evaluate 73 

whether a model that omits nonlinearities, threshold effects, bifurcations, and/or phase-specific 74 

governing equations can accurately simulate glacial cycles. To answer, we test whether a statistical 75 

model that specifies linear relations among orbital geometry and climate variables can simulate 76 

glacial cycles accurately. If a linear model can simulate glacial cycles accurately, the logic of 77 

Occam’s razor implies that nonlinearities, threshold effects, bifurcations, and/or phase-specific 78 

governing equations are complexities that do not play a critical in glacial cycles beyond linear 79 

relations. Conversely these complexities likely play an important role if a simple linear model 80 

without nonlinearities, threshold effects, bifurcations, and/or phase-specific governing equations 81 

cannot accurately simulate glacial cycles. Specifically, we formulate and test three hypotheses.  82 

1. To establish the capabilities of the CVAR model, we asses the degree to which the linear 83 

specification of the CVAR model is able to simulate non-linear relations among 84 

experimental data that are simulated by non-linear Van der Pol Oscillators. We postulate 85 

that a linear CVAR model will not be able to simulate non-linear relations among the 86 
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experimental data. Consistent with this hypothesis, the linear CVAR model is not able to 87 

simulate the non-linear relations among an exogenous forcing, which mimics orbital 88 

geometry, and two endogenous variables which mimic components of climate that react 89 

quickly (temperature) and slowly (ice volume) to changes in orbital geometry. 90 

2. We assess the ability of the linear CVAR to simulate (out-of-sample and in-sample) ten 91 

endogenous variables that represent important components of the observed paleo-climate 92 

record based on four variables that represent orbital geometry. We postulate that the linear 93 

CVAR model will fail to simulate glacial cycles accurately if nonlinearities, threshold 94 

effects, bifurcations, and/or phase-specific governing equations play an important role in 95 

the timing and magnitude of glacial cycles. But if their role is small relative to linear 96 

relations, we postulate that the linear CVAR model will simulate glacial cycles accurately, 97 

both during the in-sample period used to estimate the model (391 Kyr BP – present) and 98 

an out-of-sample period (792 Kyr BP – 392 Kyr BP). Compared to its poor performance 99 

with the nonlinear experimental data generated by Van der Pol oscillators, the linear CVAR 100 

model is able to account for a much larger portion of the variation in climate variables 101 

during both the in- and out-of-sample periods. Furthermore, the model errors are 102 

distributed randomly between interglacials and the other phases of the glacial cycle. This 103 

performance suggests that nonlinearities, threshold effects, bifurcations, or changes in 104 

governing equations do not play a critical role in the timing or magnitude of glacial cycles.  105 

3. We assess the ability of the linear CVAR model to simulate glacial cycles before and after 106 

the Mid-Brunhes event (MBE), in which CO2 concentrations rise, the amplitude 107 

interglacials increase, and interglacials are cooler but longer starting about 430 thousand 108 

years before the present (EPICA, et al., 2004; Luthi et al., 2008; Hoenisch et al., 2009, 109 

Jansen et al., 1986). If changes in orbital geometry play an important role in the MBE, there 110 

will be little change in the ability of the linear CVAR model to simulate glacial cycles 111 

before and after the MBE because the CVAR model specifies the same relations between 112 

orbital geometry and climate before and after the MBE. But if changes in long- and short 113 

run relations between orbital geometry and climate variables create the changes in glacial 114 

cycles that are associated with the MBE, the CVAR’s ability to simulate glacial cycles 115 

before the MBE will be diminished relative to the period after the MBE. This is because 116 

the linear CVAR is estimated from observations after the MBE and uses that these long- 117 
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and short-run relations to simulate the period before the MBE. Results indicate that model 118 

performance does not change around the MBE, which suggests that the MBE is driven by 119 

changes in orbital geometry. 120 

These results and the methods used to obtain them are described in five sections. Section 2 121 

describes the data and methods used to generate and analyze the simulations. The results are 122 

reported in section 3, discussed in section 4, and section 5 concludes. 123 

Methods 124 

2.1. The CVAR Model Specifies Linear Relations Among Variables 125 

The  equations used by the linear CVAR model to estimate long- and short-run relations between 126 

orbital geometry and climate are given by: 127 

∆𝑥$ 	= 	𝐴'∆𝑤$ +	𝐴*∆𝑤$+* + Γ*∆𝑥$+* + Γ-∆𝑥$+- +Π𝑧$+*0 +	𝜀$                          (1) 128 

in which 𝑥$ is a 10 × 1 vector that includes the ten endogenous variables; Temp, CO2, CH4, Ice, 129 

Fe, Na, Ca, SO, Level, and SST (Table 1); w is a 4 × 1 vector that includes the four exogenous 130 

variables for orbtial geometry Ecc, Prec, Obl, and Sunsum, 𝑧0 = [𝑥$0, 𝑤$0, 1],	 Γ*	(10 ×131 

10	), 	𝐴'				(10 × 4	), 𝐴*(10 × 4	), are matrices of short-run coefficients; Π	is a 10 × 15 matrix of 132 

long-run coefficients, ∆ is the first difference operator (∆𝑥$ =	𝑥$ − 𝑥$+*), and
 
𝜀= is an error term 133 

with mean value zero and variance Ω that is normally, independently, and identicially distributed.   134 

The condition that the conditional process (𝑥$|𝑤$) is nonstationary is formulated as a reduced 135 

rank hypothesis on the matrix Π: 136 

Π = 	𝛼𝛽0  (2) 137 

in which 𝛼 is a 10 × 𝑟 matrix of coefficients, which describe a constant rate at which the ten 138 

climate variables (or I and T in the experimental data set) adjust towards the equilibrium that is 139 

given by orbital geomtery (or F in the experimental data set); 𝑟	is the number of cointegration 140 

relations given by the reduced rank of the Π matrix and 𝛽 is a 𝑟 × 15  matrix of cointegration 141 

coefficients that define the r stationary deviations from long-run equilibrium relations, the so 142 

called cointegration relations, 𝛽0𝑧$. Using maximum likelihood techniques, KJ2013 estimate the 143 

𝛽 and 𝛼 matrices (Supplementary Tables 2 and 3) KJ2013 from a partial system (Johansen 1992, 144 

Harbo et al., 1998, Juselius 2006) in which orbital variables are weakly exogenous (i.e. changes in 145 

climate do not affect orbital geometry). To identify the equations and generate standard errors for 146 

the statistical parameters, KJ2013 impose 26 overidentifying restrictions on the 𝛽 matrix. No 147 
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restrictions are imposed on the CVAR model that is estimated from the experimental data to 148 

maximize its ability to simulate I and/or T (hypothesis 1). 149 

Despite its complexity, the CVAR model is linear in parameters. Equilibrium relations, as 150 

represented by the cointegrating relations 𝛽0𝑧$ specify linear relations (in levels) among variables, 151 

and changes in variables are modelled as linear functions of disequilibrium. To illustrate, the tenth 152 

cointegrating relation in KJ2013 (Supplementary Table 2) represents a linear long-run equilibrium 153 

relation between Ice and orbital geometry which can be used to represent the equilibrium level of 154 

Ice that is implied by orbital geometry as follows:  155 

Icet = -0.755*Ecct + 4.459*Oblt + 2.881*SunSumt                                       (3) 156 

Statistically significant coefficients associated with Obl and SunSum indicate that obliquity has 157 

information about Ice that is not contained in SunSum and vice-versa, despite their strong 158 

correlation. Similarly, there are strong correlations among the four variables for orbital geometry, 159 

but statistically significant coefficients indicate that no combination of three contains all of the 160 

information in the fourth. 161 

System dynamics are represented by adjustment towards equilibrium (𝛼), which is constant 162 

(over all phases of the glacial cycle) and is a linear function of disequilibrium in the level of the 163 

variables in the previous time period. For Ice, 3.7 percent of the disequilibrium between the 164 

previous period’s equilibrium value (as implied by the tenth cointegrating relation equation (3)) 165 

and the previous period’s value is eliminated each period: 166 

∆𝐼𝑐𝑒$ = −0.037 ×	I𝐼𝑐𝑒$+* − (−0.755 ∗ 𝐸𝑐𝑐$+* + 4.459 ∗ 𝐸𝑐𝑐$+* + 2.881 ∗ 𝑆𝑢𝑛𝑆𝑢𝑚$+*)S	(4) 167 

A constant rate of adjustment 3.7 percent implies a constant adjustment time, which does not 168 

represent the nonlinearities of ice flow and mass balance for an ice sheet (Roe, 2006). Roe (2006) 169 

argues that these nonlinearities are critical “the nonlinearities of ice flow and mass balance 170 

preclude the application of a single adjustment time scale to an ice sheet.” This contention is test 171 

by hypothesis 2. If nonlinearities associated with ice sheet and other aspects of the climate are 172 

important, their omission will prevent the linear CVAR model from simulating ice volume 173 

accurately. Conversely if the nonlinearities of ice flow and mass balance for an ice sheet do not 174 

play a critical role in glacial cycles, the linear CVAR model may accurately simulate ice volume 175 

in particular, and glacial cycles in general. 176 

Equations 1 and 2 specify many parameters, but the statistical model is not ‘overfit.’ In KJ2013, 177 

each of the ten dependent variables in 𝑥$ has 390 observations. Each equation has 357 degrees of 178 
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freedom because the Π, Γ, 𝐴' and 𝐴* matrices specify 33 coefficients for each of the ten equations. 179 

These 33 coefficients correspond to the 15 columns in the Π matrix (including a constant), the 10 180 

columns in the Γ	matrix, and the four columns in the Ao and A1 matrices. Of these 33 coefficients, 181 

many are not statistically different from zero (Supplemental Table 4). As a result, the ten equations 182 

contain between 7 and 16 variables per equation, which is consistent with the range suggested by 183 

Maasch and Saltzman (1990). Thus, the ~357 degrees of freedom alleviates any concern the the 184 

equations are ‘overfit.’ 185 

Finally, the correlation among the ten endogenous climate variables has little effect on the 186 

model’s ability to simulate glacial cycles. The model is driven by the four exogenous variables for 187 

orbital geometry; the model has no information about any of the climate variables beyond the 188 

values used to initialize the model. Under these conditions, the statistical relations in the linear 189 

CVAR  model translate changes in orbital geometry into changes in climate but do not contain 190 

information about climate beyond that contained in the variables for orbital geometry. 191 

To make all data amenable to a statistical analysis, KJ2013 converts observations from the 192 

proxy record to a common time scale (EDC3) using conversions from Parrenin et al., (2007) and 193 

Ruddiman and Raymo (2003). Unevenly spaced observations are interpolated (linearly) to 194 

generate a data set in which each series has a time step of 1 kyr, which has relatively little effect 195 

on results (Miller, 2019). To eliminate the effects of inverting matrices with elements that differ 196 

greatly in size (due to different units of measurement), each of the fourteen time series is 197 

standardized as follows: 198 

𝑥= = (𝑦$ − 𝑦U)/W𝑉𝑎𝑟(𝑦),					     𝑡 = 1,… ,391	  (5) 199 

in which 𝑦$ is the value (in original units),  is the mean value over the 391 Kyr in-sample period, 200 

and 𝑉𝑎𝑟(𝑦)	is the variance over the in-sample period. Equation (5) also is used to normalize the 201 

1000 observations in the experimental data generated by the Van der Pol oscillators (Section 2.2). 202 

We recognize that nonstationary time series do not have a constant mean or variance, rather the 203 

sample mean and variances are used in a linear transformation to harmonize the values of the time 204 

series.   205 

2.2 Generating Experimental Data with Non-Linear Relations 206 

To test whether the linear CVAR model can simulate non-linear processes, we use the CVAR 207 

methodology to estimate the relation among experimental data that are generated by non-linear 208 

van der Pol oscillators (Crucifix, 2013). Using the parameters specified by Crucifix (2013), van-209 

y
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der-Pol oscillators create experimental data that mimic paleo-climate data. Specifically, a 210 

sinusoidal forcing F,  which mimics changes in orbital geometry,  is perturbed with white noise to 211 

simulate a variable ‘T’ that responds rapidly to F (such as temperature), while variable ‘I’ mimics 212 

a variable that responds gradually (such as ice). This process is used to create 1,000 observations 213 

in discrete time for each variable (Figure 1(a) & (b)). We use the first 500 observations to estimate 214 

the CVAR model. The remaining 500 observations constitute an out-of-sample period. 215 

2.3 Simulating Experimental Data or Observed Climate Variables using a Linear CVAR Model 216 

To assess hypothesis 1-3, we simulate the linear CVAR model of climate over a ~ 800 kyr 217 

sample period, which includes a 391 Kyr BP – present in-sample period that used to estimate the 218 

model (Kaufmann and Juselius, 2013) and a 792 Kyr BP – 392 Kyr BP out-of-sample period. To 219 

simulate climate during the in- and out-of-sample periods, the ten endogenous variables x (or two 220 

experimental data simulated by the Van der Pol Oscillators) are expressed as a function of the 221 

exogenous variables for orbital geometry (or the exogenous variable used to drive the Van der Pol 222 

Osciallators) and shocks to the climate system (𝜀) by inverting Equation (1) into the moving 223 

average form: 224 

𝑥$ = 𝐶∑ 𝜀$$=^* +	𝐶∗(𝐿)𝜀$ + 𝐶`𝑤$ +	𝐶 ∗̀ (𝐿)Δ𝑤$	  (5) 225 

In which 𝐶 =	𝛽b(1 − Γ*)+*𝛼b; 𝛼b is a 10 × (10 − 𝑟) matrix orthogonal to 𝛼 describing the 226 

stochastic trends and 𝛽b is a 10 × (10 − 𝑟)  matrix orthogonal to 𝛽 determining how the stochastic 227 

trends load into the climate variables; L is the lag operator (for example, 𝐿𝜀$ =	𝜀$+*); 𝐶∗(𝐿) and 228 

𝐶 ∗̀ (𝐿) are stationary lag polynomials; 𝐶` is 10 × 4; and the matrices are functions of the 229 

parameters (𝐴',	𝐴*,Γ*,𝛼, 𝛽). Based on the ten cointergating relations reported by KJ2013 r = 10, 230 

then C = 0, the in- and out-of-sample simulations are based on model (2) subject to (3) by setting 231 

𝜀$ = 0 which implies that the simulated variables, 𝑥c$,  are calculated from the exogenous drivers, 232 

𝐶`𝑤$,  (𝐴'∆𝑤$), the dynamics attached to them, 𝐶 ∗̀ (𝐿)∆𝑤$+*, (𝐴*∆𝑤$+*), and the internal climate 233 

dynamics 𝐶∗(𝐿)𝜀$(Γ*Δ𝑥c$+*, 𝛼𝛽0defg). 234 

The out-of-sample simulation is initialized using observed values for Temp, SST, and Ice, which 235 

are available starting 800 kyr BP. The time series for CO2 CH4, Fe, Na, SO4, Ca, and Level have 236 

more recent start dates (Table 1). For these variables, the model is initialized with values that 237 

correspond to their sample mean. We use these values to ‘spin up’ the model so that the simulated 238 

values converge towards observed values and looses sensitvity to initial conditions. Following this 239 

10 Kyr ‘spin-up,’ which is shorter than other climate models (e.g. Parrenin and Paillard, 2012), the 240 
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model is run continuously through the present. Because the simulation starts the out-of-sample 241 

period, this ordering adds rigor. That is, error in the out-of-sample simulation are passed to the 242 

start of the in-sample simulation. 243 

2.3 Assessing model performance 244 

There are many ways to assess model performance. Previous analyses use spectral analyses, 245 

which evaluate the degree to which the power spectrum of the observed and simulated data match 246 

(e.g. Ditlevsen et al., 2020). These efforts focus on the 100 Kyr frequency. But this emphasis is 247 

made difficult by the paucity of observations; by definition, there are only eight possible peaks at 248 

the 100 Kyr frquency in the 800 Kyr record that are recorded in cores recovered from the Antarctic 249 

ice. 250 

Instead, we focus on the model’s ability to simulate each of the 792 observations for each of 251 

the 1Kyr time steps. First, we quantify the model’s skill in replicating glacial cycles based on the 252 

size of errors as measured by root mean square error (RMSE) h∑ (ie+ice)jklmg
n  in which 𝑥c$is the value 253 

for variable 𝑥	at time t simulated by the model, 𝑥$is the observed value for the proxy, and T is the 254 

number of observations. The fraction of variation that is explained by the linear CVAR model is 255 

quantified by the adjusted r2, which is estimated from the following regression: 256 

𝑥$ = 	𝜅 + 	𝜑𝑥c$ + 𝜇$ 					(6) 257 

in which 𝜅 and 𝜑 are regression coefficient estimated using ordinary least squares and 𝜇 is the 258 

regression residual. For ice, the r2 quantifies the fraction of variation that is observed in the 792 259 

observations that is explained by the 792 values for Ice that are simulated by the linear CVAR 260 

model.  261 

For each variable x, we use the simulation errors (𝜈$ =	𝑥$ − 𝑥c$) to identify periods when 262 

model accuracy changes in a statistically significant fashion, such as stage 111. We identify these 263 

periods with an indicator saturation technique [R-package gets Pretis et al., 2018; Castle et al., 264 

2015]. This approach is used to assess the time-varying performance of climate models (Pretis et 265 

al., 2015), the forecast accuracy of economic predictions (Ericsson 2017), and the presence of 266 

volcanic eruptions in temperature reconstructions in both simulated climate data (Pretis et al., 267 

2016) and proxy-reconstructions (Schneider et al., 2017).   268 

                                                        
1 Stage 11 is a  well-known mismatch between orbital geometry and an interglacial period (e.g. Imbrie et al., (1993)) 

that occurs  between 424,000 and 374,000 years ago.  
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This indicator saturation technique can identify the date(s) when the value for each of the ten 269 

variables simulated by the linear CVAR model 𝑥c deviates significantly from x (i.e. simulation 270 

errors are statistically different from zero) for a single time-step (outlier). Persisting errors are 271 

values of 𝑥c that deviate significantly from x for two or more consecutive time-steps 272 

(Supplementary Note III). Outliers and persisting errors are evaluated for every possible time step. 273 

We retain only those outliers or persisting errors that exceed a pα = 0.001 threshold. This threshold 274 

implies that random chance will cause the technique to identify one outlier (or persisting error) per 275 

1,000 observations. This tightly controls the false-positive rate of detected periods of model 276 

failure.  277 

If model performance does not change in a systematic fashion through phases of the glacial 278 

cycle or over time, we expect outliers and persisting errors to occur randomly throughout the 279 

sample. For each of the ten endogenous variables (and as a group), we compare the distribution of 280 

outliers and persisting errors between interglacial and non-interglacial periods, as defined by 281 

Tzedakis et al., (2012) and between the in-sample and out-of-sample periods. We test whether the 282 

timing of outliers and persisting errors across the sample period is different from a uniform random 283 

distribution (expected under the null-hypothesis of equal performance) using a Pearson chi-square 284 

test (P), which is calculated as follows: 285 

𝑃 = ∑ Iuv+wvSj
wv

xy^*          (7) 286 

in which n is two periods (interglacial j = 1; non-interglacial j = 2; or in-sample j = 1; out-of-287 

sample j = 2), Oj is the number of outliers or persisting errors that are identified in period j, and Ej 288 

is the number of outliers or persisting errors that are expected in period j. 289 

The number of outliers or persisting errors expected in period j (Ej) is calculated based on the 290 

null hypothesis that outliers or persisting errors are distributed uniformly between periods. This 291 

null implies that the expected number outliers or persisting errors (𝐸y) can be calculated as: 292 

𝐸y =	 z{v
∑ z{vl|l

× ∑ 𝑂y	xy^*          (8)  293 

in which Yr is the number of thousand-year time steps in period j for which simulated and observed 294 

values are available and n is the number of thousand year time steps in the simulation period. P is 295 

evaluated against a 𝜒- distribution with n-1 degrees of freedom. If the test rejects the null 296 

hypothesis that outliers or persisting errors are distributed randomly between interglacial and non-297 

interglacial phases of the cycle (i.e. some phases are simulated more/less accurately than others), 298 
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the more accurate phase is identified by the numerator of Equation (7) (𝑂y − 𝐸y). A negative value 299 

for interglacial periods ((𝑂* − 𝐸*) < 0) would indicate that the number of outliers or persisting 300 

errors detected during the interglacial phase of glacial cycles is less than expected by a uniform 301 

random distribution and hence the interglacial phase of glacial cycles is simulated more accurately 302 

than other phases of the glacial cycle. 303 

2.4 Testing Hypothesis 3: The Mid-Brunhes event (MBE) represents a change in the dynamics 304 

that drive glacial cycles 305 

The start of the in-sample period used to estimate KJ2013 falls close to the Mid-Brunhes event, 306 

which occurs about 430 thousand years before present (Jansen et al., 1986). To test hypothesis 3, 307 

we compare the model performance before and after the MBE. Specifically, we compare the adjust 308 

r2, RMSE, and the distribution of outliers and persisting errors between the in- and out-of-sample 309 

periods. If these metrics indicate that the model performs equally well, this would be inconsistent 310 

with the hypothesis that the MBE represents a change in the long- and/or short-run relations in the 311 

climate system because these relations are held constant by the climate model. Instead, results that 312 

indicate model performance does not change would be consistent with the hypothesis that changes 313 

in orbital geometry drive the changes in glacial cycles that are associated with the MBE.  314 

 315 

3 Results & Discussion 316 

3.1 The linear CVAR model is not able to simulate non-linear relations 317 

Using the linear CVAR model to estimate the non-linear relations among F, I, and T in the 318 

experimental data generates coefficients that are statistically different from zero (Supplementary 319 

Tables 5 and 6). But visual inspection of Figure 1(a-b) indicates that the resultant CVAR model is 320 

not able to simulate T or I during the in- or out-of-sample periods in a statistically meaningful 321 

fashion. Specifically, the simulated values for T and I account for a small portion of the variation 322 

in the T and  I as measured by the r2 for equation (6) during any of the sample periods (Table 2). 323 

This poor performance implies that imposing a linear specification on the long- and short-run 324 

relations between the exogenous forcing (F) and the endogenous variables (I or T) cannot capture 325 

the non-linear relation among these variables that is created by the nonlinear data generating 326 

process. This inability is not offset by the lagged short-run effects represented by coefficients in 327 

the A or Γ matrices, which is set to two lags, which is consistent with the lag length used in KJ2013. 328 

Together, these failures indicate that the linear CVAR model cannot capture non-linear relations. 329 
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The inability of the linear CVAR model to capture nonlinear relations among the experimental 330 

data (Figure 1(a-b)) suggests that the linear CVAR model can be used to test whether nonlinear 331 

processes, threshold effects, bifurcations, or changes in governing equations play an important role 332 

in glacial cycles. If nonlinear processes, threshold effects, bifurcations, or changes in governing 333 

equations play an important role in glacial cycles, the inability of the CVAR model to quantify 334 

nonlinear relations will prevent the CVAR from simulating glacial cycles accurately, as indicated 335 

by Figure 1 and the values for r2 in Table 2. Conversely, if nonlinear processes, threshold effects, 336 

bifurcations, and/or governing equations that vary by phase of the glacial cycle play a lesser role, 337 

and linear relations are largely responsible for the timing and magnitude of glacial cycles, a 338 

properly specified linear model, such as a CVAR, will be able to simulate glacial cycles more 339 

accurately than indicated in Figure 1 and Table 2. 340 

3.2 Hypothesis 1(b) Nonlinearities, threshold effects, and/or phase-specific governing equations 341 

play an important role in the timing and magnitude of glacial cycles 342 

For both the in- and out-of-sample periods, Figure 2 suggests that KJ2013 generally captures 343 

the timing and magnitude of persistent changes in climate that are described by glacial cycles. 344 

These cycles often are summarized by changes in land ice volume. Simulated values for Ice follow 345 

the saw-tooth pattern in which ice volume builds slowly but ablates rapidly (Figure 2d). 346 

Furthermore, the CVAR model generally simulates the timing and magnitude of changes in ice 347 

volume accurately (other than stage 11) without falsely simulating an integlacial after each peak 348 

in obliquity (i.e. missing beats). Consistent with these abilities, the r2 values in Table 2 indicate 349 

that the linear CVAR model is able to account for about 60 percent of the variation in Ice and Temp 350 

dring the in-sample and out-of-sample periods (when stage 11 is excluded). This is considerably 351 

larger than the ~20 percent of the in-sample variation in temperature that is captured by a statistical 352 

model by Wunsch (2004). Similarly, the linear CVAR model is able to account for 20 – 60 percent 353 

of the variation in the eight other variables for climate, both in- and out-of-sample (Table 2). All 354 

of these values are larger than the portion of variation (0.04 – 0.16) in the nonlinear experimental 355 

data that is simulated by the linear CVAR. 356 

The visual suggestion in Figure 2 that the CVAR model is able to simulate all phases of glacial 357 

cycles with a modicum of accuracy is confirmed by tests that fail to reject the null hypothesis that 358 

outliers and persisting errors for Ice (and the other nine endogenous variables) are distributed 359 

randomly between interglacials and all other phases of glacial cycles (Table 3). This result suggests 360 
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that nonlinearties, threshold effects, bifurcations, and/or changes in governing equations are not 361 

needed to simulate various phases of the glacial cycle. 362 

The ability of the linear CVAR model to simulate seemingly non-linear changes in ice volume 363 

and the other nine variables likely stems from two sources. When a variable is far from equilibrium, 364 

the constant rate of adjustment (𝛼) in the linear model moves the variable towards equilibrium by 365 

a larger amount than when that variable is closer to equilibrium. Second, the model is conditioned 366 

on orbital geometry, which changes nonlinearly over time. But the VAR model specifies these 367 

nonlinear changes with a linear relation between orbital geometry and climate variables. As such, 368 

non-linear changes in orbital geometry have a linear relation with the ten endogenous variables for 369 

climate that are simulated by the linear CVAR model. 370 

The ability of the linear CVAR model to simulate all phases of the glacial cycles and the in- 371 

and out-of-sample periods (see below) is inconsistent with the hypothesis that nonlinearties, 372 

threshold effects, bifurcations, and/or phase specific governing equations play a critical role in 373 

glacial cycles. Instead, results suggest that non-linear relations, thresholds, bifurcations, and/or 374 

changes in governing equations do not play a critical role in glacial cycles since the mid Pleistocene 375 

transition (MPT). Nonetheless, our results do not reject the presence of non-linear relations, 376 

thresholds, bifurcations, or changes in governing equations. We do not argue that linear relations 377 

govern ice flow and the mass balance; these processes clearly have a nonlinear component (e.g. 378 

Roe and Lindzen, 2001). But the linear CVAR model does not need to represent the nonlinear 379 

components of ice flow and mass balance to simulate glacial cycles accurately. Instead, the timing 380 

and magnitude of glacial cycles can be described by linear long- and short-run relations between 381 

orbital geometry and the climate system. Interpreting these results through the filter of Occams 382 

razor suggests that the current emphasis non-linear relations, thresholds, bifurcations, or changes 383 

in governing equations is misplaced; important drivers of glacial cycles can be understood using 384 

linear models. 385 

Furthermore, the ability of the CVAR model to simulate climate during the out-of-sample 386 

period is inconsistent one of the extreme explanations that is listed by Tziperman et al., (2006) 387 

“glacial cycles would exist even in the absence of the insolation changes.” If glacial cycles exist 388 

independently of changes in orbital geometry, a statistical model that is conditioned only on orbital 389 

geometry and spun up with no memory of previous cycles would not be able to simulate glacial 390 

cycles accurately during the initial out-of-sample period. Furthermore, if orbital geometry is held 391 
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constant, the ten endogenous variables in the CVAR model come to an equilibrium and do not 392 

change thereafter, which is consistent with physically-based models (e.g. Ganopolski and Brovkin, 393 

2017). 394 

Finally, the model’s ability to simulate glacial cycles during the out-of-sample period is 395 

inconsistent with speculation that the CVAR model’s ability to reproduce the ten endogenous 396 

variables during the in-sample period simply reflects the model’s ability to reproduce the data used 397 

to estimate the coefficients. Instead, the ability of the model to simulate climate during the out-of-398 

sample period suggests that the regression coefficients in the Π, Γ, 𝐴' and 𝐴* matrices capture long- 399 

and short-run relations among orbital geometry and the ten endogenous variables that govern the 400 

climate system for the 400 kyr before the sample period used to estimate the model. 401 

3.3 Testing hypothesis 3: The Mid-Brunhes event (MBE) represents a change in the dynamics that 402 

drive glacial cycles 403 

The linear CVAR model is able to simulate glacial cycles during the in- and out-of-sample 404 

periods as indicated by root mean square error and r2 (Table 2). As expected, the RMSE for the 405 

out-of-sample period generally is larger than the RMSE for the in-sample period. Consistent with 406 

this expectation, the r2 is larger for the in-sample period. But much of these differences are 407 

associated with MIS 11 (424 – 375 Kyr BP), most of which occurs during the out-of-sample period 408 

(Table 2). If we eliminate MIS 11 from the out-of-sample period, the RMSE and r2 of the in- and 409 

out-of-sample periods are similar (Table 2).  410 

The small change in accuracy between the in- and out-of-sample periods is confirmed by the 411 

distribution of outliers and persisting errors (Figure 3). Tests indicate that we cannot reject the null 412 

hypothesis that outliers are distributed randomly between the in- and out-of-sample periods (Table 413 

3). A test statistic χ-(1) = 0.09	fails to reject (p > 0.76) the null hypothesis that as a group, outliers 414 

for the ten endogenous variables are distributed randomly between the in- and out-of-sample 415 

periods. Conversely, a test statistic	χ-(1) = 52.5 rejects (p < 0.001) the null hypothesis that as a 416 

group, persisting errors for the ten endogenous climate variables are distributed randomly between 417 

the in- and out-of-sample periods. But this rejection may be somewhat misleading. The out-of-418 

sample simulation for CH4 and Ice is more accurate than the in-sample simulation.  419 

The relatively small changes in model performance for the in- and out-of-sample periods 420 

suggests that the MBE does not change the ability of the linear CVAR model to simulate glacial 421 

cycles. Compared to the in-sample period used to estimate KJ2013, the pre-MBE out-of-sample 422 
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period has; (1) lower concentrations of CO2, (2) glacial cycles with a smaller amplitude, and (3) 423 

cooler but longer interglacial periods (EPICA, et al., 2004; Luthi et al., 2008; Hoenisch et al., 424 

2009). These three changes can be caused by one or both of two possible mechanisms. Glacial 425 

cycles may change at the MBE due to changes in the orbital geometry that drive glacial cycles, 426 

“through a set of internal mechanisms, insolation alone induces a systematic difference between 427 

the interglacials before and after the 430 kyr ago (Yin, 2013).” Alternatively, glacial cycles may 428 

change at the MBE due to changes in the endogenous dynamics that link orbital geometry to the 429 

climate system, “astronomical forcing alone cannot explain the difference in interglacial intensity 430 

before and after the MBE (Tzedakis et al., 2009).”  431 

The CVAR model uses the linear long- and short-run relation estimated from the previous 391 432 

kyr sample period to simulate the climate system before the MBE. The lack of a meaningful change 433 

in accuracy suggests that the same physical relations generate glacial cycles before and after the 434 

MBE. As such, our results are inconsistent with the hypothesis that “astronomical forcing alone 435 

cannot explain the difference in interglacial intensity before and after the MBE (Tzedakis et al., 436 

2009).” Instead, the lack of a meaningful change in accuracy suggests that orbital geometry alone 437 

can account for the three changes in glacial cycles before and after the MBE. 438 

 439 

4 Conclusion 440 

Using only linear relations between orbital geometry and ten endogenous variables, the linear 441 

CVAR model is able to accurately simulate  the evolution of climate during ~ 400 kyr  in- and out-442 

of-sample periods during all phases of the glacial cycles. This ability suggests that non-linearities, 443 

thresholds, bifurcations, and/or changes in governing equations do not play a critical role in glacial 444 

cycles. Furthermore, there is little evidence that the MBE changes the underlying relations between 445 

orbital geometry and the climate system. 446 

Nonetheless, the accuracy of the CVAR model declines in a statistically significant manner 447 

during MIS stage 11 and Termination V, which is consistent with arguments that the ‘stage 11 448 

paradox’ is a mismatch between orbital geometry and climate (Imbrie et al., 1993). To investigate 449 

the causes for the ‘stage 11 problem’ we will analyze the statistical orderings of simulation errors 450 

to identify the equations that initiate the model’s poor performance. In other words, the statistical 451 

ordering of simulation errors may allow the model to identify what is unique about MIS 11 (and 452 

termination V). 453 
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The accuracy of the simulation also declines during the most recent portion of the Holocene, 454 

as indicated by persisting errors for Ice and SST (Figure 2(d) and 2(h)). Their errors indicate that 455 

the CVAR model understates the recent warming. This bias is consistent with the hypothesis that 456 

Holocene warming is amplified by anthropogenic emissions of carbon dioxide and methane 457 

(Ruddiman 2003; 2005; 2007) because these emissions are not included in the CVAR model. This 458 

omission suggests that we can use the CVAR model to test the Ruddiman hypothesis by 459 

quantifying the emissions of carbon dioxide and methane that eliminate the persisting errors for 460 

Ice and SST and comparing these emissions to independent estimates for early anthropogenic 461 

emissions (e.g. Stephens et al., 2019; Goldewijk et al., 2017).  462 

Finally, the ~800 thousand year sample period includes observations after the Mid-Pleistocene 463 

transition (MPT). Future efforts will investigate the causes for the MPT by re-estimating the 464 

CVAR model with the proxy for ice volume compiled by Elderfield et al., (2012), simulating the 465 

model over the previous 1.57 million years, and comparing results with the method used to analyze 466 

the MBE.  Following this logic, if the model fails to simulate ice volume before the MPT, the MPT 467 

represents a change in climate dynamics. Conversely, if the model is able to simulate ice volume 468 

before the MPT accurately, this would suggest that glacial cycles are generated by the same long- 469 

and short-run relations before and after the MPT. In other words, the MPT is generated by changes 470 

in orbital geometry. 471 
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Figure Captions 615 

 616 

Figure 1(a) Experimental data for the time series that responds quickly (T) that is generated by 617 

the van der Pol Oscillator is given by the black line; the blue line represents values simulated by 618 

the CVAR model. Figure 1(b) Experimental data for the time series that responds slowly (I) that 619 

is generated by the van der Pol Oscillator is given by the black line; the blue line represents values 620 

simulated by the CVAR model. 621 

 622 

Figure 2 The observed values for temperature (black line) and values simulated by the system 623 

model conditioned only on the four variables for solar insolation (red line). Thick portions of the 624 

red line represent time steps in which the simulation error is significantly different from zero 625 

(non-zero error). Red circles represent time steps when the simulation error is an (innovational) 626 

outlier. The light gray area is the out-of-sample forecast period; MIS 11 is shaded dark gray. (b) 627 

same as above for carbon dioxide, (c) same as above for methane, (d) same as above for land ice, 628 

(e) same as above for Na, (f) same as above for SO4, (g) same as above for sea level, (h) same as 629 

above for SST2. 630 

 631 

Figure 3 The number of outliers (red spikes) and non-zero errors (darkly shaded) for each time 632 

step.  Marine isotope stages are indicated by alternating areas of shading. 633 

 634 

                                                        
2 Note that the series of SST exhibits non-zero simulation errors nearly throughout the sample, suggesting a non-

zero bias throughout the observational record – simulated model values persistently exceed observations. 



Figures

Figure 1

1(a) Experimental data for the time series that responds quickly (T) that is generated by the van der Pol
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The observed values for temperature (black line) and values simulated by the system model conditioned
only on the four variables for solar insolation (red line). Thick portions of the red line represent time steps
in which the simulation error is signi�cantly different from zero (non-zero error). Red circles represent time
steps when the simulation error is an (innovational) outlier. The light gray area is the out-of-sample
forecast period; MIS 11 is shaded dark gray. (b) same as above for carbon dioxide, (c) same as above for
methane, (d) same as above for land ice, (e) same as above for Na, (f) same as above for SO4, (g) same
as above for sea level, (h) same as above for SST2.

Figure 3

The number of outliers (red spikes) and non-zero errors (darkly shaded) for each time step. Marine
isotope stages are indicated by alternating areas of shading.
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