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Non-smooth dynamics emerging from predator-driven discontinuous prey1
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Abstract In ecology, the refuge protection of the prey plays a significant role in the dynamics of the interactions be-6

tween prey and predator. In this paper, we investigate the dynamics of a non-smooth prey-predator mathematical model7

characterized by density-dependent intermittent refuge protection of the prey. The model assumes the population density8

of the predator as an index for the prey to decide on when to avail or discontinue refuge protection, representing the9

level of apprehension of the prey by the predators. We apply Filippov’s regularization approach to study the model and10

obtain the sliding segment of the system. We obtain the criterion for the existence of the regular or virtual equilibria,11

boundary equilibrium, tangent points, and pseudo-equilibria of the Filippov system. The conditions for the visibility (or12

invisibility) of the tangent points are derived. We investigate the regular or virtual equilibrium bifurcation, boundary-13

node bifurcation and pseudo-saddle-node bifurcation. Further, we examine the effects of dispersal delay on the Filippov14

system associated with prey vigilance in identifying the predator population density. We observe that the hysteresis in the15

Filippov system produces stable limit cycles around the predator population density threshold in some bounded region16

in the phase plane. Moreover, we find that the level of apprehension and vigilance of the prey play a significant role in17

their refuge-dispersion dynamics.18
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1 Introduction21

In an ecosystem, the prey population exhibit a variety of mechanisms to avoid predation [27]. In general, prey prefers to22

stay away from their predators by utilizing a secondary habitat as refuge protection which is otherwise inaccessible to23

their predators [34,35]. The prey refuge protection can reduce the predation pressure and subsequently protects the prey24

population from depletion [15]. Apart from this, a sufficiently large prey refuge can even drive the predator population25

to extinction [5]. Since refuges are safe for the prey but restrict their foraging time or mating opportunities than in open26

habitat, there is a reduction in the growth rate in the prey population during refuge [1,18,28,33]. To balance the trade-off27

between food and safety, prey mostly prefers to stay in the open habitat when the predator population is relatively low28

and switches to the refuge at a sufficiently high predator population [28]. When the predator population density becomes29

low, the prey emerges from refuge to take advantage of feeding and mating opportunities in the open habitat [18,28]. In30

this paper, we investigate the anti-predator behaviour of prey in response to predation risk versus available resources.31

The environmental attributes that portray the behaviour of the prey such as habitat usage and foraging strategy are32

the consequences of natural selection [17]. The behavioural responses of the prey to its predator examine how a prey33

incorporates the risk of predation in its foraging decisions. The predators create stimuli that alert the target prey of their34

presence, creating certain apprehension in the prey population [10,11,31]. While different behavioural traits of prey are35

favoured in different environments, certain behaviour type affects the survival fitness of the prey under the threat of36

predation [8]. Some prey appears to ignore predator cues when there is a substantial presence of the predators, referred37

to as bold prey [4,16]. An innately bold prey often stays in the open habitat for a longer period by prioritising resource38

acquisition at the cost of enhanced predation-driven mortality [16,36], whereas an extremely apprehensive individual39

being overtly cautious, often overstays in a refuge by missing out the forage and mating opportunities [36]. Regardless40

of the level of apprehension, some prey may require more information on the predators to make decisions for switching41

the habitat [14]. In the context of safeguarding against the possible predation, the prey needs some time to ascertain the42

threat employing vigilance [30]. The vigilance of prey is a behaviour related to monitoring the potential threats caused43

by their predators. Vigilance can be pre-emptive or reactive. Prey with pre-emptive vigilance is overtly vigilant, whereas,44

for reactive vigilance, prey chooses a course of action only after the predator density crosses some threshold value. Overt45

vigilant prey is expected to make faster habitat-choice decisions compared to their less vigilant counterpart.46

Prey vigilance is mostly attributed to the apprehension of the prey [20,21,39]. Researchers [2,20] observed that47

uncertainty in the risk of predation can lead to an increase in the level of vigilance among prey. In an unpredictable48

environment, apprehensive prey not being able to access the risk of predators, often overestimates the degree of predation49

risk, thereby increasing their vigilance level. However, the researcher [2] stated that prey vigilance may not always be50
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an indicator of the state of apprehension. As observed by the researcher [2], in a predictable environment, apprehensive51

prey when faced by predators with reliably known cues, becomes less vigilant, whereas an unknown cue perceived in52

a predictable environment will increase the level of vigilance of the prey without any change in prey apprehension. It53

has also been observed that hunger can keep the vigilance of prey at its low ebb even if the prey is highly apprehensive54

to its predator [3]. Apart from this, highly apprehensive prey when moving in a group can become less vigilant with an55

increase in their group size [3]. In this case, we focus on studying the cases when bold prey becomes hypervigilant or56

highly apprehensive prey becomes less vigilant.57

Many researchers have studied prey-predator interactions by assuming that a constant proportion of prey is protected58

from predation by the refuge [12,13,25,26,37,40]. In reality, the prey dispersal can be density-dependent [23]. To the59

best of our knowledge, the prey-density-dependent refuge has been studied in relatively few papers [24,29], whereas the60

study of predator-mediated density-dependent refuge is relatively new. In this paper, we assumed that the prey remains61

in some open habitat whenever the predator population density is less than some threshold value, representing the loss62

of prey apprehension when the predators are rare; above the threshold value, a density-dependent refuge of the prey63

takes place. It seems reasonable to assume that the switching of the habitat of the prey is not instantaneous, rather, there64

can be some lag due to the prey’s behaviour and associated dispersal time. It is important to study the impact of prey65

behaviour on the dynamics of the system. Here we further modify the model to include the hysteresis effect and an66

associated switching delay and address the implications of the habitat switching delay in the dynamics of the system.67

The incorporation of the hysteresis effect in the system allows identifying the level of vigilance of the prey in identifying68

the threshold population density of the predator.69

The main emphasis of our study will be in exploring the dynamic behaviour of the non-smooth system with prey and70

predator density-dependent refuge and identify the refuge time spent by the prey based on predator-mediated different71

behavioural responses of the prey.72

2 Model equations73

In this study, we have considered a two-species predator-prey model in an open habitat under the assumption that a74

portion of the prey population takes refuge from the predators when the density of the predators goes above a certain75

threshold level L; below this threshold value, the prey does not go to the refuge and prefers to stay in the open habitat76

which is more favourable compared to the refuge. The smaller values of L represent prey to be more apprehensive of77

predation risk, whereas the larger values of L imply that the prey is less scared to predation. Let x(t) and y(t) represent78

the densities of prey and predator population, respectively at time t in the open habitat. For y > L, we assume the79
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amount of the prey xr(t) that takes refuge depends on the prey population density in the open habitat at time t given80

by xr(t) =
αx(t)

β+x(t) , where α (0 ≤ α ≤ 1) is the maximum capacity of the refuge and β (β ≥ 1) is the half saturation81

coefficient of the refuge. Therefore, the per-capita fraction of prey in the refuge is 0 ≤ xr(t)
x(t) ≤ 1 for all t such that82

(i) limx→∞ xr(t) = α, (ii) limβ→∞ xr(t) = 0 and (iii) limα→0 xr(t) = 0.83

The prey in the open habitat is assumed to have a logistic growth in the absence of the predators with intrinsic growth84

rate r and carrying capacity K. In the presence of the predators, the rate of consumption of the prey by the predators is85

assumed to follow linear functional response with the per-capita consumption rate c. The growth of the predator can86

be split up into three portions; conversion rate (with conversion efficiency e), density-dependent death rate γ due to87

intraspecific competition (overcrowding rate), and the natural mortality rate δ .88

For 0 < y < L, the prey prefers to stay in the open habitat. In this case, the equations governing the dynamics are:89

dx

dt
= rx

(

1− x

K

)

− cxy (1)

dy

dt
= ecxy− γy2 −δy,

where x(0)≥ 0 and y(0)≥ 0.90

For y > L, a density-dependent refuge protection of the prey is applied. In this case, the density of the prey available for91

the consumption of the predator in the open habitat at time t is (x(t)−xr(t)), and is governed by the following equations:92

dx

dt
= rx

(

1− x

K

)

− c

(

1− α

β + x

)

xy (2)

dy

dt
= ec

(

1− α

β + x

)

xy− γy2 −δy,

where x(0)≥ 0 and y(0)≥ 0.93

We denote H(Z) = y(t)−L with Z = (x, y)T ∈ R2
+, where R2

+ =
{

Z = (x, y)T : x ≥ 0,y ≥ 0
}

. Therefore, if the predator94

density falls below the threshold L, that is, H(Z) < 0, then the prey stays in the open habitat. If H(Z) > 0, then prey95

starts taking refuge. The mapping H : R2
+ → R is smooth and the normal vector HZ(Z) perpendicular to the switching96

line Σ =
{

Z ∈ R2
+ : H(Z) = 0

}

is given by HZ(Z) =
∇H(Z)
‖∇H(Z)‖ = (0,1)T .97

A Filippov system [22] with discontinuous right-hand sides given by (1) and (2) can be written as:98

Ż(t) = Fε(Z), Z ∈ Sε (3)

where

Fε(Z) =









rx
(

1− x
K

)

− c
(

1− ε α
x+β

)

xy

ec
(

1− ε α
x+β

)

xy− γy2 −δy









,

ε =















0, if y < L

1, if y > L,
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Parameter Description Value Unit Reference

r Intrinsic growth rate of x 0.49 year−1 [6]

K Environmental carrying capacity of x 2.8 no./200m2 [6]

c Per capita consumption rate of y 0.22 no.−1 200m2year−1 [6]

e Conversion efficiency of y 0.5 – User defined

α Maximal physical capacity of the refuge 1 no./200m2 User defined

β Half saturation coefficient of the refuge 1 no./200m2 User defined

γ Overcrowding rate 0.25 no.−1 200m2year−1 User defined

δ Mortality rate of y 0.1 year−1 [7]

Table 1: Set of parameter values

S0 =
{

Z ∈ R2
+ : H(Z)< 0

}

, S1 =
{

Z ∈ R2
+ : H(Z)> 0

}

, and Z(0)≥ 0.99

The non-overlapping regions S0 and S1 are separated by the switching line Σ such that S0∪Σ ∪S1 =R2
+. In the region100

S0, the prey does not move to the refuge, while in the region S1, a portion of the prey population goes to the refuge. The101

switching line Σ divides the system (3) into two subsystems defined in the regions S0 and S1. The dynamics of the vector102

fields Fε(Z) (ε = 0,1) is analyzed using the classical methods to study systems of ordinary differential equations.103

3 Dynamics in the region Sε (ε = 0,1)104

Clearly, the system (3) has two different structures, a refuge-free system (for ε = 0) and a system with refuge protection105

for the prey (for ε = 1). First, we show that the solutions of (3) are non-negative and contained in a compact subset of106

the phase space if the initial values are positive.107

From (3) we have dx
dt

= x f 1
Sε(x,y; t) and

dy
dt

= y f 2
Sε(x,y; t), where108

f 1
Sε(x,y; t) = r

(

1− x

K

)

− c

(

1− ε
α

β + x

)

y and

109

f 2
Sε(x,y; t) = ec

(

1− ε
α

β + x

)

x− γy−δ (ε = 0,1).

Therefore,110

x(t) = x(0)e
∫ t

0 f 1
Sε (x,y;τ)dτ and y(t) = y(0)e

∫ t
0 f 2

Sε (x,y;τ)dτ
, for all t ≥ 0.

This gives rise to the following Lemma:111

Lemma 3.1 If x(0)> 0 and y(0)> 0, then all possible solutions of the system (3) are non-negative.112

This implies, all solutions of (3) remains within
{

(x,y) ∈ R2 : x ≥ 0,y ≥ 0
}

starting from an interior point of it. There-113

fore, R2
+ =

{

(x,y) ∈ R2 : x > 0,y > 0
}

is an invariant region, and as long as x(t) > 0 and y(t) > 0 for all t, the local114

existence and uniqueness properties hold in R2
+.115
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We now prove that the solutions of (3) with initial values in R2
+ are bounded. From the prey equation we have116

dx
dt

≤ rx
(

1− x
K

)

, which implies x(t) → K as t → ∞ and so, corresponding to ε1 > 0, there exists tε1
> 0 such that117

x(t)< K + ε1, for all t ≥ tε1
. Thus we get118

∫ y(t)

y(tε1
)

dξ

ξ
(

ec(K+ε1)−δ
γ −ξ

) < γ(t − tε1
), which gives y(t)<

(

ec(K+ε1)−δ
γ

)

y(tε1
)

(

ec(K+ε1)−δ
γ − y(tε1

)
)

e−γ(t−tε1
)+ y(tε1

)
.

Therefore, limt→∞ y(t)≤ ecK−δ
γ . The following result states the boundedness of the solutions of the system (3).119

Lemma 3.2 All the non negative solutions of the system (3) lies in the region120

Γ =

{

(x,y) ∈ R2
+ : 0 ≤ x ≤ K, 0 ≤ y ≤ ecK −δ

γ

}

The results from Lemma 3.1 and 3.2 implies that the system (3) is dissipative.121

Next, we find the equilibria of the system (3) and establish the parameter conditions for which stability of the122

subsystems can be ensured. The system (3) defined in the regions Sε has the non-trivial nullclines f i
Sε
= 0 (i= 1,2 and ε =123

0,1) (cf. Fig. 1). We note that if any steady state solution ESε of the system (3) lies in Sε , it becomes a regular equilibrium124

point, otherwise a virtual equilibrium point. The intersection of the nullclines of the system (3) yields the following125

equilibria:126

(i) The prey-predator-free equilibria E0
Sε

= (0,0) exist in the region S0. Since H(E0
Sε
)< 0 (ε = 0,1), the equilibrium127

E0
S0

is always regular, whereas E0
S1

is always virtual.128

(ii) Predator-free equilibria E1
Sε
= (K,0) always exists in the region S0. Since H(E1

Sε
)< 0 (ε = 0,1), the equilibrium129

E1
S0

is always regular, whereas E1
S1

is always virtual.130

(iii) The interior equilibrum E∗
S0

= (x∗0,y
∗
0) of the system (1) defined in the region S0 exists if δ < ecK, where131

x∗0 =
K(rγ+cδ )
ec2K+rγ

and y∗0 =
r(ecK−δ )
ec2K+rγ

. E∗
S0

is regular or virtual according as y∗0 < L or y∗0 > L respectively.132

The interior equilibrum of the system (2) defined in the region S1 is E∗
S1

= (x∗1,y
∗
1), where x∗1 is a positive root of the

equation

r(K − x)(β + x)− cK(β + x−α)φ(x) = 0,

φ(x) =
(ecx−δ )(β + x)− ecαx

γ(β + x)
and y∗1 = φ(x∗1).

Since the boundary equilibria E0
S1

and E1
S1

the subsystem (2) are always virtual, these have no biological significance133

and have nothing to do with the dynamics of the system (3). Therefore, by using eigenvalue analysis, we investigate the134

local behaviour of the subsystems (1) and (2) around the equilibria E0
S0

, E1
S0

and E∗
Sε

(ε = 0,1).135

The eigenvalues of the Jacobian matrix of the subsystem (1) at E0
S0

are r and −δ . Therefore, E0
S0

is always a saddle136

point. Since E0
S1

is always virtual, it follows that the organisms of the system (3) are unlikely to go to extinction.137
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Fig. 1: The positions of the nullclines ( f i
Sε
), regular or virtual equilibria, pseudo-equilibrium (EP), tangent point (ET

Sε
),

boundary point (EB
Sε
) and sliding segmant (in black) are shown for (a) L = 0.3, (b) L = y∗0 and (c) L = y∗1 (i = 1,2;ε =

0,1). (d) For L < y∗1, the interior equilibrium E∗
S1

becomes regular, whereas E∗
S0

is virtual, and so no sliding mode exists.

The prey and predator-nullclines are represented by blue and red curves, respectively. The solid blue and red curves

represent the nullclines within the domain of definition of the system, whereas the dashed curves represent the position

of the nullclines outside their domain of definition.

At E1
S1

, the eigenvalues of the Jacobian matrix of the subsystem (2) are −r and δ ∗−δ , where δ ∗ = ecK. Therefore,138

the predator-free equilibrium E1
S1

is locally asymptotically stable if δ > δ ∗. This implies, a high mortality rate of the139

predators can lead to its extinction. The stability at E1
S1

implies the non-existence of E∗
S1

.140

Lemma 3.3 The system (3) defined in the region Sε (ε = 0,1) has no limit cycles.141

Proof We use the Bendixson–Dulac criterion [32] to verify the non-existence of limit cycles in (3). For this, let us142

consider a Dulac function as follows143

Ψ(x,y) =
1

xy
, where x 6= 0 and y 6= 0.
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Then,144

∂ ( f 1
Sε

Ψ)

∂x
+

∂ ( f 2
Sε

Ψ)

∂y
=

∂

∂x

{ r

y

(

1− x

K

)

− c

(

1− ε
α

β + x

)

}

+
∂

∂y

{

ec

(

1− ε
α

β + x

)

− γy

x
− δ

x

}

= − r

yK
− γ

x
− cα

(β + x)2
< 0

Therefore, the system (3) has no limit cycles and hence the proof is complete.145

We note that E0
S0

is always a saddle point and if δ < δ ∗ is satisfied, then the equilibrium E1
S0

is a repeller. Also, the146

system (3) is dissipative. Therefore, for the persistence of the system (3) at E∗
Sε

(ε = 0,1), we must have δ < δ ∗. Since147

the system (3) has no periodic solution and is persistent for δ < δ ∗, a sufficient condition for the stability at E∗
Sε

is given148

by the following Lemma:149

Lemma 3.4 The system (3) defined in the region Sε is locally asymptotically stable at E∗
Sε

(ε = 0,1) if δ < δ ∗.150

The boundary equilibrium E1
S0

collides with the interior equilibrium E∗
S0

when δ = δ ∗ and exchanges stability. Therefore,151

we investigate the qualitative changes in the dynamic behaviour of the system (3) defined in the region S0 by varying the152

parameter δ .153

At δ = δ ∗, the Jacobian matrix J1
S0

at E1
S0

has a zero eigenvalue. Thus, at δ = δ ∗, the equilibrium point E1
S0

becomes154

non-hyperbolic and the usual linearization technique fails to infer the criteria of stability at E1
S0

. In the following Lemma155

we show that under some certain conditions a transcritical bifurcation occurs when δ crosses δ ∗.156

Lemma 3.5 If r 6= cK, the subsystem (1) undergoes a transcritical bifurcation at E1
S0

when δ crosses δ ∗.157

Proof The eigenvectors of the subsystem (1) corresponding to the zero eigenvalue for J1
S0

and J1T

S0
are given by U1 =158

(

− cK
r

1

)T

and V1 =

(

0 1

)T

respectively.159

At δ = δ ∗, we have V T
1 F0

δ (E
1
S0
) = 0, V T

1

[(

DF0
δ (E

1
S0
)
)

(U1)
]

6= 0 if r 6= cK and V T
1

[

D2F0(E1
S0
)(U1,U1)

]

=−2γ < 0.160

Therefore, if r 6= cK, the system (3) defined in S0 satisfies the Sotomayor theorem [32] for transcritical bifurcation at E1
S0

161

when δ crosses δ ∗.162

From Lemma 3.5 it follows that if r 6= cK is satisfied, the subsystem (1) switches its stability from E∗
S0

to E1
S0

as δ is163

increased through δ ∗. A one-parameter bifurcation plot with δ as a bifurcation parameter is shown in Fig. 2. We observe164

that, for small values of δ , the equilibrium E∗
S0

becomes virtual and E∗
S0

is regular and stable. With an increase in δ , the165

predator population density decreases and once the predator population y∗1 drops below L the regular stable equilibrium166

E∗
S1

becomes virtual. In this case, the system (3) stabilizes at the pseudo-equilibrium EP
0 on the sliding domain ΣS ⊂ Σ167

(as defined in section 4) until δ reaches δ ∗
0 = ercK−L(ec2K+rγ)

r
. For δ ∗

0 < δ < δ ∗, the system (3) stabilizes at the regular168

equilibrium E∗
S0

. For δ > δ ∗, the system (3) becomes stable at the predator-free equilibrium E1
S0

(cf. Fig. 2).169
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Fig. 2: A one-parameter bifurcation plot for the system (3) with δ as a bifurcation parameter.

In the following section, we discuss about the existence of a sliding domain on the switching boundary and analyze170

the dynamics of the Filippov system (3) on the sliding domain.171

4 Sliding mode on Σ and its dynamics172

The system (3) with right hand discontinuity is not defined for Z ∈ Σ . To analyze the exhaustive dynamics of the Filippov173

system (3) on the switching line Σ , we need to employ Filippov’s convex method [22] and Utkin’s equivalent control174

method [38] and determine sufficient conditions for the occurrence of a sliding mode on Σ .175

By the Lie derivative method, the directional derivative of H along the vector field Fε(Z), can be written as LFε H(Z)=176

〈∇H(Z),Fε(Z)〉 (ε = 0,1), where 〈., .〉 denotes the inner product in R2.177

A sliding mode exists if the vectors Fε(Z) (ε = 0,1) on Σ of the two subsystems are pointed towards one another.178

The sliding domain ΣS can be expressed as ΣS = {Z ∈ Σ : LF0 H(Z) · LF1 H(Z) < 0} = Σe

⋃

Σs, where Σe = {Z ∈ Σ :179

LF0 H(Z)< 0 < LF1 H(Z)} is the escaping region and Σs = {Z ∈ Σ : LF1 H(Z)< 0 < LF0 H(Z)} is the sliding region.180

Since LF0 H(Z) = LF1 H(Z) + ecαxL
β+x

for all Z ∈ Σ , it follows that Σe = φ . Therefore, the system (3) has no escaping181

region, the uniqueness of trajectories of (3) is ensured.182

The sliding region is given by Σs = {Z ∈ Σ : xL0
< x < xL1

}, where183

xL0
=

γL+δ

ec
and xL1

=
α −β + xL0

+
√

(α −β + xL0
)2 +4βxL0

2
.
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Thus, we have ΣS = Σe

⋃

Σs = Σs and as long as xL0
< x < xL1

holds, any trajectory that hits the sliding segment ΣS, stays184

there. The motion on ΣS represents that the preys are hesitant to take refuge protection.185

The crossing region is given by Σc = Σc−
⋃

Σc+, where186

Σc− =
{

Z ∈ Σ : 0 ≤ x < xL0

}

is the crossing region pointing left to the sliding segment and

187

Σc+ = {Z ∈ Σ : x > xL1
} is the crossing region pointing right to the sliding segment.

On the crossing region Σc, one of the vector fields points towards the switching boundary Σ and the other pointing away188

from Σ .189

We use Filippov’s convex method to extend the vector field of the system (3). For this, we define FS(Z) = (1−190

λ (Z))F0(Z)+λ (Z)F1(Z), where 0 ≤ λ (Z) ≤ 1 for each Z ∈ ΣS. Then the sliding vector field FS(Z) on ΣS becomes a191

convex combination of the two vector fields F0(Z) and F1(Z) of the subsystems.192

The convexification of the system (3) leads to a system of convex differential inclusion193

Ż(t) =















Fε(Z), Z ∈ Sε (ε = 0,1)

FS(Z), Z ∈ ΣS

(4)

The existence of solutions of the differential inclusion (4) can be guaranteed in the sense of Filippov.194

We note that on the sliding segment ΣS, λ (Z) depends on x only. We re-write the Filippov system (4) and use the195

equivalent control method [19,38] to determine the sliding mode dynamics on ΣS as follows:196

Ż(t) = F0(Z)+UH(Z), (5)

where the control function is given by197

UH(Z) =

(

λ (x)
αcxL

β + x
,−λ (x)

eαcxL

β + x

)T

.

On the sliding plane ΣS, we have H(Z) = 0 and therefore we obtain198

Ḣ = HZ Ż(t) = ecxL

(

1− αλ (x)

β + x

)

− γL2 −δL = 0. (6)

Solving for λ (x), from (6) we get λ (x) = (ecx−γL−δ )(β+x)
ecαx

.199

The governing equations in the sliding region ΣS, obtained by using the equivalent control method [19,38] is200

dx

dt
= rx

(

1− x

K

)

− cLxL0
≡ P(x) (7)

In the event that the vector fields F0(Z) and F1(Z) of the system (3) point towards Σ , a trajectory hitting Σ is compelled201

to evolve within the sliding region ΣS governed by the differential equation (7) along the vector field FS(Z) until reaching202

some point on ΣS where one of the two vector fields F0(Z) or F1(Z) changes its direction.203
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There are several different types of equilibria of the Filippov system (4) that includes regular (or virtual) equilibrium,204

pseudo-equilibrium, boundary equilibrium, and tangent point. We will focus on studying the dynamics of the system (3)205

on the sliding segment ΣS.206

The dynamics defined on the sliding segment ΣS is determined by the differential equation (7), which admits pseudo-207

equilibrium of the Filippov system (4) (cf. Fig. 4). The pseudo-equilibria EP
i = (xP

i ,L) (i= 0,1) of the system (4) satisfies208

the differential equations (7), where209

xP
0,1 =

K ±K

√

1− 4cLxL0
rK

2
.

The pseudo-equilibrium EP
i (i = 0,1) exists on the sliding segment ΣS if xL0

≤ xP
i ≤ xL1

and L < LSN , where LSN =210

−δ+
√

δ 2+erγK

2γ . For L < LSN and 0 < xP
i < xL0

or xP
i > xL1

, the pseudo-equilibrium EP
i becomes virtual and lies on the211

crossing segment Σc (i = 0,1). The stability of pseudo-equilibria EP
i (i = 0,1) is determined by the differential equation212

(7) defined at the sliding segment ΣS.213

From (7), we have
dP(x)

dx
|EP

0,1
=∓r

√

1− 4cLxL0
rK

. This gives the following result:214

Lemma 4.1 (i) For L < LSN , the pseudo-equilibrium EP
0 of the system (4) is always a saddle point and the pseudo-215

equilibrium EP
1 is always a pseudo-node.216

(iii) For L = LSN , a generic pseudo-saddle-node EP
SN =

(

K
2
,LSN

)

of the system (4) exists.217

A boundary equilibria of the system (4) occurs when an equilibrium point of any one of the two subsytems intersects218

the switching line Σ . Therefore, the boundary equilibria satisfy Fε(Z) = 0, H(Z) = 0, and are given by EB
Sε

= (x∗ε ,L)219

(ε = 0,1). The boundary equilibria EB
Sε

exist on ΣS when L approaches the critical value L = y∗ε (ε = 0,1). The existence220

of boundary equilibrium of the system (4) is shown in Figs. 4(b) and 4(d).221

At the tangent points on ΣS, one of the vectors F0(Z) or F1(Z) is tangent to the discontinuity boundary. The tangent222

points satisfy the equations LFε H(Z) = 0 (ε = 0,1) and act as a demarcation between the sliding and crossing regions223

(cf. Fig. 4). Solving these two equations yields the tangent points ET
Sε

= (xLε ,L) (ε = 0,1). The tangent points ET
Sε

are224

visible if L2
F0 H(Z) < 0 and L2

F1 H(Z) > 0, where Z ∈ ΣS, L2
F1 H(Z) = 〈∇(LFε H(Z)) ,Fε(Z)〉 (ε = 0,1). In either cases225

the trajectories of Ż(t) = Fε(Z), Z ∈ Sε , passing through the point ET
Sε

stay in the region Sε (ε = 0,1).226

Lemma 4.2 (i) The tangent point ET
S0

is visible if L > y∗0; (ii) The tangent point ET
S1

is visible if xP
0 < xL1

< xP
1 .227

Proof (i) We have ∇(LF0 H(Z)) = (ecy, ecx−2γy−δ )T
.228

This yields, L2
F0 H(Z) = recxy

(

1− x
K

)

−ec2xy2+y(ecx−2γy−δ )
(

ecxy− γy2 −δy
)

. Therefore, on Z ∈Σ , LF0 H(Z) = 0229

gives L2
F0 H(Z) = ecLx

{

r
(

1− x
K

)

− cL
}

.230

On Z ∈ Σ , L2
F0 H(Z)< 0 if x > K

(

r−cL
r

)

.231

Hence, ET
S0

is visible if L > y∗0.232
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(ii) We have ∇(LF1 H(Z)) =
(

ecy− ecαβy

(β+x)2 , ecx
(

1− α
β+x

)

−2γy−δ
)T

.233

Therefore, on Z ∈ Σ , LF1 H(Z) = 0 gives L2
F1 H(Z) = cL

{

1− αβ
(β+x)2

}

{

erx
(

1− x
K

)

−L(γL+δ )
}

.234

Since 0 ≤ α ≤ 1 and β ≥ 1, we have 0 ≤ αβ
(β+x)2 <

α
β ≤ 1. Therefore, on Z ∈ Σ , L2

F1 H(Z) > 0 if x2 −Kx+ cLxL0
=235

(

x− xP
0

)(

x− xP
1

)

< 0, where xP
1 > xP

0 .236

Hence, ET
S1

is visible if xP
0 < xL1

< xP
1 .237

In the following section we examine the discontinuity-induced bifurcation followed by the changes in the sliding238

mode domain.239

5 Sliding Bifurcation240

Sliding bifurcations of the Filippov system (4) are related mainly to the value of L and on the equilibria of its subsystems.241

We investigate the sets of regular, virtual and pseudo-equilibrium bifurcations of the system (4) by employing numerical242

methods.243

Bifurcation sets of equilibria

We see that the existence and the type of interior equilibria E∗
Sε

(ε = 0,1) are dependent on δ and L. We define the

following three curves for the parameters δ and L:

Γ1 = {(δ ,L) : Φ0(δ ,L) = 0} ,

Γ2 = {(δ ,L) : Φ1(δ ,L) = 0} and

Γ3 = {(δ ,L) : δ = δ ∗} ,

where Φ0 = δ −δ ∗
0 and Φ1 = rxL1

(K − xL1
)− cKLxL0

.244

The three curves Γi (i = 1,2,3) divide the δ −L parameter plane into six regions, and the existence or coexistence245

of stable regular or virtual interior equilibria E∗
Sε
(ε = 0,1) is pointed out in each of the regions (cf. Fig. 3). The curves246

Γ1 and Γ2 are used to determine the relationship between pseudo-equilibrium EP
0 and the sliding line ΣS given by xL0

≤247

xP
0 ≤ xL1

. The curve Γ3 is used to study the stability of the equilibria E∗
S0

and E1
S0

of subsystem (1). We see that for248

0 ≤ δ < min
{

δ ∗
0 , δ ∗}, the equilibrium E∗

S0
of the subsystem (1) becomes virtual. For 0 ≤ δ < δ ∗ and Φ1(δ ,L) > 0,249

the equilibrium E∗
S1

of the subsystem (2) becomes virtual. Therefore, for 0 ≤ δ < min
{

δ ∗
0 , δ ∗} and Φ1(δ ,L) > 0, the250

equilibria E∗
Sε

(ε = 0,1) become virtual followed by the presence of an attracting sliding region bounded by the curves251

Γ1 and Γ2. The boundary equilibria EB
Sε

(ε = 0,1) appear on the curves Γ1 and Γ2 respectively.252

When an ordinary equilibrium of (4) collides with the sliding segment Σ , it gives either an equilibrium transition253

bifurcation or a non-smooth fold bifurcation. For the equilibrium transition bifurcation, an ordinary equilibrium collides254
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Fig. 3: Two parameter bifurcation diagrams with δ and L as bifurcation parameters. The sliding mode exists in the region

bounded by the curves Γ1 and Γ2.

with a virtual pseudo-equilibrium, giving rise to a virtual ordinary equilibrium and a pseudo-equilibrium. For the non-255

smooth fold bifurcation, an ordinary equilibrium collides with a pseudo-equilibrium, giving rise to a virtual ordinary256

equilibrium and a virtual pseudo-equilibrium.257

Boundary equilibrium bifurcation258

Boundary equilibrium bifurcation (BEB) in the Filippov system (4) involves the possible topological changes when a259

real or a virtual equilibrium point collides with the discontinuity boundary Σ due to the changes in some parameter of260

the system. When E∗
Sε

is a regular equilibrium, a boundary node bifurcation occurs for the system (4) once the tangent261

point ET
Sε

and the regular equilibrium E∗
Sε

collides at L = y∗ε . When E∗
Sε

is a virtual equilibrium, a boundary equilibrium262

bifurcation occurs when the pseudo-equilibrium EP
1 and the tangent point ET

Sε
merge with the equilibrium E∗

Sε
at L = y∗ε .263

Therefore, we take L as a bifurcation parameter.264

The choice of the values of L is dependent on behavioral pattern of the prey in the presence of the predator. The265

lower values of L will indicate that the prey is more apprehensive to the predators, whereas the higher value of L indicate266

that the prey is relatively bold. Under the set of parameter values as given in Table 1, we obtain E∗
S0
= (2.1266, 0.5357)267

and E∗
S1

= (2.4669, 0.3724). From Fig. 4(a) it is observed that for L < y∗ε (ε = 0,1), the virtual equilibrium point E∗
S0

,268

the regular equilibrium E∗
S1

, the visible tangent point ET
S1

and the invisible tangent point ET
S0

coexist. This indicates that269

if the prey is very apprehensive to their predators, they will take refuge protection even at a low population density of the270

predators. In this case, the prey will have to take refuge continuously. Due to this, the predation pressure on the prey will271

become low, resulting in a high prey population density.272
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Fig. 4: A boundary node bifurcation with L as a bifurcation parameter for δ < δ ∗. (a) For 0 < L < y∗ε , E∗
S0

is virtual

and E∗
S1

is regular. (b) For L = y∗1, a boundary node bifurcation occurs when E∗
S1

merges with the tangent point ET
S1

,

generating the boundary point EB
S1

. (c) For y∗1 < L < y∗0, E∗
ε becomes virtual followed by the existence of stable pseudo-

equilibrium point EP
1 on the sliding line. (d) For L = y∗0, a boundary node bifurcation occurs when E∗

S0
merges with EP

1

at the boundary point EB
S0

on the switching line.

For relatively bold prey, the threshold population density of the predators to start taking refuge by the prey becomes273

relatively high. As L is increased through L = y∗1, the stable regular equilibrium E∗
S1

collides with the visible tangent274

point ET
S1

, generating the stable boundary equilibrium EB
S1

(cf. Fig. 4(b)). For y∗1 < L < y∗0, E∗
Sε

becomes virtual (ε = 0,1)275

followed by the emergence of pseudo-equilibrium EP
1 on the sliding segment (cf. Fig. 4(c)). In this case, both the tangent276

points ET
Sε

(ε = 0,1) are virtual. In this case, the prey takes refuge protection intermittently and so, the prey-density does277

not get compromised even with a relatively high population density of the predators. This suggests that the bold prey can278

prevent their population density from possible depletion even with a high population density of the predators by taking279

refuge protection intermittently.280
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Another boundary equilibrium bifurcation of Filippov system (4) occurs when L is increased through L = y∗0. In this281

case, the virtual equilibrium E∗
S0

collides with the pseudo-equilibrium EP
1 at the invisible tangent point ET

S0
, generating the282

stable boundary equilibrium EB
S0

(cf. Fig. 4(d)). Thereafter, for any further increase of L, the regular equilibrium E∗
S0

, the283

virtual equilibrium E∗
S1

, and the visible tangent point ET
S0

coexist, whereas the pseudo-equilibrium EP
1 disappears from the284

sliding segment. This indicates that the bold prey (the prey that does not take refuge protection even at a high population285

density of the predators) is mostly prone to sustained loss in their population driven by high predation pressure.286

In order to show the changes in the sliding mode domain with the changes in L and δ , we plot a codimension two287

bifurcation diagram with L and δ as bifurcation parameters (cf. Fig. 5(a)). The bifurcation plot confirms the possible288

existence of a shorter sliding mode domain when the prey is bold and mortality rate of the predator is low. For a more289

apprehensive prey, a relative larger sliding domain can exist for high mortality rate of the predators. To investigate the290

sensitivity of the parameters L, c, δ and K for the existence of a pseudo-equilibrium on the sliding domain, we plot291

bifurcation diagrams as given in Figs. 5(b−d). From Figs. 5(b) and 5(c) it follows that the interval of existence of the292

pseudo-equilibrium increases with the decrease of the predation rate, while from Fig. 5(d) we see that an increase of the293

prey carrying capacity can lead to longer sliding domain even with low apprehension of the prey.294

Pseudo-saddle-node bifurcation295

The existence of a pair of pseudo-equilibria on the sliding segment and their subsequent annihilation due to the changes296

in some threshold parameter values occurs via a saddle-node bifurcation.297

Taking K = 8 and L as a bifurcation parameter, we observe that a generic pseudo-saddle-node EP
SN appears on the298

sliding segment Σ when L crosses the critical value LK
sn = 1.2142 (cf. Fig. 6(b) and Fig. 6(d)). For L < LK

sn, a pseudo-299

saddle EP
0 and a pseudo-node EP

1 appear on the sliding segment ΣS (cf. Fig. 6(a)). In this case, the orbits initiating from300

I0
S0
= (4.05,1.165) and I0

S1
= (3.9,1.25) converge to the pseudo-node EP

1 from the left, whereas the orbits initiating from301

I1
S0 = (4.25,1.117) and I1

S1
= (4.2,1.25) converge to the pseudo-node EP

1 from the right. All the orbits plotted in Fig. 6(a),302

initiated from the left of I0
S0

and I0
S1

, converge to the stable regular equilibrium E∗
S0

. At L= LK
sn, the generic pseudo-saddle-303

node EP
SN is half stable. The orbits starting from I0

S0
and I0

S1
converge to the regular equilibrium E∗

S0
, whereas, orbits304

starting from I1
S0

and I1
S1

converge to the pseudo-saddle-node EP
SN from the right (cf. Fig. 6(b)). For L > LK

sn, pseudo-305

equilibrium does not exist (cf. Fig. 6(c) and Fig. 6(d)) and the regular equilibrium E∗
S0

becomes globally asymptotically306

stable. The effect of L on the variation of the sliding mode is shown in Fig. 6(c) and Fig. 6(d).307

Next, we choose γ = 0.015 and fix all other parameters as in Table 1. By varying L, for L < L
γ
sn = 1.4148, it is308

observed that a pseudo-saddle EP
0 close to the tangent point ET

S0
and a pseudo-node EP

1 coexist on ΣS (cf. Fig. 7(a) and309

Fig. 7(c)). As L is increased through the critical value L = L
γ
sn, EP

0 and EP
1 collide and generate the pseudo-saddle-node310

EP
SN (cf. Fig. 7(b)). As L is increased further, the pseudo-saddle-node EP

SN disappears (cf. Fig. 7(c)) and the regular311
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Fig. 5: Sliding mode bifurcation of the Filippov system (4) representing that the sliding mode as a function of (a) L

and δ ; (b) L and c; (c) δ and c; (d) L and K. The color bars represent the ranges of the interval of existence of the

pseudo-equilibrium.

equilibrium E∗
S0

becomes globally asymptotically stable. The changes in the length of the sliding segment for different312

values of L is shown in Fig. 7(c). Similarly, for c = 0.5 and other parameter values as in Table 1, the changes in the313

sliding mode due to the changes in the values of L is given in Fig. 7(d).314

6 Prey vigilance and hysteresis effect315

In the Filippov system (4), the dispersal of the prey from the unprotected zone to refuge protection is assumed to be316

instantaneous whenever the predator population crosses some critical threshold value. In reality, the movement of prey317

species between the two habitats involves some travel time. Apart from this, the reaction time of the prey plays a pivotal318

role in the switching delay. The slow or less vigilant prey will take more dispersion time than the fast or more vigilant319
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Fig. 6: A one parameter bifurcation plot of the system (4) with L as a bifurcation parameter, where K = 8 and other

parameters values as in Table 1. (a) A pseudo-saddle (EP
0 ) and a pseudo-node (EP

1 ) exist on the sliding segment ΣS for

L < LK
sn. (b) For L = LK

sn, the generic pseudo-saddle-node EP
SN exists on ΣS. The evolution of the sliding modes (grey

regions) with the changes in L for (c) all parameters values as in Table 1, where a pseudo-saddle-node bifurcation occurs

on the crossing segment Σc− and for (d) for K = 8 and other parameters values as in Table 1, where a pseudo-saddle-node

bifurcation occurs on the sliding segment ΣS.

prey. Due to this delay in dispersion, the population threshold of the predators to enter the prey-refuge differs from320

the population threshold of predators to return to the unprotected zone. This delay in the dispersion of the prey leads321

to increased predation pressure. To monitor for such possibilities, we introduce the hysteresis effect on the system (4)322

which allows a period of over-exploitation of prey species without compromising its density. The modified Filippov323

system with hysteresis effect is given by324

Ż(t) = F0(Z)+Uh
H(Z), (8)
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Fig. 7: Pseudo-saddle-node bifurcation of the system (4) for γ = 0.015 and L as a bifurcation parameter, other parameters

values as in Table 1. (a) The existence of a pseudo-saddle (EP
0 ) and a pseudo-node (EP

1 ) on the sliding segment ΣS for

L < L
γ
sn. (b) For L = L

γ
sn, the generic pseudo-saddle-node EP

SN exists on ΣS. The evolution of the sliding modes (grey

regions) with respect to the changes in L for (c) γ = 0.015 and for (d) c = 0.5, other parameters values as in Table 1.

with the control Uh
H(Z) defined as325

Uh
H(Z) =















(0, 0)T
, H(Z)<−σ or H(Z)≤ σ for Ż > 0

(

εcαxy
x+β ,− εecαxy

x+β

)T

, H(Z)> σ or H(Z)≥−σ for Ż < 0,

where σ > 0 is the hysteresis parameter. The hysteresis parameter σ , representing the level of vigilance of the prey,

satisfies 0 < σ < |L − y∗ε | so that the interior equilibria E∗
Sε

are always virtual (ε = 0,1). The smaller values of σ

represent hypervigilant prey, whereas the larger values of σ implies that the prey is less vigilant. For σ > |L− y∗ε |, the

collapse of prey stock becomes irreversible due to sustained predation pressure. The system (8) has the two switching

lines

Σ0 =
{

Z ∈ R2
+ : H(Z) =−σ

}

and Σ1 =
{

Z ∈ R2
+ : H(Z) = σ

}

.
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The switching lines Σ0 and Σ1 generate the following regions in the state space,326

Ω0 =
{

Z ∈ R2
+ : H(Z)<−σ

}

,327

Ω1 =
{

Z ∈ R2
+ : H(Z)> σ

}

and328

Ω2 =
{

Z ∈ R2
+ : −σ ≤ H(Z)≤ σ

}

.329

The trajectories that start from Ω0 and evolve towards Ω1 has the threshold Σ1, whereas the trajectories that start from330

Ω1 and evolve towards Ω0 has the threshold Σ0 (cf. Fig. 8). Let the vector HZ(Z), normal to Σ1 and Σ2, is oriented in the331

direction from Ω0 to Ω1. The curves VSε (Z) = LFε H(Z) = 0 (ε = 0,1), subdivide the state phase into the following four332

regions:333

R1 =
{

Z ∈ R2
+ : LF0 H(Z)> 0

}

,334

R2 =
{

Z ∈ R2
+ : LF0 H(Z)< 0

}

,335

R3 =
{

Z ∈ R2
+ : LF1 H(Z)> 0

}

and336

R4 =
{

Z ∈ R2
+ : LF1 H(Z)< 0

}

.337

We use the geometrical approach proposed by Boukal and Krivan [9] to prove the existence of a trapping region in the338

state space where the trajectories of the system (8) enter with a transversal motion.339

Lemma 6.1 If σ < |L− y∗ε | (ε = 0,1) and Ω = Ω2

⋂

R1

⋂

R4 is of non-zero measure, then Ω is a trapping region.340

Proof Choosing 0 < σ < |x∗ε − x0|, from Fig. 8 we see that both the interior equilibria E∗
Sε

(ε = 0,1) become virtual.341

To determine the direction of the vector field on the switching lines Σ0 and Σ1, we examine the signs of LF0 H(Z) and342

LF1 H(Z).343

Let A and D be the points of intersection of the curve VS0
(Z) = 0 with the switching lines Σ0 and Σ1 respectively (cf.

Fig. 8), where A =
(

γ(L−σ)+δ
ec

, L−σ
)

, D = (xL−σ , L−σ) and

xL−σ =
−{ec(β −α)− γ(L−σ)−δ}+

√

{ec(β −α)− γ(L−σ)−δ}2 +4ecβ{γ(L−σ)+δ}
2ec

.

On the switching line Σ0, LF0 H(Z)> 0 implies y > ecx−δ
γ and so, the trajectories starting from Ω0 and moves below the344

line segment AH2, enter the region Ω (cf. Fig. 8(a)). The points that satisfy LF0 H(Z) > 0 lie on the right of the curve345

VS0
(Z) = 0 in the region R1

⋂

(R3

⋃

R4) (cf. Fig. 8(c)).346

Let B and C be the points of intersection of the curve VS1
(Z) = 0 with the switching lines Σ0 and Σ1 respectively,

where B =
(

γ(L+σ)+δ
ec

, L+σ
)

, C = (xL+σ , L+σ) and

xL+σ =
−{ec(β −α)− γ(L+σ)−δ}+

√

{ec(β −α)− γ(L+σ)−δ}2 +4ecβ{γ(L+σ)+δ}
2ec

.

On the switching line Σ1, LF1 H(Z) < 0 implies y <
ecx(x+β−α)−δ (x+β )

γ(x+β ) and so, the trajectories starting from Ω1 and347

evolve above the line segment CH4, enter the region Ω (cf. Fig. 8(b)). The points that satisfy LF1 H(Z)< 0 lie left of the348

curve VS1
(Z) = 0 in the region R4

⋂

(R1

⋃

R2) (cf. Fig. 8(c)).349
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Fig. 8: A representation of intermittent dispersal with hysteresis in the region Ω bounded by lines Σ0 and Σ1.

The trajectories that enter into the region Ω2 with a transversal motion and satisfies LF0 H(Z)> 0, LF1 H(Z)< 0, stays350

in R1

⋂

R4. From Fig. 8(a) it is seen that the trajectories of (8) with an initial points below Σ0 intersect the switching line351

Σ1 at a point on the line segment CD and remains within Ω = Ω2

⋂

R1

⋂

R4. The trajectories with an initial point above352

Σ1 intersect the switching line Σ0 at some point on the line segment AB and stays in Ω thenceforth. This implies that the353

trajectories with a transversal motion enter Ω of non-zero measure and stays there forever. Therefore, the region Ω is354

a trapping region and so, a hysteresis loop around the predator population threshold L stabilizes the system (8) through355

low amplitude oscillations in the bounded region Ω .356

From Fig. 8(c) we observe that during the period of prey-refuge, the trajectories of the system (8) stay in the region357

Ω2 and are directed towards the switching line Σ1. Therefore, the time taken by the trajectories of the system (8) to358

reach the switching line Σ1 after hitting the switching line Σ0 can be regarded as the refuge time period of the prey. At359

this time, the predation pressure on the prey is quite low owing to the prey refuge protection. Similarly, the time taken360
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Fig. 9: The time evolution of the population when the prey species is (a) apprehensive (L = 0.41) or (b) bold (L = 0.5),

but with equally vigilant (σ = 0.03). (c) For σ = 0.03, the changes in the refuge stay time period with L as an active

parameter. The shaded regions indicate the time spent by the prey in refuge.

by the trajectories of the system (8) to reach the switching line Σ0 after hitting Σ1 refers to the non-refuge period. The361

non-refuge period refers to the time of over-exploitation of the prey by the predators. To determine the changes in the362

refuge time period owing to the changes in the threshold population density of the predators, we vary L subject to the363

condition y∗1 +σ < L < y∗0 −σ while all other parameter values remain unaltered. From Figs. 9(a) and 9(b) it follows364

that with an increase of L, there is a drop in the time period in the refuge. Therefore, with an increase in the predator365

population density, the more apprehensive prey is most likely to avail refuge protection, while the population of the bold366

prey will decrease due to the increased predation pressure (cf. Fig. 9(c)).367

By increasing the parameter σ in the domain 0 < σ < |L− y∗ε | and keeping all other parameters of the system fixed,368

from Figs. 10(a) and 10(b) we observe that the prey prefers to take refuge protection for a longer time period. This369
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Fig. 10: The time evolution of the population when the prey species is (a) is hypervigilant (σ = 0.025) or (b) less vigilant

(σ = 0.07), but with the fixed level of apprehension (L = 0.45). (c) For L = 0.45, the changes in the refuge stay time

period with σ as an active parameter. The shaded regions indicate the time spent by the prey in refuge.

implies that the relatively less vigilant prey will stay in refuge protection for a longer period even when the predator370

population density drops significantly and will stay in the open habitat for a longer period even when the predator371

population becomes high. Frequent switching of habitat of the prey from the refuge to the open habitat happens when the372

hysteresis parameter value is low. In this case, the predator population density fluctuates from L−σ to L+σ . Therefore,373

hypervigilant prey species are most likely to move to and fro from the open habitat to the refuge depending on the374

changes in the population density of the predators.375

To study the combined effect of L and σ on the refuge time period, we divide the Lσ -parameter plane into the376

following four regions:377

Region-I = {(L,σ) ∈ R2
+ : 0 < L+σ ≤ y∗0, L−σ ≥ y∗1},378
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Fig. 11: The time spent in refuge as a function of prey apprehension (L) and vigilance (σ ). The colour bar represents the

refuge time period.

Region-II = {(L,σ) ∈ R2
+ : 0 < L+σ ≤ y∗0, 0 < L−σ < y∗1},379

Region-III = {(L,σ) ∈ R2
+ : L+σ > y∗0, L−σ ≥ y∗1} and380

Region-IV = {(L,σ) ∈ R2
+ : L+σ > y∗0, 0 < L−σ < y∗1}.381

The regions I, II, III and IV in the σ − L parameter plane (cf. Fig. 11) represent the region of intermittent refuge382

protection, continuous refuge protection, no refuge protection, and compromised refuge respectively. We know that the383

switching mode is possible only in the region I and the predator population fluctuates in between L−σ to L+σ . At a384

threshold population density L of the predators, the maximum value of the hysteresis parameter is σL = min{L−y∗1,y
∗
0 −385

L}. When the threshold predator population value is 1
2
(y∗0 + y∗1), the hysteresis parameter reaches its global maximum386

σmax =
1
2
(y∗0−y∗1); and consequently, the refuge time period becomes maximum. In the region II, the predator population387

is greater than L+σ , whereas in the region III, the predator population is less than L−σ . In the region IV , we have388

σ > σmax and so the least vigilant prey will continue to stay in the same habitat irrespective of the changes in the predator389

population density. In this case, the prey will be deprived of foraging or mating opportunities due to their continuous390

stay at the refuge or the prey population gets severely compromised due to their continuous stay at the open habitat. It391

is observed that prey can be hypervigilant as well as bold (or apprehensive). In either case, the prey frequently switches392

their habitat due to the changes in the predator population. A bold and less vigilant prey continues to stay in the open393

habitat by compromising their stock (region III), whereas a more apprehensive and less vigilant prey prefer staying at the394

refuge by compromising their foraging and mating opportunities in the open habitat (region II). We also observed that395

the more apprehensive prey (in the region I) prefers to stay for a longer time at the refuge even if they are hypervigilant.396
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7 Discussion397

In this paper, we have studied a non-smooth system with density-dependent intermittent refuge protection of the prey by398

employing Filippov’s convex method and Utkin’s equivalent control method. The qualitative analyses for the subsystems399

of the Filippov system were carried out, confirming the non-existence of periodic solutions of the subsystems and giving400

the threshold conditions for the existence of transcritical bifurcations. We obtained the conditions for the existence of401

the regular and virtual equilibrium, boundary equilibrium, tangent points and pseudo-equilibrium of the Filippov system.402

We verified the existence of a pair of pseudo-equilibria when the level of apprehension of the prey is less than some403

threshold value. Under this level of prey apprehension, we have shown that one of the pseudo-equilibria is a saddle point404

and the other one is a stable node. We investigated regular or virtual equilibrium bifurcation, boundary-node bifurcation405

and pseudo-saddle-node bifurcation. We studied the effect of hysteresis in the Filippov system by introducing switching406

delay arising due to different behavioural traits of the prey species. We identified the evolution of stable limit cycles407

around the threshold population density of the predators in some bounded region in the phase space due to the delay in408

the switching of habitat.409

From numerical simulations, we observed that a highly apprehensive prey has a longer refuge stay time compared to410

a bold prey. We also observed that a hypervigilant prey frequently switches their habitat compared to their less vigilant411

counterpart, whereas a less vigilant prey overstays either in the refuge or in the open habitat depending upon the pop-412

ulation density of the predators. Irrespective of the level of apprehension of the prey, the hypervigilant prey frequently413

switches their habitat due to the changes in the predator population, decoupling prey vigilance and apprehension. We also414

observed that a bold and less vigilant prey continues to stay in the open habitat by compromising their stock, whereas415

a more apprehensive and less vigilant prey prefers staying at the refuge by compromising their foraging and mating416

opportunities in the open habitat.417
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