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ABSTRACT 

Wave-particle duality is the fundamental phenomenon of particles and fields in quantum 

mechanics. In the past, the trajectory-like (particle-like) behaviour and wave-like behaviour 

has been considered separately. In this article, a superimposed model is derived to characterise 

wave-particle duality of classical particles. The superimposed model reflects an invariant 

mathematical structure (analogous variables and differential equations) from classical 

mechanics, classical field theories and quantum mechanics. Its analytical solution carries 

trajectory-like property (phase-independent) and wave-like property (phase-dependent) of 

particles that is consistent with to Schrodinger’s picture. Subsequently, the presented model is 

applied to model duality of classical waves in electromagnetism, acoustics and elasticity. The 

analysis implies the existence of quantum effects of classical waves at macroscopic scale. It 

predicts quantum picture on energy and momentum exchange between classical particles and 

waves. As seen in the model, wave-particle duality reflects inherent and indispensable 

characteristics of classical objects. 
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Introduction 

Wave-particle duality is one of the most mysterious phenomena in quantum mechanics. Since 

the discovery of the phenomenon in double-slit experiment, this interesting topic has been 

studied continuously over the past century [1,2]. Experimental investigations have been 

extended from original double-slit experiment of photons and free electrons to relatively large 

physical objects. These include the testing of heavy nuclei particle (neutron), the carbon 

molecular (C60) and recently the phthalocyanine molecules [3-7]. With the increasing the size 

of the testing objects from subatomic scale to large molecules, the wave-particle duality is 

demonstrated as one of the fundamental phenomena in quantum mechanics. To investigate 

wave-particle duality at macroscopic scale, recent studies have pointed out the analogous 

behaviour of classical objects such as small drop manifest dual behaviour under the liquid bath 

[8-12]. The oscillating oil droplet on the liquid surface create wave pattern that propagate 

though slits. These attempts provide useful method to visualise the interesting feature of wave-

particle duality in simple experimental setup. The analogous between the classical droplets and 

quantum particles could shed light on the study of many interesting quantum process [13]. 

Therefore, the connections on wave-particle duality that manifested on classical objects and 

quantum objects may bridge the barrier in classical and quantum theories [14]. 
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To understand the observed behaviour, theoretical modelling of wave-particle duality has 

attracted attention from earlier time to the recent. Traditionally, as in some earlier textbooks, 

the modelling of wave-particle duality is treated as two independent frameworks to account its 

trajectory-like property or wave-like property [15-17]. The trajectory-like property is 

considered in the analysis of macroscopic classical system where its wave-like property is 

neglected. The wave-like property is accounted in the analysis of microscopic quantum object 

while its trajectory-like property is omitted. The above model is popular since it reduces the 

dual properties (both trajectory and wave) into single property (either trajectory or wave) that 

simplify the calculation. Alternatively, the pilot wave model has been investigated by different 

authors for modelling wave-particle duality for classical and quantum objects [18-20]. One of 

the important features of this model is the representation of both trajectory-like and wave-like 

properties in its formulation. In the reported droplet experiment, the pilot wave of droplet 

contains time-varying information of generated wave pattern as well as travelling trajectory. 

Nevertheless, pilot wave model differs from the usual Schrodinger’s picture in term of the 
treatment of trajectory and wave [21]. The pilot wave is a real wave (surface wave of liquid 

bath) rather than the (statistical) probability wave in quantum mechanics. 

 

As shown in literature, wave-particle duality has been experimentally observed from small-

size quantum objects and large-size classical objects. At the same time, the topic on wave-

particle duality of classical objects have not been well-studied. In this study, a superimposed 

model is derived to characterised wave-particle duality of classical particles and waves. This 

model has its root from the invariant mathematical structure of classical mechanics and 

classical field theories. Its analytical solution contains trivial (phase-independent) solution and 

non-trivial (phase-dependent) solution, respectively. The phase-independent solution manifest 

trajectory-like behaviour while the phase-dependent solution leads to Schrodinger’s picture in 
quantum mechanics. In this way, we could obtain a superimposed equation of classical particles 

that manifest wave-particle duality. The disturbance of wave-like property under external 

measurement can be modelled as the phase degeneration process. Subsequently, the wave-

particle duality of classical waves (electromagnetism, acoustics and elasticity) is modelled. 

Analytical solution of field variables with trajectory-like property and wave-like property can 

be shown for classical waves in electromagnetism, acoustics and elasticity. From the one-to-

one transformations between dynamical variables and field variables, the quantum constraints 

on the classical waves can be revealed. This gives the quantum picture of energy and 

momentum exchange between classical particles and waves. From the model, it is shown that 

both the trajectory-like property and wave-like property reflect inherent and indispensable 

characteristics of classical objects.  

 

Results 

Superimposed model and analytical solution. A superimposed model of classical objects 

constitutes physical variables and differential equations that arise from the theories of classical 

mechanics and classical waves. The detail formulation of the superimposed model is explained 

in the method section. In its usual formulation, classical object (particle or waves) is uniquely 
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characterised by its governing variable 𝑍(𝒓, 𝑡) and dependent variables 𝑋(𝒓, 𝑡), 𝒀(𝒓, 𝑡) that are 

subjected to the following set of differential equations,  

 (∇2 − 1𝒗2 𝜕𝑡2)𝑍 = 0    ;    𝑋 = 𝛾𝜕𝑡𝑍    ;    𝒀 = ∇𝑍 , (1) 

 

where 𝒗 denotes certain velocity and 𝛾 represents certain scalar physical quantity. It is worth 

to note that the above relation represents an invariant mathematical structure in theories of 

classical particles and waves. The detail procedures of establishing the superimposed models 

of classical particle and waves in the above form are presented in the method section and the 

obtained models are listed in Table 1. Usually, the non-trivial solution is taken the form of 

planewave in complex plane and the trivial solution is frequently omitted in the analysis. 

However, it is worth to note the trivial solution does have physical meaning just as the non-

trivial solution. In this study, we consider the solution of superimposed model in the following 

form, 

 𝑍 = 𝛼(�̅�𝒓 − �̅�𝑡) + 𝛽(−𝑖�̅�𝜙)  ;   𝜙 = 𝑒𝑖(𝒌𝒓−𝜔𝑡) , (2) 

 

where �̅�, �̅�  denote constant magnitudes of dependent variables, �̅�  denotes the constant 

magnitude of governing variable and 𝜙  denotes the phase function. The above solution 

constitutes a trivial particle which is phase-independent and a non-trivial which is phase-

dependent. The parameters in Eq. (2) refers to the non-negative (𝛼, 𝛽 ≥ 0) weight coefficients 

of phase-independent and phase-dependent solutions, they satisfy the normalisation condition 𝛼 + 𝛽 = 1.  

 

Table 1 – Governing variables, dependent variables and differential equations of particle and fields. 

Superimposed 

models 

Governing 

variable 

Dependent 

variables 
Differential equations 

Basic 𝑍 𝑋, 𝒀 (∇2 − 1𝒗2 𝜕𝑡2) 𝑍 = 0 𝑋 = 𝛾𝜕𝑡𝑍 𝒀 = ∇𝑍 

Particle 𝑆 𝐻,𝑷 (∇2 − 1𝒗2 𝜕𝑡2) 𝑆 = 0 𝐻 = −𝜕𝑡𝑆 𝑷 = ∇𝑆 

Electromagnetic 

wave 
𝛬 𝑉, 𝑨 (∇2 − 1𝒄2 𝜕𝑡2) 𝛬 = 0 𝑉 = −𝜕𝑡𝛬 𝑨 = ∇𝛬 

Acoustic wave 𝜒𝐴 𝑝, 𝒗𝐴 (∇2 − 1𝒄𝐴2 𝜕𝑡2)𝜒𝐴 = 0 𝑝 = −𝜌𝐴𝜕𝑡𝜒𝐴 𝒗𝐴 = ∇𝜒𝐴 

Elastic wave 

(longitudinal) 
𝜒𝐿  𝜎𝐿 , 𝒗𝐿 (∇2 − 1𝒄𝐿2 𝜕𝑡2)𝜒𝐿 = 0 𝜎𝐿 = −𝜌𝐸𝜕𝑡𝜒𝐿  𝒗𝐿 = ∇𝜒𝐿  

Elastic wave 

(transverse) 
𝜒𝑇  𝜎𝑇 , 𝒗𝑇 (∇2 − 1𝒄𝑇2 𝜕𝑡2)𝜒𝑇 = 0 𝜎𝑇 = −𝜌𝐸𝜕𝑡𝜒𝑇  𝒗𝑇 = ∇𝜒𝑇  

 

Modelling wave-particle duality for single particle. To simulate wave-particle duality of 

particle, we apply the solution in Eq. (2) to represent the dynamical variables according to the 

first row in Table 1. The resultant solution of action includes a phase-independent part and a 

phase-independent part, that is, 

 



4 

 

𝑆 = 𝛼(�̅�𝒓 − �̅�𝑡) + 𝛽(−𝑖𝑆̅𝜙)  ;   𝜙 = 𝑒𝑖(𝒌𝒓−𝜔𝑡) (3) 

 

where �̅� and �̅� denote the constant magnitudes of dynamical variables, 𝑆̅ refers to the constant 

magnitude of action and 𝜙  refers to the phase function. The trajectory-like property is 

represented by condition of  𝛼 = 1, in which Hamiltonian (energy) and momentum of the 

particle are phase-independent constants, 

 𝐻 = −𝜕𝑡𝑆 = �̅�  ;   𝑷 = ∇𝑆 = �̅� . (4) 

 

As the dynamical variables are independent of phase function, they describe the point-like 

object that can be completely determined by its trajectory at each time instant. At the same 

time, the wave-like property is expressed by the condition of 𝛽 = 1, in which the dynamical 

variables are in the phase-dependent form, 

 𝐻 = −𝜕𝑡𝑆 = 𝑖𝑆̅𝜕𝑡𝜙 = 𝑆̅𝜔𝜙  ;  𝑷 = ∇𝑆 = −𝑖𝑆̅∇𝜙 = 𝑆̅𝒌𝜙 , (5) 

 

where the magnitudes of dynamical variables are expressed by the wave parameters and phase. 

It is noted that these two conditions are not completely independent as they satisfy the 

conservation laws of energy and momentum. Consequently, the magnitudes of the dynamical 

variable in Eq. (4) and (5) should be identical, this leads to the following equalities between 

energy and momentum in term of phase-independent and phase-dependent forms, 

 �̅� = 𝑆̅𝜔  ;  �̅� = 𝑆̅𝒌 . (6) 

 

We noted that the above equalities are formal equivalent to Planck and the de Broglie relations 

if the parameter 𝑆̅ is replaced by Planck constant ℏ. Furthermore, the wave-like solution has 

clear link to the Schrodinger’s picture. To see this point, we could substitute the trajectory-like 

and wave-like solutions in Eq. (4) and (5) into the energy-momentum relation of particle, this 

leads to the following superimposed equation, 

 𝛼 (�̅� − �̅�22𝑚) + 𝛽 (𝑖𝑆̅𝜕𝑡 −−𝑆̅22𝑚 ∇2)𝜙 = 0 . (7) 

 

Under the condition 𝛼 = 1, it reflects the energy relation of classical particle in term of its 

trajectory-like aspect. Under the condition 𝛽 = 1, it consistent with the Schrodinger’ equation 

(free particle) by applying the substitution 𝑆̅ → ℏ. From the above result, the superimposed 

solution provides the information of the particle in trajectory-like property and wave-like 

property in the same framework. In reality, since the observed behaviour of single particle is 

unique (either to be trajectory-like or wave-like), the weight coefficients of two components 

are mutual exclusive as constrained in the normalisation condition. 

 

Modelling wave-particle duality for multiple particles. Result of single particle can be 

further generalised into the classical system contain multiple particles. For a group of particles 
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(without mutual interaction), the overall action 𝑆1⋯𝑛 of the system can be expressed in the 

superimposed form that manifests certain degree of trajectory-like behaviour and certain degree 

of wave-like behaviour,  

 𝑆1⋯𝑛 = ∑𝑆𝑛𝑛
𝑛=1 = ∑[𝛼𝑛(�̅�𝑛𝒓 − �̅�𝑛𝑡) + 𝛽𝑛(−𝑖𝑆̅𝜙𝑛)]𝑛

𝑛=1  , (8) 

 

where the subscript 𝑛 refers to the label of the individual particle. For particles with the same 

energy and momentum (�̅�𝑛 = �̅�, �̅�𝑛 = �̅�), the above solution can be simplified as, 

 𝑆1⋯𝑛 =∑𝑆𝑛𝑛
𝑛=1 = ∑𝛼𝑛𝑛

𝑛=1 (�̅�𝒓 − �̅�𝑡) +∑𝛽𝑛𝑛
𝑛=1 (−𝑖𝑆̅𝜙) , (9) 

 

where 𝛼𝑎𝑙𝑙 and 𝛽𝑎𝑙𝑙 refers to the summed coefficients of trajectory-like property and wave-like 

property, respectively. In this case, the superimposed equation of particles can be found as, 

 ∑𝛼𝑛𝑛
𝑛=1 (�̅� − �̅�22𝑚) +∑𝛽𝑛𝑛

𝑛=1 (𝑖𝑆̅𝜕𝑡 −−𝑆̅22𝑚 ∇2)𝜙 = 0 . (10) 

 

The superimposed equation represents the trajectory-like properties and wave-like properties 

of the particles in the same group. Unlike the case of single particle that its behaviour is unique, 

the group of particles can manifest different combination of trajectory-like behaviour and 

wave-like behaviour depending on the weight coefficients. The weight coefficients of two 

components are constrained in the normalisation condition 𝛼𝑛 + 𝛽𝑛 = 𝑛. 

 

Double-slit experiment and which-way measurement. Double-slit experiment is the 

standard testing of evaluation wave-particle duality of particles. Without losing the generality, 

we consider the usual double-slit experiment setup of particles travelling from the ideal source 

and captured by the screen after crossing two identical slits. One of the usual measurement 

setups of measing the location information of particle is the which-way measurement. However, 

this measurement will cause the transition of particle from wave-like behaviour to trajectory-

like behaviour. In the superimposed model, the which-way measurement can be represented as 

the degeneration of phase function that is localised 𝜙 → 1 within small area (the detected 

location). In the model, the phase degeneration will trig the following transition of dynamical 

variables of single particle, 

 𝐻 = 𝑆̅𝜔𝜙 degen→   𝑆̅𝜔 = �̅�  ;  𝑷 = 𝑆̅𝒌𝜙 degen→   𝑆̅𝒌 = �̅� . (11) 

 

The above relation represents reduction of the (non-trivial) wave-like solution to the (trivial) 

trajectory-like solution or equivalently 𝛼 = 1. Although this reduction changes the formal 

expression of the solution, the whole reduction is within the framework of superimposed model. 
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As the which-way measurement is acting on multiple particles in the whole system, the action 

of the overall system transits as the following form, 

 𝑆1⋯𝑛 =∑𝑆𝑛𝑛
𝑛=1

degen→   𝑆1⋯𝑛′ = ∑𝑆𝑛′𝑛
𝑛=1   (12) 

and 𝑆1⋯𝑛 =∑𝛼𝑛𝑛
𝑛=1 (�̅�𝒓 − �̅�𝑡) +∑𝛽𝑛𝑛

𝑛=1 (−𝑖𝑆̅𝜙)  ;  𝑆1⋯𝑛′ =∑𝛼𝑛′𝑛
𝑛=1 (�̅�𝒓 − �̅�𝑡) , (13) 

 

where the transition of particles before and after which-way measurement shows that their 

wave-like properties are suppressed from the analytical solution. Further, the superimposed 

equation of multiple particles is reduced to the normal trajectory-like form, 

 ∑𝛼𝑛𝑛
𝑛=1 (�̅� − �̅�22𝑚) +∑𝛽𝑛𝑛

𝑛=1 (𝑖𝑆̅𝜕𝑡 −−𝑆̅22𝑚 ∇2)𝜙 degen→    ∑𝛼𝑛′𝑛
𝑛=1 (�̅� − �̅�22𝑚) , (14) 

 

where the weight coefficients satisfy the following conservation relation 𝛼𝑛′ = 𝑛 . For the 

particles that are not exposure to the which-way measurement, the wave-like property is 

retained in the analytical solution. As the number of the sampled particle is sufficient large, the 

accumulated pattern of double-slit experiment will be a superposition of wave interference 

pattern (reflect wave-like property) and Gaussian distribution pattern (reflect trajectory-like 

property) as illustrated in Fig. 1. 

 

 
 

Figure 1: Superposition of Gaussian pattern and interference pattern of double-slit experiment. The upper 

process on the left refers to the wave-like behaviour of particles that passing through the double-slit. This leads 

to the wave interference pattern at the screen side. While the lower process on the left refers to the trajectory-

like behaviour of particles that passing through the double-slit. This leads to the two distinct Gaussian 

distribution peaks at the screen side. On the right side, the overall observed pattern can be considered as the 



7 

 

superimposition of the wave interference pattern and Gaussian peaks that contributed from the particles in 

wave-like solution and trajectory-like solution, respectively. 

 

Modelling wave-particle duality for waves. In this subsection, the superimposed model is 

extended from classical particle to classical waves. According to the isomorphism of 

superimposed models in Table 1, the analysis of classical waves will share some similarities as 

in the analysis of classical particle. In this section, we will borrow similar procedures to 

construct the superimposed solution of classical waves. As the wave-like property of the 

classical waves is well-known in literature, we will focus on the trajectory-like property of 

these classical waves that has not been fully reported. For electromagnetic wave, the following 

superimposed solution can be found according to the second row in Table 1, 

 𝛬 = 𝛼(�̅�𝒓 − �̅�𝑡) + 𝛽(−𝑖𝛬̅𝜙) , (15) 

 

where �̅�  and �̅�  refer to the magnitude of field potentials, 𝛬̅  refers to the magnitude of 

governing variable. To model the trajectory-like property of the electromagnetic wave, one can 

let 𝛼 = 1 and this gives, 

 𝑉 = −𝜕𝑡𝛬 = �̅�  ;   𝑨 = ∇𝛬 = �̅�  (16) 

 

and for 𝛽 = 1 it restores the usual wave-like property of the field, 

 𝑉 = −𝜕𝑡𝛬 = 𝛬̅𝜔𝜙  ;   𝑨 = ∇𝛬 = 𝛬̅𝒌𝜙 . (17) 

 

It is worth to note that the above trajectory-like solution of electromagnetic wave has clear 

physical meaning. This point can be shown from the following one-to-one transformation 

between the field variables and the dynamical variables, 

 𝑞�̅� → �̅�  ;   𝑞�̅� → �̅� , (18) 

 

where the transformation presents the energy and momentum based on the field variables of 

electromagnetic waves and 𝑞 refers to the electrical charge.  

 

Moreover, the trajectory-like properties of acoustic wave and elastic wave can be also shown 

by following the similar procedures above (by analogy). Without going into the detail steps, 

the acoustic variables can be transformed to the dynamical variables through following relation, 

 𝑚�̅�𝜌−1 → �̅�  ;   𝑚�̅�𝐴 → �̅� , (19) 

 

where �̅� and �̅�𝐴 represent the magnitudes of acoustic pressure and particle velocity, 𝑚 denotes 

the mass of acoustic element, 𝜌 denotes the density of material. The elastic variables along 

longitudinal direction can be transformed to the dynamical variables by the following relations, 
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𝑚𝜎𝐿𝜌−1 → �̅�  ;   𝑚�̅�𝐿 → �̅�  (20) 

 

where 𝜎𝐿  and �̅�𝐿  represent the magnitudes of elastic pressure and particle velocity of 

longitudinal elastic wave, 𝑚 denotes the mass of elastic element, 𝜌 denotes the density of 

material. Similarly, the elastic variables along transverse direction can be transformed to the 

dynamical variables by the following relations, 

 𝑚𝜎𝑇𝜌−1 → �̅�  ;   𝑚�̅�𝑇 → �̅� , (21) 

 

where 𝜎𝑇  and �̅�𝑇  represent the magnitudes of elastic pressure and particle velocity of 

transverse elastic wave. The information about the trajectory-like property and wave-like 

property of classical particle and waves is summarised in Table 2. It can be noted that quantum 

constraints on energy and momentum not only applied to classical particles but also applied to 

the classical waves. These constraints reflect the inherent trajectory-like properties of classical 

waves that have been missing in literature. 

 

Table 2 – Trajectory-like property and wave-like property of classical particle and waves 

Superimposed 

models 

Trajectory-like  𝛼 = 1 

Wave-like 𝛽 = 1 

Quantum relations of 

dynamical and field variables* 

Basic �̅�𝒓 − �̅�𝑡 −𝑖�̅�𝜙 �̅� = �̅�𝜔 �̅� = �̅�𝒌 

Particle �̅�𝒓 − 𝐻𝑡 −𝑖𝑆̅𝜙 𝐻 = ℏ𝜔 �̅� = ℏ𝒌 

Electromagnetic 

wave 
�̅�𝒓 − �̅�𝑡 −𝑖𝛬̅𝜙 𝑞�̅� = ℏ𝜔 𝑞�̅� = ℏ𝒌 

Acoustic  

wave 
�̅�𝐴𝒓 − 𝜌−1�̅�𝑡 −𝑖�̅�𝐴𝜙 𝑚�̅�𝜌−1 = ℏ𝜔 𝑚�̅�𝐴 = ℏ𝒌 

Elastic wave 

(longitudinal) 
�̅�𝐿𝒓 − 𝜌−1𝜎𝐿𝑡 −𝑖�̅�𝐿𝜙 𝑚𝜎𝐿𝜌−1 = ℏ𝜔 𝑚�̅�𝐿 = ℏ𝒌 

Elastic wave 

(transverse) 
�̅�𝑇𝒓 − 𝜌−1𝜎𝑇𝑡 −𝑖�̅�𝑇𝜙 𝑚𝜎𝑇𝜌−1 = ℏ𝜔 𝑚�̅�𝑇 = ℏ𝒌 

*We have employed the substitution relation 𝑆̅ → ℏ in the table. 

 

Quantum-like interacting of classical particle and waves. The quantised energy and 

momentum carried by classical waves brings interesting interaction picture between particle 

and waves. As an example, we consider the simple scenario that particle absorbs classical 

waves before and after interaction. This process is governed by the following conservation 

relations of energy and momentum, 

 �̅� = �̅�′ − �̅�𝐸𝑀 − �̅�𝐴𝐶 − �̅�𝐸𝐿  ;  �̅� = �̅�′ − �̅�𝐸𝑀 − �̅�𝐴𝐶 − �̅�𝐸𝐿 , (22) 

 

where �̅�𝐸𝑀, �̅�𝐴𝐶, �̅�𝐸𝐿 refers to the energy carries by the electromagnetic wave, acoustic wave, 

elastic wave and �̅�𝐸𝑀, �̅�𝐴𝐶, �̅�𝐸𝐿 refers to the momentum carries by the electromagnetic wave, 

acoustic wave, elastic wave. From the equalities in Eq. (6) and differential operators in Eq. (5), 

the above relations give the following dynamical operators of interacted particle, 
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𝑖ℏ𝜕𝑡𝜙 = (𝑖ℏ𝜕𝑡 − �̅�𝐸𝑀 − �̅�𝐴𝐶 − �̅�𝐸𝐿)𝜙′ ;  −𝑖ℏ∇𝜙 = (−𝑖ℏ∇ − �̅�𝐸𝑀 − �̅�𝐴𝐶 − �̅�𝐸𝐿)𝜙′. (23) 

 

By replacing the dynamical operators from Eq. (23) into Eq. (7), we further show the 

superimposed model of interacting classical particle and waves in the following form, 

 𝛼 [�̅�′ − �̅�𝐸𝑀 − �̅�𝐴𝐶 − �̅�𝐸𝐿 − 12𝑚 (�̅�′ − �̅�𝐸𝑀 − �̅�𝐴𝐶 − �̅�𝐸𝐿)2]+ 𝛽 [𝑖ℏ𝜕𝑡 − 12𝑚 (−𝑖ℏ∇ − �̅�𝐸𝑀 − �̅�𝐴𝐶 − �̅�𝐸𝐿)2 + �̅�𝐸𝑀 + �̅�𝐴𝐶+ �̅�𝐸𝐿] 𝜙′ = 0 , (24) 

 

where the first term describes the trajectory-like property while the second term describes the 

interaction between particle and waves in term of dynamical operators and field variables.  

 

The above superimposed equation generalises the free superimposed equation in Eq. (7). It 

provides a clear quantum picture of interacting classical particle and waves. Especially, 

although the interaction (energy and momentum exchange) between particle (atom, electron) 

and electromagnetic wave (photon) is well-established, the similar results on acoustic wave 

and elastic wave have not been reported in literature. The above result suggests the energy and 

momentum exchange between classical particle and acoustic (or elastic) waves manifest similar 

mode as in electromagnetic wave. One the one hand, the similarity of the interaction mode 

reveals the opportunities of replacing electromagnetic (optical) wave by acoustic waves in air 

or fluid and elastic waves in solid state materials. This will contribute to many recent techniques 

on particle control and manipulation based on acoustic wave and elastic wave [22-26]. On the 

other hand, the quantum constraints on classical acoustic and elastic wave create distinct 

features (discretised energy and momentum) that can be beneficial for development of 

precision measurement techniques and devices [27, 28].  

 

Discussion 

From the results, it is shown that the trajectory-like property and wave-like property is related 

to the solution of dynamical variables and field variables in their phase-independent form and 

phase dependent form. Fig. 2 shows the relationship between the wave-particle duality of 

classical particles and waves from the aspect of superimposed models. Since the both phase-

independent solution and phase-dependent solution are admissible, the two parts of solution 

reflect the dual aspects of classical particles and waves during their propagation and interaction. 

In the propagation, the classical particles and waves manifest phase-dependent behaviour while 

in the interaction they manifest phase-independent behaviour. Usually, the analysis of classical 

particles only considered its trajectory-like property while the analysis of classical waves only 

considered their wave-like property (the shaded boxes in Fig. 2). However, the present analysis 

on classical particle and waves revealed that both trajectory-like property and wave-like 

property are their inherent properties. This is due to the fact that the dynamical variables and 

field variables that characterise the states of classical particle and waves carrier the above 
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properties. Consequently, the trajectory-like property and wave-like property reflect the dual 

aspects of inherent features of classical particle and waves. 

 

 
 

Figure 2: Relation between wave-particle duality and superimposed models. The left part of the figure denotes 

the superimposed model that is characterised via physical variables and differential equations in an invariant 

mathematical structure. The right part of the figure refers to the quadrant between models and duality 

behaviour. Phase-independent solutions of dynamical variables and field variables represent the trajectory-like 

property of classical particle and waves, respectively. Phase-dependent solutions of dynamical variables and 

field variables represent the wave-like property of particle and classical waves, respectively. Both trajectory-like 

property and wave-like property of dynamical or field variables are admissible of superimposed models of 

classical particle and waves. 

 

Furthermore, inherent features of trajectory-like property and wave-like property of classical 

particle and waves narrow the gap between classical and quantum domains. The quantum effect 

can influence the macroscopic system in different ways. Quantised energy and momentum 

provide inherent constraints on the smallest magnitudes of the energy and momentum that 

carried by classical waves. However, these constraints are known for electromagnetic waves 

but are frequently ignored in the studies of acoustic waves and elastic waves. As the size of 

classical system reduced continuously from macroscopic scale to microscopic scale, the effect 

due to the inherent wave-like property should become influential [27]. In this trend, the 

governing rules of classical system transient from trajectory-like dominated behaviour to wave-

like dominated behaviour. In this view, the behaviour of the classical system is not only 

governed by the continuum-mechanical relations as already reported in literature [29]. Its 

behaviour is also subjected to the quantum-mechanical relations that is worth to be considered.  

 

In summary, the formulated superimposed models well represent the indispensable trajectory-

like property and wave-like property of classical particle and waves. It is shown that how the 

two dual properties are emerged as the inherent features of classical particle and waves in the 

superimposed model. Through the analysis, it reveals the wave-like property of classical 

particle and trajectory-like property of classical waves. These results enhance the integrity view 

on the classical particle and wave in terms of their dual properties. Additionally, it is found that 

the employment of invariant mathematical structure (isomorphic models) can greatly facilitate 

the study of duality in the analogous superimposed models. It is the author’s opinion that the 
existence of such invariance maybe not a (trivial) coincidence. Through characterising the 
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distinct physical objects via analogous variables and equations, the isomorphism of their 

models may not just refer to the theoretical (mathematical) analogies but also reflect actual 

(physical) connections between them, such as duality. 

 

Methods 

Superimposed model of classical particle. In classical mechanics, we considered the balanced 

equation of energy and momentum can be represented in following form, 

 �̇� = ∇𝐻𝑣 + 𝜕𝐻𝜕𝑷 �̇� + 𝜕𝑡𝐻 = 0  ;   �̇� = ∇𝑷𝒗 + 𝜕𝑷𝜕𝒗 �̇� + 𝜕𝑡𝑷 = 𝟎 , (25) 

 

and action functional (Hamiltonian form) [30] is usually given as, 

 𝑆 = ∫𝐿 𝑑𝑡 = ∫𝑷𝑑𝒓 − ∫𝐻 𝑑𝑡 , (26) 

 

where 𝐿  denotes Lagrange, 𝐻  denotes Hamiltonian, 𝑷  denotes momentum and 𝒗  refers to 

velocity of particle. By resolving the dynamical variables in Eq. (25) by action 𝑆 in Eq. (26) 

and using the smoothness function condition  𝜕𝑡∇𝑆 − ∇𝜕𝑡𝑆 = 0 , it gives the following 

differential equations in term of action functional [31], 

 (∇2 − 1𝒗2 𝜕𝑡2) 𝑆 = 0   ;   𝐻 = −𝜕𝑡𝑆   ;   𝑷 = ∇𝑆 . (27) 

 

The model of classical particle carrier the same type of mathematical structure as in the 

superimposed model (𝛾 = −1). In the model of classical particle, the governing variables is 

the action functional, dependent variable are Hamiltonian (energy) and momentum. 

 

Superimposed model of electromagnetic wave. In classical electrodynamics, the propagating 

electromagnetic wave are governed by the equations of electrical potential 𝑽 and magnetic 

potential 𝑨 (defined with respect to zero) in the following form [32], 

 (∇2 − 1𝒄2 𝜕𝑡2)𝑉 = 0    ;     (∇2 − 1𝒄2 𝜕𝑡2)𝑨 = 𝟎    ;     𝒄 = √(𝑢0𝜖0)−1 , (28) 

 

where 𝑢0 denotes the vacuum permeability, 𝜖0 denotes vacuum permittivity, and 𝒄 denotes the 

velocity of the electromagnetic wave. We introduce a new scalar variable (serve as the 

governing variable but not necessarily to be the gauge function). By representing the equations 

in Eq. (28) by this variable, it leads to following set of differential equations of the 

electromagnetic variables [33], 

 (∇2 − 1𝒄2 𝜕𝑡2)𝛬 = 0   ;   𝑉 = −𝜕𝑡𝛬   ;   𝑨 = ∇𝛬 , (29) 

 



12 

 

where 𝛬 refers to the governing variable of electromagnetic wave. It is seen that the model of 

classical electromagnetic wave carrier the same type of mathematical structure as in the 

superimposed model (𝛾 = −1). In the model of classical electromagnetic wave, the dependent 

variables are electrical potential and magnetic potential. 

 

Superimposed model of acoustic wave. In classical acoustics, the propagating acoustic wave 

are governed by the equations of acoustic pressure 𝒑 and (medium) particle velocity 𝒗𝑨 in the 

following form [34], 

 (∇2 − 1𝒄𝐴2 𝜕𝑡2)𝑝 = 0   ;    (∇2 − 1𝒄𝐴2 𝜕𝑡2)𝒗𝐴 = 0   ;    𝒄𝐴 = √𝐵𝜌−1 , (31) 

 

where 𝐵 denotes the bulk modulus and 𝜌 denotes the density of material. Here, we introduce 

the new governing variable and represent the model into the form like superimposed model. 

By employing the procedures are similar to the case of electromagnetic wave, it leads to 

following differential equations of the acoustic wave, 

 (∇2 − 1𝒄2 𝜕𝑡2)𝜑 = 0   ;   𝑝 = −𝜌𝜕𝑡𝜑   ;   𝒗𝐴 = ∇𝜑 , (32) 

 

where 𝜑 refers to the governing variable of acoustic wave. The model of classical particle 

carrier the same type of mathematical structure as in the superimposed model (𝛾 = −𝜌). 

 

Superimposed model of elastic wave. In classical elasticity, the elastic wave is governed by 

Navier-Lamé equation in terms of elastic displacement [35], 

 𝜌𝐸𝜕𝑡2𝒖 = (𝜆 + 2𝜇)∇(∇ ∙ 𝒖) − 𝜇∇ × ∇ × 𝒖 , (33) 

 

where 𝒖 denotes the elastic deformation (displacement), 𝜌 refers to the material density, 𝜆 and 𝜇  refer to the Lamé constants. Based on Helmholtz decomposition, the total elastic 

displacement can be expressed into the following two components, 

 𝒖 = ∇Φ+ ∇ ×𝚿 = 𝒖𝐿 + 𝒖𝑇 (34) 

 

where Φ denotes certain scalar function, 𝚿 denotes certain vector function, 𝒖𝐿denotes the 

longitudinal elastic displacement and 𝒖𝑇 denotes transverse elastic displacement. Using the 

above substitution of elastic displacement, it gives the following coupled equation, 

 {∇[(𝜆 + 2𝜇)(∇2Φ) − 𝜌𝜕𝑡2Φ]} + {∇ × [𝜇∇2𝚿− 𝜌𝜕𝑡2(∇ × 𝚿)]} = 𝟎 . (35) 

 

In the weak coupling condition, the above equation can be simplified into the decoupled 

equations in terms of the longitudinal elastic displacement and transverse elastic displacement,  
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(∇2 − 1𝒄𝐿2 𝜕𝑡2)𝒖𝐿 = 𝟎   ;    𝒄𝐿 = √(𝜆 + 2𝜇)𝜌−1  (36) 

and (∇2 − 1𝒄𝑇2 𝜕𝑡2)𝒖𝑇 = 𝟎   ;    𝒄𝑇 = √𝜇𝜌−1 , (37) 

 

where 𝒄𝐿 denotes the velocity of the longitudinal elastic wave and 𝒄𝑇 denotes the velocity of 

transverse elastic wave. We introduce a pair of new governing variables 𝜒𝐿  and 𝜒𝑇  of 

longitudinal and transverse elastic waves, respectively. The equations of elastic displacements 

in Eqs. (36) and (37) can be represented by the governing variables via applying spatial and 

temporal differential on both sides. The final obtained differential equations between governing 

variables, elastic stress and particle velocity can be found in the following, 

 (∇2 − 1𝒄𝐿2 𝜕𝑡2)𝜒𝐿 = 0   ;   𝜎𝐿 = −𝜌𝜕𝑡𝜒𝐿   ;   𝒗𝑳 = ∇𝜒𝐿  (38) 

and (∇2 − 1𝒄𝑇2 𝜕𝑡2)𝜒𝑇 = 0   ;   𝜎𝑇 = −𝜌𝜕𝑡𝜒𝑇   ;   𝒗𝑻 = ∇𝜒𝑇 . (39) 

 

where 𝜎𝐿 denotes the longitudinal elastic stress, 𝒗𝐿 denotes the longitudinal particle velocity, 𝜎𝑇 denotes the transverse elastic stress and 𝒗𝑻 denotes the transverse particle velocity. The two 

decoupled model of classical elastic waves carrier the same type of mathematical structure as 

in the superimposed model (𝛾 = −𝜌).  

 

Formulation of superimposed model. According to the derived models of classical particle 

and waves, these models manifest certain invariant mathematical structure that is specified by 

analogous physical variables and differential equations. Among these models, a scalar variable 

(named governing variable) is explicitly governed by the homogenous wave equation and its 

partial differentiations with respect to space and time defines the other pair of variables (named 

dependent variables). From their invariant structure, it is shown that these models form an 

isomorphism set in terms of their physical variables and differential equations. Therefore, the 

structure of the analytical solution is also formal invariant through the one-to-one 

transformation from one model to another. Without losing the generality, we can formulate an 

basic (kernel) model that carrier the invariant mathematical structure as the models in the above 

isomorphism set. By studying the solution structure of this model, we can connect the result 

into the models of classical particle and waves in the isomorphism set through one-to-one 

transformations.  
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Figures

Figure 1

Superposition of Gaussian pattern and interference pattern of double-slit experiment. The upper process
on the left refers to the wave-like behaviour of particles that passing through the double-slit. This leads to
the wave interference pattern at the screen side. While the lower process on the left refers to the trajectory-
like behaviour of particles that passing through the double-slit. This leads to the two distinct Gaussian
distribution peaks at the screen side. On the right side, the overall observed pattern can be considered as
the superimposition of the wave interference pattern and Gaussian peaks that contributed from the
particles in wave-like solution and trajectory-like solution, respectively.



Figure 2

Relation between wave-particle duality and superimposed models. The left part of the �gure denotes the
superimposed model that is characterised via physical variables and differential equations in an invariant
mathematical structure. The right part of the �gure refers to the quadrant between models and duality
behaviour. Phase-independent solutions of dynamical variables and �eld variables represent the
trajectory-like property of classical particle and waves, respectively. Phase-dependent solutions of
dynamical variables and �eld variables represent the wave-like property of particle and classical waves,
respectively. Both trajectory-like property and wave-like property of dynamical or �eld variables are
admissible of superimposed models of classical particle and waves.


