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Abstract In this work, using a mathematical model and nu-

merical simulation, we investigate the effect of time-dependent

evaporation rates on stripe formation inside containers, which

is driven by the coffee-ring effect. The coffee particles inside

a container move according to random walk and under the

gravitational force. Because of the non-uniform evaporation

rate, we can observe stripe formation inside a container filled

with liquid carrying coffee particles. We perform various nu-

merical experiments to demonstrate the proposed model can

simulate the stripe formation in a container.
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1 Introduction

When a drop of coffee evaporates on a solid substrate, the

coffee particles form a ring-like stain at the contact line.

This phenomenon is a consequence of faster evaporation at

the contact line, driving the coffee particles to convectively

migrate toward the contact lines [1], which is known as the

coffee-ring effect [2–4]. The physical phenomenon related

to the coffee-ring effect has been researched in several ex-

periments withal various colloidal suspensions containing

nanoparticles [5–10], air bubbles [11], quantum dots [12–

14], biological fluids [15–21], bacteria [22–24]. Expanding

the definition of the coffee-ring effect, liquid-liquid coffee-

ring effect is considered which taking into account systems

without involving any evaporation [25]. In quite a few indus-

trial and scientific fields, the physics similar to the coffee-

ring effect is one of the most significant issues in control-

ling the distribution of the solute in a solution during evap-

orating process. Analyzing and understanding the process

of ring formation can be technologically profound for those

who want to tame advantage of or suppress the coffee-ring

effect. There are many physical applications by using the

principle of coffee-ring effect, such as ink-jet printing [26–

32], making cyrstal morphologies [33], central spot forma-

tion in droplets [34], uniform droplet printing of graphene

micro-rings [35], converting colour to length for quantitative

immunoassays using a ruler as readout [36], phase separa-

tion effects of medium and high-molecular-weight polymers

[37], pesticide spray application [38], micro-technologies in

biological field [39–41] and coatings [42, 43]. For more re-

view on the principles and applications of the sessile drop

evaporation and coffee-ring effect, see [44, 45]. The coffee-

ring effect has also been investigated in various numerical

experiments based on the Monte Carlo method [46–50], fi-

nite element method [51, 52] or finite difference method

[53].
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The objective of the present work is to suggest the math-

ematical model without the capillary flow that focuses on in-

vestigating a diffusion process of the Brownian particles un-

der gravitational force and to perform various numerical ex-

periments to demonstrate the proposed model can simulate

the coffee-ring effect inside containers with time-dependent

evaporation rate. The proposed method is based on the Monte

Carlo method.

(a) (b)

Fig. 1 Coffee droplet on a transparent film on a grid paper (a) before

and (b) after evaporation.

Figure 1(a) and (b) show coffee droplet on a transpar-

ent film on a grid paper before and after evaporation. After

evaporation of coffee droplet, we can observe coffee stain

and coffee-ring.

(a) (b)

Fig. 2 Making coffee angel rings in a conical flask: (a) Coffee solu-

tion contained in a conical flask and (b) Coffee angel rings made after

evaporation.

Figure 2 shows making coffee angel ring in a conical

flask. Figure 2(a) is a photograph of coffee solution con-

tained in a conical flask. The coffee angel ring made by

evaporating can be seen in Fig. 2(b). As we can see in Fig.

2(b), a pattern of coffee angel ring becomes repeatedly thicker

and lighter. Main mechanisms for forming these coffee rings

are periodically chaining room temperature and humidity,

i.e., changing evaporation rates.

The paper is organized as follows. In Section 2, we present

the governing equation and the numerical solution algorithm.

The numerical results are presented in Section 3. Finally,

conclusions are drawn in Section 4.

2 Governing equation and numerical solution algorithm

Let Ωt be a time-dependent liquid domain at time t in a

solid container. The time-dependent liquid domain Ωt is pre-

sented by a level-set function φ(x, t), i.e., Ωt = {x ∈ R
3|φ(x, t) >

0}. Let Γt be the liquid surface at time t contacting the

air. The liquid domain contains the coffee particles which

are defined as the Lagrangian points moving under Brown-

ian motion and gravitational force. Figure 3 depicts a time-

dependent liquid domain Ωt including coffee particles and a

top-level surface of liquid domain Γt with the scalar field φ.

(a) (b)

Fig. 3 Schematic illustration of the liquid domain Ωt over time at (a)

t = 0 and (b) t = T where T is a certain time. Note that the coloured

surface represents the top-level surface Γt.

For the sake of simplicity of modeling, we assume cof-

fee particles have only mass and no volume and the fluid

surface moves under the time-dependent evaporation rates.

Assuming that the force on the particle is zero, the governing

equation can be derived from the Langevin equation [53]:

dX

dt
=

α√
dt
ψ(X) + g on Ωt, (1)

where X is Lagrangian variable for a particle, t is time, g =

(0, 0,−g) is the scaled gravitational force. Here, ψ(X) =

(ρ cos(θ) sin(ϕ), ρ sin(θ) sin(ϕ), ρ cos(ϕ)) represents ran-

dom force of Brownian particle, where ρ is a random vari-

able with the probability density function f(ρ) = e−0.5ρ2

/
√
2π

and between [−3, 3] which is 99.998% confidence interval.

The random variables θ and ϕ are uniformly distributed on

the interval [0, π]. Using the explicit Euler’s method, we

discretize Eq. (1) as

Xn+1

k −Xn
k

∆t
=

α√
∆t
ψ(Xn

k ) + g, k = 1, 2, . . . , Nk, (2)

where Xn
k is the k-th particle position at time t = n∆t,

∆t is the time step and Nk is the total number of particles.

Equation (2) can be rewritten as

Xn+1

k = Xn
k + α

√
∆tψ(Xn

k ) +∆tg, k = 1, 2, . . . , Nk.(3)

We assume that the n+ 1 time-level particle is Xn+1

k =
(Xn+1

k , Y n+1

k , Zn+1

k ). Every particle is pinned if it satisfies

the following conditions: (i) φ(Xn+1

k ) < 0, (ii) Zn+1

k >

S(t) where S(t) is the position of the liquid surface at time
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t = n∆t, and (iii) Φ(Xn+1

k ) < 0 where Φ(x, t) represents

a level-set of domain. If a particle goes outside the liquid

domain (φ < 0), then the particle moves to the crossing

point of φ(x, t) = 0. The pinning process of these condi-

tions is schematically represented in Fig. 4. If the particle

satisfies the pinning conditions, then it is pinned like a dia-

mond symbol. If the pinning conditions are not satisfied and

φ < 0, then the particle moves to φ = 0, such as the square

symbol and triangle symbol.

Fig. 4 Schematic representation of pinning process.

3 Numerical experiments

Unless otherwise noted, z = S(t) is the position of the liq-

uid surface at time t, N is the number of particles except

pinned particles, the total number of particles Nk is set to

5× 105, and the size of bins in the histograms is set to 0.03

in this study.

3.1 Particle motion except evaporation

We first perform the numerical simulation to confirm the

motion of particles without any evaporation in a cylindri-

cal container. The static liquid domain is defined as Ωt =

{x ∈ R
3|φ(x, t) > 0}:

φ(x, y, z, t) =

{

1−
√

x2 + y2 if 0 ≤ z ≤ S(t),

−1 otherwise,

where S(t) = 3 is the position of the liquid surface at time

t. The gravity g = (0, 0,−4), the temporal step size ∆t =

0.0001 and α = 1 are used. The total number of particles is

100000. The evolution of particles in a cylindrical container

without evaporation can be seen in Figure 5(a). The number

of particles with respect to height is shown in Fig. 5(b). As

can be shown from the histogram in Fig. 5(b), the number of

particles increases at the lower height of cylinder over time,

therefore we can confirm that the particles are stacking to

the bottom of the cylinder by the gravitational force.

(a)

(b)

0

1

2

3

0 1 2 3

104

t = 0

0

1

2

3

0 1 2 3

104

t = 1000∆t

0

1

2

3

0 1 2 3

104

t = 5000∆t

Fig. 5 (a) Evolution of particles in a cylindrical container without

evaporation. (b) Histograms of particle number with respect to height

at the corresponding times.

3.2 Coffee-ring formation on constant evaporation rate

We also define the time-dependent liquid domain as follows.

φ(x, y, z, t) =

{

1−
√

x2 + y2 if 0 ≤ z ≤ S(t),

−1 otherwise,

where S(t) = 3−0.125t is the position of the liquid surface

at time t. We use g = (0, 0,−0.1), ∆t = 0.0001 and α = 1.

Figure 6(a) shows the evolution of particles in a cylindrical

container. The number of pinned particles is shown in Fig.

6(b), as the height of liquid interface moves from 3 to 0 over

time. As can be observed from the histogram in Fig 6(b),

the number of pinned particles decreases around the cylinder

height 3 to 2.5, and the number of particles increases around

the cylinder height 2.5 to 0.

3.3 Coffee-ring formation on changing evaporation rate

Using the proposed method, we perform the numerical sim-

ulation for the stripe pattern formation in a cylindrical con-

tainer with the time-dependent evaporation rate. The time-

dependent liquid domain is defined as follows.

φ(x, y, z, t) =

{

1 if
√

x2 + y2 ≤ 1 and 0 ≤ z ≤ S(t),

−1 otherwise,

where S(tn+1) = S(tn)−∆t(A+β(sin(γn∆t)+1)) with

S(0) = 3. Here, the superscript n represents the value at n-

time level. We set g = (0, 0,−4), ∆t = 0.0001, A = 0.01,

α = 1, β = 1 and γ = 10π. The first column of Fig.

7 shows the initial state. From the second column to the
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(a)

t = 0 t = 72000∆t t = 168000∆t t = 240000∆t

0

0.5

1

1.5

2

2.5

3

0 5000 10000 15000

(b)

Fig. 6 (a) Evolution of particles in a cylindrical container. (b) His-

togram of pinned particles with respect to height at final time t =

240000∆t.

fourth column in Fig. 7 describe the evolution of particles

for the coffee-ring effect with respect to the number of par-

ticles, in a cylindrical container. Figure 8 shows the number

of coffee particles as the liquid interface moves from 3 to

0 height over time. From left to right, the times are t = 0,

10000∆t, 20000∆t, and 29000∆t. The number of particles

is (a) 100000 and (b) 500000. From this numerical exper-

iment, we can observe that coffee angel rings are clearly

formed as the number of particles increases.

The number of pinned particles is decreasing and then

increasing periodically as the height approach the bottom

of the cylinder, and the number of particles is increasing

rapidly where the stripe pattern is formed as shown in the

histograms of Fig. 8.

3.4 Effect of container shape

To validate the effect of a container shape, we implement

the numerical test for the stripe pattern formation in a coni-

cal container with the time-dependent evaporation rate using

the proposed method. The time-dependent liquid domain is

defined as

φ(x, y, z, t) =

{

1 if
√

x2 + y2 ≤ z/3 and 0 ≤ z ≤ S(t),

−1 otherwise,

(a)

(b)

t = 0 t = 10000∆t t = 20000∆t t = 29000∆t

Fig. 7 Evolution of particles on the time-dependent evaporation rate in

a cylindrical container: the number of particles is (a) 100000 and (b)

500000.
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(a)

0

0.5

1

1.5

2

2.5

3

0 0.5 1 1.5 2 2.5

104

(b)

Fig. 8 Histogram of particles with respect to height at final time t =

29084∆t. The number of particles is (a) 100000 and (b) 500000.

where S(tn+1) = S(tn) − ∆t(A + β(sin(γn∆t) + 1))

with S(0) = 3. We select g = (0, 0,−4), ∆t = 0.0001,

A = 0.01, α = 1, β = 1 and γ = 10π. In Fig. 9, we can see

that the number of pinned particles becomes similar at each

certain part of height of the conical container. Therefore, we

can make conjecture that there is a container shape, time-

dependent evaporation rate and gravitational force where the

number of particles becomes similar anywhere when the stripe

pattern is formed without capillary flow.

3.5 Effect of gravitational parameter

We investigate the effect of gravitational parameter on the

formation of coffee ring in a 45◦ tilted cylinder. The time-

dependent liquid domain is defined as

φ(x, y, z, t) =

{

1 if
√

x2 + y2 ≤ 1 and 0 ≤ z ≤ S(t),

−1 otherwise,
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(a)

t = 0 t = 10000∆t t = 20000∆t t = 29000∆t

0

0.5

1

1.5

2

2.5

3

0 0.5 1 1.5 2 2.5

104

(b)

Fig. 9 (a) Evolution of particles on the time-dependent evaporation

rate in a conical container. (b) Histogram of particles with respect to

height at final time t = 29084∆t

where S(tn+1) = S(tn) − ∆t(A + β(sin(γn∆t) + 1))

with S(0) = x. The gravitational force can be written as

g = (g sin(θ), 0,−g cos(θ)), where θ = 45◦ is the tilted

angle. In this simulation, we fix the parameters as ∆t =
0.0001, A = 0.01, α = 2, β = 1 and γ = 20π. Two dif-

ferent gravitational parameters are used as g = 2 and 4.

Figure 10(a) and (b) show the snapshots of evolution from

left to right t = 0, 1000∆t, 2000∆t, and 3000∆t with re-

spect to g = 2 and 4, respectively. As we can observe, a

smaller gravitational parameter drives the coffee particles

settle slower and more particles are pinned on the side of

wall boundary. On the other hand, a larger value of gravita-

tional parameter causes the coffee particles settle faster and

the number of pinned particles on both sides of wall bound-

ary is relatively small. Around the bottom of the container,

we can also see that the coffee particles are more gathered

in the tilted direction under the influence of gravity.

3.6 Effect of tilt angle

Now, we shall perform the numerical simulation to observe

the formation of coffee ring with respect to tilt angle. The

numerical results in a 45◦ tilted cylinder are shown in Fig.

10(b). Here, we set a 30◦ tilted cylinder and the time-dependent

(a)

(b)

t = 0 t = 1000∆t t = 2000∆t t = 3000∆t

Fig. 10 Effect of gravitational parameter on the formation of coffee

ring with (a) g = 2 and (b) g = 4.

liquid domain as follows.

φ(x, y, z, t) =

{

1 if
√

x2 + y2 ≤ 1 and 0 ≤ z ≤ S(t),

−1 otherwise,

where S(tn+1) = S(tn)−∆t(A+β(sin(γn∆t)+1)) with

S(0) = 1√
3
x. For θ = 30◦, the gravitational force set to

g = (g sin(θ), 0,−g cos(θ)). In this experiment, the same

values as the parameters set in Fig. 10(b) are used. Com-

paring the results between Fig. 10(b) and Fig. 11, we can

see that the coffee ring formation in a 30◦ tilted cylinder is

formed thicker on the right-side contact wall of the cylinder.

t = 0 t = 1000∆t t = 2000∆t t = 3000∆t

Fig. 11 Evolution of particles on a time-dependent evaporation rate in

a 30
◦ tilted cylinder.

Figure 12 shows histograms of number of pinned parti-

cles with respect to height at final time t = 3000∆t in (a)

a 45◦ tilted cylinder and (b) a 30◦ tilted cylinder. The his-

togram shown to the left position is the number of pinned

particles in the area x < 0. Likewise, The histogram dis-

played to the right position is the number of pinned particles

in the area x > 0. As can be clearly observed in the his-

tograms of Figs. 12(a) and (b), as the angle of inclination

decreases, the number of particles pinning on the right con-

tact wall increases. Oppositely, around the boundary of the

left contact wall, coffee particles slide along the direction of

gravitational force, which does not stick well to the left con-

tact wall, and then fall into the fluid, decreasing the number

of particles that are pinned to the left contact wall.
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(a) (b)

Fig. 12 Histograms of number of pinned particles with respect to

height at final time t = 3000∆t in (a) 45◦ tilted and (b) 30◦ tilted

cylinders.

4 Conclusions

We proposed the mathematical model for the stripe forma-

tion in a cup of coffee with time-dependent evaporation rates.

Assuming that the force on the particle is zero, the govern-

ing equation could be derived from the Langevin equation.

The time-dependent liquid domain Ωt and liquid surface Γt

are defined. Furthermore, using the Monte Carlo method,

the coffee particles are defined as Lagrangian points mov-

ing under Brownian dynamics and gravity. We found the nu-

merical solution of the governing equation using the explicit

Euler’s method. The numerical simulations are performed in

the three-dimensional space. From the numerical results, we

investigated that the distribution of particles and stripe pat-

tern formations depend on the evaporation rates, the shape of

container, the gravitational force and the tilt of the cylinder.
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Figures

Figure 1

Coffee droplet on a transparent �lm on a grid paper (a) before and (b) after evaporation.

Figure 2

Making coffee angel rings in a conical �ask: (a) Coffee solution contained in a conical �ask and (b)
Coffee angel rings made after evaporation.



Figure 3

Schematic illustration of the liquid domain Ωt over time at (a) t = 0 and (b) t = T where T is a certain time.
Note that the coloured surface represents the top-level surface Γt

Figure 4

Schematic representation of pinning process



Figure 5

(a) Evolution of particles in a cylindrical container without evaporation. (b) Histograms of particle number
with respect to height at the corresponding times



Figure 6

(a) Evolution of particles in a cylindrical container. (b) Histogram of pinned particles with respect to
height at �nal time t = 240000∆t.



Figure 7

Evolution of particles on the time-dependent evaporation rate in a cylindrical container: the number of
particles is (a) 100000 and (b) 500000.



Figure 8

Histogram of particles with respect to height at �nal time t = 29084∆t. The number of particles is (a)
100000 and (b) 500000

Figure 9

(a) Evolution of particles on the time-dependent evaporation rate in a conical container. (b) Histogram of
particles with respect to height at �nal time t = 29084∆t



Figure 10

Effect of gravitational parameter on the formation of coffee ring with (a) g = 2 and (b) g = 4.

Figure 11

1 Evolution of particles on a time-dependent evaporation rate in a 30 tilted cylinder.



Figure 12

Histograms of number of pinned particles with respect to height at �nal time t = 3000∆t in (a) 45 tilted
and (b) 30 tilted cylinders


