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Abstract 

There is a strong interest in using physical waves for artificial neural computing because 

of their unique advantages in fast speed and intrinsic parallelism. Resonance, as a 

ubiquitous feature across many wave systems, is a natural candidate for analog 

computing in temporal signals. We demonstrate that resonance can be used to construct 

stable and scalable recurrent neural networks. By including resonators with different 

lifetimes, the computing system develops both short-term and long-term memory 

simultaneously.  



Since 2012, data centers around the world have started to see a new and fast-

growing task: artificial intelligence. The amount of computing used to train models 

doubles every 3.4 months [1]. By comparison, Moore’s Law has an approximately 2-

year period for doubling the number of transistors on a computer chip. Artificial neural 

networks have been enormously successful in image recognition [2], natural language 

processing [3], gaming [4], and even scientific discovery [5-16]. These applications 

necessitate larger and deeper neural networks, which in turn require new and high-

efficiency computing architectures. The search for alternative computing has recently 

intensified. One interesting candidate is to use physical waves such as light to perform 

analog computing [17-23]. Such analogy computing enjoys benefits of intrinsic 

parallelism and it can be extremely energy efficient. The great promise also comes with 

great challenges. The very fact that gives rise to the lightning speed of wave computing 

also leads to one major challenge: the transient nature of propagating waves makes it 

difficult to construct memory in the wave domain. Since memory is indispensable for 

computing in the temporal data, today researchers have to resort to other means to 

realize the effect of memory such as optoelectronic conversion [24], routing through 

long waveguides [25], and random internal feedback [26].   

As a natural memory, resonance is well suited as the building block for scalable 

recurrent neural networks (RNNs). RNNs have been widely used for speech recognition 

[27] and synthesis [28], and machine translation [29]. In digital RNNs, memory has 

been realized by constructing digital feedbacks [30], and the same feedback can be 

realized by wave reflection at the boundaries of resonators. Different types of analog 

RNNs have been previously investigated. One strategy is to faithfully follow digital 

feedbacks in RNNs by routing the output of a computing device back to its input. For 

example, one can feed the output of optical networks back to the input via long optical 

waveguides or electro-optical conversion [24, 25]. By merely functioning as a mirror 

copy of digital RNNs, this strategy does not take advantage of intrinsic feedback 

mechanisms in wave physics. Recently, Khoram et al. proposed to use the intrinsic 

feedback in disorder structures to increase the expressive power and reduce the size of 



analog neural computing [21]. Hughes et al. showed that such internal feedback 

mechanism can be used to realize RNNs [26]. For a long time, reservoir computing in 

the optical domain has also explored complex temporal dynamics to realize the memory 

effect [31]. In all these works, the memory is implicitly built into the complex 

structures. One cannot easily identify the spatial distribution or the temporal 

characteristics of memory. While in principle these analog systems can perform certain 

temporal computation, physical intuition and interpretation are lacking.  

RNNs have the vanishing gradient problem in nature: the gradient of the loss 

function decays exponentially with time [32]. As a result, it is difficult for vanilla RNNs 

to keep track of arbitrary long-term dependencies in the input sequences. Long short-

term memory (LSTM) is designed to solve the problem of learning long-term temporal 

dependencies [33, 34]. It incorporates cell states and gates such that events from the 

remote past can have current impacts. It is difficult to construct and interpret LSTM in 

existing wave computing systems [24, 26] because their temporal characteristics are 

buried in a black box. However, in the resonance system, we can include resonators 

with different lifetimes to realize short-term and long-term memory. This explicit form 

of memory makes it easy to construct scalable RNNs and advanced recurrent models 

such as LSTM. As the quest for the new computing intensifies, resonance could play 

an important role in emerging wave-based analog computing in general.  



 

Fig. 1. Comparing the impulse responses of a RNN unit and a resonator. (a) RNN 

requires internal memory to process a sentence. (b) A RNN unit consists of recurrent 

hidden state h, trainable parameters 𝑐𝑖𝑛, 𝑐𝑜𝑢𝑡  and 𝛼. (c) A resonator as the unit of 

analog memory with a lifetime of 𝜏, coupling to input and output ports with a coefficient 𝜅 . (d) Impulse response of a RNN unit with linear activation function. The input 

impulse is the Kronecker delta function. (e) Impulse response of a linear resonator. The 

input impulse is the Dirac delta function. Inset is resonance amplitude in frequency 

domain. (f) Impulse response of a RNN unit with a nonlinear activation function 𝑡𝑎𝑛ℎ(∙) . (g) Impulse response of a nonlinear resonator that includes saturation 

absorption. The decay rate is 
1𝜏 = 1𝜏𝑒 + 1𝜏𝑆𝐴, where 𝜏𝑆𝐴,0(1 + |𝑎|2𝑊𝑠𝑎𝑡), |𝑎|2 represents the 

energy inside the cavity. 

We start by discussing the role of memory in temporal computing. We take the 

example of natural language processing. When we see “queen” in a sentence, we expect 



to encounter “she” rather than “he” soon [Fig. 1(a)]. RNNs are designed to have the 

internal memory to remember information in the past. A RNN can be represented as a 

discrete-time system. Its internal state h, often named hidden state, at the nth time step 

can be described as  

ℎ[𝑛] = 𝜎(𝛼 · ℎ[𝑛 − 1] + 𝑐𝑖𝑛 · 𝑥[𝑛]). (1.) 

It is determined by the hidden state ℎ[𝑛 − 1] at the previous time step and the 

input 𝑥[𝑛] at the current time step. 𝜎( ∙ ) is an activation function, such as a sigmoid 

or a tanh function. 𝑐𝑖𝑛 and 𝛼 are trainable parameters. By updating the state h using 

the state of the previous time step, the memory is built into the hidden state by recurrent 

circulation as illustrated in Fig. 1(b).  

The memory effect can be directly visualized by the impulse response, i.e., the 

output of the RNN when excited by the Kronecker delta function 𝑥[𝑛] = 𝛿[𝑛 − 𝑛0]. 
The pulse is located at time step 𝑛0. The impulse response of the hidden neuron can be 

shown as  

𝑅[𝑛] = 𝑐𝑖𝑛 ∙ (𝜎(𝛼))𝑛−𝑛0 . (2.) 

The impulse response obeys exponential decay for linear systems [Fig. 1(d)], for 

example when  𝜎(𝛼) = 𝛼 , and for nonlinear systems [Fig. 1(f)], for example when 𝜎(𝛼) = 𝑡𝑎𝑛ℎ(𝛼). The memory effect is illustrated by the fact that the impact of input 

at time step 𝑛0 extends into certain time horizon. 

We now discuss the impulse response of a resonator. The dynamic equation of a 

resonator coupled with input and output ports can be written as [35] 𝑑𝑎𝑑𝑡 = (𝑖𝜔0 − 1𝜏) 𝑎 + 𝜅 ∙ 𝑆𝑖𝑛, (3.) 

where 𝑎 and |𝑎|2 represent the resonance field and energy, respectively [Fig. 1(c)]. 𝜔0, 
1𝜏 and 𝜅 represent resonance frequency, total decay rate and coupling coefficient, 

respectively. For a continuous-time dynamic system, the impulse is modeled as the 



Dirac delta function 𝑆𝑖𝑛(𝑡) = 𝛿(𝑡 − 𝑡0). The impulse response (resonance amplitude |𝑎|) of a resonator is 

𝑅(𝑡) = |𝑎| = 𝜅 ∙ 𝑒−1𝜏(𝑡−𝑡0) , (4.) 

which obeys exponential decay for both linear and nonlinear resonance systems [Fig. 

1(e) and 1(g)]. Similar to RNNs, the dynamics of a resonance system carries the 

memory of past information. Here we model the nonlinearity by having saturable 

absorption in the decay rate: 
1𝜏 = 1𝜏𝑒 + 1𝜏𝑆𝐴  [36], where 𝜏𝑒  and 𝜏𝑆𝐴  are the photon 

resonator lifetimes corresponding to the coupling and resistive losses, respectively. The 

variable lifetime 𝜏𝑆𝐴  depends on the energy in the cavity: 𝜏𝑆𝐴 = 𝜏𝑆𝐴,0(1 + |𝑎|2𝑊𝑠𝑎𝑡) , 

where 𝑊𝑠𝑎𝑡 is saturation energy. Nonlinearity can also be provided by other physical 

mechanisms, including gain saturation [37], Kerr effect [38], or acoustical nonlinearity 

in bubbly fluids and soft materials [39]. 

A digital RNN consists of many artificial neurons with memories. One neuron 

often connects to many others. Similarly, one resonator can couple to many, providing 

a scalable way to construct large-scale analog computing system with memory. The 

coupling between resonators can be mediated through free space or waveguides. The 

coupling coefficients (e.g., connection weights) determine the function of computing. 

They will be trained in a similar way that neural networks are trained. The trained 

coefficients can be physically implemented, for example, by adjusting the distance 

between resonators.  

Figure 2a shows a representative RNN with multiple artificial neurons. The 

memory of RNN is encoded into the hidden state ℎ𝑡, which is related to the past state ℎ𝑡−1 by  

ℎ𝑡 = 𝜎(𝑾𝒉 ∙ ℎ𝑡−1 + 𝑾𝒙 ∙ 𝑥𝑡) (5.) 

It is similar to Eq. 1 except that now 𝑾𝒙 and 𝑾𝒉 are dense matrices that couple 

different artificial neurons. The output of the RNN is 𝑦𝑡 = 𝜎(𝑾𝒚 ∙ ℎ𝑡 + 𝑏𝑦), where 



𝑾𝒚 is a weight matrix to be trained together with 𝑾𝒙 and 𝑾𝒉. 𝜎(∙) are activation 

functions. The update equations are diagrammed in Fig. 2(c).  

 

Fig. 2. Conceptual equivalence between of a RNN and a resonance system. (a) General 

RNN architecture consisting of an input layer, hidden states with feedback loops and 

an output layer. The RNN can operate on discrete-time sequence. (b) Layout of a 

resonant recurrent network that can operate on continuous-time signal. 𝛺, 𝛤𝑒, and ℋ𝑖𝑛𝑡 

represent resonance frequency, decay rate into channels, and coupling between 

resonators, respectively. (c) Diagram of a RNN cell composed of trainable parameters 𝑊𝑥, 𝑊ℎ, and 𝑊𝑦. (d) Diagram of the recurrence relation for the resonance system 

composed of trainable parameters 𝑀𝑖, 𝑀𝑎, and 𝑀𝑜. 

Similarly, many resonators can couple together to construct a scalable RNN [Fig. 

2(b)]. A system of coupled resonators can be described by a temporal coupled mode 

theory equation as 
𝑑𝒂𝑑𝑡 = (𝑖𝛺 − 𝛤𝑒 − ℋ𝑖𝑛𝑡)𝒂 + 𝐾𝑇 ∙ 𝑆𝑡, where the matrices 𝛺, 𝛤𝑒, and ℋ𝑖𝑛𝑡 represent the resonance frequency, the decay rate into channels, and the coupling 

between resonators, respectively. The matrix 𝐾 characterizes the coupling between 

resonators and ports. 𝑆𝑡 is a continuous input sequence. The resonant amplitudes 𝒂 

carry the memory of past information. To make the analogy to RNNs more transparent, 

we can discretize the differential equations using the backward Euler method as  



𝑎𝑡 = 𝑴𝒂 ∙ 𝑎𝑡−1 + 𝑴𝒊𝒏 ∙ 𝑆𝑡, (6.)
where 𝑀𝑎 describes the connection between the present states and the previous states. 

Coupling between resonators leads to a dense matrix 𝑴𝒂 = (𝐼 − 𝑖∆𝑡 ∙ 𝜴 + ∆𝑡 ∙ 𝜞𝒆 +∆𝑡 ∙ 𝓗𝒊𝒏𝒕)−1 . Training parameters are the physical quantities of the systems, including 

the resonant frequency 𝜴, the decay rate 𝜞𝒆, and the inter-resonator coupling 𝓗𝒊𝒏𝒕. 
The input coupling is given by 𝑀𝑖𝑛 = ∆𝑡 ∙ 𝐾 ∙ 𝑀𝑎. The output power of the system is 

given by 𝑃𝑡 = |𝑀𝑜 ∙ 𝑎𝑡 + 𝑆𝑡|2 , where the output coupling 𝑀𝑜 = −𝐾∗ . Additional 

information on the construction of these matrices is given in Supplementary Materials 

S1. The resonant recurrent network can be scaled up just like RNNs by including more 

channels (input/output neurons) and resonators (hidden neurons). As shown in Fig. 

2(d), the updating equations of the coupled resonators go in parallel with those of 

RNNs, allowing them to scale up for large-scale recurrent neural computing. An 

additional bias term can be implemented by a constant input in one waveguide and an 

additional complex-valued variable to make the bias trainable. More discussions on the 

bias term in the resonant recurrent network are included in Supplementary Materials S2 

and S3.  

Next, we demonstrate a specific example where we train acoustic resonators to 

recognize the vowels spoken by human. All computing is in the acoustic domain. The 

computing device [Fig. 3(a)] contains three parallel acoustic waveguides that couple to 

two rows of whispering gallery resonators [40]. Each row contains 60 resonators. The 

coupling between resonators is mediated through the waveguides. Depending on the 

identity of the sound, the computing device will route the energy of three different 

vowel sounds to three corresponding output waveguides. 

The input to the acoustic system is the replay of audio recording of 10 vowel 

classes from 45 different male speakers and 48 different female speakers. We use a 

subset of the original data in Ref [26], which includes 279 recordings corresponding to 

three vowel classes, represented by ae, ei, and iy. The training is performed by using 

80% of these recording while the rest 20% is used to test the trained system. In the 

training, we can adjust geometric parameters, including the resonator positions 𝑙, the 



resonator sizes 𝑟, and the distances between resonators and waveguides 𝑑. The training 

goal is to minimize a loss function that is defined by the output of the three waveguides 

and ground truth label. We use adjoint method to perform gradient calculation and also 

back-propagation [41]. More details about the vowel signal, definition of loss function, 

and the neural network training are included in Supplementary Materials.  

Figure 3 (b) and (c) show the results of the cross-entropy loss and the prediction 

accuracy, respectively. The trained resonance system can achieve an accuracy of 81.7% 

for the training dataset and 83.3% accuracy for the test dataset over 50 training epochs. 

The confusion matrix for the test data indicates that the resonance system can indeed 

perform vowel recognition [inset of Fig. 3(c)]. The time-integrated power at each 

waveguide demonstrates that the optimized resonant architecture can routes most of the 

energy of the object vowel class to the correct channel [Fig. 3(d)]. The physical 

configuration based on the actual geometric parameters is discussed in Supplementary 

Materials S4. We further clarified how to implement nonlinearity in the resonant 

recurrent system and present a version of the resonance-based RNN with saturable 

absorption and the corresponding performances, as shown in Supplementary Materials 

S5 and S6. 



 

Fig. 3. Acoustic resonators to recognize vowel sound in the wave domain. (a) Schematic 

of the vowel-recognition resonant recurrent network with three waveguides and two 

rows of resonators. (b) Cross-entropy loss and (c) prediction accuracy over 50 training 

epochs. Inset is confusion matrix for the test dataset. The correct predictions are located 

in the diagonal of the table and prediction errors are located outside the diagonal. (d) 

Raw audio waveforms of three spoken vowel classes and time-integrated power at each 

output channel.  

The classification of vowel requires memory in temporal domain. In previous 

work [24], the memory has been built in by converting waves to digital signals. 

Recently, Hughes et al. [26] has used random internal reflection to build implicit 

memory. In contrast, resonance provides an explicit form of analog memory, making it 

possible to directly interpret long and short-term memory effects. To demonstrate that, 

next we consider a challenging case in RNNs: LSTM network. LSTM is explicitly 

designed to include both short-term and long-term memory. A common LSTM 

architecture is shown in Fig. 4(a). It incorporates cell states and gates such that events 



from the remote past can have current impacts. In the resonance system, we can include 

resonators with different lifetimes to accomplish short-term and long-term memory as 

shown in Fig. 4(b). 

  

 

Fig. 4. Task of long-term and short-term memory. (a) Diagram of LSTM architecture 

in a digital RNN. (b) Diagram of coupled resonators with different quality factors Q 

and lifetimes τ. (c-e) Schematics showing that the timing of vowel sound varies for 

three different training sets. The vowel signal contains three classes: ae(t), iy(t) and 

ei(t). (f) The lifetime distribution of resonators after training for three cases. Long-term 

and short-term memory arise spontaneously in response to different memory 

requirement in three different training settings. 

We now address a more challenging task by making the previous task of vowel 

classification more practical. Previously, the input signal consists of pure vowel without 

any quiet lapse of time preceding or following the vowel. This would be an unusual 

situation. In practice, we often take a temporal window of recorded sound and ask if 

there is a vowel in this window. The temporal window is often much longer than the 

duration of vowel. Now we need relatively short-term memory to recognize the inner 

structure of the vowel sound, and at the same time, we also need long-term memory 

because the duration of temporal window can be much longer than the length of vowel 

sound.  



The specific case study considered here uses a temporal window of 600 time steps. 

A vowel sound only consists of 100 time steps. We position the vowel at different 

temporal locations as shown in Fig. 4c-e. Here we use voices from three classes: ae(t), 

iy(t) and ei(t). In the first training case, we place a vowel sound at the end of the 

temporal window [Fig. 4(c)]. In the second case, we place it in the middle, starting at 

time step number 300 [Fig. 4(d)]. And lastly, we place it towards the beginning of the 

temporal window [Fig. 4(e)]. The neural network makes its decision of the vowel class 

at the end of temporal window. For the first case, the vowel sound is located at the end 

of the temporal window. There is no time lag between the vowel sound and the output 

so that the network requires mostly short-term memory. For the last case, however, 

there is a long time lag, and therefore long-term memory is needed. This setup allows 

us to see how short and long-term memories spontaneously arise from training. More 

details about the input sequence, the output, the loss function and the physical 

configuration are included in Supplementary Materials. 

The three trained computing systems all function well with accuracies above 70%. 

It is interesting to examine the lifetimes of resonators in the three computing systems. 

Because of the coupling between resonators, it is more informative to look at the 

lifetimes of eigenmodes after modal hybridization. Eigenvalues of the matrix ℋ =𝑖𝛺 − 𝛤𝑒 − ℋ𝑖𝑛𝑡  are calculated, where the imaginary and real parts are the resonant 

frequency ω and decay rate 1/τ of each eigenmode, respectively. The lifetime τ of each 

eigenmode can then be calculated. The histogram of eigenmodes shows distinct lifetime 

distributions for the three cases [Fig. 4(f)]. For the first case, the computing system 

consists of resonators mostly with short lifetimes. For the second case, the histogram 

shows a middle-range lifetime distribution. For the third case with the longest time lag, 

the resonance system evolves to possess the capability of long-term memory by 

including a significant portion of resonators with long lifetimes; in fact, the computing 

system develops both short-term and long- term memory simultaneously, in a similar 

way as the memory cells in LSTM. Thus, we observe that the distribution of lifetime 



semi-quantitatively reflects the length of the memory required in each computing 

situation. 

We note that the resonance systems have many intrinsic advantages over digital 

RNNs. These include advantages associated with analog wave computing, such as fast 

speed, ultra-low energy consumption, and intrinsic parallelism. Moreover, the proposed 

system can process continuous temporal signals whereas digital RNNs have the risk of 

insufficient temporal resolution. Lastly, an important but subtle advantage is that it is 

much easier to train a resonance system than to train a digital RNN. Training a digital 

RNN has an inherent issue of instability known as the problem of exploding gradient 

[44], which is due to the great depth of RNNs. One has to take great care to address 

exploding gradient problems by using techniques such as gradient clipping and weight 

regularization. It has been shown that in a physical system, recurrent computing is 

fundamentally stable [45]. We can quantify the advantage of training stability by 

treating the computing device as a dynamic system described by �̇�(𝑡) = ℋ ∙ 𝑎(𝑡). This 

dynamic system is stable if all the eigenvalues of the matrix ℋ have negative real 

parts. As shown in Fig. 5, all eigenvalues of the trained matrix H in the problem shown 

in Fig. 3 are in the left half the space; that is, the training of this computing system is 

fundamentally stable without the issue of exploding gradients. 

 

 

Fig. 5. Real and imaginary parts of the eigenvalues of matrix ℋ. The training case we 

studied here is the same as the one in Figure 3.  



Finally, we comment on the computing time and energy cost in comparison to the 

optical RNN that is based on electronic feedback [24]. Unlike [24], here the feedback 

is provided in the optical domain. Thus, there is no need to perform opto-electronic 

conversion for each feedback step. Without opto-electronic conversion, resonance 

RNN significantly speed up the computing. Moreover, the energy consumption is 

reduced because of the absence of opto-electronic conversion. The training of the 

resonance RNN is performed in digital computer with a similar energy and time scaling 

as those digital RNN. The inference time scales linearly with the number of resonators. 

More detailed discussions are included in Supplementary Materials. 

In conclusion, we have shown that resonance can be used to construct stable and 

scalable recurrent neural networks. Resonance provides an explicit form of memory. 

Short-term or long-term memories can be directly constructed and interpreted by the 

lifetime of resonators. This extends the analog computing capability into the complex 

neural network architecture such as LSTM. While we use acoustic as an example, the 

strategy can be broadly applied to other physical domains. The computing speed and 

footprint analyses are included in Supplementary Materials. Photonic analog computing 

has been used in a number of applications such as reservoir computing [46], photonic 

Ising machines [47, 48], self-learning Machines [49], image edge detection [50-52] and 

analog signal processing [53, 54]. 
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