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Abstract5

Self-excited motions have the advantages of actively collecting energy from the6

environment, autonomy, making equipment portable and so on, and a great number7

of self-excited motion modes have recently been developed which greatly expand the8

application in active machines. However, there are few studies on the9

synchronization and group behaviors of self-excited coupled oscillators, which are10

common in nature. Based on light-powered self-excited oscillator composed of liquid11

crystal elastomer (LCE) bars, the synchronization of two self-excited coupled12

oscillators is theoretically studied. Numerical calculations show that self-excited13

oscillations of the system have two synchronization modes: in-phase mode and14

anti-phase mode. The time histories of various quantities are calculated to elucidate15

the mechanism of self-excited oscillation and synchronization. Furthermore, the16

effects of initial conditions and interaction on the two synchronization modes of the17

self-excited oscillation are investigated extensively. For strong interactions, the18

system always develops into in-phase synchronization mode, while for weak19

interaction, the system will evolve into anti-phase synchronization mode. Meanwhile,20

the initial condition generally does not affect the synchronization mode and its21

amplitude. This work will deepen people's understanding of synchronization22

behaviors of self-excited coupled oscillators, and provide promising applications in23

energy harvesting, signal monitoring, soft robotics and medical equipment.24

Keywords: Self-excited motion; Liquid crystal elastomer; In-phase synchronization;25

Anti-phase synchronization; Domain of attraction.26
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1 Introduction29

Self-excited oscillation is a phenomenon of periodic state change of system under30

constant external stimulation [1-6], and has wide application prospects in many fields,31

such as energy harvesting, signal monitoring, soft robotics and medical equipment32

[7-11], because of its unique advantages. First, self-excited oscillation of the system33

can directly collect energy from the constant external environment for maintaining34

its periodic motion, which is similar to the effect of biological active feeding. Second,35

the periodic motion of self-excited oscillation does not need periodic external36

stimulation, only constant external stimulation. This feature greatly reduces the37

requirement of system motion control, and does not need to design a complex38

controller. Third, the above characteristics of no controller and battery greatly reduce39

the complexity of the active machine and make it more portable, which is expected to40

achieve high power [10-13]. In many conventional and active material systems,41

different self-excited oscillations have been constructed recently[14-18].42

In nonconservative oscillation, the energy loss of self-excited oscillation caused43

by system damping needs external energy input and energy compensation [8,14-20].44

Recently, based on different stimuli-responsive materials and structures, different45

feedback mechanisms are proposed to realize energy compensation [14,15,18]. The46

stimuli-responsive materials for self-excited oscillation systems include hydrogels,47

ionic gels, liquid crystal elastomer (LCE) and so on. Meanwhile, different feedback48

mechanisms include coupling of chemical reaction and large deformation [19,20],49

self-shading effect [14,15], multi-process coupling of droplet evaporation and plate50

bending [8]. Self-excited oscillations come from the nonlinear coupling of multiple51

processes of the system. Among the stimuli-responsive materials, LCE has the52

advantages of fast response, recoverable deformation and low noise [21,22]. LCE is a53

polymer network structure formed by cross-linking liquid crystal monomer54

molecules. Under the stimulation of external fields, such as light, heat, electricity and55

magnetism, the liquid crystal monomer molecules will rotate or undergo phase56

transition, and change the configuration to induce macroscopic deformation [22]. A57

lot of experimental and theoretical work has been done on self-excited oscillations58
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based on LCE [14-18,23-32].59

Although a lot of work has been done on single self-excited oscillator, the60

interaction and collective motion of multiple self-excited oscillators need to be61

further explored. Synchronization and collective motion are ubiquitous in nature,62

such as the circadian rhythm and the cardiac pacemaker cells [33-36]. The first work63

on synchronization can be traced back to Huygens' observation on the64

synchronization of coupled pendulums in 1665 [37]. He observed that two identical65

clocks oscillate synchronously with two pendulums in opposite directions. Recent66

studies have confirmed that the synchronization between two pendulums results67

from the coupling caused by small mechanical vibrations that propagate in the68

wooden structure connecting the clocks [38]. Furthermore, the synchronous69

movement of a large number of metronomes with more degrees of freedom on a free70

moving base is also realized experimentally [39]. Recently, based on light-responsive71

LCE, Ghislaine et al. experimentally studied the synchronized oscillations of thin72

plastic actuators fueled by light, and found two kinds of synchronous oscillation73

phenomena of in-phase and anti-phase in steady state [40]. Their numerical74

simulations qualitatively explain the origin of the synchronized motion, and found75

that the motion can be tuned by the mechanical properties of the coupling joint.76

At present, there are few studies on the interaction and group phenomenon of77

self-excited coupled oscillators based on active materials [40], and the78

synchronization mechanism and its behavior need to be further explored. In this79

paper, based on the self-excited oscillator of photoresponsive LCE proposed80

previously by us [41], we investigate the synchronous behavior of two identical81

self-excited oscillators powered by steady illumination. This paper is as follows.82

Firstly, based on dynamic LCE model [42], the dynamic governing equation for two83

identical self-excited oscillators under steady illumination is formulated in Sec. 2.84

Secondly, two kinds of synchronization mode of the self-excited oscillations are85

presented in Sec. 3. In Sec. 4 and 5, ,the detailed self-excited mechanism of in-phase86

and anti-phase modes are elucidated, respectively. Meanwhile, the influences of87

initial conditions and spring constant on the synchronization mode, amplitude and88
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period of the self-excited oscillations are investigated. Finally, the conclusion is given89

in Sec. 6.90

2 Model and formulation91

2.1 Dynamic model of the two LCE oscillators92

93

Fig. 1 Schematics of dynamic model of two identical LCE oscillators connected by a94

torsion spring under steady illumination. The LCE oscillators are made up of a95

light-responsive LCE bar and a regular material bar. The region from d to u is96

steadily illuminated.97

Fig. 1a sketches the dynamic model of two identical LCE oscillators connected by98

a torsion spring under steady illumination. 11AO and 22AO are light-responsive99

LCE bars, while 11BO and 22BO are conventional bars. The four bars have the same100

mass m . 111 BOA and 222 BOA bars can rotate around the z axis. The original101

length of 11AO and 22AO are 0l , and the length of 11BO and 22BO are 0kl , with102

k being the length ratio. The connecting torsion spring between the two bars can103

apply corresponding torque to each other, which depends on the relative angle104

difference between the two bars. The illumination zone is denoted by the upper edge105

angle u and the lower edge angle d , as shown in Fig. 1b. The positions of 11AO106

and 22AO are denoted by 1 and 2 , respectively. The initial angles of 11AO and107

22AO are 0
1 and 0

2 , respectively. The initial angular velocity is of 11AO and 22AO108
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are 0
1 and 0

2 , respectively. Under light illumination, 11AO bar and 22AO bar can109

oscillate, because the light-driven deformation periodically changes the center of110

gravity and reverse the resultant moment of the system due to self-shadowing effect.111

In the following, we will investigate the synchronization of the two self-excited112

oscillations.113

According to the theorem of moment of momentum, the differential equations114

for the dynamics of the two LCE bars rotating around the fixed z axis are115

1
1

d
d

zM
t




, 2
2

d
d

zM
t




, (1)116

where the angular momenta of 111 BOA and 222 BOA are , respectively,117

   
t
tθtJ z d

d 1
11  ,    

t
tθtJ z d

d 2
22  , (2)118

where the moments of inertia of 111 BOA and 222 BOA about z axis are,119

respectively,120

111 BAz JJJ  , 222 BAz JJJ  , (3)121

where 2
11 3

1 mlJ A  is the moment of inertia of 11AO about z axis, 2
0

2
1 3

1 lmkJ B  is122

the moment of inertia of 11BO about z axis, 2
22 3

1 mlJ A  is the moment of inertia123

of 22AO about z axis, and 2
0

2
2 3

1 lmkJ B  is the moment of inertia of 22BO about124

z axis. It is worth noting that the length depends on the light-driven contraction125

strain. Then, the length 1l of the 11AO and the length 2l of the 22AO can be126

expressed as127

  011 )t(1 ll  ,   022 )t(1 ll  , (4)128

where )(1 t and )(2 t are the light-driven contraction strains of 11AO and 22AO ,129

respectively. For simplicity, we assume that the light-driven contraction strain of the130

material is proportional to the number fraction )(t ,131

)()( 101 tCt   , )()( 202 tCt   , (5)132

where 0C is the contraction coefficient. The number fraction )(t will be given in133
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Sec. 2.2.134

In Eq. (1), 1zM and 2zM are the resultant moments of all external forces of135

bar 111 BOA and bar 222 BOA to z-axis, respectively,136

KfD MMMM  11z1 , KfD MMMM  22z2 , (6)137

where, the driving moments of 111 BOA and 222 BOA can easily be calculated as138

 11101 coscos
2
1  lklmgM D  ,  22202 coscos

2
1  lklmgM D  , (7)139

where g is the gravitational acceleration.140

The damping force is assumed to be proportional to the velocity, and then the141

damping moments of 111 BOA and 222 BOA can be easily calculated as142

 
t

lklM f d
d

3
1 13

0
33

11
  ,  

t
lklM f d

d
3
1 23

0
33

22
  , (8)143

where  is the damping coefficient, 1
1

d
d  

t
is the angular velocity of 111 BOA and144

2
2

d
d  

t
is the angular velocity of 222 BOA .145

The moment exerted by the torsion spring on the two bars is assumed to be146

linear with the angle difference,147

 21  KM , (9)148

where  is the spring coefficient of the torsion spring.149

2.2 Evolution law of number fraction in the two LCE oscillators150

In order to calculate the light-driven contraction strain and the lengths of the151

LCE bars, we need to obtain the number fractions in the LCE bars. According to the152

research of Yu et al., the trans-to-cis isomerization of LCE can be induced by UV or153

laser with wavelength less than 400 nm [43]. Generally, the cis-to-trans154

isomerization driven by UV light and the thermal trans-to-cis excitation can be155

neglected. Therefore, the number fraction of cis isomers depends on the thermal156

excitation from trans to cis, the thermally driven relaxation from cis to trans and the157

light-driven trans-to-cis isomerization. Then, the number fraction of bent cis isomers158

in LCE can be governed by the following equation [42, 43],159
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0
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T
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 , (10)160

where 0T is the thermal relaxation time of cis state to trans state, �0 is the light161

intensity, and 0 is the light absorption constant. By solving Eq. (10), the number162

fraction of cis-isomers can be expressed as:163
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where 0 is the number fraction of cis isomers at 0t . In the light zone, for165

initially zero number fraction of cis isomers, i.e., 00  , Eq. (11) can be simplified as166
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In the dark zone, namely 00 I , 0 can be set as the maximum value of )(t in Eq.168

(12), namely,
1000

000
0 


IT
IT




 , and Eq. (11) can be simplified as:169
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000 exp
1 T

t
IT
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 . (13)170

By defining the following dimensionless quantities: 0/Ttt  , 000 ITI  ,171

 200 // glTg  , mTl /2 00  ,  202
0 / mlT  ,   000000 1 ITIT   ,172

 202
0 / mlTMM KK  ，  202

011 /2 mlTMM DD  and  202
022 /2 mlTMM DD  , in the light zone,173

Eq. (12) is rewritten as:174

 )1(exp1  It , (14)175

in the dark zone, Eq. (13) becomes:176

)exp( t . (15)177

2.3 Governing equation for movement of the LCE oscillators178

A combination of Eqs. (1)-(4), (14) and (15) can yield,179

in the light zone:180
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where      1/1exp1 101  IItIC and      1/1exp1 202  IItIC ,185

in the dark zone:186
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(19)190

where    1/exp 101  ItIC and    1/exp 202  ItIC .191

2.4 Solution method192

Eqs. (16)-(19) are ordinary differential equations with variable coefficients, and193

there are no analytic solutions. Hereon, the classical fourth-order Runge-Kutta194

method is utilized to solve ordinary differential equations by Matlab software. We195

transform the second-order ordinary differential equation into first-order ordinary196

differential equations:197
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The initial conditions are as follows：199
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By defining the following vectors  T2211 θ,,θθ,θ y ,  T0
2

0
2

0
1

0
1 θ,,θθ,θ 0y , and201

 T4321 ,f,f,fff , Eqs. (20) and (21) can be expressed as follows:202
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Following the classical fourth-order Runge-Kutta method, Eq. (22) can be written as,204

 43211 22
6

kkkkyy 
H

nn , (23)205

where H is the time step, and ik ( i =1 to 4) are listed as below,206
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. (24)207

The self-excited motion of the LCE oscillators, i.e., the variation of angle and angular208

velocity with time, can be obtained by iteration.209

3 Two synchronization modes210

Fig 2 shows two typical synchronization modes of self-excited motion of the LCE211

oscillators: in-phase mode and anti-phase mode. In the computation, we fix 25.0I ,212

4.00 C , 8.9g , 2.9k , 882.0 , 33.00
1  , 33.00

2  ,  45u ,  80d ,213

 00
1 and 100

2 . The time-history curve and domain of attraction of the214

in-phase mode for 1.0 are given in Figs. 2a and c, respectively. The results show215

that the two LCE bars oscillate in-phase. Figs. 2b and d present the time-history216

curve and domain of attraction of the anti-phase mode for 03.0 , respectively.217

The results show that the two LCE bars oscillate in anti-phase mode. Through careful218

calculation, it is found that there exists a critical spring constant 075.0crit  for the219

two synchronization modes. The two LCE oscillators will oscillate in in-phase mode220
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for crit  , while oscillate in anti-phase mode for crit  . In the following, we will221

discuss the two synchronization modes in turn.222

223

Fig. 2 Two kinds of synchronization modes of the light-powered self-excited LCE224

oscillators. The parameters are 25.0I , 4.00 C , 8.9g , 2.9k , 882.0 ,225

33.00
1  , 33.00

2  ,  45u ,  80d ,  00
1 and 100

2 . (a) and (b)226

correspond to tw0 typical synchronization modes: in-phase mode for 1.0 , and227

anti-phase mode for 03.0 . (c) and (d) are domain of attraction of the two typical228

synchronization modes.229

4 In-phase synchronization mode230

4.1 Mechanisms of the self-excited oscillation in in-phase mode231

To investigate the mechanism of the self-excited oscillation in in-phase mode of232

the two LCE oscillators under steady illumination, Fig. 3 presents time-histories of233

some key physical quantities of the in-phase mode in Figs. 2b and d. Fig. 3a plots the234

time histories of 1 or 2 , which shows that the two LCE bars oscillate periodically235

in in-phase mode. Fig. 3b plots time histories of the number fractions of cis-isomers236

in the two LCE bars. The number fractions of cis-isomers increase in the light zone,237

while decrease in the dark zone. Therefore, the contraction strains in the two LCE238

bars increase in the light zone, while decrease in the dark zone, as shown in Fig. 3c, .239

In Fig. 3d, the moment of the torsion spring on the two bars is zero, because the angle240
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difference between the two bars in in-phase mode is zero. In Fig. 3e, the driving241

moments of the two oscillators also change periodically in in-phase mode.. Fig. 3f242

delineates the dependence of the driving moment on 1 or 2 . In Fig, 3f, the area243

surrounded by the closed curve represents the net work done by the steady244

illumination during one cycle of the self-excited oscillation, which compensates for245

the energy dissipation caused by the damping to maintain the oscillation of the LCE246

oscillators.247

248

Fig. 3 Mechanism of the self-excited oscillation in in-phase mode. The parameters249

are 25.0I , 4.00 C , 8.9g , 2.9k , 882.0 , 1.0 , 33.00
1  , 33.00

2  ,250

 45u ,  80d ,  00
1 and 100

2 . (a) Time histories of 1 or 2 . (b) Time251

histories of the number fractions of cis-isomers in the two LCE bars. (c) Time252

histories of contraction strains. (d) Time history of moment of the torsion spring . (e)253

Time histories of the driving moments. (f) The relationship between the driving254

moments and 1 or 2 .255
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4.2 Effect of the initial conditions on the in-phase mode256

257

Fig. 4 Effect of initial conditions on the in-phase mode. The parameters are 25.0I ,258

4.00 C , 8.9g , 2.9k , 882.0 , 1.0 , 33.00
1  , 33.00

2  ,  45u and259

 80d . (a) Time history for  00
1 and 100

2 ; (b) Time history for  50
1260

and  50
2 ; (c) Phase diagrams for  00

1 and 100
2 ; (d) Phase diagrams for261

 50
1 and  50

2 ; (e) Domain of attraction of 1 and 2 for different initial262

conditions; (f) Limit cycles of 1 and 1 for different initial conditions.263

Figs. 4a and b plot the time histories for two different initial conditions. In the264

computation, we set 25.0I , 4.00 C , 8.9g , 2.9k , 882.0 , 1.0 ,265

33.00
1  , 33.00

2  ,  45u and  80d . In Figs. 4a and b, for the two266

different initial conditions, the two curves of the two LCE oscillators coincide after a267

period of time, which means that the two bars oscillate synchronously in in-phase268

mode. Figs. 4c and d plot the phase diagrams for the two initial conditions, in which269

1 and 2 evolve from the initial disorder into a final attraction domain. Fig. 4e270
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further plots the domains of attraction of 1 and 2 for different initial conditions.271

The calculation shows that the two domains of attraction are the same. The results272

show that the initial condition has no effect on the synchronous mode.273

Furthermore, Fig. 4f describes the limit cycles of 1 and 1 for different initial274

conditions. Similarly, the two limit cycles are also identical. This implies that the275

amplitude and frequency of the LCE oscillators are independent on the initial276

condition, which is further validated by more calculations. It is noted that the effect277

of initial condition on amplitude and frequency is similar to that of the single LCE278

oscillator [41].279

4.3 Effect of the spring constant on the in-phase mode280

281

Fig. 5 Effect of spring constant on the in-phase mode. The parameters are 25.0I ,282

4.00 C , 8.9g , 2.9k , 882.0 , 33.00
1  , 33.00

2  ,  45u ,  80d ,283

 00
1 and 100

2 . (a) Time history for 1.0 ; (b) Time history for 11.0 ; (c)284

Phase diagrams for 1.0 ; (d) Phase diagrams for 11.0 ; (e) Domain of285

attraction of 1 and 2 for different spring constants; (f) Limit cycles of 1 and286
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1 for different spring constants.287

Figs. 5a and b plot the time histories of the two oscillators for different spring288

constants. In the computation, we set 25.0I , 4.00 C , 8.9g , 2.9k ,289

882.0 , 33.00
1  , 33.00

2  ,  45u ,  80d ,  00
1 and 100

2 . In290

Figs. 5a and b, for the two different spring constants, the two curves of the two LCE291

oscillators coincide after a period of time, which means that the two bars oscillate292

synchronously in in-phase mode. Figs. 5c and d plot the phase diagrams for the two293

spring constants, in which 1 and 2 evolve from the initial disorder into a final294

attraction domain. Fig. 5e further plots the domains of attraction of 1 and 2 for295

different spring constants. The calculation shows that the two domains of attraction296

are identical. The results show that the spring constant has no effect on the in-phase297

mode.298

299

Fig. 6 Equivalent systems of (a) in-phase synchronization mode, and (b) anti-phase300

synchronization mode. In in-phase mode, the system is equivalent to the single301

oscillator. In anti-phase mode, the system is equivalent to the single oscillator with302

half-length torsion spring.303

Furthermore, Fig. 5f describes the limit cycles of 1 and 1 for different spring304

constants. Similarly, the two limit cycles are also the same. This implies that the305

spring constant have no effect on the amplitude and frequency of the LCE oscillators.306

More calculations show that the influence of the spring constant is the same for307
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075.0crit  . This is because that for crit  , the LCE oscillators are in in-phase308

mode, and both the angle difference between two bars and the moment of spring are309

zero. Therefore, spring constant has no effect on the its amplitude and frequency. In310

in-phase mode, the system is equivalent to the single oscillator, as shown in Fig. 6a.311

5 Anti-phase synchronization mode312

5.1 Mechanisms of the self-excited oscillation in anti-phase mode313

314

Fig. 7 Mechanism of the self-excited oscillation in anti-phase mode. The parameters315

are 25.0I , 4.00 C , 8.9g , 2.9k , 882.0 , 03.0 , 33.00
1  , 33.00

2  ,316

 45u ,  80d ,  00
1 and 100

2 . (a) Time histories of 1 or 2 . (b) Time317

histories of the number fractions of cis-isomers in the two LCE bars. (c) Time318

histories of contraction strains. (d) Time history of moment of the torsion spring. (e)319

Time histories of the driving moments. (f) The relationship between the driving320

moments and 1 or 2 .321

To investigate the mechanism of the self-excited oscillation in anti-phase mode322
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of the two LCE oscillators under steady illumination, Fig. 7 presents time-histories of323

some key physical quantities of the anti-phase mode in Figs. 2a and 2c. Fig. 7a plots324

the time histories of 1 and 2 , which shows that the two LCE bars oscillate325

periodically in anti-phase mode. Fig. 7b plots time histories of the number fractions326

of cis-isomers in the two LCE bars. Similarly, the number fractions of cis-isomers also327

increase in the light zone, while decrease in the dark zone. Therefore, the contraction328

strains in the two LCE bars increase in the light zone, while decrease in the dark zone,329

as shown in Fig. 7c. In Fig. 7d, the moment of the torsion spring on the two bars330

changes periodically, because the angle difference between the two bars in anti-phase331

mode varies periodically. In Fig. 7e, the driving moments of the two oscillators in332

anti-phase mode also fluctuates periodically. Fig. 7f delineates the dependence of the333

driving moment on 1 or 2 . In Fig, 7f, the area surrounded by the closed curve334

represents the net work done by the steady illumination during one cycle of the335

self-excited oscillation, which compensates for the energy loss caused by the damping336

to maintain the oscillation of the LCE oscillators.337

5.2 Effect of initial conditions on the anti-phase mode338

Figs. 8a and b plot the time histories for two different initial conditions. In the339

computation, we set 25.0I , 4.00 C , 8.9g , 2.9k , 882.0 , 03.0 ,340

33.00
1  , 33.00

2  ,  45u and  80d . In Figs. 8a and b, for two different341

initial conditions, the self-excited oscillations of the two LCE oscillators have a phase342

difference of half a cycle after a period of time, which means that the two bars343

oscillate synchronously in anti-phase mode. Figs. 8c and d plot the phase diagrams344

for the two initial conditions, in which 1 and 2 evolve from the initial disorder345

into a final attraction domain. Fig. 8e further plots the domains of attraction of 1346

and 2 for different initial conditions. The calculation shows that the two domains347

of attraction are the same. The results also show that the initial condition has no348

effect on the synchronous mode.349
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350

Fig. 8 Effect of initial conditions on the anti-phase mode. The parameters are351

25.0I , 4.00 C , 8.9g , 2.9k , 882.0 , 03.0 , 33.00
1  , 33.00

2  ,352

 45u and  80d . (a) Time history for  00
1 and 100

2 ; (b) Time history353

for  50
1 and  50

2 ; (c) Phase diagrams for  00
1 and 100

2 ; (d) Phase354

diagrams for  50
1 and  50

2 ; (e) Domain of attraction of 1 and 2 for355

different initial conditions; (f) Limit cycles of 1 and 1 for different initial356

conditions.357

Furthermore, Fig. 8f describes the limit cycles of 1 and 1 for different initial358

conditions. Similarly, the two limit cycles are also identical. This implies that the359

amplitude and frequency of the LCE oscillators are independent on the initial360

condition. More calculations also show that the influence of initial conditions is the361

same. It is noted that the effect of initial condition on amplitude and frequency of the362

anti-phase mode is similar to that of the single LCE oscillator [41].363

5.3 Effect of the spring constant on the anti-phase mode364
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365

Fig. 9 Effect of spring constant on the anti-phase mode. The parameters are 25.0I ,366

4.00 C , 8.9g , 2.9k , 882.0 , 33.00
1  , 33.00

2  ,  45u ,  80d ,367

 00
1 and 100

2 . (a) Time history for 0 ; (b) Time history for 03.0 ; (c)368

Time history for 05.0 ; (d) Phase diagrams for 0 ; (e) Phase diagrams for369

03.0 ; (f) Phase diagrams for 05.0 ; (g) Domain of attraction of 1 and 2370

for different spring constants; (h) Limit cycles of 1 and 1 for different spring371

constants.372

Figs. 9a-c plot the time history for different spring constants. In the computation,373

we set 25.0I , 4.00 C , 8.9g , 2.9k , 882.0 , 33.00
1  , 33.00

2  ,374

 45u ,  80d ,  00
1 and 100

2 . For 0 , the phase difference between375



19

the two bars after a period of time is a constant value that is generally not 180 or376

0 , as shown in Fig. 9a. Fig. 9d plots the phase diagrams for 0 , in which 1 and377

2 evolve from the initial disorder into a final attraction domain. The domains of378

attraction of 1 and 2 and limit cycles of 1 and 1 are further plotted in Figs.379

9g and h, respectively. Through calculation, we find that for 0 , the final phase380

difference of two bars depends on initial conditions, while the limit cycles are381

independent on the initial conditions. It can be understood that for 0 , the382

system is equivalent to the single oscillator [41], and the phase difference is383

determined by their independent self-excited oscillations.384

In Figs. 9b and c, for 03.0 and 05.0 , the self-excited oscillations of the385

two LCE oscillators have a phase difference of half a cycle after a period of time,386

which means that the two bars oscillate synchronously in anti-phase mode. Figs. 9e387

and f plot the phase diagrams for 03.0 and 05.0 , in which 1 and 2388

evolve from the initial disorder into a final attraction domain. Furthermore, Fig. 9g389

and h plot the domains of attraction of 1 and 2 and the limit cycles of 1 and390

1 . Obviously, the domains of attraction and the limit cycles are also different. It can391

be seen that its amplitude decreases with the increase of the spring constant. Careful392

calculation shows that the period also decreases with the increase of the spring393

constant. Actually, the system in anti-phase mode for crit  is equivalent to single394

self-excited oscillator constrained by a fixed torsion spring with half original length,395

as shown in Fig. 6b. The greater the spring constant, the smaller the amplitude and396

the period. This result is consistent with the physical intuition [44].397

6 Conclusions398

Based on self-excited oscillator composed of LCE bars, the synchronization of399

two identical self-excited oscillators is studied in this paper. Combing dynamic LCE400

model, a theoretical model for the self-excited motion of the two self-excited401

oscillators connected by a torsion spring, and synchronization of the self-excited402
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motion is numerically calculated by MATLAB software. It is found that self-excited403

oscillation of the system has two synchronization modes: in-phase mode and404

anti-phase mode. By plotting the time histories of various quantities, we elucidate the405

mechanism of self-excited oscillation and the two synchronization modes.406

Furthermore, the effects of initial conditions and interaction on the two407

synchronization modes of the self-excited oscillation are investigated systematically,408

by plotting their contractors of the system. For strong interactions, the system always409

develops into in-phase synchronization mode, and both its amplitude and period are410

independent on the interaction. In this case, the system is equivalent to two identical411

self-excited oscillators without interaction. For weak interaction, the system will412

evolve into anti-phase synchronization mode, and its amplitude decreases with the413

increase of the interaction. In this case, it is equivalent to single self-excited oscillator414

constrained by fixed torsion spring with half original length. Meanwhile, the initial415

condition generally does not affect the synchronization mode and its amplitude. This416

study will deepen people's understanding of interaction and synchronization of417

self-excited motions, and provide promising applications in energy acquisition,418

power generation, monitoring, soft robot, medical equipment and micro nano419

devices.420
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