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Abstract 13 

Users of ensemble climate projections have choices with respect to how they interpret and apply the ensemble. A 14 

simplistic approach is to consider just the ensemble mean and ignore the individual ensemble members. A more 15 

thorough approach is to consider every ensemble member, although for complex impact models this may be 16 

unfeasible. Building on previous work in ensemble weather forecasting we explore an approach in-between these 17 

two extremes, in which the ensemble is represented by the mean and a reasonable worst case. The reasonable 18 

worst case is calculated using Directional Component Analysis (DCA), which is a simple statistical method that 19 

gives a robust estimate of worst-case for a given linear metric of impact, and which has various advantages relative 20 

to alternative definitions of worst-case.  We present new mathematical results that clarify the interpretation of 21 

DCA and we illustrate DCA with an extensive set of synthetic examples. We then apply the mean and worst-case 22 

method based on DCA to EURO-CORDEX projections of future precipitation in Europe, with two different 23 

impact metrics. We conclude that the mean and worst-case method based on DCA is suitable for climate projection 24 

users who wish to explore the implications of the uncertainty around the ensemble mean without having to 25 

calculate the impacts of every ensemble member.  26 

Keywords: climate projection, ensemble mean, worst-case, DCA, EURO-CORDEX, precipitation 27 

Declarations 28 

Funding 29 

G. Messori was partly supported by the Swedish Research Council Vetenskapsrådet (grant no. 2016-03724).  30 

Conflicts of Interest 31 

MS works for RMS Ltd, a private company involved in weather and climate risk modelling. 32 

Data Availability Statement 33 

The EURO-CORDEX data used in this study is freely available. Details are given at https://euro-cordex.net. 34 

Code availability 35 

Not applicable. 36 

Author's Contributions 37 

Stephen Jewson designed the study and the algorithms, wrote and ran the analysis code, produced the graphics 38 

and wrote the text. Gabriele Messori reviewed the study in detail, Giuliana Barbato, Paola Mercogliano and 39 

Jaroslav Mysiak extracted the EURO-CORDEX data and Maximiliano Sassi wrote the code to read the EURO-40 

CORDEX data. All the authors contributed to proof-reading.  41 

Acknowledgements 42 



2 

 

The authors would like to thank Francesco Repola from CMCC for assisting with data extraction, and Casper 43 

Christophersen, Marie Scholer and Luisa Mazzotta from EIOPA for arranging for the EURO-CORDEX data to 44 

be made available.  45 

1. Introduction 46 

There is an extensive literature on how users of climate information might process ensemble climate projections, 47 

including methods for bias correction (Maraun, 2016; Knutti, et al., 2017; Chen, et al., 2019), methods for 48 

identifying the forced response (Barnes, et al., 2019; Sippel, et al., 2019; Wills, et al., 2020), analysis of the 49 

potential benefits of spatial smoothing (Raisanen & Ylhaisi, 2010; Masson & Knutti, 2011), methods for assigning 50 

weights to the different models in an ensemble (Knutti, et al., 2017; Sanderson, et al., 2017; Abramowitz, et al., 51 

2019), methods for understanding uncertainty (Deser, et al., 2010; Hawkins & Sutton , 2009; Frankcombe, et al., 52 

2015; Thompson, et al., 2015), methods for reducing uncertainty using emerging constraints (Hall, et al., 2019) 53 

and methods for creating smaller and hence more manageable ensembles (Evans, et al., 2013; Herger, et al., 2018).  54 

In this article, we will revisit the question of how to create smaller and more manageable ensembles. We imagine 55 

a hypothetical user of climate projections who currently considers only the ensemble mean from a climate 56 

projection ensemble such as the CMIP5 project (Taylor, et al., 2012), the CMIP6 project (Eyring, et al., 2016) or 57 

the EURO-CORDEX project (Jacob, et al., 2014; Jacob, et al., 2020). They use an impact model which already 58 

incorporates simulations of weather variability, and the reason for using climate models is to understand possible 59 

changes in statistics of weather variability under climate change. They look at impacts of the ensemble mean for 60 

multiple cases based on the four main RCPs (Moss, et al., 2010) or the five SSPs (Riahi, et al., 2017), for different 61 

points in time and for different adaptation strategies. Their impact models are costly to run, and this is already a 62 

lot of calculations. They would like to consider the impact of uncertainty around the ensemble mean, but running 63 

every ensemble member for every case is not feasible. Is there, nevertheless, a way that they could take into 64 

account uncertainty within each ensemble? 65 

As an example, this problem often arises when including the effects of climate change in insurance industry risk 66 

models for severe weather risks. These models, known as catastrophe models (Grossi & Kunreuther, 2005; 67 

Mitchell-Wallace, et al., 2017), simulate present-day weather risks using their own ensembles consisting of many 68 

tens of thousands of members, each of one year in length (a methodology developed in the 1960s by Don Friedman 69 

(Friedman, 1972)). The models can be adjusted to incorporate aspects of climate variability and change from 70 

climate models (Sassi, et al., 2019; Jewson, et al., 2019), but the catastrophe models are computationally intensive, 71 

because of the large size of their ensembles and their high spatial resolution, and running them many times to 72 

understand the impacts of every climate model ensemble member may not be possible for all users. 73 

To bridge the gap between the two extremes of analyzing only the ensemble mean and analyzing every ensemble 74 

member, one might consider using only a subset of the members of the full ensemble, either chosen randomly, or 75 

according to some kind of algorithm (Evans, et al., 2013; Herger, et al., 2018). The smallest subset, apart from 76 

using just the ensemble mean, would be to use the ensemble mean and one additional pattern, so that the full 77 

impact model only has to be run twice. This approach has recently been studied by Scher, et al. (2021) (henceforth 78 

SJM) in the context of medium range ensemble forecasts of temperature. To determine which single additional 79 

pattern to use, SJM considered a linear function that gives a measure of which ensemble members are most 80 

important in terms of impact. They then compared four different methods that could be used to find a single 81 

reasonable worst-case deviation from the ensemble mean, given the linear impact function. 'Reasonable worst' in 82 

the phrase reasonable worst-case means that the probability of this pattern should not be too low, so that the pattern 83 

is realistic, and that the pattern should have a large positive value of the linear impact function relative to the 84 

members of the ensemble. Two of the four methods that SJM compared were based on Directional Component 85 

Analysis (DCA, Jewson (2020)), a third method consisted of taking the worst single member from the ensemble 86 

and a fourth method consisted of averaging the worst 10% of the members of the ensemble. They compared these 87 

four methods and found the two DCA methods to be the most robust. 88 

We will expand on the ideas in Jewson (2020) and SJM and explore further the idea of defining a reasonable 89 

worst-case pattern from an ensemble using DCA. DCA is a method for deriving extreme patterns from space-time 90 

datasets such that the patterns have both a large linear impact and a high likelihood (where we use likelihood 91 

synonymously with probability density). We extend the previous work in four ways. First, we provide additional 92 

illustrative examples of how DCA identifies a worst-case pattern. For these examples we imagine applying DCA 93 

to climate projections of precipitation and include examples in which the definition of linear impact is based on 94 

increased precipitation in all regions, and other examples in which it is based on increased precipitation in some 95 

regions, and decreased precipitation in others. This latter case is motivated by the situation in Europe where parts 96 
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of northern Europe are projected to experience an increase in precipitation because of climate change, while parts 97 

of southern Europe are projected to experience a decrease in precipitation (European Environment Agency, 2017). 98 

In this situation, a Europe-wide worst-case might consist of greater than the ensemble mean precipitation in 99 

northern Europe and less than the ensemble mean precipitation in southern Europe. Second, we present various 100 

additional mathematical properties of DCA that were not described in Jewson (2020) or SJM, that help to clarify 101 

the interpretation of DCA.  Third, we discuss in detail how the linear impact function used in DCA can be 102 

considered as a linearisation of a non-linear impact function, and how the method can be generalized to quadratic 103 

and cubic approximations. Fourth, we apply DCA to high-resolution multi-model climate projections from 104 

EURO-CORDEX for two different linear impact functions.  105 

In Sect. 2 we describe the data we will use and review the DCA methodology. In Sect. 3 we present new 106 

illustrations of DCA. In Sect. 4 we present new mathematical properties of DCA that help clarify the 107 

interpretation. We also discuss how to generalize DCA to quadratic and cubic impact functions. In Sect. 5 we 108 

illustrate the DCA methodology with results from the EURO-CORDEX climate model ensemble. In Sect. 6 we 109 

draw some conclusions. Appendices A to E include a number of related mathematical derivations.  110 

2. Data and Methods 111 

 112 

2.1 Synthetic Data 113 

In section 3 we analyse synthetic ensemble data to illustrate the DCA method in various ways, and compare it 114 

with using just the worst member to define the worst case. The synthetic data was created by simulating from a 115 

bivariate normal distribution. The two dimensions are intended to represent changes in future annual mean 116 

precipitation values at two different but nearby locations and each ensemble member is intended to represent 117 

output from a different climate model. We simulate ensembles of both 10 and 1000 members, and we also simulate 118 

500 repeats of the 10 member ensemble to understand the robustness of the results to the statistical sampling 119 

involved in creating the ensembles.  1000 is larger than the number of climate models in existence, but using 1000 120 

member ensembles is helpful for illustrating how DCA works.  121 

2.2 EURO-CORDEX data  122 

The climate model data we use in Sect. 5 is annual mean precipitation data extracted from the EURO-CORDEX 123 

ensemble projections of future climate (Jacob, et al., 2014; Benestad, et al., 2017; Jacob, et al., 2020). We use data 124 

from 10 separate projections, simulated by 10 different combinations of global models and regional models: a list 125 

of the models used is given in Table 1. The model output is at 0.11-degree resolution (roughly 12km). Our analysis 126 

is based on the ensemble member by ensemble member difference between RCP4.5 annual mean precipitation in 127 

the period 2011-2040 and the baseline period 1981-2010, which we refer to as precipitation changes. 128 

2.3 DCA Definition 129 

We now give a definition and brief overview of DCA, based on Jewson (2020) and SJM. For the ensembles we 130 

are considering in this article, we define DCA as follows. The ensemble members, which are spatial patterns, are 131 

converted to anomalies from the ensemble mean and written as vectors, 𝑥 with 𝑀 components corresponding to 132 

the number of spatial points. Given an ensemble of 𝑁 members we write the 𝑁 vectors in a matrix 𝑋. This matrix 133 

has dimensions 𝑀 by 𝑁. The spatial covariance matrix of the vectors, which gives the covariance between every 134 

possible pair of spatial points, is given by 𝐶 = 𝑋𝑋𝑇 𝑁⁄ , which is an 𝑀 by 𝑀 matrix.  The total scalar impact 𝑎 of 135 

a spatial pattern is defined as the sum of the impact of the ensemble mean 𝑎0 and the deviation 𝑎′ of the impact 136 

from 𝑎0 due to the vector anomaly 𝑥, giving 𝑎 = 𝑎0 + 𝑎′(𝑥). We assume that the deviation 𝑎′(𝑥) is a linear 137 

function of 𝑥, and we will call it the linear impact. It can be written as a weighted sum of values in the anomaly 138 

pattern 𝑥 as 𝑎′ = 𝑥𝑇𝑟, where the vector 𝑟 gives the weights at each location. The vector 𝑟 can, equivalently, be 139 

interpreted as the direction of the gradient of the impact, pointing towards values of highest impact. A simple 140 

example of impact that can be expressed using 𝑎 = 𝑎0 + 𝑥𝑇𝑟 is the total precipitation change (change relative to 141 

the previous climate) across a precipitation field: if 𝑥 is the spatial field of precipitation anomalies, 𝑎0 is the total 142 

precipitation change of the ensemble mean and 𝑟 is a vector of ones, then 𝑎 is the total precipitation change due 143 

to the ensemble mean plus the anomaly pattern 𝑥. A more complex example might involve using the components 144 

of the vector 𝑟 to apply weighting as a function of spatial variation in population density. 145 
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Given the above definitions the DCA pattern 𝑔 is then a vector with 𝑀 components given by the proportional 146 

relationship: 147 𝑔 ∝  𝐶𝑟             (1) 148 

The DCA vector 𝑔 can be interpreted as a spatial pattern. Since 𝐶 = 𝑋𝑋𝑇 𝑁⁄  this gives 𝑔 ∝ (𝑋𝑋𝑇/𝑁)𝑟 =149  𝑋(𝑋𝑇𝑟)/𝑁, which can also be written as  150 𝑔 ∝   𝑋𝑤             (2) 151 

where 𝑤 = 𝑋𝑇𝑟 is a vector that gives the linear impacts of the individual members of the ensemble. Based on 152 

these expressions we see that the DCA pattern 𝑔 can be calculated either using the covariance matrix (𝑔 ∝  𝐶𝑟) 153 

or by calculating the linear-impact-weighted average of the ensemble members (𝑔 ∝  𝑋𝑤).  154 

Equations (1) and (2) are proportional relationships and define the direction of the DCA vector 𝑔 (i.e., the shape 155 

of the spatial pattern described by 𝑔), but not the magnitude of the vector (i.e., not the amplitude of the spatial 156 

pattern decribed by 𝑔). To make the definition of DCA unique, Jewson (2020) defines the first DCA pattern as a 157 

unit vector. The length of the unit vector DCA pattern can then be scaled to an appropriate value, depending on 158 

the application. Subsequent DCA patterns can also be derived, to create a set of orthogonal spatial patterns and a 159 

corresponding method for matrix factorisation, although in this study we will only consider the first pattern, which 160 

we will refer to simply as the DCA pattern or DCA vector. 161 

2.3.1 Mathematical Properties 162 

The mathematical properties of DCA depend on the statistical distribution of the ensemble. Jewson (2020) shows 163 

that if the ensemble is distributed as a MultiVariate Normal distribution (MVN), then DCA is the anomaly spatial 164 

pattern that maximises the probability density for a given value of the linear impact function (property 1). Part of 165 

the utility of DCA arises from the fact the direction of the DCA vector is then independent of the level of linear 166 

impact used in this definition, and depends only on the direction of the gradient of linear impact. Conversely, the 167 

DCA pattern is also the anomaly spatial pattern that maximises the linear impact for a given value of the 168 

probability density (property 2). These are the properties that justify the use of the DCA pattern as a pattern that 169 

is representative of extremes, where extreme is defined in terms of the linear impact function.  170 

If the ensemble is not MVN, but is still elliptically distributed (for example, is distributed as a multivariate t 171 

distribution) then these properties may still hold: more precise details are given in Appendix A.  172 

If the ensemble is not elliptically distributed it is useful to distinguish between what we will call smoothable and 173 

non-smoothable ensembles. Smoothable ensembles are those that have the property that weighted linear 174 

combinations of events in the ensemble are plausible alternative members of the ensemble, while non-smoothable 175 

ensembles are those which do not have this property. As examples of smoothable and unsmoothable ensembles: 176 

climate projections of temperature might be considered smoothable, while short-term weather forecasts of 177 

localised convective precipitation would probably not be, because averaging together convective events in 178 

different locations does not create a realistic field of convective events. For ensembles that are not elliptically 179 

distributed but are smoothable, DCA can be considered as a reasonable non-parametric method for creating 180 

extreme scenarios, based on Eq. (2) (which defines DCA as a weighted average of each ensemble member), but 181 

no longer possesses optimality properties related to impact and likelihood. For ensembles that are non-smoothable 182 

DCA could be calculated, but the resulting patterns are unlikely to be useful. The question of whether an ensemble 183 

is smoothable or not also affects the interpretation of the ensemble mean, and in general, if it is reasonable to 184 

consider using the ensemble mean as a plausible spatial pattern, then it is most likely reasonable to consider using 185 

DCA. This is because both DCA and calculating the ensemble mean involve weighted linear combinations of 186 

events in the ensemble (where for DCA the weights are given by Eq. (2) and for the ensemble mean the weights 187 

are equal). 188 

2.3.2 Scaling 189 

In several of the examples in this article we will set the length of the DCA vector to give a reasonable 190 

representation of the amplitude of the variability of the linear impact represented in the ensemble, as follows. 191 

First, we determine the DCA direction 𝑔 using Eq. (1) above and normalize 𝑔 to be a unit vector. Second, we 192 

project all the members of the ensemble onto the unit vector 𝑔 to create a series of projected values. Third, we 193 
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calculate the standard deviation of this series of projections and set the length of the DCA vector to a value of two 194 

standard deviations. This gives a pattern which is two standard deviations of ensemble variability away from the 195 

ensemble mean in the direction of the DCA pattern, and hence represents a reasonable level of extreme linear 196 

impact relative to the ensemble members.  Within this method for scaling, the choice of two standard deviations 197 

is arbitrary, and could be replaced by any other number of standard deviations, or percentiles of the distribution 198 

of the projected values.  199 

If the ensemble mean and the DCA pattern are used as inputs for a complex impact model, the output from the 200 

complex impact model when forced with the DCA pattern scaled in this way can be used as an approximation to 201 

two standard deviations of the distribution of impact as would be calculated using the brute-force and 202 

computationally intensive approach of running the complex impact model on each ensemble member. In this way 203 

DCA reduces the number of evaluations of the complex model from 𝑁 to 2. Whether the approximation to the 204 

results of the complex model is a good one depends on whether the linear impact model is a good approximation 205 

to the complex impact model over the range of variability of the ensemble.   206 

2.3.3 Generalisations to Non-linear Impact Functions 207 

DCA uses a linear impact function. Real-world impact is likely, in most cases, to be non-linear, at least to some 208 

degree. The linear definition of impact used in DCA is the simplest possible formulation that allows us to explore 209 

the connections between the impact of a pattern and its likelihood, and to determine from that a straightforward 210 

methodology for defining reasonable worst-case patterns. Within the context of reducing an ensemble to just the 211 

mean and the reasonable worst case, using a linear impact function may be an appropriate level of complexity for 212 

many applications, given the other uncertainties inherent in the ensemble, the approach and the impact models, 213 

and given that the linear approximation only has to be a good approximation within the range of the ensemble. 214 

Alternatively, the impact function can be extended to include quadratic and cubic terms, as described in Sect. 4.2 215 

below. If a cubic approximation is not sufficient then it may be necessary to run the full impact model with every 216 

member of the ensemble separately. 217 

3 Illustrations and Examples 218 

We now show a number of illustrations and examples of DCA applied to ensembles, extending on the illustrations 219 

and examples in Jewson (2020) and SJM. We will assume the ensemble is MVN. 220 

3.1 Illustrations 221 

Figure 1 illustrates DCA in four different situations, in two dimensions. We will asume that the two dimensions 222 

represent changes in annual mean precipitation at two locations. In each case the ensemble is represented by a 223 

single elliptical contour of constant probability density, with higher densities inside the ellipse. The ensemble 224 

mean is shown by the red dot at the centre of the ellipse. Fig. 1a illustrates a situation in which the impact is simply 225 

the sum of the precipitation changes at the two locations, and so the impact vector 𝑟 (illustrated by the black 226 

arrow) points towards the top right corner of the diagram where the total precipitation change is greatest. A line 227 

of constant impact, which is perpendicular to the impact vector 𝑟, is shown by the straight diagonal line. The DCA 228 

pattern is shown by the blue dot at the point at which the straight-line is tangent to the ellipse. The DCA pattern 229 

is scaled to lie on the contour of probability density shown. The DCA pattern does not align with the impact vector 230 

because it also takes account of the covariance structure of the ensemble, i.e., the elliptical shape of the 231 

distribution. This diagram relates to the two properties of DCA given in section 2.3.1 above as follows. 232 

Considering property 1: we can see that of all points on the straight line, which have the same impact (in this case, 233 

the same total precipitation change), the point that touches the ellipse is the point with the highest probability 234 

density (since all the other points on the straight line lie outside the ellipse and are hence at lower probability 235 

densities). Considering property 2: we can see that of all the points on the ellipse, which are the same probability 236 

density, the point at which the straight line touches the ellipse is the point with highest impact (since it is the point 237 

which is furthest from the ensemble mean in the direction of the impact vector). Furthermore, we can see that if 238 

we move away from the DCA pattern in any direction then either the impact or the probability density will reduce: 239 

moving into the ellipse or along the ellipse reduces impact, while moving out of the ellipse reduces probability 240 

density.  241 

Figure 1b illustrates the same ensemble (i.e., the same ellipse) as Fig. 1a but a situation in which the definition of 242 

impact puts twice as much weight on precipitation change at the second location (the vertical axis) as on the 243 

precipitation change at the first location (the horizontal axis).  As a result, 𝑟 now points more vertically than in 244 
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Fig. 1a, and the line of constant impact is more horizontal. This changes the DCA vector, which now has more 245 

precipitation at location 2 than location 1. Fig. 1c illustrates a different ensemble, but for the same impact vector 246 

as in Fig. 1a. This also changes the DCA vector relative to Fig. 1a. Finally, Fig. 1d illustrates a more complex 247 

situation using a different ensemble in which the impact increases as precipitation changes increase at location 2 248 

but impact decreases as precipitation changes increase at location 1. This would occur in the situation discussed 249 

in the introduction in which at location 2 the main concern with respect to climate change and future precipitation 250 

is related to increases in precipitation (e.g., such as concerns about increased flooding in the UK) while at location 251 

1 the main concern is with respect to decreases in precipitation (e.g., such as concerns about increased drought in 252 

some parts of Southern Europe). In this case the vector 𝑟 points to the top left corner of the diagram, and the lines 253 

of constant impact are correspondingly different, and run from the lower left to the upper right. The DCA direction 254 

is also correspondingly very different, and selects a pattern that consists of increased precipitation at location 1 255 

and decreased precipitation at location 2, relative to the ensemble mean, as the reasonable worst-case. 256 

3.2 Examples 257 

We now give some examples of DCA patterns calculated using synthetic ensemble data (Sect. 2.1). Our first set 258 

of examples are based on synthetic ensembles with 1000 members and are shown in Fig. 2. These examples 259 

correspond to the diagrams shown in Fig. 1. Figure 2a shows one ensemble with 1000 ensemble members 260 

(generated using a correlation of -0.4), the ensemble mean (red dot), the direction of the impact vector 𝑟 (black 261 

arrow), which puts equal weight on both precipitation variables (following Fig. 1a) and the DCA pattern scaled 262 

to two standard deviations of impact, as described in Sect. 2.3.2 (blue dot). The DCA pattern is calculated using 263 

Eq. (1). Figure 2b shows the same ensemble, with the same ensemble members, but now with a different impact 264 

vector 𝑟 which puts twice as much weight on the precipitation change on the vertical axis (following Fig. 1b). 265 

This shifts the DCA pattern. Figure 2c shows a different ensemble (now generated using a correlation of zero but 266 

unequal variances in the two directions), but with the same impact vector as Fig. 2a (following Fig. 1c). This leads 267 

to a different DCA pattern relative to Fig. 2a. Figure 2d shows a different ensemble again (generated using a 268 

correlation of -0.4), and an impact vector which puts equal weight on negative precipitation change on the 269 

horizontal axis and positive precipitation change on the vertical axis (following Fig. 1d). This leads to a DCA 270 

pattern which also has negative precipitation change on the horizontal axis and positive precipitation change on 271 

the vertical axis. 272 

Overall, the illustrations in Sect. 3.1 above and these examples illustrate the way in which the DCA pattern is 273 

determined by both the impact function and the shape of the probability density function of the ensemble. 274 

Our second set of examples, shown in Fig. 3, are similar, but are based on only 10 ensemble members, since our 275 

EURO-CORDEX ensemble only has 10 members. These ensembles were generated using a correlation of -0.4, 276 

and the elliptical structure of the ensemble is now much less clear from so few members.  277 

Figure 4 explores the robustness of DCA for ensembles of size 10. It shows results from creating 500 ensembles, 278 

each of size 10, from the same underlying mean, variances and correlation as were used in Fig. 3. For each of the 279 

500 ensembles, we identify the worst ensemble member (i.e., the one with the largest impact), and the DCA 280 

pattern, and these are illustrated in the figure. The mean of the 500 ensemble means is given by the red dots, and 281 

the individual ensemble members are not shown. The worst ensemble member shows large variability (Fig. 4a), 282 

while the DCA pattern shows much lower variability (Fig. 4b). This shows that the DCA pattern is a more robust 283 

estimate of a worst-case than the worst member of the ensemble, which is because the DCA pattern is based on 284 

more information: from Eq. (1) and Eq. (2) we see that it uses information from the entire ensemble, rather than 285 

from just one member. SJM studied the robustness of DCA in detail, comparing with the robustness of the worst 286 

ensemble member and the average of the worst 5 ensemble members, for a 50 member ensemble of ECMWF 287 

medium range temperature forecasts. They considered statistical robustness, i.e., robustness to the random 288 

sampling that occurs in the creation of the ensemble, robustness to small changes in the physical domain and 289 

robustness to the use of normal distributions. In all tests they found that DCA was more robust than the two 290 

alternative methods they considered. 291 

4 Additional Mathematical Properties and Generalisations of DCA 292 

In Sect. 4.1 below we present a number of additional mathematical properties of DCA for the MVN case, that we 293 

believe help with the interpretation. The idea that one pattern has multiple mathematical properties is a familiar 294 

one, since the ensemble mean itself has multiple mathematical properties, each of which helps with the 295 
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interpretation of the ensemble mean in different ways and in different situations (for example, the ensemble mean 296 

is the pattern that minimizes the in-sample mean squared error across the ensemble, and if the ensemble is 297 

symmetrically distributed then the ensemble mean is also the ensemble median). In Sect. 4.2. below we then 298 

discuss how DCA can be generalized to non-linear impact functions. 299 

4.1 Additional Mathematical Properties of DCA 300 

The optimality properties of DCA discussed in Sect. 2.3.1 above (property 1 and property 2) are of the form “the 301 

DCA vector maximises X given Y”. In Sect. 4.1.1-4.1.2 below we will show that DCA also satisfies two 302 

statements of the simpler form “the DCA vector maximises Z”.  303 

Equation (2) above shows that the DCA pattern can be considered as the linear-impact-weighted average of the 304 

members of the ensemble, which suggests that DCA may have properties related to the expectation over all 305 

possible patterns in the MVN. In Sect. 4.1.3-4.1.4 below we explore this idea and present two ways in which the 306 

DCA pattern can be considered as an expectation.  307 

We will illustrate these additional properties in Fig. 5 with a simple two-dimensional example. Fig. 5a shows 308 

values of the probability density 𝑝 for a bivariate normal distribution with mean zero and a correlation of -0.4, 309 

representing the probability densities for an ensemble. Darker shading indicates higher probability density, and 310 

the black arrow (in this and subsequent panels in Fig. 5) shows the direction of the impact vector 𝑟, which is in 311 

the direction (1,1). The probability density has an elliptical shape, and the green arrow shows the principle axis 312 

of the ellipse, which is also the first eigenvector of the covariance matrix. The arrow is scaled to a length equal to 313 

the square root of the corresponding eigenvalue.  314 

Figure 5a can also be interpreted as showing a quantity known as the Mahalanobis distance, defined by 𝑚 =315 √𝑥𝑇𝐶−1 𝑥. Mahalanobis distance is a multivariate generalisation of the univariate concept of the number of 316 

standard deviations from the mean. For the MVN the Mahalanobis distance is proportional to minus the log of the 317 

probability density, and so (since numeric values are not specified for the colour scale) Fig. 5a can also be 318 

interpreted as showing the Mahalanobis distance, with lighter shading showing a greater distance. Fig. 5b shows 319 

values of the linear impact function, which is 𝑎′ = 30(𝑥1 + 𝑥2), where 𝑥1 and 𝑥2 are the distance in the horizontal 320 

and vertical directions.  The diagonal lines show constant values of this linear impact function. Fig. 5c, and all 321 

subsequent panels of Fig. 5, show the DCA pattern, given by a black cross, calculated by scaling 𝑟 to be a unit 322 

vector and then using Eq. (1). Figure 5d shows the DCA pattern, given by a red circle, calculated using Eq. (2), 323 

without further scaling. The red circle in Fig. 5d represents the same spatial pattern as shown by the black cross 324 

in Fig. 5c (i.e., has the same direction from the origin) but with a slightly different length scaling.  325 

4.1.1 The DCA Pattern Maximises the Ratio of Linear Impact to Mahalanobis Distance 326 

The first new property we describe is that the DCA vector maximises the ratio of the linear impact 𝑎′ to the 327 

Mahalanobis distance. We write this ratio as 328 𝑐(𝑥) = 𝑎′(𝑥)𝑚(𝑥)            (3) 329 

This property of DCA emphasizes that in the MVN case DCA finds patterns that have both a high linear impact 330 

(a large value of 𝑎′) and at the same time have a high probability density, which corresponds to a low value of 𝑚. 331 

The proof that maximising Eq. (3) leads to the same expression for the DCA pattern as Eq. (1) above is given in 332 

Appendix B.  333 

The ratio can also be written using the fact that 𝑚2 = ln(𝑝0) − ln(𝑝), where 𝑝 is the probability density of 𝑥 and  334 𝑝0 is the probability density for the ensemble mean, giving 𝑐 = 𝑎′ √ln(𝑝0) − ln(𝑝) .⁄   This expression also 335 

illustrates that DCA captures the idea of finding directions with large values of both 𝑎′ and 𝑝. 336 

Figure 5e shows values of the ratio 𝑐 = 𝑎′ 𝑚⁄ , with darker shading showing larger values. We can see that there 337 

is a direction along which this ratio has the largest values which aligns with the direction of the DCA pattern given 338 

by the black cross. 339 

4.1.2 The DCA Pattern Maximises the Product of Linear Impact and Weighted Probability Density 340 
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The second new property we describe is that any DCA pattern, of any length scaling, can be described as the 341 

pattern that maximises the product of the linear impact 𝑎′ and the probability density 𝑝 to some positive power, 342 

i.e., the function  343 𝑓(𝑥) = 𝑝(𝑥)𝑛 𝑎′(𝑥)           (4) 344 

In Appendix C we show that maximising Eq. (4) leads to a pattern which is a scaling of the DCA pattern given 345 

by Eq. (1), and that different values of 𝑛 give all possible scalings.  346 

This property of DCA emphasizes more clearly than any of the other properties that for the MVN DCA finds 347 

patterns that have both a high linear impact, and a high probability density. One could also attempt to find patterns 348 

that maximise this function for probability distributions other than the MVN, although the solutions may not be 349 

DCA patterns, according to the definition of DCA given in Sect. 2.3.1 above. 350 

Figure 5f shows values of 𝑓(𝑥) for 𝑛 = 1, with darker shading showing higher values. We see that there is indeed 351 

a maximum in the direction of the DCA vector.  352 

4.1.3 The DCA Vector is Parallel to the Tail Conditional Expectation 353 

The third new property we describe is that, for the MVN, the direction of the DCA vector is the same as the 354 

direction of the vector defined as the expectation over all possible vectors, conditional on exceeding a certain 355 

value for the linear impact. We call this the tail conditional expectation. In Fig. 5b, this expectation is the 356 

expectation over the region above and to the right of one of the diagonal lines. In this sense DCA can be considered 357 

as a generalisation of the ensemble mean, since the tail conditional expectation gives the ensemble mean if we 358 

consider exceeding impacts of minus infinity.  359 

This property is shown in Appendix D below. 360 

Given this property one could estimate DCA as the ensemble mean, conditional on exceeding a certain threshold 361 

value for the linear impact, although this is unlikely to be a good estimator for large values of the threshold as it 362 

will only use a small amount of information from the ensemble. Fig. 5g shows patterns estimated in this way, for 363 

three different levels of linear impact, given by the three diagonal lines, which have impacts of -30, 0 and 30. We 364 

see that the patterns do indeed lie along the DCA direction, given by the black cross. 365 

This property helps explain why SJM found that using the mean of the 5 worst members of the ensemble as a 366 

definition of reasonable worst case gave similar results to DCA: the mean of the 5 worst members is in fact an 367 

alternative (although less precise) estimator for DCA.  368 

4.1.4 The DCA Vector is Parallel to the Weighted Tail Conditional Expectation 369 

The fourth new property we describe is that, for MVN data, the direction of the DCA vector is the same as the 370 

direction of the vector defined as the expectation over all spatial patterns, weighted by the linear impact at each 371 

point, and conditional on exceeding a certain value for the linear impact. We call this the weighted tail conditional 372 

expectation. In Fig. 5b, the weighted tail conditional expectation is the expectation over the region above and to 373 

the right of one of the diagonal lines, weighted at each point by the linear impact.  374 

This is shown in Appendix E below. 375 

A special case of this property is that the expectation over all patterns, weighted by the linear impact, is parallel 376 

to DCA. This is the expectation version of Eq. (2). 377 

Fig. 5h shows patterns estimated in this way, for three different levels of linear impact, given by the three diagonal 378 

lines, which have impacts of -30, 0 and 30. The patterns calculated as weighted tail conditional expectations do 379 

indeed lie on the DCA direction given by the black cross.  380 

4.1.5 Summary of Properties 381 

Given all the above, we can summarize the key properties of DCA, as applied to MVN distributed data, as follows: 382 

1) When scaled appropriately, the DCA pattern gives the unique spatial pattern that maximises the 383 

probability density, for a given level of linear impact, for any level of linear impact.  384 
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2) When scaled appropriately, the DCA pattern gives the unique spatial pattern that maximises the linear 385 

impact, for a given level of probability density, for any level of probability density. 386 

3) All scalings of the DCA pattern maximise the ratio of linear impact to Mahalanobis distance. All scalings 387 

give the same value for this ratio. 388 

4) For any given scaling, the DCA pattern is the unique spatial pattern that maximises the linear impact 389 

multiplied by a positive power of the probability density. An implication of this is that for any given 390 

scaling of the DCA pattern, there is no other pattern which has both a higher probability density and a 391 

higher linear impact, and that any change to a DCA pattern would lead to either the probability density 392 

or the impact reducing. 393 

5) When scaled appropriately, the DCA pattern is the unique spatial pattern that equals the expectation of 394 

all possible patterns, conditional on exceeding a certain linear impact. 395 

6) When scaled appropriately, the DCA pattern is the unique spatial pattern that equals the weighted 396 

expectation of all possible patterns, conditional on exceeding a certain linear impact, and weighted by 397 

the linear impact. 398 

7) When scaled appropriately, the DCA pattern equals the linear impact-weighted expectation of all possible 399 

patterns 400 

4.2 Linearisation 401 

In general, the impact of a change in climate state is likely to be a complex non-linear function. Consider, for 402 

instance, the relationship between changes in precipitation and flood damage, or changes in wind-speed and wind 403 

damage. We will write the nonlinear impact of the climate state 𝑥 as 𝑎 = 𝑤(𝑥). We make the simplifying 404 

assumption that 𝑎 is a scalar, such as the total flood or wind damage.  Considering 𝑥 as an anomaly from the 405 

ensemble mean as before, we can then expand the function 𝑤 around the ensemble mean climate state as: 406 𝑎 = 𝑤(𝑥) = 𝑤(0) + 𝑥𝑇𝛻𝑤 + 𝑥𝑇𝛻2𝑤 𝑥 + ⋯        (5) 407 

If we write 𝑟 = 𝛻𝑤 and 𝑀 = 𝛻2𝑤, and neglect higher terms, this equation becomes a quadratic equation for 408 

impact: 409 𝑎 = 𝑤(0) + 𝑥𝑇𝑟 + 𝑥𝑇𝑀 𝑥          (6) 410 

This quadratic approximation only has to be a good approximation across the range of variability in the single 411 

ensemble being considered, and not across the entire range of variability of 𝑥.  412 

In this expression the impact for the climate state 𝑥 is made up of three parts: the impact due to the ensemble mean 413 𝑤(0), the linear impact 𝑥𝑇𝑟, and the quadratic impact 𝑥𝑇𝑀 𝑥. The quadratic impact can then itself be split into 414 

two parts: the local impact relating to the diagonal elements of 𝑀 and the non-local impact relating to the off-415 

diagonal elements of 𝑀, which contains quadratic cross-terms such as 𝑥1𝑀12𝑥 which model the impact as 416 

depending on the product of climate variables at different locations. Writing 𝑀 = 𝑀𝑑𝑖𝑎𝑔 + 𝑀𝑜𝑓𝑓𝑑𝑖𝑎𝑔, Eq. (6) 417 

becomes 418 𝑎 = 𝑤(0) + 𝑥𝑇𝑟 + 𝑥𝑇𝑀𝑑𝑖𝑎𝑔  𝑥 + 𝑥𝑇𝑀𝑜𝑓𝑓𝑖𝑎𝑔  𝑥        (7) 419 

The derivation for DCA in Jewson (2020) is based on maximising likelihood for a given impact, and solves a 420 

Lagrangian maximisation problem for the linear impact 𝑥𝑇𝑟 with the Lagrangian given by: 421 𝑐 =  −𝑥𝑇𝐶−1 𝑥 + 𝜆(𝑤(0) + 𝑥𝑇𝑟 − 𝑎)        (8) 422 

Which has the solution 𝑥 ∝  𝐶𝑟. The direction of the solution does not depend on the value of the Lagrange 423 

multiplier 𝜆. For quadratic nonlinear impact we can extend the Lagrangian to   424 𝑐 =  −𝑥𝑇𝐶−1 𝑥 + 𝜆(𝑤(0) + 𝑥𝑇𝑟 + 𝑥𝑇𝑀 𝑇𝑥 − 𝑎)         (9) 425 

Which has the solution 426 𝑥 ∝  (𝐼 − 𝜆𝐶𝑀)−1 𝐶𝑟 = 𝐴 𝐶𝑟          (10) 427 

Where we have written 𝐴 = (𝐼 − 𝜆𝐶𝑀)−1. This is still a simple expression that could be readily evaluated given 428 

an ensemble, the linear impact vector 𝑟 and the quadratic impact matrix 𝑀. The pattern 𝑥 is no longer a weighted 429 

sum of the ensemble members, but is the weighted sum 𝑆 = 𝑋𝑤 𝑁⁄  transformed by the matrix A: 430 
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𝑥 ∝  𝐴𝐶𝑟 = 𝐴𝑋𝑋𝑇𝑟 𝑁⁄  =  𝐴𝑋(𝑋𝑇𝑟) 𝑁⁄  =  𝐴𝑋𝑤 𝑁⁄ = 𝐴𝑆       (11) 431 

The pattern 𝑥 is also no longer constant in direction as a function of the Lagrange multiplier. In Eq. (10), different 432 

values of the Lagrange multiplier 𝜆 lead to solutions with different values for the probability density, lengths of 433 

the vector and directions.  434 

We can simplify Eq. (10) in two stages. First, we might imagine a situation in which the quadratic impact is just 435 

the weighted sum of the impacts at each location, with no cross-terms, i.e., 𝑀𝑜𝑓𝑓𝑑𝑖𝑎𝑔 = 0. This could be 436 

appropriate for wind damage as a function of wind speed, since wind damage is generally local. It would be less 437 

appropriate for flood damage as a function of precipitation, since hydrological processes may make the 438 

relationship between precipitation and flood damage non-local. Under this first simplification the matrix 𝑀 is then 439 

diagonal, 𝑀 =  𝑀𝑑𝑖𝑎𝑔, and represents the quadratic curvature of the impact at each location.  440 

Second, we might imagine a situation in which there is no quadratic impact at all, in which case the matrix 𝑀 is 441 

zero. In this case the solution reverts to the linear DCA solution. 442 

A similar, although slightly more complicated, analytical solution also exists for a cubic approximation to the 443 

impact, based on the analytical method for solving vector quadratic equations.  444 

4.2.1 Quadratic Impact Example 445 

Fig. 5i shows patterns generated from Eq. (10), using a quadratic impact function. These are not DCA patterns, 446 

according to our definition, but are generalisations of DCA. These patterns correspond to the same linear impact 447 

vector as used in the previous panels, along with a quadratic impact matrix 𝑀 given by the identity matrix, with 448 

values of λ of -2, 0 and 2. We see that the patterns for different values of λ are no longer parallel, as expected. 449 

5 EURO-CORDEX Results 450 

We now show DCA patterns derived from the EURO-CORDEX data described in Sect. 2.2. Figure 6a shows the 451 

ensemble mean for the EURO-CORDEX data, corresponding to precipitation changes for the time period 2011-452 

2040, relative to the baseline 1981-2010, under RCP4.5. We see a pattern of increasing precipitation in northern 453 

Europe and decreasing precipitation in southern Europe, as has been described in previous studies and reports 454 

(European Environment Agency, 2017). Figure 6b shows the ensemble standard deviation of the changes, and 455 

Figure 6c shows the ensemble mean plus twice the standard deviation at each grid-point. Adding two standard 456 

deviations (as opposed to subtracting two standard deviations) is relevant for a situation in which the concern is 457 

excess precipitation at individual locations. The ensemble mean plus two standard deviations gives much higher 458 

values of precipitation change across the domain than the ensemble mean. Whether or not the pattern created by 459 

adding two standard deviations at every location is a reasonable pattern of uncertainty around the ensemble mean 460 

depends on the variable and the ensemble. For a sea-level ensemble, in which the different ensemble members 461 

differ only because they have a different global mean sea-level, it may be reasonable, as the different ensemble 462 

members may consist of the same pattern simply lifted up and down. For many other variables, including 463 

precipitation, in which the differences between ensemble members are likely to exhibit complex spatial variability, 464 

it would likely not be reasonable. This is because it is highly unlikely that any future realisation of climate would 465 

consist of two standard deviations from the mean at every location at the same time. As a result, the ensemble 466 

mean plus two standard deviations pattern shown here is only suitable for understanding possible precipitation 467 

risks at each location separately, but not for understanding precipitation risk over the whole domain, and the 468 

pattern does not form a useful candidate for reasonable worst-case for the domain as a whole. Figure 6d shows an 469 

alternative way to combine the ensemble mean with the standard deviation. It shows the ensemble mean plus two 470 

standard deviations in the regions where the ensemble mean is positive, and the ensemble mean minus two 471 

standard deviations in the regions where the ensemble mean is negative. This is perhaps more relevant than adding 472 

two standard deviations everywhere, and reflects the idea (as discussed in the introduction and in Sect. 3.1 above) 473 

that where the ensemble mean is positive there may be concern about increasing precipitation, and where the 474 

ensemble mean is negative there may be concern about decreasing precipitation. However, as with simply adding 475 

two standard deviations everywhere, this is also not a realistic pattern of climate uncertainty and is also not a 476 

candidate for worst-case over the whole domain.  477 

Figure 7 shows the results of the DCA analysis. Figure 7a shows the DCA pattern for this ensemble, scaled to two 478 

standard deviations using the method described in Sect. 2.3.2, based on a linear impact function that puts equal 479 

weight on positive precipitation at all locations. We see positive precipitation anomalies distributed throughout 480 
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the domain, with larger values over the Alps and parts of South Eastern Europe. There are also some negative 481 

precipitation anomalies: this indicates that there are spatial anti-correlations of precipitation within the ensemble, 482 

such that the occurrence of a pattern with only positive anomalies is low probability. Unlike the local two standard 483 

deviation pattern shown in Fig. 6c, this pattern, if the statistical assumptions are correct, is a realistic pattern of 484 

variability that has a reasonable likelihood of occurrence given the ensemble. It has all the properties of DCA 485 

discussed in Sect. 4: for this level of total precipitation anomaly, there is no other pattern with higher likelihood; 486 

also, there is no pattern with higher total precipitation anomaly for the same likelihood; this pattern maximises 487 

both total precipitation anomaly divided by Mahalanobis distance and total precipitation anomaly multiplied by 488 

probability density to some positive power; the pattern is proportional to (i.e., the vector is parallel to) the 489 

expectation over all possible patterns weighted by their linear impact, and finally there is no possible adjustment 490 

to this pattern which could increase both the total precipitation anomaly and the likelihood.  Figure 7c shows the 491 

sum of the ensemble mean with this DCA pattern. We see that precipitation amounts have increased over much 492 

of Northern Europe, relative to the ensemble mean, but to a much lesser extent than was seen in the ensemble 493 

mean plus two standard deviations pattern in Fig. 6c, which emphasizes further that Fig. 6c is not a realistic 494 

pattern. The ensemble mean plus the DCA pattern would be an appropriate forcing for complex flood risk models, 495 

to estimate a reasonable worst-case for flood risk in Europe.  496 

Figure 7b shows the DCA pattern for the EURO-CORDEX ensemble based on a linear impact function that puts 497 

equal weight on positive precipitation change at locations where the ensemble mean is positive, and negative 498 

precipitation change at locations where the ensemble mean is negative. This relates to the cases illustrated in Fig. 499 

1d and Fig. 2d, and to the mean plus/minus two standard deviations example shown in Fig. 6c. In this case the 500 

DCA pattern shows positive precipitation anomalies in much of Northern Europe, but negative anomalies in Spain 501 

and Northern Italy. Figure 7d shows the sum of the ensemble mean and this DCA pattern. In combination they 502 

again show increasing precipitation in Northern Europe and decreasing precipitation in Southern Europe, but to a 503 

lesser extent than the pattern given by adding and subtracting two standard deviations, as shown in Fig. 6d. Based 504 

on the impact function, and the variability and correlations in the climate model ensemble, the ensemble plus this 505 

DCA pattern is an indication of what the reasonable worst-case for changes in European precipitation might look 506 

like. This pattern would be an appropriate forcing for complex models for combined flood and drought risk, to 507 

estimate a reasonable worst-case outcome in Europe.  508 

6 Conclusion 509 

Ensemble climate projections present a large amount of information and ideally, given infinite time and resources, 510 

users of climate projections would consider the possible impact of every ensemble member in their analysis. 511 

However, this may not always be feasible since some impact models are simply too computationally intensive to 512 

run for every ensemble member, every RCP or SSP, every socio-economic scenario (such as migration scenarios), 513 

every adaptation scenario (such as flood defence building scenarios), and every time point required. In these 514 

situations, an alternative to considering the whole ensemble is to use a smaller ensemble, and an extreme case of 515 

using a smaller ensemble is to use the ensemble mean and just one other pattern, carefully selected to be 516 

representative of possible extremes of impact. We refer to this as the mean and reasonable worst-case approach 517 

(Scher et al. (2021)). One way to create a single worst-case pattern is by adding (or subtracting) two standard 518 

deviations locally. However, the spatial pattern that is created in this way is not, in most situations, a reasonable 519 

pattern of uncertainty since it assumes unrealistically high correlations of the uncertainty between locations. 520 

Another alternative would be to consider the worst member of the ensemble. However, the worst member is highly 521 

affected by the randomness of the ensemble generation process, and hence is not robust. In a multi-model 522 

ensemble, in which some models may be less realistic than others, there is also a risk that the model that determines 523 

the worst member may be one of the less realistic models. Following Scher et al., (2021), we have investigated a 524 

third option, which is to use the statistical method of DCA (Jewson (2020)). 525 

We have extended the work of Jewson (2020) and Scher et al., (2021) in a number of ways. We have given 526 

additional illustrations and simulated examples of DCA, including a case where the highest linear impacts are 527 

defined by increasing precipitation in some locations and decreasing precipitation in others. We have presented 528 

several new properties of DCA for multivariate normally distributed data, including (a) optimality properties that 529 

avoid the use of Lagrangian calculus and show that DCA maximises certain simple functions related to probability 530 

and linear impact and (b) properties that show that DCA can be interpreted as an expectation in several different 531 

ways, including as a generalisation of the ensemble mean from the expectation over all patterns to the expectation 532 

over all patterns with linear impact over a threshold. These new properties give additional insight and help with 533 



12 

 

interpretation. We have also discussed how the linear impact function used in DCA can be derived as an 534 

approximation to a more general non-linear impact function, and shown that a higher order quadratic 535 

approximation is possible, and is scarcely more complex to apply than DCA. A cubic approximation is also 536 

possible. Finally, we have applied DCA to a high-resolution EURO-CORDEX climate projection ensemble, and 537 

shown that it gives a reasonable worst-case that is materially less severe than adding or subtracting two standard 538 

deviations from the mean locally. 539 

The properties of DCA can be summarized as follows. If we assume that the ensemble is multivariate normally 540 

distributed then DCA factors in both the probability density of different patterns, and their linear impacts, to derive 541 

a pattern that has both high probability density and high linear impact, relative to other patterns. As such it is a 542 

good candidate for a pattern that could be used as the definition of reasonable worst-case. The DCA pattern is 543 

realistic, robust and possesses a number of optimal mathematical properties. Some of the mathematical properties 544 

also hold if the ensemble is not multivariate normal distributed, but has a distribution which is one of the 545 

commonly used members of the wider class of distributions known as elliptical distributions, which includes, for 546 

example, the multivariate t distribution. If the ensemble is not elliptically distributed but the variability in the 547 

ensemble is such that averaging together patterns gives realistic alternative patterns, which we call a smoothable 548 

ensemble, then DCA is realistic and robust but loses the optimal mathematical properties. If the variability in the 549 

ensemble is such that averaging together patterns does not give realistic alternative patterns, i.e., the ensemble is 550 

not smoothable, then neither DCA, nor the ensemble mean itself, are likely to be very useful, since they are both 551 

created by averaging patterns. Unsmoothable ensembles may arise, for instance, when considering an ensemble 552 

of daily precipitation values, but are unusual when considering climate time averages.   553 

Using the ensemble mean and one additional pattern does not give a full picture of the uncertainty around the 554 

ensemble mean: that can only be achieved by a deeper analysis, involving all the ensemble members. However, 555 

if there are practical reasons due to resource limitations for why it is only possible to consider the ensemble mean 556 

and one additional pattern, DCA is a strong candidate for the most useful pattern to look at.  557 

Appendix A: Mathematical Properties of DCA for Elliptical Distributions  558 

Elliptical distributions are those multivariate distributions for which the probability density for anomalies 𝑥 from 559 

the mean can be written as  560 𝑝(𝑥) = 𝑘 𝑓(𝑥𝑇𝐶−1𝑥)          (A1) 561 

where 𝑘 is a normalising constant. Examples are the multivariate normal distribution and the multivariate t 562 

distribution. If the function 𝑓 is strictly decreasing (as it is for the multivariate normal and multivariate t) then 563 

maximising 𝑝(𝑥) is equivalent to minimising 𝑥𝑇𝐶−1𝑥. The derivations of property 1 and property 2 (given in 564 

Jewson (2020)) are therefore still valid.  Alternatively, we can rederive DCA from Eq. (A1) as follows. 565 

In Jewson (2020) DCA is derived using the Lagrange function 566 𝑐 = − 𝑥𝑇𝐶−1𝑥 + 2𝜆(𝑥𝑇𝑟 − 𝑎′)         (A2) 567 

 Using Eq. (A1) the Lagrange function becomes: 568 𝑐 = −𝑘 𝑓(𝑥𝑇𝐶−1𝑥) + 2𝜆(𝑥𝑇𝑟 − 𝑎′)        (A3) 569 

which has the maximum if 570 𝑘 𝑓′(𝑥𝑇𝐶−1𝑥)𝐶−1𝑥 = 𝜆𝑟          (A4) 571 

If 𝑓 is strictly decreasing then 𝑓′ is never zero, and this equation gives the same solution as Eq. (1) (𝑥 ∝  𝐶𝑟).   572 

To cover all elliptical distributions, including those that are not strictly decreasing, property 1 has to be amended 573 

to become "DCA is the spatial pattern that minimises the Mahalanobis distance for a given value of the linear 574 

impact function". 575 

Appendix B: The DCA Pattern Maximises the Ratio of Linear Impact to Mahalanobis Ratio 576 

We will now show that the DCA pattern provides a solution to the question: given an ensemble with covariance 577 

matrix 𝐶, what is the spatial pattern 𝑥 that maximises the ratio of the linear impact 𝑎′ = 𝑥𝑇𝑟 to the Mahalanobis 578 
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distance from the ensemble mean 𝑚(𝑥) = √𝑥𝑇𝐶−1 𝑥. The Mahalanobis distance represents the distance between 579 

the pattern 𝑥 and the origin, measured using a metric that takes into account the covariance structure: it can be 580 

loosely described as being proportional to the number of equally-spaced contour lines of probability density 581 

between the origin and the pattern 𝑥. In one dimension it is the number of standard deviations from the mean. This 582 

derivation applies to any probability distribution, although it is most meaningful for elliptically distributed 583 

ensembles. 584 

We will consider the function  585 𝑐(𝑥) =  𝑎′(𝑥)𝑚(𝑥) = 𝑥𝑇𝑟√𝑥𝑇𝐶−1 𝑥          (B1) 586 

The length of the vector 𝑥 does not affect the ratio 𝑐 because it cancels between the numerator and the 587 

denominator.  588 

Differentiating Eq. (B1) by the vector 𝑥 gives  589 𝑑𝑐𝑑𝑥 = (𝑚 𝑑𝑎′𝑑𝑥 − 𝑎′ 𝑑𝑚𝑑𝑥 ) 𝑚2⁄ = (𝑚𝑟 − 𝑎′𝐶−1 𝑥𝑚 ) 𝑚2⁄ = (𝑚2𝑟 − 𝑎′𝐶−1 𝑥) 𝑚3⁄      (B2) 590 

Setting this equation to zero gives 591 𝑚2𝑟 = 𝑎′𝐶−1 𝑥            (B3) 592 

And hence 593 𝑚2𝐶𝑟 = 𝑎′ 𝑥            (B4) 594 

This is a vector equality, and the two sides of this equation must be parallel, from which we see that 𝑥 must be 595 

parallel to 𝐶𝑟, which means it is parallel to the DCA pattern given by Eq. (1). Since the length of the vectors on 596 

both sides of Eq. (B4) are proportional to the length of 𝑥 squared, this equation says nothing about the length of 597 𝑥: any length of 𝑥 is a solution. This is confirmed by the example shown in Fig. 5e.  598 

Appendix C: The DCA Pattern Maximises the Product of Linear Impact and Weighted Probability Density 599 

We now show that, for MVN ensembles, DCA provides a solution to the question: what pattern maximises the 600 

product of the linear impact and the weighted probability density? This property emphasizes directly that DCA 601 

finds patterns that both have a high linear impact and have a high probability density. We consider the function: 602 𝑓(𝑥) = 𝑝𝑛(𝑥)𝑎′(𝑥)           (C1) 603 

where 𝑛 is positive. Changing the value of 𝑛 varies the weight on the probability density, relative to the impact.  604 

Differentiating with respect to 𝑥 gives 605 𝑑𝑓𝑑𝑥 = 𝑑(𝑝𝑛𝑎′)𝑑𝑥 =  𝑝𝑛 𝑑𝑎′𝑑𝑥 + 𝑛𝑎′𝑝𝑛−1 𝑑𝑝𝑑𝑥 = 𝑝𝑛𝑟 − 𝑛𝑥𝑇𝑟𝑝𝑛𝐶−1𝑥 = 𝑝𝑛(𝑟 − 𝑛𝑥𝑇𝑟𝐶−1𝑥)    (C2) 606 

Setting this equation equal to zero gives 607  𝑛𝑥𝑇𝑟𝑥 = 𝐶 𝑟            (C3) 608 

This is a vector equality, and the two sides of this equation must be parallel, from which we see that 𝑥 must be 609 

parallel to 𝐶𝑟, which means it is parallel to the DCA pattern given by Eq. (1). The lengths of the vectors on both 610 

sides must also be equal which gives 611 𝑥 = 𝐶𝑟√𝑛𝑟𝑇𝐶𝑟            (C4) 612 

This is the unique solution to Eq. (C1) and is a scaled version of DCA. Large values of 𝑛 make the solution shorter. 613 

Every scaling of DCA is a solution of Eq. (C1) for a different value of 𝑛.   614 

Appendix D: The DCA Vector is Parallel to the Tail Conditional Expectation 615 
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To derive this property, first we need to show that the DCA pattern is parallel to the impact conditional 616 

expectation, i.e., the vector derived as the expectation over all possible vectors, conditional on a certain value for 617 

the linear impact. In Fig. 5b, this expectation is the expectation along one of the diagonal lines. In greater than 618 

two dimensions, lines of constant linear impact become planes and hyperplanes, and this expectation is then the 619 

expectation over one of these planes or hyperplanes.  620 

This initial property can be shown as follows. Property 1 from Sect. 2.3.1 above states that DCA maximises 621 

probability density for a given level of linear impact. For an MVN in two or more dimensions, the probability 622 

density for a given level of linear impact is also an MVN, in a space with one fewer dimension. For instance, in 623 

two dimensions the subspace defined by a given level of linear impact is a line (see the lines in Fig. 5b) and the 624 

probability density of points on this line is a univariate normal. In three dimensions the subspace defined by a 625 

given level of linear impact is a plane, and the probability density of patterns on this plane is a bivariate normal.  626 

To demonstrate this, consider a two-dimensional case, with dimensions 𝑥 and 𝑦, and consider a line of constant 627 

impact 𝑥 + 𝑦 = 𝑐𝑜𝑛𝑠𝑡. We can parametrize distance along this line using the value of 𝑥 and so the probability 628 

density, conditional on being on this line, can be written as 𝑝(𝑥|𝑥 + 𝑦). Using Bayes' theorem we can factorize 629 

this into  630 𝑝(𝑥|𝑥 + 𝑦) = 𝑝(𝑥+𝑦|𝑥)𝑝(𝑥)𝑝(𝑥+𝑦)           (D1) 631 

The terms on the RHS are all normal distributions and combine to form a normal distribution. As a result, the 632 

LHS must also be a normal distribution. 633 

This demonstration can be extended to other linear impact functions, and to multivariate distributions. It does not 634 

work analogously for the multivariate t distribution, since the distributions on the RHS of Eq. (D1) would not 635 

combine to be a multivariate t distribution.  636 

The point with maximum probability density of an MVN is also the mean of that MVN (just as the mode and 637 

mean coincide for a univariate normal distribution) and so the DCA pattern is the mean of the reduced dimension 638 

MVN.  639 

We write this property for a pattern 𝑥, for any value of 𝑎′, as the proportional relationship: 640  𝐸(𝑥|𝑥𝑇𝑟 = 𝑎′)  ∝  𝐶𝑟           (D2) 641 

We will integrate this expression over a range of levels of linear impact 𝑎′, and since the integral of DCA patterns 642 

is a DCA pattern, we find that DCA is also the expectation conditional on a range of linear impacts. Integrating 643 

Eq. (D2) over a range of linear impacts gives 644 ∫ 𝐸(𝑥|𝑥𝑇𝑟 = 𝑎′) 𝑑𝑎′𝑣𝑢  ∝  ∫ 𝐶𝑟 𝑑𝑎′𝑣𝑢          (D3) 645 

The LHS is equal to 𝐸(𝑥|𝑥𝑇𝑟 ∊ (𝑢, 𝑣)). Since 𝐶𝑟 does not depend on 𝑎′ the RHS simplifies to 𝐶𝑟, giving 646 𝐸(𝑥|𝑥𝑇𝑟 ∊ (𝑢, 𝑣))  ∝  𝐶𝑟           (D4) 647 

For instance, we could integrate over the region between two of the diagonal lines in Fig. 5b.  648 

Setting 𝑣 = ∞ gives the special case 649 𝐸(𝑥|𝑥𝑇𝑟 ∊ (𝑢, ∞))  ∝  𝐶𝑟           (D5) 650 

in which the range extends to infinity on one side, which we refer to as 'tail conditioning', showing that DCA is 651 

the tail conditional expectation. If the range extends to infinity on both sides, then the expectation becomes the 652 

ensemble mean, which corresponds to the DCA pattern with a length of zero. In this sense the DCA pattern is a 653 

generalisation of the ensemble mean. 654 

Appendix E: The DCA Vector is Parallel to the Weighted Tail Conditional Expectation 655 

This property also follows from Eq. (D2). Since DCA is the expectation of the spatial pattern, conditional on a 656 

certain value for the linear impact, it is also the expectation of the spatial pattern weighted by the linear impact, 657 

conditional on a certain value for the linear impact. Integrating over a range of impacts then shows that DCA is 658 
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the expectation of the spatial pattern, weighted by the linear impact at each point, conditional on exceeding a 659 

certain value for the linear impact.  660 

Starting with Eq. (D2), multiplying both sides by any function of 𝑎′, ℎ(𝑎′) and integrating over a range of values 661 

of 𝑎′ gives: 662 ∫ ℎ(𝑎′)𝐸(𝑥|𝑥𝑇𝑟 = 𝑎′) 𝑑𝑎′ 𝑣𝑢 ∝  ∫ ℎ(𝑎′)𝐶𝑟 𝑑𝑎′𝑣𝑢         (E1) 663 

Considering the LHS first: writing the expectation as an integral: 664 𝐿𝐻𝑆 = ∫ ℎ(𝑎′) ∫ 𝑥𝑝(𝑥)𝑑𝑉1 𝑥∊𝑉1  𝑑𝑎′ =𝑣𝑢 ∫ ∫ ℎ(𝑎′)𝑥𝑝(𝑥) 𝑑𝑉1 𝑥∊𝑉1  𝑑𝑎′𝑣𝑢       (E2) 665 

where 𝑉1 is the volume defined by the values of 𝑥 that satisfy  𝑥𝑇𝑟 = 𝑎′, 𝑑𝑉1 is a volume element in this volume, 666 

and ℎ(𝑎′) can be taken inside the 𝑑𝑉1 integral because it is a constant within this volume.  667 

The two integrals can then be combined into one, giving: 668 𝐿𝐻𝑆 = ∫ ℎ(𝑎′)𝑥𝑝(𝑥) 𝑑𝑉2 𝑥∊𝑉2 = 𝐸(ℎ(𝑎′)𝑥|𝑥 ∊ 𝑉2)         (E3) 669 

where 𝑉2 is the volume defined by the values of 𝑥 that satisfy 𝑥𝑇𝑟 ∊ (𝑢, 𝑣), 𝑑𝑉2 is a volume element in this 670 

volume, and 𝑑𝑉2 = 𝑑𝑉1𝑑𝑎′. Considering the RHS of Eq. (E1), and integrating in the same way  671 𝑅𝐻𝑆 = ∫ ℎ(𝑎′)𝐶𝑟 𝑑𝑎′𝑣𝑢 = 𝐶𝑟 ∫ ℎ(𝑎′) 𝑑𝑎′𝑣𝑢  ∝  𝐶𝑟        (E4) 672 

Combining Eq. (E3) and Eq. (E4) gives: 673 𝐸(ℎ(𝑎′)𝑥|𝑥 ∊ 𝑉2)  ∝  𝐶𝑟         (E5) 674 

Setting 𝑣 = ∞ gives the special case 675 𝐸(ℎ(𝑎′)𝑥|𝑥 ∊ 𝑉3)  ∝  𝐶𝑟           (E6) 676 

where 𝑉3 is the volume defined by the values of 𝑥 that satisfy 𝑥𝑇𝑟 ∊ (𝑢, ∞). This is what we set out to prove: the 677 

weighted tail conditional expectation of over all possible patterns is parallel to DCA. 678 

Setting both 𝑢 = −∞ and 𝑣 = ∞ gives the special case 679 𝐸(ℎ(𝑎′)𝑥)  ∝  𝐶𝑟           (E7) 680 

which says that the expectation over all patterns, weighted by the linear impact, is parallel to DCA. This is the 681 

expectation version of Eq. (2). 682 
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 753 

Tables 754 

Model Driving GCM GCM Member RCM 

M1 CNRM-CM5 r1i1p1 ALADIN53 

M2 IPSL-CM5A-MR r1i1p1 RCA4 

M3 CNRM-CM5 r1i1p1 RCA4 

M4 CNRM-CM5 r1i1p1 CCLM4-8-17 

M5 EC-EARTH r12i1p1 CCLM4-8-17 

M6 EC-EARTH r12i1p1 RACMO22E 

M7 EC-EARTH r12i1p1 RCA4 

M8 EC-EARTH r1i1p1 RACMO22E 

M9 EC-EARTH r3i1p1 HIRHAM5 

M10 IPSL-CM5A-MR r1i1p1 WRF331F 

 755 

Table 1: The climate models used in this study. 756 

Figures 757 

 758 
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 759 

Figure 1 Four illustrations of Directional Component Analysis (DCA), applied to climate variables at locations 1 760 

and locations 2. The ellipse in each case illustrates a contour of probability density for an ensemble prediction for 761 

these two locations. The ensemble is assumed to be bivariate normally distributed. The red dot in each case 762 

illustrates the ensemble mean, the arrow indicates the gradient of increasing impact, the straight line, which is 763 

perpendicular to the arrow, indicates a line of constant impact and the blue dot indicates the resulting DCA pattern. 764 

Examples (a) and (b) show the same ensemble, but different directions of impact, and hence different DCA 765 

patterns. Examples (a) and (c) show different ensembles, but the same direction of impact, and hence different 766 

DCA patterns. Example (d) shows a different ensemble and a new direction of impact  767 

 768 
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 769 

Figure 2 Four randomly generated 1000 member examples and related quantities. In each case the ensemble 770 

members are shown by black dots, the ensemble mean is shown by a red dot, the gradient of increasing impact is 771 

shown by the arrow and the ensemble mean plus the DCA pattern, scaled to two standard deviations of impact, is 772 

shown by a blue dot. Examples (a) and (b) use the same ensemble, while examples (a) and (c) use the same impact 773 

vector. These examples correspond to the illustrations in Fig. 1 774 



20 

 

 775 

Figure 3 As Fig. 2a, but now for two randomly generated 10 member ensembles 776 

 777 

Figure 4 Worst members and DCA patterns for 500 randomly generated ensembles, for the same parameters as 778 

the ensembles shown in Fig. 3. The red dots show the mean of the ensemble means. Panel (a) shows 500 worst 779 

members, one for each ensemble. Panel (b) shows 500 DCA patterns, one for each ensemble 780 

 781 
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 782 

Figure 5 Illustrations of mathematical properties of DCA. In each panel, the gradient of increasing impact is 783 

shown by the black arrow that points towards the top right hand corner. Panel (a) shows probability densities 𝑝 784 

for a bivariate normal, with darker shading indicating higher densities, but lower values of the Mahalanobis 785 

distance 𝑚 from the origin. The density is elliptical, and the principal axis of the ellipse is given by the green 786 

arrow. Panel (b) shows values of a linear impact function 𝑎 increasing towards the top right-hand corner, with 787 

darker shading indicating higher impact. Panel (c) shows the DCA pattern as a black cross, calculated using Eq. 788 

(1) with 𝑟 normalized to unit length. This black cross is repeated in all subsequent panels. Panel (d) shows the 789 

DCA pattern as a red circle, calculated using Eq. (2). Panel (e) shows values of the ratio 𝑎′ 𝑚⁄ , with darker shading 790 

indicating higher values. Panel (f) shows values of the product 𝑝𝑎′, with darker shading showing higher values. 791 

Panel (g) shows three examples of the conditional mean pattern, conditional on exceeding a certain level of impact, 792 

as red circles. The impact thresholds are given by the three diagonal lines. Panel (h) shows three examples of the 793 

impact-weighted conditional mean pattern as red circles, conditional on exceeding a certain level of impact. The 794 

impact thresholds are given by the diagonal lines. Panel (f) shows three examples of quadratic DCA patterns, as 795 

red circles 796 
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 797 

Figure 6 Annual mean precipitation change from the EURO-CORDEX ensemble, based on the models listed in 798 

Table 1, for the difference between the periods 2011-2040 and 1981-2010, in mm/year. EM is ensemble mean and 799 

ESD is ensemble standard deviation. Panel (a) shows the ensemble mean change, panel (b) shows twice the 800 

standard deviation of change. Panel (c) shows the ensemble mean change plus twice the standard deviation of 801 

change and panel (d) shows the ensemble mean change plus twice the standard deviation of change in regions 802 

where the ensemble mean change is positive, and the ensemble mean change minus twice the standard deviation 803 

of change in regions where the ensemble mean change is negative. Non-linear colour scales are used to highlight 804 

the spatial variations 805 
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 806 

Figure 7 Reasonable worst-case precipitation scenarios calculated using DCA, based on the EURO-CORDEX 807 

data used to create Fig. 6. Panel (a) shows a DCA pattern derived from an impact function defined as the sum of 808 

precipitation at all points, normalized to two standard deviations. Panel (c) shows the ensemble mean change plus 809 

this pattern. Panel (b) shows a DCA pattern derived from an impact function defined as the sum of precipitation 810 

at all points where the ensemble mean change shows positive precipitation, minus the sum of precipitation at all 811 

points where the ensemble mean change shows negative precipitation. Panel (d) shows the ensemble mean change 812 

plus this pattern 813 

 814 



Figures

Figure 1

Four illustrations of Directional Component Analysis (DCA), applied to climate variables at locations 1
and locations 2. The ellipse in each case illustrates a contour of probability density for an ensemble
prediction for these two locations. The ensemble is assumed to be bivariate normally distributed. The red
dot in each case illustrates the ensemble mean, the arrow indicates the gradient of increasing impact, the
straight line, which is perpendicular to the arrow, indicates a line of constant impact and the blue dot
indicates the resulting DCA pattern. Examples (a) and (b) show the same ensemble, but different
directions of impact, and hence different DCA patterns. Examples (a) and (c) show different ensembles,
but the same direction of impact, and hence different DCA patterns. Example (d) shows a different
ensemble and a new direction of impact



Figure 2

Four randomly generated 1000 member examples and related quantities. In each case the ensemble
members are shown by black dots, the ensemble mean is shown by a red dot, the gradient of increasing
impact is shown by the arrow and the ensemble mean plus the DCA pattern, scaled to two standard
deviations of impact, is shown by a blue dot. Examples (a) and (b) use the same ensemble, while
examples (a) and (c) use the same impact vector. These examples correspond to the illustrations in Fig. 1



Figure 3

As Fig. 2a, but now for two randomly generated 10 member ensembles

Figure 4

Worst members and DCA patterns for 500 randomly generated ensembles, for the same parameters as
the ensembles shown in Fig. 3. The red dots show the mean of the ensemble means. Panel (a) shows
500 worst members, one for each ensemble. Panel (b) shows 500 DCA patterns, one for each ensemble



Figure 5

Illustrations of mathematical properties of DCA. In each panel, the gradient of increasing impact is shown
by the black arrow that points towards the top right hand corner. Panel (a) shows probability densities 
for a bivariate normal, with darker shading indicating higher densities, but lower values of the
Mahalanobis distance  from the origin. The density is elliptical, and the principal axis of the ellipse is
given by the green arrow. Panel (b) shows values of a linear impact function  increasing towards the top
right-hand corner, with darker shading indicating higher impact. Panel (c) shows the DCA pattern as a



black cross, calculated using Eq. (1) with  normalized to unit length. This black cross is repeated in all
subsequent panels. Panel (d) shows the DCA pattern as a red circle, calculated using Eq. (2). Panel (e)
shows values of the ratio ′⁄, with darker shading indicating higher values. Panel (f) shows values of the
product ′, with darker shading showing higher values. Panel (g) shows three examples of the
conditional mean pattern, conditional on exceeding a certain level of impact, as red circles. The impact
thresholds are given by the three diagonal lines. Panel (h) shows three examples of the impact-weighted
conditional mean pattern as red circles, conditional on exceeding a certain level of impact. The impact
thresholds are given by the diagonal lines. Panel (f) shows three examples of quadratic DCA patterns, as
red circles

Figure 6



Annual mean precipitation change from the EURO-CORDEX ensemble, based on the models listed in
Table 1, for the difference between the periods 2011-2040 and 1981-2010, in mm/year. EM is ensemble
mean and ESD is ensemble standard deviation. Panel (a) shows the ensemble mean change, panel (b)
shows twice the standard deviation of change. Panel (c) shows the ensemble mean change plus twice
the standard deviation of change and panel (d) shows the ensemble mean change plus twice the
standard deviation of change in regions where the ensemble mean change is positive, and the ensemble
mean change minus twice the standard deviation of change in regions where the ensemble mean change
is negative. Non-linear colour scales are used to highlight the spatial variations Note: The designations
employed and the presentation of the material on this map do not imply the expression of any opinion
whatsoever on the part of Research Square concerning the legal status of any country, territory, city or
area or of its authorities, or concerning the delimitation of its frontiers or boundaries. This map has been
provided by the authors.



Figure 7

Reasonable worst-case precipitation scenarios calculated using DCA, based on the EURO-CORDEX data
used to create Fig. 6. Panel (a) shows a DCA pattern derived from an impact function de�ned as the sum
of precipitation at all points, normalized to two standard deviations. Panel (c) shows the ensemble mean
change plus this pattern. Panel (b) shows a DCA pattern derived from an impact function de�ned as the
sum of precipitation at all points where the ensemble mean change shows positive precipitation, minus
the sum of precipitation at all points where the ensemble mean change shows negative precipitation.
Panel (d) shows the ensemble mean change plus this pattern Note: The designations employed and the
presentation of the material on this map do not imply the expression of any opinion whatsoever on the
part of Research Square concerning the legal status of any country, territory, city or area or of its
authorities, or concerning the delimitation of its frontiers or boundaries. This map has been provided by
the authors.


