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Abstract. The density functional theory is used to study persistent currents in two-

dimensional quantum rings containing several electrons. We find a series of magic 

numbers for the total angular momentum of electrons in the strong magnetic field and 

show that changes in the angular momentum of electrons lead to persistent current 

oscillations. We suggest an empirical expression for the period of persistent current in 

quantum rings and examine the effect of Coulomb interaction on the properties of 

persistent currents.  

 

1 Introduction 

 

It is well known that persistent current can exist in mesoscopic metallic rings 

placed into the magnetic field [1-12]. Over the past decades, researchers have 

succeeded in experimentally observing the persistent current oscillations in 

metallic rings. Let us note that there have been many studies on a similar effect in 

superconducting rings (Little-Parks effect [13]). The Little-Parks oscillations and 

persistent current oscillations in quantum rings are associated with the change in 

energy of the system in the magnetic field. In two-dimensional systems with axial 

symmetry, both effects are explained by the change in the angular momentum of 

electrons in quantum rings and in the order parameter in superconducting rings. 

A theoretical paper [1] has stimulated the study of persistent currents in 

mesoscopic metallic rings. Over the recent years, many theoretical [2-8] and 

experimental [9-12] works have focused on this matter. It is believed that in 

metallic rings one can disregard the interaction of electrons when calculating the 

persistent current [5, 9]. Experimental results confirm this assumption [9]. 

Properties of persistent currents in semiconductor structures have been studied 

less extensively. Theoretical [14-26] and experimental [27-29] works examine the 

properties of persistent currents in semiconductor quantum rings. The authors of 

[29] measured the persistent current in InAs/GaAs quantum rings with one 

electron. They determined the persistent current via the magnetic moment of 

electrons in the assembly of quantum rings. In order to interpret this result, they 

solved the Schrödinger equation numerically for different types of confinement 

potentials. The calculation results are in good agreement with experimental results 

[29]. 

Electron-electron interaction plays an important role in such phenomena as the 

fractional quantum Hall effect, metal-dielectric transition [30], conductivity 

quantization [31], Wigner crystallization [32], and spontaneous spin polarization in 

quantum wires [33]. The purpose of this paper is to report on the effect of electron-

electron interaction on the persistent current in a quantum ring. We use the density 

functional theory to study persistent currents in two-dimensional quantum rings 

containing several electrons.  
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2 Theoretical model 

 

Hereinafter, the atomic system of units is used, where energy is expressed in units 

of Ry = e2/(2εaB), and length in units of aB = εħ2/(mee2), where me is the effective 

electron mass, ε is the dielectric constant. All calculations are performed for the 

two-dimensional GaAs quantum rings, for which ε = 12.4 and me = 0.067m0 (m0 is 

the free electron mass). For GaAs we get aB = 9.8 nm, Ry = 5.9 meV. 

According to the density functional theory, the total energy of the many-electron 

system in the external potential Vext(r) is the functional of electron density n(r): 

                            
,                                  (1) 

where T[n] is the kinetic energy of non-interacting electrons in the perpendicular 

magnetic field В, Exc [n] is the exchange-correlation energy. 

The Coulomb energy has the form 

                                        
,                                                  (2) 

where  

                                         

.                                                       (3) 

The challenge of the functional density theory is that the type of exchange-

correlation energy Exc[n] is unknown in the general case. In practice, different 

approximations are used for the exchange-correlation energy. Hereinafter, we take 

into account only the exchange energy and use the local density approximation for 

it: 

                                
,                        (4) 

where , nm(r) is the density of electron with angular momentum 

m, εx(n) is the exchange energy per electron for uniform electron gas that looks as 

follows for the lower spin Landau level: 

                                        ,                                                       

(5) 

where L is the magnetic length. 

Let us consider equation (4) in greater detail. In local density approximation, the 

compensation of electron self-action in the exchange and Coulomb energy turns 

out to be incomplete. When the number of electrons is finite and small, one needs 

to exclude the self-action of electrons, which is what is done in expression (4). The 

use of equation (4) in the Kohn-Sham equations results in good agreement with the 

exact diagonalization results [34, 35]. The difference between the energy 

calculated using the Kohn-Sham equations and the exact results was less than 5 
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percent for quantum dots with a number of electrons N = 3 [34] and around 13 

percent for N = 7 [35]. Most importantly, the same sets and periods of magic 

numbers were obtained for the total angular momentum of electrons, as in exact 

calculations [34, 35]. 

We perform the calculations for the magnetic fields, at which all two-

dimensional electrons are spin-polarized. Varying the energy (1) and taking into 

account the circular symmetry, we obtain the Kohn-Sham equations for spin-

polarized electrons   

                             
,                          (6) 

with the effective single-particle potential 

                             
,                         (7) 

where m is the angular momentum of an electron, , , 

. 

Let us take the parabolic confinement potential with frequency ω0 and ring 

radius r0: 

                                          
.                                                     (8) 

The persistent current is the sum of the paramagnetic and the diamagnetic 

currents: 

                                      
 ,                                              (9) 

where N is the number of electrons in a quantum ring. 

 

3 Numerical results and discussion 

 

The Kohn-Sham equations (6) – (7) with external potential (8) are solved 

numerically. Calculations are performed for different sets of m values, and the state 

with minimal energy is taken as the ground state for the given value of the total 

angular momentum of electrons M. Figure 1 presents the results of electron energy 

calculations depending on the total angular momentum of electrons. One can see 

that magic numbers have a period ΔM = N, and the ground and the metastable 

states are only possible when  

                                    Мp = М0 + pN,                                                               (10) 

where M0 = N(N-1)/2 , p = 0, 1, 2…. 

These magic numbers were also found in quantum dots [34]. The presence of 

magic numbers with a period ΔM = N is explained by the compact configuration of 

electrons in the angular momentum space. Let us note that with the increase in the 
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ring radius, the ground state shifts towards larger М. This is because the electrons 

are localized near r0 in the ground state. 

The presence of magic numbers leads to quantization of the total angular 

momentum of electrons (Fig. 2), while the dependence M(B) is a series of angular 

momentum plateaus separated by the height N. The midpoints of all plateaus Bp are 

close to the direct proportion to the total angular momentum (see Fig. 2): 

                                        Bp = cMp,                                                                   (11) 

where c is the constant. 

 

 
Fig. 1. Total electron energy as a function of the total angular 

momentum of electrons. N = 7, B = 6.5 T, ω0 = 0.67. The points 

mark the lowest energy for each value of the total angular 

momentum. The lines connect the points for visual clarity. 

 

From expressions (10) and (11), we get the following expression for the plateau 

widths: 

                                           
                                                               (12)  

where В1 corresponds to the midpoint of the first plateau with M = N(N-1)/2+N. 

 

 
Fig. 2. Total angular momentum of electrons as a function of 

magnetic field. N = 7, ω0 = 0.67, r0 = 1. The straight line 

corresponds to expression (11). 

 

With a change in the angular momentum of electrons, one ought to expect a 

change in the persistent current in a quantum ring. Figure 3 presents the calculation 
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results. The first linear segments on the curves in Fig. 3 correspond to value M = 

28. Further on, with the increase in the magnetic field, the value of total angular 

momentum increases with a period N = 7. The period of persistent current 

oscillations is well described by expression (12) and increases with the increase in 

the ring radius. One can see that the oscillation amplitude weakly depends on the 

ring radius.  

Calculations performed for different values of N and ω0 (N < 14, values of ω0 

are taken as 0.67, 1.0 and 2.0) also show that the period of persistent current 

oscillations is well described by expression (12). In these calculations, it is 

assumed that the electrons have a compact configuration.  

 

 
Fig. 3. Persistent current in a quantum ring as a function of 

magnetic field. N = 7, ω0 = 0.67. 

 

It is of great interest to study the impact of electron-electron interaction on the 

properties of persistent current in quantum rings. For this, we perform the 

calculations without taking into account the electron interaction. In this case, in the 

Kohn-Sham equations the effective potential equals the external potential: Veff(r) = 

Vext(r). Figure 4 presents the calculation results. Comparison of results presented in 

Fig. 3 and 4 shows the strong effect of the electron-electron interaction on the 

persistent current characteristics depending on the magnetic field. Without taking 

into account the electron-electron interaction, there is an approximately twofold 

decrease in the persistent current amplitude, but the most crucial difference is 

associated with the increase in the oscillation period and the shifting of the ground 

state with the given M towards larger magnetic fields. For instance, at r0 = 3, value 

B1 in Fig. 4 is 1.7 times larger than in Fig. 3. An even bigger difference in the 

values of B1 and oscillation periods is observed when r0 goes down. For instance, 

for radii r0 = 2 and r0 = 1, values of B1 are B1 = 5.1 T and B1 = 7.1 T, respectively 

(Fig. 3), while in the absence of interaction B1 = 13.7 T (Fig. 4) and B1 = 56 T (not 

shown in Fig. 4). For non-interacting electrons, persistent current oscillations are 

close to Aharonov-Bohm oscillations with a period Φ0 = h/e, whereas for 

interacting electrons the period is much smaller than Φ0. The period Φ0 

corresponds to ΔB =13.7/r0
2 in the atomic system of units. 

Let us estimate value B1 for the non-interacting electrons. In the magnetic field, 

the wave function of an electron with angular momentum m has a maximum at rm 

= (2m)1/2L. In order to achieve the energy minimum, the electrons ought to be 
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localized near r0, and all electrons ought to have a compact configuration. For the 

state with M = M0+N, the electrons have configuration (1, 2,…N) and the energy of 

electrons will have a minimum at (N+1)1/2L ≈ r0. From the latter expression, we 

get: 

                                            
.                                                       (13) 

 

 
Fig. 4. Persistent current in a quantum ring as a function of 

magnetic field without taking into account the electron-electron 

interaction. N = 7, ω0 = 0.67. 

 

Let us note that values B1 calculated based on expressions (13) agree rather well 

with the numerical results presented in Fig. 4. The electron-electron interaction 

leads to the shift of the electron density profile in relation to the confinement 

potential minimum.  

One should expect that with the increase in electron density, the Coulomb 

interaction would play a smaller role. To study this phenomenon, we perform the 

calculations with different confinement potential strengths. Figures 5 and 6 present 

the results of these calculations. Without taking electron-electron interaction into 

account (Fig. 6), the oscillation period practically does not depend on ω0, and the 

frequency of confinement potential affects only the persistent current amplitude. 

Taking electron-electron interaction into account, one observes a change in the 

persistent current period and amplitude depending on the confinement potential 

frequency. The persistent current amplitude increases with the increase in 

frequency (Fig. 5). Such a dependence was obtained for mesoscopic rings in [22, 

24]. At sufficiently high values of ω0, the curves of dependence I(B) in both cases 

are close to one another (curves with ω0 = 4 in Fig. 5 and 6). The calculation 

results show that at ω0 > 4, the amplitude and the oscillation period practically do 

not depend on the confinement potential frequency, both when the electron-

electron interaction is present and when it is absent. Therefore, at high ω0 (high 

electron densities) the effect of Coulomb interaction on the persistent current 

characteristics goes down. The persistent current period depending on magnetic 

flux is close to Φ0 both for non-interacting electrons (Fig. 6) and for interacting 

electrons for high ω0 (curves with ω0 = 4 in Fig. 5). A similar result was obtained 

in [20] for magnetization in quantum rings. For high ω0, electron-electron 
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interaction does not affect the magnetic moment (associated with persistent 

current) of electrons in quantum rings. With the decrease in ω0, there emerges a 

slight phase shift between the results for interacting and non-interacting electrons.  

 

 
Fig. 5. Persistent current in a quantum ring as a function of 

magnetic field. N = 7, r0 =3. 

 

 

 
Fig. 6. Persistent current in a quantum ring as a function of 

magnetic field without electron-electron interaction. N = 7, r0 = 3. 

 

4 Conclusions 

 

The system of Kohn-Sham equations is solved numerically for two-dimensional 

electrons in the strong magnetic field. We calculate the total energy of electrons 

and find a series of magic numbers for the total angular momentum of electrons. 

We calculate the value of persistent current in two-dimensional quantum rings 

depending on the magnetic field and suggest an empirical expression for the period 

of persistent current oscillations. We also show that the effect of electron-electron 

interaction on the persistent current characteristics decreases with the increase in 

electron density. 
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Figures

Figure 1

Total electron energy as a function of the total angular momentum of electrons. N = 7, B = 6.5 T, ω0 =
0.67. The points mark the lowest energy for each value of the total angular momentum. The lines connect
the points for visual clarity.



Figure 2

Total angular momentum of electrons as a function of magnetic �eld. N = 7, ω0 = 0.67, r0 = 1. The
straight line corresponds to expression (11).

Figure 3



Persistent current in a quantum ring as a function of magnetic �eld. N = 7, ω0 = 0.67.

Figure 4

Persistent current in a quantum ring as a function of magnetic �eld without taking into account the
electron-electron interaction. N = 7, ω0 = 0.67.



Figure 5

Persistent current in a quantum ring as a function of magnetic �eld. N = 7, r0 =3.



Figure 6

Persistent current in a quantum ring as a function of magnetic �eld without electron-electron interaction.
N = 7, r0 = 3.


