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Abstract 13 

The inherent uncertainty in hydrological forecasting poses a challenge for reservoir 14 

real-time optimal operation. In this paper, a stochastic framework is proposed to track 15 

the uncertainty propagation process between hydrological forecasting and reservoir 16 

operation. The framework simulates the comprehensive uncertainty of hydrological 17 

forecasts in the form of ensemble forecasts and scenario trees. Based on the derived 18 

analytic relationship between the performance metric Nash-Sutcliffe efficiency 19 

coefficient (NSE) and forecast uncertainty probability distribution, we use three 20 

methods (two are commonly used classical methods and one is the Gaussian copula 21 

method) simultaneously to generate inflow forecast ensembles. Compared with the two 22 

classical methods, the Gaussian copula method additionally takes into account the 23 

temporal correlation of reservoir inflows. Then, the neural gas method is employed to 24 

transform the generated ensembles into a scenario tree, which is further used as an input 25 

for reservoir stochastic optimization. To improve the adaptability to uncertainties in 26 

inflow forecasts, we establish a stochastic optimization model that optimizes the 27 

expectation of objective values over all scenarios. Meanwhile, we propose a parallel 28 

differential evolution (DE) algorithm based on parallel computing techniques for 29 

solving the stochastic optimization model efficiently. Risk assessment is performed to 30 

capture the uncertainty and corresponding risk associated with the reservoir optimal 31 

decision. The proposed framework is demonstrated in a flood control reservoir system 32 

in China. Furthermore, we conduct several numerical experiments to explore the effect 33 

of forecast uncertainty level and temporal correlation on reservoir real-time optimal 34 
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operation. The results indicate that the temporal correlation of inflows must be 35 

considered in inflow stochastic simulation and reservoir stochastic optimization, 36 

otherwise the operational risk is likely to be overestimated or underestimated, thus 37 

leading to operation failures. Based on the risk simulation surface, reservoir operators 38 

can examine the robustness of operational decisions and thus make more reliable final 39 

decisions. 40 

Keywords: uncertainty propagation; hydrological forecasting; reservoir real-time 41 

optimal operation; temporal correlation; stochastic optimization  42 
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1. Introduction 43 

Reservoirs play an important role in the integrated development and management of 44 

water resources globally, and the real-time optimal operation of reservoirs is an 45 

important and hot research problem in the field of water resources management (Ahmad 46 

et al., 2014). The main task of reservoir real-time optimal operation is to make optimal 47 

decisions (e.g., reservoir release process or water level trajectory) for a future period 48 

using optimization techniques, thus maximizing benefits of the reservoir. Hydrological 49 

forecasts provide predictive information about reservoir inflows for a certain lead time, 50 

which is essential to guide optimal reservoir operation. 51 

However, hydrological forecasts on different time scales (short-, medium-, and 52 

long-term) are subject to varying degrees of uncertainty, and this inherent uncertainty 53 

is still the most serious challenge faced by reservoir operation (Ding et al., 2015; 54 

Kujawa et al., 2020; Li et al., 2018). The occurrence and development of hydrological 55 

processes in a basin are closely related to unstable weather systems and complex 56 

subsurface conditions, and is a very complex natural process, which contains both 57 

deterministic dynamic patterns and uncertain statistical patterns. The complexity of 58 

hydrological processes and the limitations of human understanding make the three 59 

aspects of hydrological model input, model structure and parameter estimation 60 

uncertain, which leads to uncertainty in hydrological forecast results. Despite the great 61 

progress and breakthroughs in research on water information telemetry, radar rainfall 62 

measurement technology and hydrological models, hydrological forecasting has always 63 

been accompanied by inherent uncertainty (Moges et al., 2020). In order to quantify the 64 
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uncertainty of hydrological forecasts, a large amount of research work has been carried 65 

out by scholars worldwide in the last 20 years, and many effective theoretical methods 66 

have been proposed (Ajami et al., 2007; Beven and Freer, 2001; Bourdin et al., 2014; 67 

Ghaith and Li, 2020). According to the form of forecast release, hydrological forecasts 68 

can be divided into three categories: deterministic forecasts, probabilistic forecasts and 69 

ensemble forecasts (Cloke and Pappenberger, 2009). 70 

Uncertainty in reservoir inflow forecasts often leads to deviations in the actual 71 

implementation of previously planned optimal decisions to some extent, resulting in a 72 

variety of risk events. Therefore, uncertainty will propagate from hydrological forecasts 73 

to reservoir operation. Accurate tracking of the uncertainty propagation process is 74 

essential to capture the uncertainty and risk in reservoir operation. Generally, risk 75 

analysis methods for reservoir operation can be classified into two types: analytical 76 

methods and numerical methods, which are still hot research topics in the field of 77 

reservoir operation. Chen et al. (2014) derived the risk calculation formula based on the 78 

stochastic differential equation of reservoir flood regulation. Liu et al. (2015) proposed 79 

a two-stage risk analysis method by using the forecast horizon point to divide the future 80 

time into two stages, i.e., the forecast lead-time and the unpredicted time. Zhang et al. 81 

(2019) extended the two-stage risk analysis method to multi-reservoir systems. Huang 82 

et al. (2018) developed a risk analysis method for flood control reservoir operation 83 

considering the uncertainties of flood forecasting, hydrograph shape, streamflow 84 

simulation, reservoir storage, water level, and discharge outflow. Chen et al. (2017) 85 

proposed a decomposition-integration risk analysis method by decomposing the 86 
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original complex flood control system into a number of independent subsystems. Chen 87 

and Zhong (2019) presented a multi-time-scale risk analysis approach for hydropower 88 

reservoirs based on dynamic Bayesian network theory, considering the uncertainties of 89 

reservoir inflow, electricity price, and hydropower consumption rate. 90 

Although a number of methods are available for assessing reservoir operation risks, 91 

most of the existing studies use fixed operation rules without considering optimization 92 

under uncertainty. Zhu et al. (2017) pointed out that real-time optimization models 93 

enable more efficient and flexible use of forecast information than operation rules, and 94 

can be easily integrated into real-time operational systems. Therefore, it is necessary to 95 

use an optimal operation model in risk analysis studies and to explicitly incorporate the 96 

uncertainty of inflow forecasts in the optimization process. In addition, stochastic 97 

simulation of hydrological forecast uncertainty is the first step in performing risk 98 

analysis of reservoir scheduling. Traditional stochastic simulation methods tend to 99 

focus only on the uncertainty of each time period itself, ignoring the temporal 100 

correlation of inflows between adjacent time periods. In fact, the formation and 101 

development of reservoir inflows are closely related to the development of weather 102 

systems (especially rainfall), and the inflow between adjacent periods are often strongly 103 

correlated. Hence, it is unrealistic to assume that inflow to the reservoir is uncorrelated 104 

in time. Serial correlation is important and must be considered in reservoir optimization. 105 

For example, in stochastic dynamic programming, inflow is modeled by a first order 106 

Markov Chain and the transition probability matrix can be estimated from historical 107 

records. 108 
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In this study, we propose a stochastic framework for tracking the uncertainty 109 

propagation process between hydrological forecasting and reservoir real-time optimal 110 

operation. First, based on the analytic relationship between the probability distribution 111 

of forecast uncertainty and the performance metric Nash-Sutcliffe efficiency coefficient 112 

(NSE), three methods (two are commonly used classical methods and one is the 113 

Gaussian copula method) are used to generate inflow forecast ensembles. The 114 

difference between these three methods is whether the temporal correlation of inflows 115 

is taken into account. Then, the neural gas method is employed to transform the 116 

generated ensembles into a scenario tree. To explicitly consider inflow forecast 117 

uncertainty, we establish a stochastic optimization model for reservoir real-time 118 

operation. A parallel differential evolution (DE) algorithm is designed, based on parallel 119 

computing strategy, to solve the stochastic optimization model efficiently. We carry out 120 

risk assessment to quantify the uncertainty in stochastic optimization results. Finally, 121 

we design several numerical experiments to explore the effect of forecast uncertainty 122 

level and temporal correlation on reservoir real-time optimal operation. 123 

The remainder of this paper is organized as follows. Section 2.1 presents methods 124 

for characterizing the uncertainty of reservoir inflow forecasts. Mathematical formulas 125 

of the stochastic optimization model and the parallel DE algorithm are presented in 126 

Section 2.2. Section 2.3 presents an overview of the risk assessment method. Section 3 127 

introduces the case study and three numerical experiments. Finally, discussion and 128 

conclusions are summarized in Section 4.  129 
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2. Methodology 130 

Fig. 1 illustrates the logical relationships between each part of this study, and details of 131 

the methodology are presented in the following subsections. 132 

 133 

Fig. 1. Flowchart of the proposed framework for tracking the uncertainty propagation 134 

process between hydrological forecasting and reservoir real-time optimal operation 135 

2.1. Uncertainty characterization of reservoir inflow forecasts 136 

Based on the derived analytic relationship between the performance metric Nash-137 

Sutcliffe efficiency coefficient (NSE) and forecast uncertainty probability distribution, 138 

three methods (two are commonly used classical methods and one is the Gaussian 139 

copula method) are employed to generate inflow forecast ensembles. Finally, the neural 140 

gas method is used to transform these ensembles into a scenario tree as the input to a 141 

reservoir stochastic optimization model. 142 

2.1.1. Relationship between NSE and standard deviation of forecast errors 143 
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Nash-Sutcliffe efficiency coefficient (NSE), also referred to as the coefficient of 144 

determination (R2), is a widely used performance metric to evaluate the forecast skills 145 

of hydrological models. In this paper, the probability distribution of inflow forecast 146 

uncertainty is derived via NSE, i.e., quantifying the analytic relationship between NSE 147 

and standard deviation of forecast errors (Yan et al., 2014). 148 

NSE reflects the goodness-of-fit between the observed and forecasted inflows, 149 

which can be defined as follows: 150 
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where ,obs t
Q  and ,fct t

Q  represent the observed and forecasted reservoir inflow at time 152 

t, respectively; 
obs

Q   is the average value of the observed inflow; T is the forecast 153 

horizon. The relative forecast error 
t
  is assumed to follow a normal distribution with 154 

mean of zero and standard deviation of σ, i.e.,  2~ 0,
t

N  . The relative forecast 155 

error at time t can be expressed as: 156 
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Substituting Eq. (2) into Eq. (1) yields: 158 

    2
2 2

, ,

1 1

1
T T
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t t

Q NSE Q Q
 

       (3) 159 

Taking the mean value for both sides of Eq. (3) gives: 160 

      2
2 2

, ,

1 1

1
T T

obs t t obs t obs

t t

Q E E NSE Q Q
 

       (4) 161 

As mentioned previously,  2~ 0,
t

N  , so       22 2

t t t
E D E        , where 162 
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 t
D   is the variance of 

t
 . Eq. (4) can be further written as: 163 

    2
2 2

, ,

1 1

1
T T

obs t obs t obs

t t

Q NSE Q Q
 

       (5) 164 

Finally, the relationship between NSE and the standard deviation σ can be obtained as 165 

follows: 166 

    2
2

, ,

1 1

= 1 /
T T

obs t obs obs t

t t

NSE Q Q Q
 

     (6) 167 

Based on Eq. (6), the probability distribution of 
t
   can be easily determined, 168 

because σ is the only parameter of the distribution. For a specific region, NSE can be 169 

estimated by quantitative analysis of historical inflow forecast records and observations 170 

or qualitative analysis of forecast accuracy grade levels. 171 

2.1.2. Two traditional methods for generating forecast ensembles 172 

In recent years, a number of authors have focused on the problem of inflow forecast 173 

uncertainty in reservoir operation (Li et al., 2010; Lu et al., 2020; Zhou et al., 2015). In 174 

previous studies, reservoir inflow was often described as a stochastic process. After 175 

deriving the probability distribution of inflow forecast uncertainty using Eq. (6), several 176 

Monte Carlo sampling-based methods are available to synthesize ensemble inflow 177 

forecast, which serves as a discrete approximation of the original stochastic process. In 178 

this paper, we consider two representative methods (i.e., M1 and M2). In essence, both 179 

of the M1 and M2 use Monte Carlo simulations to generate random numbers, while the 180 

difference is how the random numbers are used for generating ensembles. The formulae 181 

of the two methods are expressed as follows: 182 
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 (7) 183 

where ,

i

syn t
Q  (t = 1, 2, …, T; i = 1, 2, …, I) represents the ith synthetic inflow sample 184 

at time t; I is total number of the generated samples; ,fct t
Q  is the deterministic reservoir 185 

inflow forecast; e is a random variable with standard normal distribution N(0, 1). 186 

For the ith inflow sample, method M1 only generates one random number i
e  (I 187 

random numbers in total), and this random number is used to generate the inflow 188 

process over the entire forecast horizon. The final generated ensemble inflow forecasts 189 

have the characteristic of non-overlapping. However, for each time period t, method 190 

M2 generates I random numbers i

t
e  (I × T random numbers in total), and the random 191 

numbers at each time are combined in sequence to form the ensemble inflow forecasts. 192 

2.1.3. Gaussian copula method for generating forecast ensembles 193 

The two commonly used methods mentioned above can be easily implemented in 194 

practice by Monte Carlo sampling techniques. However, both methods only focus on 195 

the uncertainty of the inflow forecast value at a single moment, without considering the 196 

correlation of inflows between adjacent time periods from the perspective of the whole 197 

inflow process. In fact, the formation and development of reservoir inflows are closely 198 

related to the development of weather systems (especially rainfall), and the inflow 199 

between adjacent periods are often strongly correlated. Hence, it is unrealistic to assume 200 

that inflow to the reservoir is uncorrelated in time. Serial correlation is important and 201 

must be considered in reservoir optimization. As a comparison with methods M1 and 202 

M2, we propose the third method, called Gaussian copula method, to describe the 203 

temporal correlation of inflows and further simulate forecast ensembles. 204 
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As described in Section 2.1.1, for a given lead time h, we can obtain the probability 205 

density function µ
t h t

f   and the cumulative distribution function µt h tF   of the forecast 206 

relative error based on the performance metric NSE, which quantitatively describes the 207 

forecast uncertainty at each time, but cannot take into account the temporal correlation. 208 

In this paper, we use the Gaussian copula function to describe the interdependence 209 

structure of the multivariate stochastic process. By employing a multivariate Gaussian 210 

random number generator, we can issue at time t a number I of realizations 211 

 1 2, , ...,i i i

t t t T
x x x   , i = 1, 2, …, I, from a multivariate Gaussian variable, for a modelled 212 

or estimated covariance structure. Based on the inverse probability function  , as well 213 

as the cumulative distribution function µt h tF  , these multivariate Gaussian realizations 214 

can be transformed into samples of inflow forecast errors with the same marginal 215 

distributions derived from NSE, 216 

 $ µ  1i
i

t h tt h t t h t
y F x


 

     (8) 217 

An exponential covariance function, which actually proved realistic in view of the 218 

empirical correlations observed, is used to model the covariance structures. Denoting 219 

by 
t h

X    the Gaussian random variable for lead time h, the exponential covariance 220 

function can be expressed as: 221 

  
1 2

1 2cov , exp
t h t h

h h
X X

 

  
  

 
 (9) 222 

where    represents the parameter controlling the correlation strength of random 223 

variables among lead times. The   value can be estimated by statistical analysis of 224 

historical forecasts and observed data. Eq. (9) shows that the strength of temporal 225 

correlation between different time period is related to the length of the time interval 226 
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1 2h h , the closer the time interval, the stronger the correlation. 227 

By coupling the samples of inflow forecast errors generated by Eq. (8) with the 228 

deterministic forecast results, we can obtain the simulated forecast ensembles, which 229 

have the same marginal distributions derived from NSE, and having different temporal 230 

dynamics. 231 

2.1.4. Inflow scenario tree generation utilizing the neural gas method 232 

Ensemble forecasts are usually transformed into scenario trees in order to use the 233 

recourse strategy in optimization, i.e., to adjust operational decisions in real time as 234 

uncertainty is reduced through time (Raso et al., 2014). A stochastic optimization model 235 

that considers all members in ensemble forecasts is computationally expensive. Hence, 236 

an appropriate scenario reduction technique must be used to trim down the ensemble 237 

forecasts. The ensemble forecast is actually a collection of trajectories representing all 238 

possible future outputs, and the scenario tree determines when these trajectories branch 239 

from each other, which can be considered as a simplified form of the ensemble forecast. 240 

The scenario tree divides these ensembles into a set of branches with their respective 241 

probabilities of occurrence. The difference between scenario tree and ensemble 242 

forecasts is that scenario tree has a bifurcation structure that can be identified by 243 

stochastic optimization models, and each scenario has its own occurrence probability, 244 

while ensemble members are assumed to be equally likely to occur. 245 

Fig. 2 shows the schematic of a scenario tree with three stages. In this paper, a 246 

scenario tree is defined as  , 1

T

s t t



, [1, ]s S , in which S is the size of the scenario 247 

tree and T is operation horizon. The tree starts from the root node in the first period and 248 
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gradually branches to the node in the next period. Each root-to-leaf path represents an 249 

inflow scenario, representing a possible realization of the stochastic process over the 250 

entire prediction horizon. In the first time period, all scenarios share the same node. As 251 

time progresses, the tree gradually starts to branch. When t = T, each scenario has its 252 

own exclusive node. Each scenario has a probability prob(s) > 0, and the sum of prob(s) 253 

for all scenarios 
1

( ) 1
S

s
prob s


 . 254 

 255 

Fig. 2. Schematic of a scenario tree with three stages 256 

The neural gas method is a well-known algorithm that has been widely applied to 257 

simulate representative vectors from an existing set of vectors. Previous studies have 258 

proved that the neural gas method is superior to other clustering methods in generating 259 

scenario trees for streamflow (Latorre et al., 2007; Xu et al., 2015). In this paper, this 260 

method is used to generate scenario trees for reservoir inflow based on the generated 261 

ensemble forecasts. The main procedures of the neural gas method are briefly described 262 

as follows. 263 

Step 1. Initialization of nodal values 264 

The initialization is achieved by randomly selecting the trajectory from ensemble 265 

forecasts, initializing each node value of the scenario tree: 266 
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, ( ), [1, ], [1, ]

s t rand t
IN s S t T     (10) 267 

where IN denotes the simulated ensemble forecasts; ( )rand   is a random number in 268 

the range [1, K]; and K is the size of ensemble forecasts. 269 

Step 2. Selecting a new series and determining distance-orders 270 

Before iteration, a complete series INk is randomly selected from IN. Euclidean 271 

distance between INk and the sth scenario is expressed below: 272 

 , [1, ]
s k s k

d IN s S    (11) 273 

where the distance array d is sorted in increasing order and recorded as a new sequence 274 

in the array O. 275 

Step 3. Updating nodal values based on iteration 276 

The position of the featured vector is shifted towards the selected vector. Then the 277 

value of each node is updated according to its iteration time and distance-order: 278 

       
, ' , '

, ' , ',

' 1,2, , ' 1,2, ,

, / 1, [1, ]
s t s s t s

s t s k t s t

s S s S

j h O j IN j jm
   

   
   

      
K K

 (12) 279 

where     /

0 0/
j jm

f
j       is the step size which decreases from 0   to 

f
   as 280 

iteration time j increases from 0 to jm;      ' ', exp /
s s

h O j O j    is an 281 

exponential function that is used to calculate the adaptation value of each node to its 282 

scenario distance-order; and     /

0 0/
j jm

f
j      changes from 0   to 

f
   as 283 

iteration proceeds. When iteration progresses to j+1, the node value ,s t
  is updated 284 

according to 
,s t

 , i.e., 1

, , ,

j j

s t s t s t
      . Thus, featured vectors move towards the 285 

selected series INk. 286 

Step 4. Calculating probabilities for each scenario 287 

Based on the number of series with the minimum distance from the scenario, the 288 
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probability of each scenario is calculated: 289 

   , ' ', '
' [1, ]

( ) ' [1, ], ' min /s k s k
s S

prob s Count k K k d d K


    (13) 290 

where prob(s) represents the probability of the sth scenario and Count   is a function 291 

that counts numbers. Finally, a reduced number of reservoir inflow scenarios with their 292 

respective probabilities can be obtained and used as an input to the stochastic 293 

optimization model for reservoir real-time operation. 294 

2.2. Stochastic optimization model for reservoir real-time operation 295 

In reservoir real-time operation, decision makers need to make operational decisions 296 

over an operation horizon with uncertain forecast information. Stochastic optimization 297 

is a technique for solving optimization problems where partial information is uncertain, 298 

and related uncertainties can be described with estimated probability distributions (Côté 299 

and Leconte, 2016). Stochastic optimization has been successfully used in many areas, 300 

and proved to be superior to traditional methods in providing better insights of 301 

optimization results (Bayesteh and Azari, 2021; Xu et al., 2017; Zhu et al., 2020). 302 

To handle inflow forecast uncertainty and improve the adaptability to uncertainties 303 

in inflow forecasts, a stochastic optimization model is established for reservoir real-304 

time operation. The stochastic model ensures that the optimal value of the objective 305 

function is reached in an average sense, i.e., the final optimal decision is derived on the 306 

basis of optimizing the expected value of the objective function for all scenarios. In 307 

addition, we design a parallel differential evolution (DE) algorithm, based on parallel 308 

computing strategy, to solve the stochastic optimization model more efficiently. The 309 

difference between our model and previous risk analysis papers lies in that the use of 310 
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stochastic optimization technique which enables inflow forecast uncertainty to be 311 

explicitly incorporated into the optimization process. However, previous studies mostly 312 

used fixed operation rules without optimization or developed deterministic 313 

optimization models (Chen et al., 2014; Zhang et al., 2019). Therefore, the established 314 

stochastic model in this paper can more precisely describe the propagation process of 315 

uncertainty from hydrological forecast to reservoir optimal operation. 316 

2.2.1. Objective function 317 

This paper considers the problem of reservoir real-time operation during floods. The 318 

essence of flood control operation is the reallocation of flood control capacity in time 319 

and space to ensure the safety of the dam. For a reservoir flood control system, the 320 

considered objective is to maximize the expected value of the reservoir flood control 321 

safety degree (FCSD), which is equal to the weighted sum of the safety degree under 322 

each inflow scenario according to the scenario probability: 323 

     , 1
1

max
S

T

s t st
s

F R prob s R




    (14) 324 

   /des des

s s s s
R V Vu V   (15) 325 

where R represents the flood control safety degree of a reservoir; Rs is the FCSD under 326 

the sth inflow scenario, which is defined in Eq. (15) as the ratio of the remaining flood 327 

control capacity divided by the design flood control capacity during the entire operation 328 

horizon; des

s
V  is the design flood control capacity of a reservoir; 

s
Vu  represents the 329 

occupied flood control storage used for flood routing in the sth inflow scenario, i.e., the 330 

difference between the highest water level and the flood limited water level. It should 331 

be mentioned that the objective function value is related to the inflow scenario tree, and 332 
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the reservoir water level is a stochastic process closely related to each scenario and its 333 

occurrence probability. 334 

2.2.2. Constraints 335 

In the stochastic optimization model, the following constraints are considered. 336 

(1) Mass balance equation: 337 

 , 1 , , ,( )
s t s t s t s t

V V I O t      (16) 338 

where ,s t
V  and , 1s t

V   are reservoir storage at the beginning and ending of time period 339 

t in the sth scenario; ,s t
O   and ,s t

I   are reservoir outflow and inflow at time t in 340 

scenario s, respectively; t  is time span. 341 

(2) Reservoir water level limits: 342 

 ,t s t t
Z Z Z   (17) 343 

where ,s t
Z   represents reservoir water level at time t in scenario s; t

Z   and 
t

Z  344 

represent the maximum and minimum limits of reservoir water level at time t. 345 

(3) Reservoir outflow limits: 346 

 ,t s t t
O O O   (18) 347 

where 
t

O  and t
O  represent lower and upper bounds of reservoir outflow at time t, 348 

respectively. 349 

(4) Reservoir outflow capacity limits: 350 

  , max ,s t s t
O O Z  (19) 351 

where  max ,s t
O Z   represents a function of the reservoir outflow capacity, which 352 

determines the maximum reservoir outflow when all spillways reach their release 353 

capacities. 354 
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(5) Reservoir outflow fluctuation limits: 355 

 , , 1s t s t m
O O O    (20) 356 

where 
m

O  is the permitted maximum outflow fluctuation. Reservoir outflow is not 357 

allowed to fluctuate sharply, the constraint is set to avoid the sediment erosion of levee 358 

systems and ensure the safety of downstream navigation. 359 

(6) Initial and boundary conditions: 360 

 , ,;
s t INI s T END

Z Z Z Z   (21) 361 

where ZINI and ZEND represent the initial and target end water level. Reservoir operators 362 

usually expect the water level to fall back to the target water level. However, for real-363 

time flood control operation, the constraint is usually loosened, since the end water 364 

level cannot always reach ZEND. This is especially true if the initial water level is high, 365 

or if the flood peak is large and occurs late. 366 

2.2.3. Parallel differential evolution algorithm 367 

Differential evolution (DE) algorithm is a heuristic search algorithm based on 368 

population intelligence theory. DE algorithm is similar to well-known genetic algorithm 369 

in terms of process structure, which implements population evolution via mutation, 370 

crossover and selection operators (Ahmadianfar et al., 2021). The basic steps of the DE 371 

algorithm include: first, starting from a randomly generated initial population, two 372 

individuals are selected from parent population to calculate the difference vector; 373 

second, another individual is selected to sum with the difference vector to generate 374 

experimental individuals; third, a crossover operator is performed between parent 375 

individuals and experimental individuals to generate new offspring individuals; finally, 376 
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a selection operator is performed between parent individuals and the new offspring 377 

individuals, and the search is guided to gradually approach the optimal solution by 378 

continuously evolving to retain good individuals and eliminate inferior ones. DE 379 

algorithm has the advantages of simple structure, fast convergence and robustness, and 380 

has been widely used to solve complicated nonlinear constrained optimization problems 381 

(Arora et al., 2021; Yan et al., 2020). 382 

Deterministic reservoir operation models are generally solved using reservoir 383 

water level or outflow as decision variables. Unlike deterministic optimization models, 384 

the stochastic optimization model constructed in this paper considers all inflow 385 

scenarios, which ensures the expected value of the objective function is maximized for 386 

all scenarios. Therefore, the reservoir water level process under each scenario is chosen 387 

as the decision variable in this paper, and the length of individuals in the population 388 

generated by DE algorithm is S times larger than that of deterministic models (S is the 389 

scenario tree size). As described in Section 2.2.2, some complex nonlinear constraints 390 

exist in the stochastic optimization model, and we use the dynamic penalty function 391 

(Zhu et al., 2020) method to deal with these constraints and transform the constrained 392 

optimization problem into an unconstrained optimization problem. Specifically, the 393 

violation of each constraint is dynamically calculated during each iteration and added 394 

to Eq. (14) as a penalty term to further construct the fitness function. The inclusion of 395 

these penalty terms can effectively identify the feasibility of candidate solutions, thus 396 

improving the computational efficiency and ensuring the quality of the final optimal 397 

solution. 398 
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In recent decades, with the rapid development of computer technology, almost all 399 

computers (including laptops) are equipped with multi-core processors, which provides 400 

a solid hardware foundation for parallel computing. Compared with the traditional 401 

serial computing model, the execution efficiency of the same algorithm can be greatly 402 

improved in a multi-core parallel computing environment. As a result, parallel 403 

computing techniques have attracted a great deal of attention from researchers and are 404 

becoming increasingly popular in the fields of reservoir operation and many other 405 

engineering fields. The stochastic optimization model constructed in this paper has a 406 

higher dimensionality than the traditional deterministic optimization model since the 407 

values of the fitness function need to be calculated for all inflow scenarios in each 408 

iteration. The computational effort of the stochastic optimization model grows 409 

exponentially with the size of the scenario tree, and numerous scenarios often render 410 

the model computationally intractable. In addition, the standard DE algorithm uses only 411 

one core in serial computing mode, thus greatly wasting the computer's free multi-core 412 

resources. In fact, the DE algorithm is naturally parallelizable due to the fact that each 413 

iteration needs to evaluate the fitness of each individual in the population at the same 414 

time. To this end, we design a parallel DE algorithm to solve the stochastic optimization 415 

model more efficiently, and the flowchart of the algorithm is shown in Fig. 3. The 416 

parallel DE algorithm divides the initial population into several smaller subpopulations 417 

according to the number of computer threads. Each thread simultaneously executes the 418 

standard DE algorithm to implement the computational tasks (i.e., mutation, crossover, 419 

and selection) of its corresponding subpopulation until the terminal condition is 420 
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satisfied. After all threads have completed their computations, the thread manager 421 

collects the optimization results of all subtasks and obtains the final optimal solution. 422 

In this paper, we use the multiprocessing library in Python to implement the above 423 

parallel computing procedure. 424 

 425 

Fig. 3. Flow chart of DE algorithm using parallel computing strategy 426 

2.3. Risk assessment for reservoir real-time optimal operation 427 

Selecting an appropriate quantitative indicator is important to accurately track the 428 

uncertainty propagation process from hydrological forecasting to reservoir operation. 429 

For this reason, we carry out risk assessment of the results of stochastic optimization. 430 

Most of previous risk analysis studies were based on fixed operation rules and without 431 

using optimization models, i.e., directly using a large number of randomly simulated 432 

inflow samples as input and obtaining risk values by statistical analysis of flood 433 

regulation results (Chen et al., 2014). The difference between this paper and previous 434 

studies is that we explicitly consider hydrological forecast uncertainty in the stochastic 435 

optimization process. For stochastic optimal operation, the risk actually arises from the 436 
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variability between the optimal release decisions under different inflow scenarios, 437 

which is closely related to each scenario and its probability of occurrence. 438 

Strictly speaking, risk should be defined as a function of the probability of a risk 439 

event occurring and the consequences it produces. However, for reservoir real-time 440 

flood control operation, assessing the consequences of risk events is often difficult to 441 

achieve. As a result, researchers have typically simplified the definition of risk to the 442 

probability of a risk event occurring, and the simplified definition has been broadly 443 

accepted in the field of reservoir operations (Chen et al., 2017). This paper also adopts 444 

this simplified definition of risk, which is expressed as the probability that the 445 

optimized highest water level exceeds the safe water level: 446 

  max max
sZ

Risk f Z dZ


   (22) 447 

where  maxf Z   denotes the probability density function of Zmax, which can be 448 

estimated quantitatively using entropy theory; Zs represents the safe water level set by 449 

decision makers.  450 
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3. Case study 451 

3.1. Numerical experiment setting 452 

The Pubugou reservoir system located in the Dadu River basin in China is selected as 453 

the case study. The Dadu River is one of the major tributaries of the Yangtze River, with 454 

a basin area of 90,000 square kilometers. According to the parameter settings shown in 455 

Table 1, we designed three numerical experiments. Experiment 1 is used to demonstrate 456 

the presented framework, where NSE and the parameter   controlling the strength of 457 

correlation in the Gaussian copula method is obtained by statistical analysis of forecasts 458 

and observations of 389 historical floods. We perform experiment 2 to examine the 459 

impact of forecast uncertainty level on reservoir real-time optimal operation by varying 460 

NSE from 0.70 to 0.95 while fixing    at its base value 4.68. Experiment 3 is 461 

conducted to investigate the influence of forecast uncertainty temporal correlation on 462 

reservoir real-time optimal operation,   is varied from 0.50 to 150 while NSE is fixed 463 

at its base value 0.91. 464 

Table 1 Parameter setting of three numerical experiments 465 

Experiment No. Parameter symbol Type Value range Base value 

Experiment 1 
NSE Constant / 0.91 

φ Constant / 4.68 

Experiment 2 
NSE Variable [0.70, 0.95] / 

φ Constant / 4.68 

Experiment 3 
NSE Constant / 0.91 

φ Variable [0.50, 150] / 

 466 

3.2. Numerical experiment 1: demonstration of the proposed framework 467 

3.2.1. Generation of ensemble forecasts and scenario trees 468 
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According to the parameter settings in Table 1, we use three methods (i.e., the 469 

traditional methods M1, M2, and the Gaussian copula method) to generate ensemble 470 

forecasts, which are then converted into scenario trees via the neural gas method (tree 471 

size is set as 200). The methods M1 and M2 are only influenced by the parameter NSE, 472 

while the Gaussian copula method incorporates an additional parameter   to measure 473 

the correlation structure between moments. 474 

Fig. 4 compares inflow scenario trees generated by the three different methods. As 475 

can be seen from Fig. 4, all three methods are capable of simulating the inflow 476 

uncertainty since the generated scenario trees cover the original deterministic 477 

forecasting process symmetrically. The box plot on the right side in Fig. 4 indicates that 478 

the range of uncertainties simulated by the three methods at a single moment is basically 479 

the same, and the mean values of their probability distributions are all approximately 480 

equal to the deterministic forecast values. However, the difference between the three 481 

methods lies mainly in the significant variability of the generated scenario trees in terms 482 

of process shape. The inflow scenarios generated by method M1 are parallel to each 483 

other without overlapping, while the inflow scenarios generated by method M2 484 

fluctuate very sharply. The fluctuation of the inflow scenario process generated by the 485 

Gaussian copula method lies between these two extremes. In general, the Gaussian 486 

copula method can more realistically simulate the correlation of inflow between 487 

adjacent time periods, and this correlation is reflected in the fact that the generated 488 

inflow scenarios do not fluctuate drastically at random, but show a certain regularity in 489 

the fluctuation direction and magnitude. The main reason is that the Gaussian copula 490 
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method takes into account the temporal dynamics of inflow processes, thus ensuring 491 

that the inflow scenarios follow both the marginal distribution at a given moment and 492 

the joint distribution throughout the entire forecast horizon. 493 

 494 

Fig. 4. Line charts and box plots of the generated inflow scenario trees using three different 495 

methods 496 

In addition, we simulate the hourly wind power process of a wind farm in the 497 
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eastern coastal region of China using the three methods. The wind power process is 498 

similar to reservoir inflows, and both are generally considered to be stochastic processes 499 

with strong uncertainties. Fig. 5 shows the generated wind power outputs using three 500 

different methods, and the scenario tree size is set as 30. As with the results of the inflow 501 

simulation, the Gaussian copula method yields results for wind power fluctuations that 502 

are closer to the real situation. 503 

 504 

Fig. 5. Comparison of the generated wind power outputs using three different methods 505 

3.2.2. Stochastic optimal operation and risk assessment 506 

The inflow scenario trees generated by the three methods (shown in Fig. 4) are used as 507 

inputs to the stochastic optimization model respectively, and the parallel DE algorithm 508 

is implemented to solve the model to obtain the reservoir scheduling process under 509 

consideration of forecast uncertainty. The risk assessment of the stochastic optimal 510 

operation results is performed according to Eq. (22), and the safe water level set by the 511 
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decision maker is 845.2m. Fig. 6 presents the results of stochastic optimal operation 512 

and risk calculation, where the water level process becomes a stochastic process under 513 

the influence of hydrological forecast uncertainty. However, the stochastic processes of 514 

reservoir water level obtained by the three methods are obviously different. The 515 

uncertainty of the water level at each moment obtained by method M1 is the largest, 516 

which is reflected in the most divergent distribution range of the box plot; the Gaussian 517 

copula method has the second highest uncertainty, and method M2 has the smallest 518 

uncertainty. As shown in Fig. 6(d), the risks corresponding to the three methods follow 519 

the same pattern as above, with the methods M1 and M2 yielding a risk of 25.39% and 520 

1.88% (the maximum and minimum, respectively), and the Gaussian copula method 521 

yielding a risk of 16.97%. As shown in Fig. 4(b), the fluctuation of inflow scenario 522 

generated by method M2 is the sharpest among the three methods, and its overall inflow 523 

uncertainty seems to be the largest. However, a very interesting result can be found in 524 

Fig. 6, after reservoir regulation, the uncertainty and risk of the water level process for 525 

method M2 is much smaller than the other two methods. 526 
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 527 

Fig. 6. Results of reservoir stochastic optimal operation and risk assessment 528 

3.2.3. Mechanism analysis of the risk differences between the three methods 529 

This section carries out a mechanistic analysis to explore the reasons for the differences 530 

in risks calculated by the three methods. For reservoir flood control operation, water 531 

level variations are mainly influenced by the flood volume. For the method M2, since 532 

the correlation between time periods is not considered in the inflow scenario generation, 533 

the overestimated (or underestimated) inflow in the current time period will be offset 534 

by the underestimated (or overestimated) inflow in the next time period, and this 535 

offsetting effect of forecast errors in adjacent time periods (see Fig. 7(b)) reduces the 536 

uncertainty in the cumulative flood volume and final operation results (i.e., reservoir 537 

water level processes in Fig. 6(b)), thus significantly underestimates the risk. For the 538 

method M1, since the same random number is used to generate the inflow scenario in 539 

each time period, the generated inflow processes are parallel to each other. Therefore, 540 
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the overestimated (or underestimated) inflow in the current time period will be 541 

cumulated in the next time period, and this cumulative effect (see Fig. 7(a)) increases 542 

the uncertainty of the cumulative flood volume and thus overestimates the flood control 543 

risk. The Gaussian copula method estimates the temporal correlation of inflow based 544 

on a large number of historical forecasts and observation samples, and takes them into 545 

account when generating the inflow scenario tree. Therefore, the results of the Gaussian 546 

copula method lie between the two extremes of the method M1 and M2, where the 547 

stronger the correlation of historical samples, the stronger the cumulative effect and the 548 

weaker the offsetting effect, and vice versa. 549 

Fig. 8. compares the flood volume and cumulative flood volume forecasting errors 550 

simulated by three different methods. The correlation has little effect on the inflow 551 

value and flood volume for a single time period, but has a significant effect on the shape 552 

of inflow processes and cumulative flood volume errors. As can be seen from Fig. 8, 553 

the cumulative flood volume error simulated by method M1 is greatly enlarged due to 554 

the cumulative effect over time, while the cumulative flood volume error simulated by 555 

method M2 remains basically unchanged from the 6th time period due to the offsetting 556 

effect. Hence, methods M1 and M2 actually overestimate and underestimate the 557 

operation uncertainty and corresponding risk, respectively. In summary, for stochastic 558 

optimal reservoir operation, the stochastic simulation of inflow processes cannot ignore 559 

the correlation between time periods, otherwise the risk is likely to be overestimated or 560 

underestimated, and the true risk value cannot be obtained, which will lead to operation 561 

failures. 562 



31 

 

 563 

Fig. 7. Diagrammatic sketch of the cumulative effect and offsetting effect of flood volume 564 

forecasting errors 565 

 566 

Fig. 8. Comparison of flood volume and cumulative flood volume forecasting errors 567 
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simulated by three different methods 568 

3.3. Numerical experiment 2: effect of forecast uncertainty level on reservoir real-569 

time optimal operation 570 

In this section, we perform numerical experiment 2 to examine the influence of forecast 571 

uncertainty level on reservoir real-time optimal operation. Numerical experiment 2 uses 572 

the control variables method, i.e., fixing the parameter   equal to its base value 4.68 573 

and varying NSE from 0.70 to 0.95. Fig. 9 illustrates the box plot of stochastic water 574 

levels and corresponding risks under different forecast uncertainty levels (represented 575 

by NSE). As can be seen from Fig. 9, when the NSE gradually decreases from 0.95 to 576 

0.70, the uncertainty of the optimized water level process also increases, as shown by 577 

the increasingly divergent distribution of water level values at each moment (especially 578 

the 11th moment when the highest water level occurs), and the corresponding risk 579 

increases from 13.26% to 35.64% as well. The above results suggest that the uncertainty 580 

of reservoir optimal operation increases with the uncertainty of hydrological forecasts. 581 

According to the risk formula Eq. (22), the risk is associated with the safe water 582 

level set by decision makers, in addition to the probability density function of Zmax 583 

(depending on the NSE). To this end, we carry out a perturbation analysis, i.e., we 584 

calculate risk values at a series of safe water levels and obtain a three-dimensional risk 585 

simulation surface and its two-dimensional projection curves, as shown in Fig. 10. 586 

Figure 10 is very useful in real-world applications. On the one hand, reservoir operators 587 

can quickly determine the corresponding risk value according to a certain safe water 588 

level, and on the other hand, we can determine the safe water level values under 589 
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different NSE conditions according to the acceptable risk of decision makers, thus 590 

providing an important reference for the boundary condition setting of the stochastic 591 

optimization model. 592 

 593 

Fig. 9. Box plot of reservoir water levels and related risks under different forecast 594 

uncertainty levels 595 
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 596 

Fig. 10. Relationship between safe water level and risk under different forecast uncertainty 597 

levels 598 

3.4. Numerical experiment 3: effect of forecast uncertainty temporal correlation 599 

on reservoir real-time optimal operation 600 

We further perform numerical experiment 3 to explore the impact of forecast 601 

uncertainty temporal correlation on reservoir real-time optimal operation. Unlike the 602 

previous section, we fix NSE at its base value 0.91, and vary the parameter   from 603 

0.50 to 150. Fig. 11 shows covariance curves between time period 1 and other time 604 

periods under different temporal correlations, as well as the risk curves. Fig. 11 605 

indicates that the closer the time interval, the stronger the temporal correlation of inflow. 606 

The covariance and operational risk show an obvious nonlinear relationship with the 607 

parameter  . When the parameter   increases from 0.5 to about 40, the covariance 608 

and risk show a rapid increase, and then the variation of both tends to stabilize, i.e., 609 

remains basically constant with the increase of the parameter  . 610 

Fig. 12 presents the relationship between safe water level and risk under different 611 

temporal correlations of inflow forecast uncertainty. From Fig. 12, it can be seen that 612 
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temporal correlations have a significant impact on reservoir operation risk. Therefore, 613 

when quantifying the uncertainty in hydrological forecasts, it is important to consider 614 

not only the probability distribution of each single time period, but also to estimate the 615 

correlation between time periods, which has important influences on reservoir 616 

stochastic optimization and risk assessment. However, this has usually been ignored in 617 

previous studies, thus yielding unrealistic (over- or underestimated) risk calculations. 618 

 619 

Fig. 11. Covariance and risk curves under different temporal correlations of inflow forecast 620 

uncertainty 621 

 622 
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Fig. 12. Relationship between safe water level and risk under different temporal correlations 623 

of inflow forecast uncertainty  624 
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4 Discussion and Conclusions 625 

Hydrological forecasts are inherently uncertain because of errors in hydrological model 626 

inputs, complicated model structures and inexact parameter estimations. Hydrological 627 

forecast uncertainty is an important challenge for reservoir real-time optimal operation. 628 

In this paper, a stochastic framework was proposed to track the uncertainty propagation 629 

process between hydrological forecasting and reservoir operation. First, three methods 630 

were used to generate inflow forecast ensembles based on the derived analytic 631 

relationship between the performance metric NSE and forecast uncertainty probability 632 

distribution, respectively. The first two were the commonly used traditional methods 633 

M1 and M2, and the third was the Gaussian copula method, which additionally 634 

considered the temporal correlation of inflows between time periods. Then, the neural 635 

gas method was used to transform the generated ensembles into a scenario tree, which 636 

was further used as an input for reservoir stochastic optimization. To handle inflow 637 

forecast uncertainty and improve the adaptability to uncertainties in inflow forecasts, a 638 

stochastic optimization model was established, where the final optimal decision was 639 

derived on the basis of optimizing the expected value of the objective function for all 640 

scenarios. Based on parallel computing strategy, we designed a parallel differential 641 

evolution (DE) algorithm to solve the stochastic optimization model more efficiently. 642 

We performed risk assessment to capture the uncertainty and corresponding risk 643 

associated with the reservoir optimal decision. Finally, three numerical experiments 644 

were performed to demonstrate the effectiveness of the proposed framework, and to 645 

investigate the effect of forecast uncertainty level and temporal correlation on reservoir 646 
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real-time optimal operation. 647 

The Pubugou reservoir system located in the Dadu River basin in China was 648 

selected as the case study. The main conclusions were outlined as follows. 649 

(1) Compared with methods M1 and M2, the Gaussian copula method can more 650 

realistically simulate the inflow correlation between adjacent time periods by 651 

considering the temporal dynamics of inflow processes. Thus, the generated inflow 652 

scenarios do not fluctuate dramatically at random, but show a certain regularity in the 653 

fluctuation direction and magnitude. 654 

(2) The optimized water level process becomes a stochastic process under the impact 655 

of hydrological forecast uncertainties. However, the stochastic processes of reservoir 656 

water level obtained by the three methods are obviously different, and the ranking 657 

according to the uncertainty degree is M1 > the Gaussian copula method > M2. 658 

Similarly, the obtained risks corresponding to the three methods also follow the same 659 

pattern. It is interesting that inflow scenarios generated by method M2 fluctuate 660 

sharpest and seem to be the most uncertain among all three methods, while after 661 

reservoir regulation the uncertainty of the optimized water level process as well as the 662 

risk is much smaller than the other two methods. 663 

(3) The difference in the results of three methods mainly results from the cumulative 664 

and offsetting effect of forecast errors. Method M1 has the strongest cumulative effect 665 

of forecast error, method M2 has the strongest offsetting effect, and the Gaussian copula 666 

method lies between these two extremes. The stronger the correlation of historical 667 

samples, the stronger the cumulative effect and the weaker the offsetting effect, and 668 



39 

 

vice versa. The cumulative effect results in the cumulative flood volume error being 669 

greatly enlarged over time, thus leading to an overestimation of risk; while the offsetting 670 

effect tends to underestimate the corresponding risk. Therefore, the temporal correlation 671 

between time periods must be considered when simulating stochastic inflow process, 672 

otherwise it is likely to overestimate or underestimate the risk, thus leading to operation 673 

failures. 674 

(4) The uncertainty of reservoir stochastic optimization tends to increase with the 675 

uncertainty of hydrological forecasts. The obtained three-dimensional risk simulation 676 

surface is very useful in real-world applications. On the one hand, reservoir operators 677 

can quickly determine the corresponding risk value according to a certain safe water 678 

level, and on the other hand, we can determine the safe water level values under 679 

different NSE conditions according to the acceptable risk of decision makers, thus 680 

providing guidance for setting boundary conditions of the stochastic optimization 681 

model. The risk simulation surface enables reservoir operators to examine the 682 

robustness of operational decisions, and make risk-informed decisions with higher 683 

reliabilities. 684 

(5) The covariance and operational risk show a clear nonlinear relationship with the 685 

parameter   . The closer the time interval, the stronger the temporal correlation of 686 

inflow. The covariance and risk show a rapid increase as the parameter   increases 687 

from 0.5 to about 40, and then the variations of both stabilize (parameter   is greater 688 

than 40). Temporal correlation has a significant impact on reservoir operation risk. The 689 

above findings highlight again the importance of considering temporal correlation in 690 
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inflow stochastic simulation and reservoir stochastic optimization. 691 

This paper assumes that the relative forecast errors follow a normal distribution, 692 

and most of previous studies have been based on this assumption. However, this 693 

assumption does not always work in practice; for instance, Zhang et al. (2015) found 694 

that the probability distribution of forecast errors for the Three Gorges Reservoir in 695 

China is skewed. When the assumption of normal distribution is violated, we can 696 

transform the original data by the method of normal quantile transformation, and then 697 

use the framework proposed in this paper to trace the uncertainty propagation process. 698 

In addition, numerical ensemble forecasting techniques have been greatly developed in 699 

recent years. The increasing availability and accuracy of ensemble forecasts will 700 

provide a new way for reservoir real-time optimal operation under uncertainty. 701 
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Figures

Figure 1

Flowchart of the proposed framework for tracking the uncertainty propagation process between
hydrological forecasting and reservoir real-time optimal operation



Figure 2

Schematic of a scenario tree with three stages

Figure 3

Flow chart of DE algorithm using parallel computing strategy



Figure 4

Line charts and box plots of the generated in�ow scenario trees using three different methods



Figure 5

Comparison of the generated wind power outputs using three different methods



Figure 6

Results of reservoir stochastic optimal operation and risk assessment



Figure 7

Diagrammatic sketch of the cumulative effect and offsetting effect of �ood volume forecasting errors



Figure 8

Comparison of �ood volume and cumulative �ood volume forecasting errors



Figure 9

Box plot of reservoir water levels and related risks under different forecast uncertainty levels



Figure 10

Relationship between safe water level and risk under different forecast uncertainty levels



Figure 11

Covariance and risk curves under different temporal correlations of in�ow forecast uncertainty



Figure 12

Relationship between safe water level and risk under different temporal correlations of in�ow forecast
uncertainty


