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Abstract  9 

For nearly a century since Ising model was proposed in 1925, it is agreed that there is 10 

no phase-transition with temperature in the one-dimensional based on no global-11 

spontaneous-magnetization in whole temperature region. In this letter, the exact 12 

calculation of local-spontaneous-magnetization shows that a diffuse phase-transition 13 

with temperature occurs in one-dimensional Ising model. In addition, although diffuse 14 

phase-transition phenomenon is common in the systems of heterogeneous-15 

components and small-sizes etc., there is no accurate prediction of corresponding 16 

theoretical models so far, so the present works lay the theoretical foundation of this 17 

kind of phase-transition.  18 

 19 

In the nearly 100 years since Ising model (IM)1, one of the most important microscopic models 20 

of phase-transition2-8, was proposed in 1925, it is agreed that there is no temperature dependent 21 

phase-transition in the one-dimensional. This is because the global-spontaneous-magnetization 22 

of the model system is zero in whole temperature range, i.e. there is no global-spontaneous-23 

magnetization1,2 as shown in the Supplementary Information (SI). 24 

However, the absence of global-spontaneous-magnetization does not deny the existence 25 

of short-range local-spontaneous-magnetization in one-dimensional-IM (1D-IM). In this paper, 26 

the local-spontaneous-magnetization with temperature and size in the model is calculated 27 

accurately, and the results show that 1D-IM has a diffuse phase-transition with temperature9-
28 

13. In other words, our conclusion subverts the century consensus in this model. 29 

 30 

Results 31 

The Hamiltonian (𝐻1D−IM) of one-dimensional Ising model (1D-IM) is, 32 

𝐻1D−IM = lim𝑁→∞ [−𝐽 ∑ 𝜎𝑖𝜎𝑖+1𝑁−1
𝑖=1 ]                                                                                           (1) 33 

in which 𝜎𝑖 is the ith spin and 𝜎𝑖 = ±1, 𝐽 the interaction energy constant between the nearest- 34 

neighbor spins, and 𝑁 the total number of spins in the model system (Fig. S1). 35 

In the model, the local magnetic moment (𝑠𝑙𝑟) including l nearest-neighbor spins is, 36 

𝑠𝑙𝑟 ≡ 𝜇 ∑ 𝜎𝑟+𝑖𝑙−1
𝑖=0                                                                                                                         (2) 37 

where 𝜇 is the magnetic moment of a spin, and 𝑟 expresses an arbitrary reference site.  38 
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 39 

 40 

Fig. 1.  For series 𝑇, (A) local-spontaneous-magnetization (𝑚𝑠𝑙 ) and (B) relative local-41 

spontaneous-magnetization (𝛿𝑠𝑙 ) vs local spin number (𝑙) in one-dimensional Ising 42 

model. 43 

 44 

To describe the temperature dependence of the amplitude of 𝑠𝑙𝑟 (excluding the orientations 45 

corresponding to its signs) in this paper, the local-spontaneous-magnetization (𝑚𝑠𝑙 ) is defined 46 

as (see SI and METHODS), 47 

𝑚𝑠𝑙 ≡ 1𝑙 √ lim𝑛→∞ 1𝑍𝑛 ∑ (𝑠𝑙𝑟)2exp [ 𝐽𝑘𝐵𝑇 ∑ 𝜎𝑖𝜎𝑖+1𝑛−1
𝑖=1 ]𝜎𝑖=±1,⋯𝜎𝑛=±1

= 𝜇𝑙 √2 [𝑙 − 𝛾𝑙1 − 𝛾 − 𝛾(1 − 𝛾𝑙−1)(1 − 𝛾)2 ] − 𝑙                                                                      (3) 48 

here 𝑘𝐵  is Boltzmann constant, 𝑇  the temperature of the heat bath in which the one-49 

dimensional spin chain is located, 𝑍𝑛 the partition function of the spin orientation ensemble of 50 

1D-IM (SI), and 𝑛 the spin number of the subsystems in the ensemble (Fig. S1), and 𝛾 ≡51 tanh ( 𝐽𝑘𝐵𝑇). 52 

Obviously, 𝑚𝑠∞ is the global stochastic magnetization when 𝑙 → ∞. From Eq. 3, we can 53 

get that 𝑚𝑠∞ = 0 except 𝑇 → 0, which is consistent with the past result1,2。 54 

Fig. 1A shows 𝑚𝑠𝑙  vs 𝑙 for series 𝑇, and it can be seen that: (i) At high temperature (e.g. 55 𝑇 = 5.00𝐽 𝑘𝐵⁄ ), 𝑚𝑠𝑙  decreases rapidly with increasing 𝑙, which indicates that the spatial scale 56 
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of local-spontaneous-magnetization is small; and (ii) At low temperature (e.g. 𝑇 = 0.15𝐽 𝑘𝐵⁄ ), 57 𝑚𝑠𝑙 → 𝜇 in a large range of 𝑙, which states clearly that the local-spontaneous-magnetization 58 

regions not only has a large spatial scale, but also almost all the spins in the regions have the 59 

same orientation. 60 

 61 

Fig. 2. (A) characteristic spontaneous magnetization (𝑐) and its characteristic spatial 62 

size (𝑙𝑐), as well as (B) − 𝜕𝑐 𝜕𝑡⁄  and heat capacity per spin (𝑐𝑠) in 1D-IM vs reduced 63 

temperature (𝑡 ≡ 𝑘𝐵𝑇 𝐽⁄ ). Inset of Fig. 2A shows static susceptibility (𝑠𝐵) per spin vs 𝑡 64 

for a series of external magnetic fields (𝐵).   65 

 66 

Discussion 67 

According to Landau theory14, the order parameter is the essential to phase-transition, 68 

which characterizes the relative change of the low to high temperature phase. Therefore, in 69 

order to describe the relative variation of 𝑚𝑠𝑙  to 𝑚𝑠𝑙 (𝑇 → ∞), the relative local-spontaneous-70 

magnetization (𝛿𝑠𝑙) is introduced here, 71 𝛿𝑠𝑙 ≡ 𝑚𝑠𝑙 − 𝑚𝑠𝑙 (𝑇 → ∞)𝜇                                                                                                          (4) 72 

In fact, 𝑚𝑠𝑙 (𝑇 → ∞)  represents the autocorrelation ( 𝜎𝑖2 ) of a spin (Eq. 3 and M5 in 73 

METHODS), and of course has nothing to do with the phase transition process. 74 

At series 𝑇, 𝛿𝑠𝑙 vs 𝑙 is shown in Fig. 1B, which indicates that for all temperatures, 𝛿𝑠𝑙 has 75 

a single diffuse peak as a function of 𝑙. In this paper, the maximum value of 𝛿𝑠𝑙 is expressed as 76 
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𝑐 , and the corresponding value of 𝑙  as 𝑙𝑐 . Obviously, 𝑐  and 𝑙𝑐  can be used as the 77 

characteristic parameters to describe the local-spontaneous-magnetization and its spatial size, 78 

so here 𝑐  is called the characteristic spontaneous magnetization and 𝑙𝑐  the characteristic 79 

spatial size of 𝑐 in 1D-IM. Moreover, the dispersion of the 𝛿𝑠𝑙 peak shows that both the size 80 

of the local-spontaneous-magnetization regions and its internal magnetization have obvious 81 

distributions. 82 

𝑐 and 𝑙𝑐 vs 𝑇 (Fig. 2A) show that with decreasing 𝑇: (i) 𝑐 first increases slowly, then 83 

rapidly, and slowly again. It should be noted that at high temperature, 𝑐 is still not zero (e.g. 84 

𝑐 = 0.10 when 𝑇 = 3.82𝐽 𝑘𝐵⁄ ). In addition, 𝑐 → 1 at nonzero low temperature (e.g. 𝑐 =85 0.9999 for 𝑇 = 0.07𝐽 𝑘𝐵⁄ ); and (ii) 𝑙𝑐 first increases slowly and then rapidly. For example, 86 𝑙𝑐 = 4 when 𝑇 = 3.82𝐽 𝑘𝐵⁄ , and  𝑙𝑐 = 108 for 𝑇 = 0.07𝐽 𝑘𝐵⁄  (if the lattice parameter of 1D-87 

IM is assumed to be 0.5 nanometers, the characteristic size of the local-spontaneous-88 

magnetization region will reach the macroscopic ~ 5 centimeters). These results state clearly 89 

that in 1D-IM, there exists a diffuse transition between the nanoscale regions of small 90 

spontaneous magnetization at high temperature and the macroscopic domains of large 91 

spontaneous magnetization at low temperature.  92 

By comparing the order parameters10-13, heat capacity15-17, and domain structure 93 

evolution18-20 of existing diffuse phase-transition, with the diffuse variation of 𝑐, the diffuse 94 

peak1,2 of heat capacity (𝑐𝑠) per spin (SI and Fig. 2B), and the diffuse transition between the 95 

nanoscale regions of local-spontaneous-magnetization to the macroscopic domains as a 96 

function of 𝑇, it can be concluded that a diffuse phase-transition with temperature occurs in 97 

1D-IM. 98 

According to the method of reference21, the temperature corresponding to the maximum 99 

of − 𝜕𝑐𝜕𝑇  is defined as the characteristic temperature (𝑇𝑝) of diffuse phase-transition in 1D-IM, 100 

and it is obtained 𝑇𝑝 = 0.32𝐽 𝑘𝐵⁄  (Fig. 2B). It should be pointed out that 𝑇𝑝 is lower than the 101 

peak temperature (𝑇𝑑 = 0.83𝐽 𝑘𝐵⁄ ) of 𝑐𝑠. For second-order or continuous phase-transition, the 102 

peak temperatures of heat capacity and the negative of the differential of order parameter to 𝑇 103 

are equal to each other14,22,23, so the authors thinks that the difference between 𝑇𝑝 and 𝑇𝑑 just 104 

reflects the dispersion of the diffuse phase-transition. In order to describe this dispersion, the 105 

dispersion degree (𝜑) of the diffuse phase-transition is proposed as, 106 𝜑 ≡ 𝑇𝑑 − 𝑇𝑝𝑇𝑑 + 𝑇𝑝 = 0.44                                                                                                            (5) 107 

It is worth noting that the static susceptibility (𝑠) per spin in 1D-IM (inset of Fig. 2A and 108 

SI) always increases rapidly with decreasing 𝑇1,2, instead of the -type peak of second-order 109 

phase-transition14, which is thought to be one of the key evidences that no phase-transition with 110 

temperature exist in this model.  111 

In order to further explore the micro mechanism of the above characteristic of 𝑠, the 112 

static susceptibility (𝑠𝐵) per spin in 1D-IM as a function of 𝑇 in a fixed external magnetic field 113 

(𝐵 ) is calculated (SI), as shown in the inset of Fig. 2A. We can see that for finite small 𝐵, there 114 

is a single diffuse peak of 𝑠𝐵 with 𝑇, and the peak temperature moves to high temperature with 115 

the increase of 𝐵. This is due to that very small 𝐵 can saturate the magnetization of 1D-IM at 116 

low temperature (as shown in Fig. S2, the saturation 𝐵~10−9 𝐽 𝜇⁄  for 𝑇 = 0.10𝐽 𝑘𝐵⁄ ), while 117 

the saturated magnetization leads to a smaller value 𝑠𝐵. Because the saturation magnetization 118 

corresponds to the single domain state of the model, the increase of 𝑠 at low temperature is 119 

caused by the movement of domain walls24,25. 120 
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In particular, because the measurement magnetic field used in experiments is always finite, 121 

the susceptibility peak (inset of Fig. 2A) will appear in 1D-IM as long as the experimental 122 

measurement is carried out. In other words, the continuously increasing characteristic of the 123 

theoretically predicted 𝑠 (𝑠𝐵=0) with decreasing 𝑇 cannot be measured directly, which is only 124 

ideal value. 125 

Although diffuse phase-transition is common in component-heterogeneous10-13,26-29 and 126 

small-size30-32 systems, there is no accurate calculation of the corresponding theoretical model 127 

so far21. Therefore, the exact results in this paper lay the theoretical foundation of this kind of 128 

phase-transition. 129 

Weiss mean-field theory33 is always thought to be not suitable for 1D-IM because it 130 

predicts that there is a phase-transition with 𝑇 in this system. The present and relevant2,22,23 131 

results show that this theory is valid for IM of all dimensions in judging whether there exists 132 

phase-transition, although its predicting phase-transition behaviors, such as the transition 133 

temperature and the subtle characteristics of order parameter and heat capacity, are different 134 

from the exact solutions2,22,23. It also shows that Weiss-type mean-field approximation21 is an 135 

effective and feasible method for Ising-category models of phase-transition which are too 136 

complex and difficult to get their exact solutions. 137 

Traditionally, the description to 1st and 2nd-order phase-transitions is based on global-138 

order-parameter (such as global-spontaneous-magnetization and global-spontaneous-139 

polarization etc.)1,2,14,33, but it cannot describe the spatially heterogeneous behavior of the 140 

order-parameter corresponding to the diffuse-phase-transition in component-heterogeneous10-
141 

13,26-29 and small-size30-32 systems. Obviously, as the scale of the local-order-parameter 142 

proposed in Ref.21 and this paper tends to infinity, it becomes the global-order-parameter. So, 143 

local-order-parameter can provide a unified description of 1st and 2nd-order phase-transitions 144 

as well as diffuse-phase-transition. 145 

 146 

Methods 147 

The method to calculate the local-spontaneous-magnetization (𝑚𝑠𝑙 ) in 1D-IM is as the 148 

follows. 149 

The Hamiltonian (𝐻𝑛) of the subsystem (Fig. S1) without external magnetic field is, 150 

𝐻𝑛 = −𝐽 ∑ 𝜎𝑖𝜎𝑖+1𝑛−1
𝑖=1                                                                                                              (M1) 151 

and the partition function (𝑍𝑛) of the spin orientation ensemble (Fig. S1) is, 152 

𝑍𝑛 ≡ ∑ exp [𝑣 ∑ 𝜎𝑖1𝜎𝑖+11𝑛−1
𝑖=1 ]𝜎𝑖=±1,⋯𝜎𝑛=±1 = cosh𝑛−1(𝑣)𝑄𝑛                                           (M2) 153 

In which, 154 𝑄𝑛 ≡ ∑ ∏(1 + 𝛾𝜎𝑖𝜎𝑖+1)𝑛−1
𝑖=1𝜎𝑖=±1,⋯𝜎𝑛=±1 = 2𝑛                                                                  (M3) 155 

Let, 156 𝑋𝑙 ≡ lim𝑛→∞ 1𝑍𝑛 ∑ (𝑠𝑙𝑟)2exp [𝑣 ∑ 𝜎𝑖𝜎𝑖+1𝑛−1
𝑖=1 ]𝜎𝑖=±1,⋯𝜎𝑛=±1                                                     (M4) 157 

and according to, 158 
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(𝑠𝑙𝑟)2 = 𝜇2 {𝑙 + 2 [∑ 𝜎𝑟+𝑖−11 𝜎𝑟+𝑖1𝑙−1
𝑖=1 + ∑ 𝜎𝑟+𝑖−21 𝜎𝑟+𝑖1𝑙−1

𝑖=2 + ⋯ ∑ 𝜎𝑟1𝜎𝑟+𝑙−11𝑙−1
𝑖=𝑙−1 ]}         (M5) 159 

we obtain, 160 𝑋𝑙 = 𝜇2 [𝑙 + 2 ∑(𝑙 − 𝑘)𝑘𝑙−1
𝑘=1 ]                                                                                         (M6) 161 

where 𝑘 is the correlation function between 𝜎𝑟 and 𝜎𝑟+𝑘, i.e. 162 

𝑘 ≡ lim𝑛→∞ 1𝑍𝑛 ∑ 𝜎𝑟𝜎𝑟+𝑘exp [𝑣 ∑ 𝜎𝑖𝜎𝑖+1𝑛−1
𝑖=1 ]𝜎𝑖=±1,⋯𝜎𝑛=±1      = lim𝑛→∞ 1𝑄𝑛 ∑ ∏(1 + 𝛾𝜎𝑖𝜎𝑖+1)𝑛−1

𝑖=1 𝜎𝑟𝜎𝑟+𝑘𝜎𝑖=±1,⋯𝜎𝑛=±1
                                               (M7) 163 

Based on, 164 𝐼0 ≡ ∑ (1 + 𝛾𝜎𝑟−1𝜎𝑟)(1 + 𝛾𝜎𝑟𝜎𝑟+1)𝜎𝑟=±1 𝜎𝑟= 2𝛾(𝜎𝑟−1 + 𝜎𝑟+1)                                                                                                 (M8) 165 

𝐼1 ≡ ∑ 𝐼1(1 + 𝛾𝜎𝑟+1𝜎𝑟+2)𝜎𝑟+1=±1= 22𝛾(𝜎𝑟−1 + 𝛾𝜎𝑟+2)                                                                                            (M9) 166 ⋯ 167 𝐼𝑘 ≡ ∑ 𝐼𝑘−1(1 + 𝛾𝜎𝑟+𝑘𝜎𝑟+𝑘+1)𝜎𝑟+𝑘𝜎𝑟+𝑘=±1= 2𝑘+1𝛾(𝛾𝑘−1 + 𝛾𝜎𝑟−1𝜎𝑟+𝑘+1)                                                                       (M10) 168 

we get, 169 

𝑘 = lim𝑛→∞ 1𝑄𝑛 ∑ 𝐼𝑘 ∏(1 + 𝛾𝜎𝑖𝜎𝑖+1)𝑟−2
𝑖=1 ∏ (1 + 𝛾𝜎𝑖𝜎𝑖+1)𝑛−1

𝑖=𝑟+𝑘+1𝜎𝑖=±1,⋯𝜎𝑟−1=±1𝜎𝑟+𝑘+1=±1,⋯𝜎𝑛=±1= 𝛾𝑘                                                                                                                      (M11) 170 

From Eq.M6 and M11, we obtain, 171 𝑋𝑙 = 𝜇2 [𝑙 + 2 ∑(𝑙 − 𝑘)𝛾𝑘𝑙−1
𝑘=1 ]                                                                                     (M12) 172 

Here, ∑ (𝑙 − 𝑘)𝛾𝑘𝑙−1𝑘=1  is the well-known arithmetic-geometric series, and, 173 𝑋𝑙 = 𝜇2 {2 [𝑙 − 𝛾𝑙1 − 𝛾 − 𝛾(1 − 𝛾𝑙−1)(1 − 𝛾)2 ] − 𝑙}                                                                  (M13) 174 

Therefore, 175 𝑚𝑠𝑙 = 𝜇𝑙 √2 [𝑙 − 𝛾𝑙1 − 𝛾 − 𝛾(1 − 𝛾𝑙−1)(1 − 𝛾)2 ] − 𝑙                                                                    (M14) 176 

and obviously, 177 𝑚𝑠𝑙 (𝑇 → ∞) = 𝜇𝑙1/2                                                                                                        (M15) 178 

 179 

Data availability 180 
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The data that support the plots and other findings of this paper are available from the 181 

corresponding author upon a reasonable request. 182 

 183 

Code availability 184 

The code is available from the corresponding author upon a reasonable request. 185 
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