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ABSTRACT 

The paper proposed a model of a locally resonant (LR) piezoelectric/elastic phononic crystal 
(PC) nanobeam with periodically attached “spring-mass” resonator and additional spring between 
upper and lower nanobeams, as well as horizontal spring between mass and foundation. Euler 
beam theory and nonlocal piezoelectricity theory are coupled and introduced to plane wave 
expansion (PWE) method to calculate the band structures of such a model with different 
parameters. Numerical results and further analysis demonstrate that all the bands of double-layer 
nanobeam can be divided into symmetric and antisymmetric ones. Adding additional and 

horizontal springs play a role in control the symmetric and antisymmetric bands respectively, 
which make wider band gaps be opened than corresponding single-layer nanobeam. Moreover, the 
change of parameters of electro-mechanical coupling fields and resonator can be applied to 
effectively control the starting frequencies and widths of band gaps, which can provide a 

theoretical basis for active control of vibration. Effects of geometric and non-dimensional nonlocal 
parameters on band gaps are also discussed. All the studies are expected to be applied to actively 
control vibration propagation in the field of nano electro-mechanical system (NEMS). 
Key words: locally resonant piezoelectric/elastic phononic crystal double-layer nanobeam; 
nonlocal piezoelectricity theory; plane wave expansion method; symmetric and antisymmetric 
modes; nano electro-mechanical system 

I. INTRODUCTION 

Recently, different kinds of NEMS have been widely applied to national defense, civil use, 
biomedicine and so on, which have excellent characteristics such as small size, superhigh 
frequency, lower power, high sensitivity and so on. The existing piezoelectric nano devices 
include biological motor, resonant sensor, filter and so on[1]. As for artificial periodic composite 
structures, PCs in various forms have attracted wide attentions on account of the existing of band 
gaps, which have been applied to vibration and noise control, acoustics lens, acoustical devices 
and so on[2]. Generally, PCs can be divided to Bragg scattering and LR types. Particularly, the 
opening of band gaps of LR PCs is mainly based on the locally resonance of scatters, which have 
an advantage in opening band gaps in low frequency region[3]. With the rapid development of 
industry, double-layer structures with the multifunctional characteristics, such as light weight, 
large stiffnes, good impact resistance and so on, have been widely used in the field of naval 
architecture, aeronautics, astronautics, civil engineering and so on[4]. Moreover, the cavity of a 
double-layer structure in engineering is generally periodically added sandwich to enhance 
structural performance, which makes the double-layer structures have an excellent convergence 
point with PCs[5]. Hence, based on the common application background in acoustical devices of 
NEMS and PCs, excellent characteristics of piezoelectric nanostructures, PCs and double-layer 
structures will be gathered, and the new coupling physical characteristics will be displayed if the 
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design ideas of them are coupled and introduced to double-layer structures. 
As far as it goes, the piezoelectric PC nanostructures were directly studied slightly. By 

introducing nonlocal piezoelectricity theory to transfer matrix (TM) method, the plane[6], 
symmetric[7] and anti-plane transverse wave modes[8] of one-dimensional (1D) layered 
piezoelectric PC nanostructures were studied by Yan, Chen and Wang et al.. Based on PWE 
method, the band structures of two-dimensional (2D) piezoelectric PC nanostructures with 
different types of scatters and lattices were calculate and corresponding bandgap properties were 
researched by Miranda Jr and Dos Santos[9]. By applying PWE method, the effects of nonlocal 
effects[10], surface effects[11] , nonlinearity[12] and locally resonance[13] on electro-mechanical 
coupling wave propagation characteristics of piezoelectric PC nanobeams were investigated by 
Qian et al.. Consequently, deep researches are needed for piezoelectric PC nanostructures. 

In recent years, the dynamic characteristics of piezoelectric nanostructures and wave 
propagation properties of PC structures have obtained wide studies. In order to overcome the size 
dependence existing in nanostructures, classical continuum elasticity theory has been revised to 
form several higher-order continuum elasticity theories[6,11,14,15]. As for the common theory, 
nonlocal elasticity theory has been further developed to nonlocal piezoelectricity theory to study 
the mechanical characteristics of piezoelectric nanostructures[16,17]. PC structures at macroscopical 
size, proposed in thirty years ago, have been widely introduced to some basic elastic structures in 
engineering such as beam, plate and so on[18,19]. In order to overcome the disadvantage that the 
frequency ranges of band gaps are fixed if the PC structures are manufactured, multi-physics 
coupling PC structures have been proposed, such as: piezoelectric, piezomagnetic, 
magneto-electro-elastic PCs and so on[20-22]. Particularly, band gaps can be effectively controlled 
to piezoelectric PCs by converting the electric and mechanical fields. Moreover, with the rapid 
development of nanotechnology in different fields, PC structures at nanoscale have been proposed 
and studied, which can make the order of magnitude of bandgap frequency range sharply increase 
to be superhigh (gigahertz (GHz) even terahertz (THz))[23,24]. 

On the basis of existing researches on different PC structures and piezoelectric nanostructures, 
PWE method is extended to calculate the band structure of a proposed LR piezoelectric/elastic PC 
Euler double-layer nonlocal nanobeam with horizontal and additional springs periodically attached 
in this paper. Moreover, in order to reveal the unique tunability of such a new-style resonator on 
band gaps, the formation mechanisms and influence rules on band gaps of first two band gaps are 
studied in detail. 
II. MODEL AND METHOD 

As shown in Fig. 1, the proposed LR piezoelectric/elastic PC double-layer nanobeam is 
composed of two parts: base double-layer nanobeam and resonator. The base double-layer 
nanobeam is formed by periodically repeating a piezoelectric material PZT-4 and an elastic 
material epoxy in the axial direction. The resonator is formed by four parts: mass 𝑚R, vertical 
spring 𝑘𝑧, horizontal spring 𝑘𝑦 and additional spring 𝑘A. In a resonator, the mass is connected 
by two vertical springs and two horizontal springs. Generally, the foundation hardly vibrated is 
occurred in a mechanical system. By periodically attaching the vertical springs and additional 
springs onto the midpoint of each PZT-4 part of double-layer nanobeam and the horizontal springs 
on to the foundation, such a model is formed. The Cartesian coordinate system is set up as shown 
in Fig. 1(b). Here, all the horizontal springs are located at y-direction when the model is balanced. 
The original length of each horizontal spring is 𝐿𝑦 and the length between mass and foundation is 
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𝐿. If 𝐿 < 𝐿𝑦, each horizontal spring is pre-compressed in the equilibrium position. Each PZT-4 is 
applied by an external electrical voltage 𝑉 and each nanobeam is applied by an external axial 
force 𝑃0. The lengths of each PZT-4 and epoxy are 𝑎1 and 𝑎2, respectively. The lattice constant 
of such a PC double-layer nanobeam is 𝑎 = 𝑎1 + 𝑎2. Besides, the width and thickness of each 
nanobeam with rectangular cross section are 𝑏 and ℎ, respectively. As shown in the figure, the 
position of each resonator can be expressed as: 𝑋 = 𝑎1/2 + �̅�𝑎, where �̅� = 0,±1,±2,⋯. 
Moreover, Table I gives all the material parameters of PZT-4 and epoxy used in the following 
calculations. In Table I, 𝜌 denotes the mass density, which can be further divided into 𝜌1 and 𝜌2 
to expressed PZT-4 and epoxy, respectively. 𝐸 represents the elastic modulus of epoxy. 𝑐11, 𝑒31 
and 𝜅33 are the elastic, piezoelectric and dielectric constants of PZT-4, respectively. 

 
 

(a) (b) 
FIG. 1. (a) Physical model of a LR piezoelectric/elastic PC double-layer nanobeam, and (b) the 

corresponding computational model. 
Table 1. Bulk material parameters of PZT-4[10] and epoxy. 

Material 𝜌/kgm−3 𝐸/GPa 𝑐11/GPa 𝑒31/Cm−2 𝜅33/CV−1m−1 
PZT-4 7500  132 -4.1 7.124 × 10−9 
epoxy 1180 4.35    

The time-harmonic flexural vibration governing equations of proposed LR 
piezoelectric/elastic PC Euler double-layer nonlocal nanobeam can be written as[10,11]: 

{  
   
   
  𝜕2𝜕𝑥2 (𝑚(𝑥)𝜕2𝑊l(𝑥)𝜕𝑥2 ) − 𝑛(𝑥)𝜕2𝑊l(𝑥)𝜕𝑥2 + 𝜇2 𝜕2𝜕𝑥2 [𝑛(𝑥) 𝜕2𝑊l(𝑥)𝜕𝑥2 ]

−𝜔2𝑜(𝑥)𝑊l(𝑥) + 𝜔2𝜇2 𝜕2𝜕𝑥2 [𝑜(𝑥)𝑊l(𝑥)] =∑𝑄l(𝑋)𝑋−𝜔2𝑚R𝑊R(𝑋) = 𝑄R(𝑋)𝜕2𝜕𝑥2 (𝑚(𝑥) 𝜕2𝑊u(𝑥)𝜕𝑥2 ) − 𝑛(𝑥)𝜕2𝑊u(𝑥)𝜕𝑥2 + 𝜇2 𝜕2𝜕𝑥2 [𝑛(𝑥) 𝜕2𝑊u(𝑥)𝜕𝑥2 ]
−𝜔2𝑜(𝑥)𝑊u(𝑥) + 𝜔2𝜇2 𝜕2𝜕𝑥2 [𝑜(𝑥)𝑊u(𝑥)] =∑𝑄u(𝑋)𝑋

 (1) 

where 

{  
  𝑄l(𝑋) = −𝑘𝑧[𝑊l(𝑋) −𝑊R(𝑋)]𝛿(𝑥 − 𝑋) − 𝑘A[𝑊l(𝑋) −𝑊u(𝑋)]𝛿(𝑥 − 𝑋)     𝑄R(𝑋) = 𝑘𝑧[𝑊l(𝑋) − 2𝑊R(𝑋) +𝑊u(𝑋)] + 2𝑘𝑦 [ 𝐿𝑦√𝑊R2(𝑋) + 𝐿2 − 1]𝑊R(𝑋)𝑄u(𝑋) = −𝑘𝑧[𝑊u(𝑋) −𝑊R(𝑋)]𝛿(𝑥 − 𝑋) − 𝑘A[𝑊u(𝑋) −𝑊l(𝑋)]𝛿(𝑥 − 𝑋)    (2) 

Here, 𝑊l(𝑥) and 𝑊u(𝑥) are used to represent the flexural displacements of lower-layer and 
upper-layer nanobeams along z-direction, respectively. 𝑊l(𝑋)  and 𝑊u(𝑋)  are the flexural 
displacements of lower-layer and upper-layer nanobeams at X, respectively. 𝑊R(𝑋) is the 
displacement of mass along z-direction at X. 𝑄l(𝑋) and 𝑄u(𝑋) are the forces applied to the 
lower-layer and upper-layer nanobeams by vertical and additional springs at X, respectively. 
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𝑄R(𝑋) is the force applied to the mass by vertical and horizontal springs at X. Moreover, 𝛿(𝑥 − 𝑋) is the one-dimensional (1D) delta function and 𝜔 is the vibration frequency. 𝜇 is a 
nonlocal coefficient used to represent the nonlocal effects based on nonlocal piezoelectricity 
theory, and the derived parameter 𝜂 = 𝜇/𝑎 can be further applied to represent the ratio between 
nonlocal size and lattice constant[10]. 𝑚(𝑥), 𝑛(𝑥) and 𝑜(𝑥) are used to uniformly express 
parameters (𝑚1, 𝑚2), (𝑛1, 𝑛2) and (𝑜1, 𝑜2) in such a PC double-layer nanobeam, the details are 
as follows: 𝑚1 = 𝑏ℎ312 𝑐 (3) 𝑛1 = 𝑃0 + 𝑏𝑒31𝑉 (4) 𝑜1 = 𝜌1𝑏ℎ (5) 𝑚2 = 𝑏ℎ312 𝐸 (6) 𝑛2 = 𝑃0 (7) 𝑜2 = 𝜌2𝑏ℎ (8) 

where 𝑐 = 𝑐11 + 𝑒312 /𝜅33. 
As shown in Eq. (2), the second item of 𝑄R(𝑋) is nonlinear, which can be expanded by 

Fourier series and ignored second and higher order terms. Finally, Eq. (2) can be linearized as: 

{ 𝑄l(𝑋) = −𝑘𝑧[𝑊l(𝑋) −𝑊R(𝑋)]𝛿(𝑥 − 𝑋) − 𝑘A[𝑊l(𝑋) −𝑊u(𝑋)]𝛿(𝑥 − 𝑋)𝑄R(𝑋) = 𝑘𝑧[𝑊l(𝑋) − 2𝑊R(𝑋) +𝑊u(𝑋)] + 2𝑘𝑦(𝑙 − 1)𝑊R(𝑋)                      𝑄u(𝑋) = −𝑘𝑧[𝑊u(𝑋) −𝑊R(𝑋)]𝛿(𝑥 − 𝑋) − 𝑘A[𝑊u(𝑋) −𝑊l(𝑋)]𝛿(𝑥 − 𝑋)  (9) 

where non-dimensional parameter 𝑙 = 𝐿𝑦/𝐿 is used to represent the degree of pre-compression. 
Based on the periodicity of nanobeam in x-direction, 𝜉(𝑥) (𝜉 = 𝑚, 𝑛, 𝑜) can be expressed 

in spatial Fourier series as: 𝜉(𝑥) =∑𝜉(𝐺)𝑒𝑖𝐺𝑥𝐺  (10) 

where 𝐺 is the 1D reciprocal-lattice vector. Here, 𝜉(𝐺) can be expressed as: 𝜉(𝐺) = { 𝜉1𝑓 + 𝜉2(1 − 𝑓),                 𝐺 = 0(𝜉1 − 𝜉2)𝜓(𝐺),                    𝐺 ≠ 0 (11) 

where 𝑓 = 𝑎1/𝑎 represents the filling ratio of PZT-4, and 𝜓(𝐺) = 𝑓 sin(𝐺𝑎1/2)/(𝐺𝑎1/2). 
According to the Bloch theory and periodicity of model, 𝑊l(𝑥)  and 𝑊u(𝑥)  can be 

expressed as: 

{  
  𝑊l(𝑥) =∑𝑊l(𝐺′)𝑒𝑖(𝑘+𝐺′)𝑥𝐺′𝑊u(𝑥) =∑𝑊u(𝐺′)𝑒𝑖(𝑘+𝐺′)𝑥𝐺′

 (12) 

where 𝑘 is the Bloch wave vector limited in the irreducible first Brillouin zone (1BZ), and 𝐺′ is 
also the 1D reciprocal-lattice vector. 

Moreover, the Bloch theory and periodicity of model imply that: 

{ 𝑊l(𝑋) = 𝑊l(0)𝑒𝑖𝑘𝑋𝑊R(𝑋) = 𝑊R(0)𝑒𝑖𝑘𝑋𝑊u(𝑋) = 𝑊u(0)𝑒𝑖𝑘𝑋  (13) 

The delta function 𝛿(𝑥 − 𝑋) suggests the following relations: 
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{  
  ∑𝑒𝑖𝑘𝑋𝛿(𝑥 − 𝑋)𝑋 = 𝑒𝑖𝑘𝑥∑𝛿(𝑥 − 𝑋)𝑋∑𝛿(𝑥 − 𝑋)𝑋 = 1𝑎∑𝑒𝑖𝐺′𝑥𝐺′

 (14) 

By substituting 𝑥 = 0 to Eq. (12), it obtains that: 

{  
  𝑊l(0) =∑𝑊l(𝐺′′)𝐺′′𝑊u(0) =∑𝑊u(𝐺′′)𝐺′′

 (15) 

By substituting Eqs. (9), (10), (12)-(15) to (1), it gives: 

{  
   
   
  
   
   
  ∑{(𝑘 + 𝐺′′)2𝑚(𝐺′′ − 𝐺′)(𝑘 + 𝐺′)2 + [1 + 𝜇2(𝑘 + 𝐺′′)2]𝑛(𝐺′′ − 𝐺′)(𝑘 + 𝐺′)2}𝐺′ 𝑊l(𝐺′)−𝜔2∑{[1 + 𝜇2(𝑘 + 𝐺′′)2]𝑜(𝐺′′ − 𝐺′)}𝑊l(𝐺′)𝐺′= −𝑘𝑧𝑎 [∑𝑊l(𝐺′)𝐺′ −𝑊R(0)] − 𝑘A𝑎 [∑𝑊l(𝐺′)𝐺′ −∑𝑊u(𝐺′)𝐺′ ]

−𝜔2𝑚R𝑊R(0) = 𝑘𝑧 [∑𝑊l(𝐺′)𝐺′ − 2𝑊R(0) +∑𝑊u(𝐺′)𝐺′ ] + 2𝑘𝑦(𝑙 − 1)𝑊R(0)∑{(𝑘 + 𝐺′′)2𝑚(𝐺′′ − 𝐺′)(𝑘 + 𝐺′)2 + [1 + 𝜇2(𝑘 + 𝐺′′)2]𝑛(𝐺′′ − 𝐺′)(𝑘 + 𝐺′)2}𝐺′ 𝑊u(𝐺′)−𝜔2∑{[1 + 𝜇2(𝑘 + 𝐺′′)2]𝑜(𝐺′′ − 𝐺′)}𝑊u(𝐺′)𝐺′= −𝑘𝑧𝑎 [∑𝑊u(𝐺′)𝐺′ −𝑊R(0)] − 𝑘A𝑎 [∑𝑊u(𝐺′)𝐺′ −∑𝑊l(𝐺′)𝐺′ ]

 (16) 

If the number of reciprocal-lattice vectors is picked as 𝑁, Eq. (16) can be rewritten by a 
matrix formulation as: 

( 
   [
𝑎[𝑀𝐺] + 𝑎[𝑁𝐺] + 𝑘𝑧[𝑄𝐺] + 𝑘A[𝑄𝐺] −𝑘𝑧[𝑃𝐺]T −𝑘A[𝑄𝐺]−𝑘𝑧[𝑃𝐺] 2𝑘𝑧 − 2𝑘𝑦(𝑙 − 1) −𝑘𝑧[𝑃𝐺]−𝑘A[𝑄𝐺] −𝑘z[𝑃𝐺]T 𝑎[𝑀𝐺] + 𝑎[𝑁𝐺] + 𝑘z[𝑄𝐺] + 𝑘A[𝑄𝐺]]−𝜔2 [𝑎[𝑂𝐺] [0] [0][0] 𝑚R [0][0] [0] 𝑎[𝑂𝐺]] ) 

   

× [[𝑊l(𝐺)]𝑊R(0)[𝑊u(𝐺)]] = [0] 
(17) 

where [𝑀𝐺]𝑖𝑗 = (𝑘 + 𝐺𝑖)2𝑚(𝐺𝑖 − 𝐺𝑗)(𝑘 + 𝐺𝑗)2 (18) 

[𝑁𝐺]𝑖𝑗 = 𝑛(𝐺𝑖 − 𝐺𝑗)(𝑘 + 𝐺𝑗)2 (19) [𝑂𝐺]𝑖𝑗 = 𝑜(𝐺𝑖 − 𝐺𝑗) (20) [𝑃𝐺] = [1 1 ⋯ 1]1×𝑁 (21) [𝑄𝐺] = [𝑃𝐺]T[𝑃𝐺] (22) 
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{ [𝑊l(𝐺)] = [𝑊l(𝐺1) 𝑊l(𝐺2) ⋯ 𝑊l(𝐺𝑁)]T[𝑊u(𝐺)] = [𝑊u(𝐺1) 𝑊u(𝐺2) ⋯ 𝑊u(𝐺𝑁)]T (23) 

Eq. (17) is a typical generalized eigenvalue problem for 𝜔2. By solving the equation for each 
Bloch wave vector limited in 1BZ, the band structure of the proposed LR piezoelectric/elastic PC 
Euler double-layer nonlocal nanobeam can be obtained finally. 
III. NUMERICAL RESULTS AND ANALYSES 

A. Complete, symmetric and antisymmetric band structures 

 

FIG. 2. Band structures of LR piezoelectric/elastic PC Euler single-layer and double-layer 
nonlocal nanobeams with no horizontal and additional springs attached. 

If the stiffness of horizontal spring 𝑘𝑦 = 0N/m and additional spring 𝑘A = 0N/m, the 
original model is reduced to LR piezoelectric/elastic PC double-layer nonlocal nanobeam with no 
horizontal and additional springs attached, which the corresponding band structure is shown in Fig. 
2. If the upper plate is removed, the LR piezoelectric/elastic PC single-layer nonlocal nanobeam 
can be obtained, which the corresponding band structure is also shown in Fig. 2 for comparison. 
During the calculations, 𝑃0 = 1 × 10−8N, 𝑉 = 1V,  𝑚R = 1 × 10−18kg, 𝑘𝑧 = 1 × 102N/m, 𝜂 = 0.1, 𝑎1 = 𝑎2 = 50nm, 𝑏 = ℎ = 10nm. As shown in the figure, the addition of upper plate 
makes the original second, third and fourth bands in single-layer nonlocal nanobeam be divided 
into two bands. Here, the band gaps of first two orders are researched. For the first band gap, the 
single-layer nonlocal nanobeam has the lower starting frequency and wider bandgap width. For 
the second one, the single-layer nonlocal nanobeam has the higher ending frequency and wider 
bandgap width. Hence, by comparing LR piezoelectric/elastic PC single-layer nonlocal nanobeam 
with the double-layer one, it seems that single-layer nanobeam always occupies an absolute 
dominance on opening wider band gaps. 

Assuming that the double-layer nanobeam is vibrated in symmetric mode, the 
constraint conditions 𝑊l(𝑥) = −𝑊u(𝑥) and 𝑊R(𝑋) = 0 should be introduced to Eq. (1), then 
the computational formula of symmetric band structure can be obtained by simplifying Eq. (17) 
as: (𝑎[𝑀𝐺] + 𝑎[𝑁𝐺] + 𝑘𝑧[𝑄𝐺] + 2𝑘A[𝑄𝐺] − 𝜔2𝑎[𝑂𝐺]) × [𝑊l(𝐺)] = [0] (24) 

Assuming that the double-layer nanobeam is vibrated in antisymmetric mode, the 
constraint condition 𝑊l(𝑥) = 𝑊u(𝑥) should be introduced to Eq. (1), then the computational 
formula of antisymmetric band structure can be obtained by simplifying Eq. (17) as: 

javascript:;
javascript:;
javascript:;
javascript:;
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([𝑎[𝑀𝐺] + 𝑎[𝑁𝐺] + 𝑘𝑧[𝑄𝐺] + 𝑘A[𝑄𝐺] −𝑘𝑧[𝑃𝐺]T−2𝑘𝑧[𝑃𝐺] 2𝑘𝑧 − 2𝑘𝑦(𝑙 − 1)] − 𝜔2 [𝑎[𝑂𝐺] [0][0] 𝑚R])× [[𝑊l(𝐺)]𝑊R(0) ] = [0] (25) 

Fig. 3(a) and (b) give the band structures of LR piezoelectric/elastic PC Euler double-layer 
nonlocal nanobeam with no horizontal and additional springs attached vibrated in symmetric and 
antisymmetric modes, respectively. As a comparison, the original complete band structure is also 
displayed. During the calculations, all the parameters are same to those in Fig. 2. As shown, all the 
bands can be divided into two parts: symmetric and antisymmetric bands. For the bands vibrated 
in symmetric mode, they cannot be affected by mass because the mass keeps still in such a 
vibration mode. If the additional springs 𝑘A are added in Fig. 1, the symmetric bands can be 
adjusted but with the antisymmetric ones unaffected. Besides, if the horizontal springs 𝑘𝑦 
attached onto foundation are added, the antisymmetric bands can be adjusted but with the 
symmetric ones unaffected. 

  

(a) (b) 
FIG. 3. (a) Symmetric and (b) antisymmetric band structures of LR piezoelectric/elastic PC Euler 

double-layer nonlocal nanobeam with no horizontal and additional springs attached. 
B. Influences of additional and horizontal springs on band structures 

The band structure of LR piezoelectric/elastic PC Euler double-layer nonlocal nanobeam 
with additional springs 𝑘A attached is shown in Fig. 4(a). As a comparison, the band structure of 
the same nanobeam but with no additional springs attached is also displayed, which is divided to 
symmetric and antisymmetric bands. Here, all the parameters except for 𝑘A = 10N/m are same 
to those in Fig. 2. As shown, adding additional springs has no influence on antisymmetric bands. 
However, the symmetric bands are moved upwards to higher frequency region, which can be 
understood that adding additional springs between upper and lower nanobeams can restrain the 
symmetric vibration mode and strengthen the equivalent stiffness. As a result, adding additional 
springs widens the second band gap by increasing the ending frequency. Fig. 4(b) gives the 
influences of 𝑘A on starting frequencies 𝑓s, widths 𝑓w and total width of first two band gaps. 
Here, all the parameters except for 𝑘A are same to those in Fig. 2, the range of 𝑘A is from 0N/m to 20N/m. The starting frequency and width of first band gap keep unchanged with the 
increase of 𝑘A because the starting and ending frequencies are located at the antisymmetric bands 
as shown in Fig. 4(a). The starting frequency of second band gap also keeps unchanged with the 
increase of 𝑘A because it is located at the antisymmetric band as shown in Fig. 4(a). Besides, the 
width of second band gap keeps increasing firstly and then unchanged with the increase of 𝑘A, 
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which can be regarded that the ending frequency of such a band gap is located at the symmetric 
band if 𝑘A ≤ 10N/m, but the ending frequency is located at the antisymmetric band if 𝑘A >10N/m as shown in Fig. 4(a). Hence, the total bandgap width also keeps increasing firstly and 
then unchanged. 

  

(a) (b) 
FIG. 4. (a) Band structures of LR piezoelectric/elastic PC Euler double-layer nonlocal nanobeams 

with and without additional springs 𝑘A attached, and (b) influences of 𝑘A on starting 
frequencies 𝑓s, widths 𝑓w and total width of first two band gaps. 

  

(a) (b) 

 

(c) 
FIG. 5. Band structures of LR piezoelectric/elastic PC Euler double-layer nonlocal nanobeams 
with attached horizontal springs (a) 𝑘𝑦 = 1N/m and (b) 𝑘𝑦 = 1 × 103N/m, as well as (c) 

influence of 𝑘𝑦 and non-dimensional parameter 𝑙 on starting frequency 𝑓s of first band gap. 
Figs. 5(a) and (b) display the band structures of LR piezoelectric/elastic PC Euler 
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double-layer nonlocal nanobeams with attached horizontal springs 𝑘𝑦 = 1N/m and 𝑘𝑦 = 1 ×103N/m, respectively. Here, all the parameters except for 𝑘𝑦 and non-dimensional parameter 𝑙 = 2 are same to those in Fig. 2. As shown, adding horizontal springs has no effect on the 
symmetric bands because the masses are static in such a vibrational mode. In addition, adding 
horizontal springs makes the antisymmetric bands move down, which can be understood that the 
impact of adding pre-compressed horizontal springs is decreasing the original stiffness of vertical 
springs 𝑘𝑧. By comparing Figs. 5(a) and (b), only the first band can be affected but with the 
influence of other antisymmetric bands not obviously if the value of 𝑘𝑦 is small. Only if the 
value of 𝑘𝑦 is big enough, the effect of 𝑘𝑦 on other antisymmetric bands cannot be ignored. The 
phenomenon can be attributed to that the value of equivalent stiffness between vertical spring and 
nanobeam increases with the increase of band order, then larger value of 𝑘𝑦 is needed to decrease 
the value of equivalent stiffness. Fig. 5(c) gives the influence of 𝑘𝑦 and 𝑙 on starting frequency 𝑓s of first band gap. Here, all the parameters except for 𝑘𝑦 and 𝑙 are same to those in Fig. 2, the 
range of 𝑘𝑦 is from 0N/m to 1.5N/m, and the range of 𝑙 is from 1 to 2.5. As shown in the 
figure, lager value of 𝑘𝑦 and 𝑙 can obtain lower frequency of first band gap, which can be 
regarded that with the increase of 𝑘𝑦  and 𝑙 , the degree of pre-compression increases, the 
equivalent stiffness between springs and double-layer nanobeam decreases. 

 

FIG. 6. Band structures of LR piezoelectric/elastic PC Euler single-layer and double-layer 
nonlocal nanobeams with both horizontal springs 𝑘𝑦 and additional springs 𝑘A attached. 
Fig. 6 displays the band structures of LR piezoelectric/elastic PC Euler single-layer and 

double-layer nonlocal nanobeams with both horizontal springs 𝑘𝑦 and additional springs 𝑘A 

attached. Here, all the parameters except for 𝑙 = 2, 𝑘𝑦 = 1.5N/m and 𝑘A = 10N/m are same 
to those in Fig. 2. As shown, for the first band gap, the double-layer nonlocal nanobeam has the 
lower starting frequency and wider bandgap width than single-layer one. For the second one, the 
double-layer nonlocal nanobeam has the higher ending frequency and wider bandgap width than 
single-layer one. By comparing Figs. 6 with 2, adding horizontal and additional springs can widen 

the band gaps and make the band gaps be controlled, which can be regarded as the advantage that 

single-layer one doesn’t have. Moreover, with the change of resonator parameters, the first 

symmetric band and second antisymmetric band of double-layer nanobeam are always coincident, 

which are also coincident with the second band of single-layer nanobeam. The phenomenon can 

be understood that the position attached resonators in the nanobeams is non-vibrating in such 

vibration modes corresponding to the bands, which can be further reduced to a single-layer 

nanobeam with resonators removed. 

C. Influences of parameters on band structures 
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The influences of electrical voltage 𝑉 and axial force 𝑃0 on starting frequencies 𝑓s, widths 𝑓w and total width of first two band gaps are shown in Figs. 7(a) and (b), respectively. Here, all 
the parameters except for 𝑉 and 𝑃0 are same to those in Fig. 6. The range of 𝑉 is from −1V to 1V, and the range of 𝑃0 is from 1 × 10−8N to 5 × 10−8N. With the increase of 𝑉, both the 
starting frequencies of first two band gaps keep decreasing and both the widths of first two band 
gaps keep increasing. Finally, the total width of first two band gaps keeps increasing by increasing 𝑉. With the increases of 𝑃0, both the starting frequencies of first two band gaps keep increasing, 
the width of first band gap keeps increasing and the second one keeps decreasing. Finally, the total 
width of first two band gaps keeps decreasing by increasing 𝑃0. 

  

(a) (b) 
FIG. 7. Influences of (a) electrical voltage 𝑉 and (b) axial force 𝑃0 on starting frequencies 𝑓s, 

widths 𝑓w and total width of first two band gaps, respectively. 

  

(a) (b) 
FIG. 8. Influences of (a) mass 𝑚R and (b) vertical spring 𝑘𝑧 on starting frequencies 𝑓s, widths 𝑓w and total width of first two band gaps, respectively. 

The influences of mass 𝑚R and vertical spring 𝑘𝑧 on starting frequencies 𝑓s, widths 𝑓w 
and total width of first two band gaps are shown in Figs. 8(a) and (b), respectively. Here, all the 
parameters except for 𝑚R and 𝑘𝑧 are same to those in Fig. 6. The range of 𝑚R is from 0kg to 3 × 10−18kg, and the range of 𝑘𝑧 is from 0N/m to 3 × 102N/m. As shown in Fig. 8(a), with 
the increase of 𝑚R, the starting frequency of first band gap keeps decreasing, which can be 
understood that the equivalent mass of resonators increases by increasing 𝑚R. The ending 
frequency is located at the symmetric band as shown in Fig. 3(a) that unaffected by mass, which 
leads the width of first band gap to keep increasing. With the increase of 𝑚R, the starting 
frequency of second band gap keeps unchanged because it is also located at the symmetric band as 
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shown in Fig. 3(a). The width of second band gap keeps static firstly and then decreasing by 
increasing 𝑚R, which can be regarded that the ending frequency of second band gap is also 
located at the symmetric band if  𝑚R ≤ 1 × 10−18kg, and it is also located at the antisymmetric 
band if  𝑚R > 1 × 10−18kg. Finally, the total width of first two band gaps keeps increasing 
firstly and then decreasing with the increase of 𝑚R. Moreover, as shown in Fig. 8(b), with the 
increase of 𝑘𝑧, the ending frequency of first band gap and starting frequency of second band gap 
keep unchanged because they are located at the bands with resonators ineffective, which is 
revealed in the above section. Besides, with the increase of 𝑘𝑧, the starting frequency of first band 
gap and sending frequency of second band gap keep increasing because the equivalent stiffness of 
resonators increases by increasing 𝑘𝑧. Finally, with the increase of 𝑘𝑧, the width of first band gap 
keeps decreasing, the second and total ones keep increasing. 

The influences of non-dimensional parameters 𝑎1/𝑎2 and ℎ/𝑏 on starting frequencies 𝑓s, 
widths 𝑓w and total width of first two band gaps are shown in Figs. 9(a) and (b), respectively. 
Here, all the parameters except for 𝑎1 and ℎ are same to those in Fig. 6. The range of 𝑎1/𝑎2 is 
from 0 to 4, and the range of ℎ/𝑏 is from 0.5 to 2. As shown in Fig. 9(a), with the increase of 𝑎1/𝑎2, the starting frequency of first band gap keeps decreasing to zero, the width of first band 
gap keeps decreasing, the starting frequency of second band gap keeps decreasing, and the width 
of second band gap keeps decreasing after a down and up. Finally, the total width of first two band 
gaps keeps decreasing after a down and up by increasing 𝑎1/𝑎2. As shown in Fig. 9(b), with the 
increase of ℎ/𝑏, the starting frequency of first band gap is zero firstly and then keeps increasing, 
the width of first band gap keeps increasing firstly and then decreasing, the starting frequency of 
second band gap keeps increasing, and the width of second band gap keeps increasing firstly and 
then decreasing. Finally, the total width of first two band gaps keeps increasing firstly and then 
decreasing by increasing ℎ/𝑏. Hence, the values of 𝑎1/𝑎2 and ℎ/𝑏 corresponding to the peaks 
shown in Figs. 9(a) and (b) can be considered to make the band gaps as wide as possible during 
the process of design. 

  

(a) (b) 
FIG. 9. Influences of non-dimensional parameters (a) 𝑎1/𝑎2 and (b) ℎ/𝑏 on starting frequencies 𝑓s, widths 𝑓w and total width of first two band gaps, respectively. 

The influences of non-dimensional parameter 𝜂 on starting frequencies 𝑓s, widths 𝑓w and 
total width of first two band gaps is shown in Figs. 10. Here, all the parameters except for 𝜂 are 
same to those in Fig. 6. The range of 𝜂 is from 0 to 0.5. As shown, with the increase of 𝜂, the 
starting frequency of first band gap is zero firstly, then keeps increasing and finally decreasing to 
zero, the width of first band gap keeps decreasing, the starting frequency of second band gap 
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keeps decreasing, and the width of second band gap keeps increasing firstly and then decreasing. 
Finally, the total width of first two band gaps keeps increasing firstly and then decreasing by 
increasing 𝜂. 

 

FIG. 10. Influences of non-dimensional parameter 𝜂 on starting frequencies 𝑓s, widths 𝑓w and 
total width of first two band gaps. 

IV. CONCLUSIONS 

In this paper, the band structure of a proposed LR piezoelectric/elastic PC Euler double-layer 
nonlocal nanobeam with horizontal and additional springs periodically attached is calculated 
based on PWE method. The main properties of band gaps are reveled as follows: 
1. If horizontal and additional springs are not attached, the corresponding single-layer nanobeam 

can open wider band gaps than double-layer one. However, if horizontal and additional 

springs are attached, double-layer nanobeam is better with the whole quality of nanobeam not 
increased. 

2. All the bands of double-layer nanobeam can be divided into symmetric and antisymmetric 
ones. Adding additional springs can effectively control the symmetric bands, and adding 
horizontal springs can effectively adjust the antisymmetric bands. By increasing the stiffness 
of additional spring, the width of second band gap increases. By increasing the stiffness of 
horizontal spring or non-dimensional pre-compressed parameter, the width of first band gap 

increases. 

3. The starting frequencies and widths of band gaps can be effectively controlled by electrical 
voltage, axial force and the parameters of resonator, which can be further applied to realize 
the active control of vibration. Moreover, the influence rules of geometric parameters and 
non-dimensional nonlocal parameter on band gaps are also revealed. 
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