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Abstract. Probabilistic seismic hazard analysis (PSHA) is nowadays the more complete 18 

analysis method to estimate the seismic input for structural analysis. However, it is strongly 19 

influenced by seismogenic parameters and attenuation equations. Here PSHA using empirical 20 

Green’s functions (EGFs) with 2+2 variables is carried out, which are correlated through the 21 

moment magnitude. This combination, already known as “physically-based PSHA (pb-22 

PSHA)”, is an original approach that should be disseminated because it provides a good 23 

alternative in countries where the seismogenic zones and attenuation equations are not well 24 

known. The proposed model is based on linear faults, random, periodic, impulsive, linear source 25 

functions, and a punctual hypocentre. Differential equations are explained. Results are shown 26 

in terms of new seismic parameters, specific return periods and ground accelerations. The 27 

studied country is Portugal. It appears to the authors that no study has been published about pb-28 

PSHA for Portugal.  29 

 30 
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 32 

1  Introduction 33 

 34 
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The definition of seismic inputs has always been of interest to both geophysicists and engineers 35 

[79]. There are several procedures that provide seismic inputs for structures designing. These 36 

procedures can be deterministic, using elastic spectra from codes [7,8], synthetic spectra by 37 

attenuation equations [5,47], deterministic seismic hazard analysis [30,44], artificial 38 

accelerograms obtained from power spectrum density functions [23,26], seismic coefficients 39 

by amplification of inertial forces [35], time-history analyses from database [19,21], spectrum 40 

compatible analyses by scaling factor [36,42,73].  41 

 42 

The probabilistic procedures can be either the probabilistic seismic hazard analysis (PSHA) by 43 

Cornel model [2] or the physically-based PSHA (pb-PSHA) [37,65], which is treated in this 44 

paper.  45 

 46 

The pb-PSHA is mainly based on the PSHA, which is nowadays the more complete method to 47 

estimate the seismic input because it accounts for the seismotectonic and geological context 48 

and the probability of occurrence of earthquakes [30,38,39,40,41,43,45,73].  49 

 50 

Pb-PSHA follows the same procedures of standard PSHA with only one difference: attenuation 51 

equations are not used and are substituted by empirical Green’s functions (EGFs) and 52 

computation of physically based seismograms and direct analysis accounting the hazard for 53 

structures [14].  54 

 55 

EGFs allow to directly calculate the ground displacement at a site, defining wave path from the 56 

seismic source to the ground. However, it is not possible to know the characteristic of the soil 57 

[22].  58 

 59 

The studied area is Portugal where seismic activity is high. Since the 1755 Lisbon earthquake, 60 

several studies, including old ones [56,57,58,59] up to the most recent [60,61,62], have been 61 

developed. For Portugal, some papers have been published about PSHA [5,6,63,64] but it 62 

appears to the authors that no study has been published about pb-PSHA.  63 

 64 

The motivation of this study is the choice of a model and parameters to be correctly used.  65 

 66 

“Random” uncertainties are related to the inherent randomness of the studied phenomena, 67 

whereas the “epistemic” uncertainties are related to the lack of knowledge of the models [9,10]. 68 



 

Random and epistemic uncertainties are studied in stochastic analyses, which are used to solve 69 

problems that cannot be deterministically solved because models are not completely known, or 70 

data are not available. However, when epistemic uncertainties are predominant with respect to 71 

random uncertainties, it is difficult to choose a unique model.  72 

 73 

The specific motivations are summarized in the following three points.  74 

 75 

1. Lack of a well-calibrated attenuation equation for Portugal. In this sense the use of EGFs to 76 

directly calculate the ground accelerations is advisable. In literature there are four attenuation 77 

laws for Portugal of which three are expressed in terms of seismic intensity due to the scarcity 78 

of instrumental data [46,47,66] and one is expressed in terms of spectral accelerations [5] (see 79 

Table 1).  80 

 81 

Table 1. Attenuation equations for Portugal.  82 

Attenuation equation Year 

I = 0.98 + 0.85 M – 0.23 In (R) – 0.006 Ra 1997 [66] 
I = 6.8 + 1.13 M – 1.68 In (R + 14) 1999 [46] 

log10 PGA = - 0.74 + 0.55 M - 0.002 log10 R - 0.61 R + 0.25  2007 [5] 
I = - 1.9438 In (R) + 4.1 M – 9.5763 2014 [47] 

Note: I = Intensity. M = Considered magnitude. R = Considered distance. PGA = Peak ground 83 

acceleration.   84 
a Values estimated for a specific zone: ZS5 for EC8 model (see Fig. 1).    85 

 86 

 87 

These equations are very different from each other although they should be used for the same 88 

country. In this sense it is difficult to rely on these equations. In [48,49] other attenuation 89 

equations calibrated by using Portugal data are presented, however, these are not defined for 90 

this country.   91 

 92 

2. There are four valid models for Portugal, what makes it difficult to choose the best. These 93 

models that characterize the seismogenic zones (ZS) are: Share, Ersta, EC8, Zesis [4,6,8] (see 94 

Fig. 1). In this sense, there are four models that provides different outputs, moreover, it has 95 

been noted in literature [6,64,66,67] that for the same seismogenic zones of the same EC8 96 

model, different values have been obtained.    97 



 

 98 

 
Figure 1. Seismogenic zones for Portugal: Share, Ersta, EC8, Zesis [4,6,8] 99 

 100 

3. Inconsistency of the following relation: PGA = γI × PGAR, where γI is the importance factor 101 

and PGAR is the reference PGA [7,8,50]. This relation correlates an acceleration (PGA) with 102 

the type of construction (e.g. agricultural buildings, schools, power plants). Given that, as 103 

mentioned in [50,76], γI is not related to the structure characteristics, this relation is inconsistent. 104 

Thus, the logic to corelate the structure (object to be designed at surface) with a PGA (seismic 105 

input in deep) should be exceeded because the two parameters are not corelated. 106 

According to the authors, a more correct form to quantify the importance factor is treated in 107 

literature where this factor is calibrated as a function of the vulnerability of the structures, 108 

external loadings [75], evaluation of benefit/costs for the service-life [76], losses due to damage 109 

and failure of the structure [77].      110 

 111 

2  Materials 112 

2.1 Materials for seismic hazard  113 

 114 

Four seismogenic zones have been selected, of which two are typically used only for Portugal, 115 

as the Share and Ersta [6], one is based on Eurocode EC8 [6,8] and the other includes the Iberian 116 

Peninsula Zesis [4].  117 

 118 

From these seismogenic zones, data have been collected and used to calibrate new data 119 

regarding 6 specific seismogenic zones. In particular, this analysis is based on the associated 120 



 

events that characterize the seismicity of each seismogenic zone for Zesis. The group of events 121 

has been divided in sub-groups ΔMw, associated to a number of events with the same moment 122 

magnitude Mw, completeness period, completeness interval, frequency of events of similar 123 

intensity, mean annual rate of exceedance λc, return period 1/λc, and log10λc.  124 

 125 

The events provided by Zesis have already been processed for homogenization, declustering 126 

and completeness [3,30]. Therefore, these operations have not been repeated. Thus, all events 127 

have been taken as they are with the registered Mw and, for the completeness period, the oldest 128 

year has been considered.  129 

 130 

λc of events with magnitude Mw is correlated by the following Gutenberg-Richter (G&R) law 131 

[1]:    132 

  133 log10 λc = a + bMw         (1) 134 

 135 

where the b-value describes the ratio between the number of small and large events, whereas 136 

the a-value measures the level of seismicity.  137 

 138 

Table 2 shows the selected ZSs regarding continental Portugal and the equivalence between 139 

them in terms of nomenclatures.      140 

 141 

Table 2. Equivalences between the seismogenic zones (ZSs).  142 

ZS for Share [6] ZS for Zesis [4] ZS for Ersta [6] ZS for EC8 [6] 

242 (Évora) a 10 C, E and Z3 4 
245 (Algarve) 13 D 8 
249 (Coimbra) 7 A and B 3 

250 (Villa Real) 6 Z2 and B 2 and 4 
251 (Lisbon) 9 B 5 
255 (Braga) 2 Z1 2 

 a In bracket is indicated a place of reference (city or region). 143 

 144 

 145 

Table 3 lists the parameters collected from literature and obtained in this analysis. b-value 146 

ranges from 0.64 to 1.06 (underlined value). b-value is considered as the universality value, i.e. 147 

considering the reference value b = 1.0, when b < 1.0 the area is more dominated by large but 148 



 

infrequent events and the small earthquakes have a lower frequency compared to the strong 149 

earthquakes. 150 

 151 

Table 3. Comparison of the models (b-value).  152 

ZS 
(Zesis) 

b-value 
(Share) [6] 

b-value 
(Zesis) [4] 

b-value 
(Ersta) [6] 

b-value 
(EC8) [6] 

b-value 
(mean)a 

b-value 
(this analysis) 

10 1.00 1.00 0.99 0.82 (0.84) b 0.953 0.97 
13 1.00 1.06 0.75 0.77 (0.64) 0.895 0.83 
7 1.00 1.06 0.88 0.86 (0.89) 0.949 1.04 
6 1.00 0.98 0.94 0.82 (0.84) 0.934 0.83 
9 0.90 0.87 0.79 0.71 (0.95) 0.818 0.72 
2 1.00 1.04 0.98 0.66 (0.84) 0.920 0.88 

a The mean value refers to the values of Share, Zesis, Ersta, EC8 (except values in bracket).   153 
b In bracket there are the values estimated for the same seismogenic zones and model by other 154 

authors [64,66,67].  155 

 156 

 157 

It is possible to see that, in Table 3, by the EC8 model, two different values for each ZS have 158 

been estimated [6,64,66,67]. This clearly confirms the difficulty in estimating a unique value, 159 

although the model and the area are the same (the total mean difference is about 7%).    160 

  161 

A difference between a mean of b-values calculated by Share, Zesis, Ersta, EC8 models and the 162 

b-values calculated in this analysis is 0.033 (3.75% error). This indicates a good calibration.    163 

 164 

Figure 2 shows the G&R trend by Eq. (1) for each ZS for Zesis. The solid line is the R&G trend 165 

with b = 1.0 [20]. Each point represents the pre-defined sub-groups ΔMw. 166 

 167 

 168 

 169 

 170 

 171 

 172 

 173 

 174 

 175 



 

 176 

 

Figure 2. G&R of this analysis for each ZS for Zesis.    177 

 178 

Table 4 shows a-values for all models. The range of a-value is 2.27 – 3.60 (underlined value). 179 

In fact, a-values are generally of the order of 3.0 [8]. A good calibration for a-values is more 180 

complicated because a small variation of b-values provides a large variation of a-values at Mw 181 

= 0. Here the difference is 0.252 (9.09% error).   182 

 183 

Table 4. Comparison of the models (a-value).  184 

ZS 
(Zesis) 

a-value 
(Share) [6] 

a-value 
(Ersta) [6] 

a-value 
(EC8) [6] 

a-value 
(mean) a 

a-value 
(Zesis) b 

a-value 
(this analysis) 

10 3.32 2.97 2.94 3.078 3.51 3.58 
13 3.00 2.27 2.56 2.610 3.41 2.35 
7 3.10 3.22 2.64 2.987 3.13 3.05 
6 3.60 3.45 2.94 3.328 3.31 2.48 
9 3.40 3.03 2.41 2.947 2.90 2.06 
2 3.30 3.56 2.64 3.167 3.80 3.09 

a The mean value refers to the values of Share, Ersta, EC8.   185 
b Estimated value from b-value.  186 

 187 

 188 

Table 5 shows λc-values only for models with available data. This parameter, whose range is 189 

0.04 – 0.32 (underlined value), is strongly influenced by the number of events to be considered 190 

with the same Mw. Here a poor calibration is obtained, with a difference of 0.07 (47% error). 191 

However, to quantify the error only data from Zesis were available.     192 

 193 



 

Table 5. Comparison of the models (λc-value).  194 

ZS  
(Zesis) 

λc  
(Zesis) [4] 

λc  
(this analysis) 

10 0.28 0.28 
13 0.13 0.13 
7 0.16 0.04 
6 0.19 0.09 
9 0.24 0.16 
2 0.32 0.19 

 195 

2.2 Materials for Green’s function   196 

 197 

Two main input parameters are necessary to develop the EGF: the fault and the seismic source. 198 

In the ZSs, the fault is characterized by a dominant tectonic, stress regime and main focal 199 

mechanism. The distance from the epicentre and edge of the fault rupture area is Δ < 30 km. 200 

The source provides a list of events with a specific location, seismic moment M0, Mw and other 201 

parameters listed in Table 6.   202 

 203 

 204 

 205 

 206 

 207 

 208 

 209 

 210 

 211 

 212 

 213 

 214 

 215 

 216 

 217 

 218 

 219 

 220 



 

 221 

Table 6. Used seismic events retrieved from database [19,21].  222 

Datum  Event 

Region: Évora Leiria Lisbon Lisbon 

Date, time: 15/01/2018, 11:51 30/04/1999, 9:00 17/08/2017, 6:44 16/10/2000, 3:22 

Latitude, longitude: 38.79, -7.93 39.82, -8.96 39.11, -8.92 38.70, -9.15 

ZS for Zesis [4]: 10 7 9 9 

Depth, Δ (km): 11.0 22.9 12.0 20.3 

Mw: 5.4* 4.7* 5.0* 4.0* 

M0 (N × m): 1.49 × 1024* 1.39 × 1023* 3.85 × 1023* 1.30 × 1022* 

Style of faulting: N/A N/A N/A N/A 

PGA (cm/s2): 1.24 28.75 0.152 5.70 

PGV (cm/s): 0.09 2.11 0.01 0.33 

PGD (cm): 0.01 0.14 0.0 0.02 

PSAmax: 6.79 110.17 0.639 16.37 

f,max (Hz): 1.691 1.27 1.721 2.216 

f,min (Hz): 0.003 0.012 0.03 0.06 

Ts (s): 27.24 13.66 46.04 16.61 

Note: *Estimated value. N/A = Not available. PGA = Peak ground acceleration. PGV = Peak 223 

ground velocity. PGD = Peak ground displacement. PSAmax = Maximum pseudo-spectral 224 

acceleration. f = Frequency of the Fourier amplitudes. Ts = Significant duration (5-95% Arias 225 

intensity [78]).  226 

 227 

 228 

For some events, database [21] provides a local magnitude ML instead of Mw, which is mostly 229 

used for this type of analysis. From the literature [31,32], it is known that a unique global 230 

relation between ML-Mw does not exist. However, a more recent relation has been calibrated 231 

[68], in which a discrepancy of ~0.49 has been noted. M0 has been calculated in accordance to 232 

the literature [33].  233 

 234 

The style of faulting is not available (N/A) by database. However, the reference stress regime 235 

can be taken from the respective ZSs where the event happened.  236 

  237 

Figure 3 shows accelerograms in time ü(t), the Fourier amplitude as function of the frequency, 238 

f, and the PSAs in function of structural periods, T. Four earthquakes have been processed by 239 

software [24] and plotted for Ts of the 5-95% Arias intensity [78]. Although they are quite 240 



 

“clean” recordings, the linear baseline correction and filtering with butterworth type filter and 241 

bandpass configuration (0.50–25.0 Hz) have been applied.  242 

 243 

 
(a) 

 
(b) 

 
(c) 

Figure 3. Accelerograms ü(t) in the time t (a); Fourier amplitude vs. f (b); PSA vs. structural 244 

period T (c) for four selected earthquakes.     245 

 246 

Fig. 4 shows the location of the epicentre (star) and the station (triangle) where the PGA has 247 

been registered of the four earthquakes. It is possible to see that the distances are so great as to 248 

pass from a ZS to other ZS. The distances are, from left to right in Fig. 4, 14.2 km, 181.6 km, 249 

185.5 km, 80.8 km.   250 

 251 

 252 

 253 

 254 

 255 

 256 



 

 257 

 
Figure 4. Location of the epicentre (star) and station (triangle) for the four earthquakes.  258 

 259 

Other events have been selected in order to understand, in a qualitative way, seismic registration 260 

in Portugal. From these events the relations in Table 6 between Mw/M0, ML/Mw have been 261 

calibrated. These events, that happened in Azores islands (outside of the considered 262 

seismogenic zones) at 10.0 km depth, are:  263 

 264 

1. 01/08/2000, 4:35 date; 38.79, -29.0 latitude, longitude; 5.1 Mw; M0 = 5.10 × 1023 N × m; 265 

strike-slip style of faulting. 266 

2. 09/07/1998, 5:19 date; 38.65, -28.62 latitude, longitude; 6.2 Mw; M0 = 1.60 × 1021 N × m; 267 

strike-slip style of faulting.  268 

3. 27/06/1997, 4:39 date; 38.33, -26.68 latitude, longitude; 5.9 Mw; M0 = 6.8 × 1024 N × m; 269 

normal style of faulting.  270 

4. 01/01/1980, 16:42 date; 38.81, -27.78 latitude, longitude; 6.9 Mw; M0 = 2.82 × 1026 N × m; 271 

strike-slip style of faulting.  272 

 273 

3  Methodologies     274 

 275 

The general methodology is divided in two processes, i.e. PSHA + EGF, which are correlated 276 

to each other by Mw, that provide pb-PSHA (see Fig. 5). By this methodology the first and 277 

second problem described in the introduction could be overcome. 278 

 279 



 

 
Figure 5. General methodology for PSHA + EGF ≡ pb-PSHA.  280 

 281 

The general methodology, in Fig. 5, illustrates the main inputs of both models, that inserted in 282 

the corresponding process, provides the outputs. Both models are correlate to Mw, which is 283 

treated as a probabilistic parameter in PSHA and as a physical parameter in EGF.  284 

 285 

For the PSHA the input data are Mw and year, whereas the output data are a-value, b-value, λc. 286 

Theses parameters have already been explained in a previous section.  For the EGF the input 287 

data are M0 and Mμ (latter explained), whereas the output data are the ground motions u(x,t).    288 

 289 

Fig. 6 shows the interdependencies of all parameters involved in both methods. The parameters 290 

in green indicate that can be calculated in direct way, in yellow in indirect way and in red are 291 

not calculated. These parameters are treated in literature [51,54,74].  292 

 293 

 294 

 295 

 296 

 297 

 298 

 299 

 300 

 301 

 302 



 

 303 

 
Figure 6. Interdependencies of parameters directly calculated (in green), indirectly calculated 304 

(in yellow), no calculated (in red).      305 

 306 

3.1 Seismic hazard  307 

 308 

The PSHA is based on the Cornell method [2] and the Poisson distribution [34]. A truncated 309 

exponential probability density function (PDF) at the minimum, Mw,min, and maximum 310 

magnitude moment Mw,max, is used. The probability of exceedance Pe of several magnitudes, 311 

μw,i, associated to a specific seismogenic zone and correlated to a PDF for source-side distance 312 

r in a range rmin ≤ r ≤ rmax, fR(r), is described by [3,73]:  313 

 314 Pe[Mw > μw,i] = ∫ Pe[Mw > μw,i]𝑟𝑚𝑎𝑥𝑟𝑚𝑖𝑛 𝑓𝑅(𝑟)𝑑𝑟 =315 ∫ (e−(β(μw,i− Mw,min)−e−(β( Mw,max− Mw,min)1−e−β(Mw,max −Mw,min ) )𝑟𝑚𝑎𝑥𝑟𝑚𝑖𝑛  𝑟𝐿√𝑟2−∆2 𝑑𝑟 ≈316 

e−(β(μw,i− Mw,min)−e−(β( Mw,max− Mw,min)1−e−β(Mw,max −Mw,min )        (2) 317 

 318 

where L is the fault length, Δ is the vertical projection of the fault at ground surface, β = b 319 

loge10. PDF of fR(r) is expressed by an equation that models a shallow fault as a linear source. 320 

 321 

The probability of not-exceedance Pne and the return period Tμw,i are defined, respectively, as:  322 

 323 



 

P𝑛𝑒[Mw ≤ μw,i] = e−(𝜆𝑐 × 𝑃𝑒)        (3) 324 

 325 𝑇𝜇𝑤,𝑖 = 11 − 𝑃𝑛𝑒          (4). 326 

 327 

3.2 Empirical Green functions   328 

3.2.1 Basic hypotheses of the model  329 

 330 

The use of EGFs is based on the literature [17,28,52] where EGF only represents the medium, 331 

through the effects of propagation. EGF is a vector record that includes the seismic source. For 332 

the definition of seismic source, events small enough are used that the frequency of interest is 333 

below the source corner frequency, so that the source of the EGF is a step function, which it is 334 

removed by deconvolution. Therefore, EGF is convolved with the source function. If it is not 335 

possible to find events small enough, it is deconvolved out a Brune source [37], which work for 336 

small magnitude (< 4.0), to obtain the propagation of EGF.  337 

 338 

In this study, the approach is similar but somewhat different. Here, the EGF is a vector that 339 

accounts for the contribution of wave equations, whereas the source function is defined by 340 

another function that is convoluted with the EGF. In this way, EGF is inserted directly into the 341 

elasto-dynamic equation, as detailed in the following section. Often, the source is at a point in 342 

space or time, so that the seismic source contains delta functions and is easily integrated. A 343 

feature of this formulation is that the principle of reciprocity, which says that the source and the 344 

receiver can be interchanged, emerges directly [28].  345 

 346 

3.2.2 Theory 347 

 348 

The general analysis of displacements discontinuities across an internal surface Ω is treated in 349 

this section. Here, the discussed aspect is to pass from a surface Ω to a line x’ (see Annex).  350 

 351 

EGFs for a time-dependent t differential operator ℒ(u(x, t)) over the region Ω is defined to be a 352 

solution g(x’, t’; x, t) of ℒ(g(x’, t’; x, t)) = δ(x – x’)δ(t – t’), by the Dirac delta function δ [17], 353 

that satisfies the given homogeneous boundary conditions ℬ(u(x, t)) [17,18,25]. A particular 354 

solution of ℒ(u(x, t)) = f(x, t) with homogeneous boundary ℬ(u(x, t)) in a general medium can 355 

be obtained by performing a convolution integral: 356 



 

 357 ∫ 𝑑𝑡′ ∫ 𝑓(𝑥′, 𝑡′)𝑔(𝑥′, 𝑡′;  𝑥, 𝑡) 𝑑𝑥′𝑥′∈Ω∞0       (5). 358 

 359 

The elastic-dynamic equation of an earthquake and its ground motions is here represented. The 360 

ground displacement, u(x, t), in the direction �̂�𝑛, at location x and time t > 0 is [11]: 361 

 362 u(x, t) = ∫ ∫ 𝑓(𝑥′, 𝑡′)𝑔(𝑥, 𝑡; 𝑥′, 𝑡′)𝑑𝑥′ 𝑑𝑡′∞0∞−∞      (6) 363 

 364 

where f(x’, t’) is a seismic source function in the �̂�𝑞 direction, at location x’ (≡ L in Eq. (2)) and 365 

time t’, and g(x, t; x’, t’) is the Green’s function tensor. The Green’s function tensor is the 366 

contribution to the displacement in the �̂�𝑛 direction from a unidirectional unit-impulse in 367 

direction �̂�𝑝 (see Fig. 8(b)).  368 

 369 

The integrals of Eq. (6) provide the total response due to the source distribution. In this case, 370 

the source is limited in the space x’ and time t’. Therefore, the integral is not calculated over 371 

the source region Ω.  372 

 373 

The use of the g(x, t; x’, t’) provides a solution for a partial differential operator ℒ(u(x, t)) with 374 

boundary conditions ℬ(u(x, t)) in the range xmin to xmax, described as g:{ℒ(u(x, t), ℬ(u(x, t)), 375 

u(x, t), {x, xmin, xmax}, t, {x’, t’}} [15]. To solve the nonhomogeneous (i.e. ≠ 0) wave equation 376 

[12,69] using g, the solution of ℒ(u(x, t)) as an one-dimensional x equation of transversal body 377 

waves βs [16] with unbounded, ℬ = 0, the relation becomes g:{
𝜕2𝑤(𝑥,𝑡)𝜕𝑥2 − 1𝛽𝑠2 𝜕2𝑤(𝑥,𝑡)𝜕𝑡2 , ℬ = 0, 378 

w(x, t),{x, -∞, ∞}, t, {x’, t`}}, whit βs
2 = (μ/ρ)1/2 = 1. μ is the Lamé constant and ρ is the material 379 

density.  380 

 381 

g solution is:   382 

 383 g = − 12𝛩[(−𝑡′ + 𝑡)  − |−𝑥′ + 𝑥|)]       (7) 384 

 385 

where Θ(x, t, x’, t’) is the Heaviside theta step function, which is assumed as a displacement 386 

discontinuity [28]. Θ is a multidimensional function, which is 1 only if none of the x, t, x’, t’ 387 

are not positive. |· | is the modulus.  388 



 

 389 

Eq. (7) represents the solution of the wave equation through Θ function. By substituting Eq. (7) 390 

in Eq. (6) with f(x’, t’) = 1, it is possible to plot the trend due to the amplification of the Green’s 391 

function g as shown in Fig .7.    392 

 393 

In fact, the solution of Eq. (6) is a space and time convolution and the spatial part is two (or 394 

three) dimensional, and that will affect the seismograms. However, this amplification quantifies 395 

the physical nature of the seismic source. Therefore, a reduction it is not necessary.   396 

 397 

 
Figure 7. Plot of Eq. (7) in Eq. (6) with f(x’, t’) = 1, integrated for -∞ < x’ < +∞ and t’ ≥ 0. 398 

 399 

Eq. (6) contents the characteristics of the source related to released energy. However, also by 400 

using Eq. (7), it does not describe the ground motion. Therefore, a further function must be 401 

introduced. The key of the problem is to define a nonhomogeneous term for f(x’, t’) to describe 402 

the seismic source function in spatial x’ and time t’ distribution of slip along the fault [53].  403 

 404 

Here, f(x’, t’) is one of the following four types of functions (random, impulsive, periodic, 405 

linear).  406 

 407 

f(x′, t′) = { 
 ∑ 𝑎ℎ,𝑖(sin(𝜔𝑖𝑡′ + 𝜙𝑖) + cos(𝜔𝑖𝑥′ + 𝜙𝑖) )𝑛𝑖=1 𝑅𝑎𝑛𝑑𝑜𝑚𝑎ℎ sin(𝑥′)𝑒−𝑡′ 𝐼𝑚𝑝𝑢𝑙𝑠𝑖𝑣𝑒𝑎ℎ (sin(𝑥′) + cos (𝑡′))𝑎ℎ(𝑥′ + 𝑡′) 𝑃𝑒𝑟𝑖𝑜𝑑𝑖𝑐𝐿𝑖𝑛𝑒𝑎𝑟   (8) 408 

 409 



 

where ah is the amplitude of the source function (latter described), ωi is the circular frequency 410 

(ωi = 2 π fi), ϕi is a random phase between 0 and 2π, n is the number of summed simple harmonic 411 

components (here n = 1500).  412 

 413 

Eq. (8) is expressed by four different types to individuate the characteristics of complicated 414 

ruptures, with a sine/cosine/exponential function that can represent the trend in time t’ and space 415 

x’, because the accelerations of the source are unknown. In this sense, Eq. (8) defines a seismic 416 

source in both deterministic and probabilistic form. It is important to note that, in this way, if 417 

there is consistency with the motion of a random energy propagation, there may not be 418 

consistency with the rupture.  419 

 420 

3.2.3 Hypocentre with punctual mass 421 

 422 

Eq. (7) does not represent a physical quantity; therefore, it is necessary to introduce it in Eq. 423 

(8). As shown in literature [11], the source function can be correlated by the Lamé constant (or 424 

shear modulus) μ, which is related to the seismic moment by M0 = μ × A × ū, where A is the 425 

rupture area and ū is the average displacement [3,13,72].  426 

 427 

Also, in [11], Eq. (6) is expressed as the product of the EGF times an a-dimensional amplitude 428 

of M0, obtaining a EGF with the same units of u(x, t). In an equivalent way, here it is introduced 429 

a hypocentre with an idealized punctual mass.   430 

 431 

A new parameter is introduced in Eq. (8) in order to provide to Eq. (6) a physical quantity in 432 

terms of accelerations. From M0, it is obtained an equivalent relationship M0 = ah × Mμ × ū, 433 

where ah is the acceleration at hypocentre and Mμ is called “supermassive hypocentre”, 434 

expressed in kg. In this sense M0 continues to be expressed as a force times a displacement, i.e. 435 

work.  436 

 437 

The concept that allows to obtain this equivalent relationship is that the shear modulus μ, 438 

calculated as a shear force divided by the area on which the force acts, is calculated as a mass 439 

times acceleration. The accumulations of static stresses released by faulting (i.e. static stresses 440 

drop) have been idealized as an inertial force along a infinity fault line {L ≡ x’| x’(-∞, ∞)}. The 441 

correlation, at mathematical level, between Mw and a mass has been already introduced in other 442 

studies [20,70].    443 



 

 444 

Also, in his model, the fault is considered as linear. Therefore, 𝑥′ ∈ Ω in Eq. (5) becomes an 445 

infinity line -∞ < x’ < ∞, as shown in Eq. (6). The solution of Eq. (6) demands this infinity 446 

range, which could be justified by the fact that the considered M0 are very large (see Table 6) 447 

and therefore the source dimensions are also very large. Moreover, the relationship between M0 448 

and x’ is quasi-linear and tends to infinity as shown in literature [11,29,71]. 449 

 450 

Therefore, the acceleration ah can be expressed as ah = M0/(Mμ × ū) ≈ M0/Mμ because both M0 451 

and Mμ have a very large magnitude (e.g. ~ 1020) with respect to ū, which has a magnitude of 452 

meters. The objective is to estimate a unique parameter Mμ and ah knowing PGA and M0. This 453 

is possible through the plotting of the Eq. (6) from hypocentre to site. In this way, two constant 454 

values are used like the approach shown in literature [27].  455 

 456 

The model described in Fig. 8(a) is valid under the following hypotheses. 457 

 458 

1. Epicentre and site points must be placed inside of a unique ZS so that all parameters retrieved 459 

from seismogenic zones are valid.   460 

2. Hypocentre point must be at a depth Δ < 30 km because ZS are calculated up to this depth. 461 

In this way, the probability P[Mw > μw,i] at the surface is the same at any point P[Mw > μw,i] at 462 

the wave path.  463 

3. The source geometry must be modelled as linear. In this way Eq. (2) and Eq. (6) are valid. 464 

4. Data of an earthquake registration must be taken from a station at a studied ZS. Both methods 465 

are correlated by Mw, which is retrieved from ZS and database, and then it is inserted in EGF. 466 

 467 

 468 

 469 

 470 

 471 

 472 

 473 

 474 

 475 

 476 

 477 



 

 478 

 
(a) 

 
(b) 

Figure 8. New model for PSHA + EGF (a); vectors and tensors at seismic source and ground 479 

motion (b).      480 

 481 

4  Results and discussions  482 

4.1 Return periods by PSHA  483 

 484 

As abovementioned, a ZS is characterized by seismic parameters (a-value, b-value, λc), which 485 

are obtained from a group of events that are homogeneous and independents of each other. This 486 

indicates that for the same ZS is possible to establish a unique period, Te, in which these seismic 487 

parameters are maintained. 488 

 489 

The hypothesis is that the seismogenic context for each ZS will be reasonably the same since 490 

the tectonic phenomena change during very long periods. However, the seismic parameters can 491 

suffer little variations because they are very sensible to the amount of data in the database. In 492 

this sense, there is a proposed a unique return period Te consistent to the real sequence of events 493 

accounting for the seismogenic parameters.   494 

 495 

The idea is not to eliminate the concept of the return period but to separate it from the 496 

calculation of acceleration, as a safety factor, given that, nowadays, specific studies that provide 497 

more reliable inputs are available. This aspect questions the use of extremely large return 498 



 

periods, Tr > 1000 years, to increase seismic acceleration. Therefore, in this sense, via this 499 

methodology, the third problem described in introduction could be overcome. 500 

 501 

Fig. 9 shows the results in a graphic Mw vs. year for three seismogenic zones (i.e. ZS 7, ZS 9, 502 

ZS 10). The dashed line represents the moving average of the events. The return period Te refers 503 

to the maximum return period for which the characteristics of the seismicity maintains constant, 504 

whereas the return period Tμw (interval of the vertical lines) is calculated by Eq. (4).  505 

 506 

 507 

 508 

 509 
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 512 

 513 

 514 
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 520 

 521 
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 529 
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 532 



 

 533 

 
(a) 

 
(b) 

 
(c) 

Figure 9. Mw vs. year and return periods for the ZS 9 (a), ZS 10 (b), ZS 7 (c).  534 

 535 



 

In Fig. 9(a) there are 107 events in a period 1344-2002 years with a mean value μw = 4.3. It is 536 

possible to see that in a period 1760-2002 years the sequence of the events is more consistent 537 

to the calculated Tμw (in this period the moving average, the dashed line, oscillates more).  538 

 539 

Tμw is assumed as valid for all period. This because, as known, very old events are not recorded. 540 

However, geophysicists that have defined this seismogenic zone have considered these events 541 

as valid events that define the ZS 9. These considerations are also valid for Fig. 9(b) and Fig. 542 

9(c).  543 

           544 

Under these considerations, if Tμw ≤ Tr ≤ Te, it is possible to assume Tr, provided by literature 545 

(Tr = 475 years), for any type of structures, because this period is rightly framed in a same 546 

seismogenic context. If this range is not verified, a Tr ≥ 475 year loses meaning.  547 

 548 

In this way, the importance factor is γI = 1.0. It is defined as γI ≈ (Tr/TL)-1/k, where TL is the 549 

return period of a requirement specific level, k is a factor that depend on the seismicity, which 550 

is generally of the order of 3.0, like the a-value (see Table 4) [8,50].  551 

 552 

Table 7 resumes the results. It is possible to conclude that for these three seismogenic zones a 553 

Tr that should be used for all type of structures, independently of their importance, is 475 years.  554 

 555 

Table 7. Summary of results.   556 

Event ZS μw Tμw (year) Te (year) Tr,max (year) 

Évora, 2018 10 4.3 7.56 155.0 

475.0 a 
Leiria, 1999 7 4.3 41.42 594.0 
Lisbon, 2000 

9 4.3 14.64 658.0 
Lisbon, 2017 

a It represents the maximum Tr that could be adopted for designing of any type of structure 557 

placed in a specific ZS.  558 

 559 

 560 

The results for Lisbon are consistent with the literature [64] where the probability of exceedance 561 

of 475 years is less than 1% for the magnitude 3.5-6.5. This confirms that using a period longer 562 

than 475 years overestimates the seismic input.  563 

 564 



 

It is important to note that the offshore seismicity has not been considered, which affects the 565 

seismicity of these studied places as shown in literature [64]. This is because by considering 566 

the offshore zones, e.g. ZS 50, where the great 1755 Lisbon earthquake was generated, the 567 

seismicity increases as commented also in [67]. The idea in this work is not to consider very 568 

distant zones to estimate seismic inputs because (i) there are no attenuation equations for 569 

Portugal that can well calibrate the results at these distances (see Table 1); (ii) the adopted 570 

model follows Fig. 8(a)   571 

 572 

These results should separate the PGA of γI, which relates to the consequences of a structural 573 

failure. Buildings are classified in classes, depending on the consequences of collapse for 574 

human life, public safety, civil protection and thus social and economic consequences in the 575 

post-earthquake period [7,8].  576 

 577 

The logic to divide the performance requirements in no-collapse and damage is fundamental, 578 

but it should not motivate an increase in seismic input. It should be associated to the 579 

completeness of modelling, deepening of seismic analyses (object of this study), design and 580 

detailing of primary and secondary elements and connections.   581 

 582 

An overestimation of γI leads to an overdesigning of, for instance, small structures considered 583 

as important, because the design inertial force can reach very high values. Moreover, in many 584 

cases, the lack of attention for designing of small/medium structures makes using a high input 585 

value quickly solve the security problem. For this reason, it is useful to separate the acceleration 586 

from γI, but focusing more on the modelling and detailing. 587 

 588 

4.2 Ground motions by EGFs  589 

 590 

Fig. 10 shows the source function f(x’, t’) defined by Eq. (8) in 2D and 3D for four cases: 591 

random, impulsive, periodic, linear. The 2D trend (f vs. t’) is a transversal section of the 3D 592 

trend at x’ = 0, except for the impulsive function that is calculated at x’ = 1.5 m. Used data refer 593 

to the Lisbon 2000 event.  594 

 595 

 596 

 597 

 598 



 

 599 

2D (at x’ = 0 m for random, periodic, linear; 
at x’ = 1.5 m for impulsive) 3D 

 
 

Random source function (a) 

 
 

Impulsive source function (b) 

 
 

Periodic source function (c) 

 
 

Linear source function (d) 
Figure 10. Source function (see Eq. (8)) expressed by a random (a), impulsive (b), periodic (c), 600 

linear (d) function in 2D/3D. Used data refer to Lisbon 2000 event. Horizontal dashed line 601 

represents the PGA value (i.e. 0.057 m/s2).   602 

 603 



 

The source function, expressed by four types of functions, represent an artificial acceleration 604 

[26] of the soil at hypocentre. These functions are plotted in the significant duration Ts, i.e. 0 ≤ 605 

t’ ≤ Ts (see Table 6), whereas the spatial variable x’ is plotted between 10 ≤ x’ ≤ 10 m.  606 

 607 

In 3D view it is possible to see that the released energy comes from a line where the acceleration 608 

assumes a value of f ≠ 0 at t’ = 0.   609 

 610 

Figure 11 shows the results for the Lisbon 2000 event in terms of displacements of the ground 611 

motion computed by using Eq. (6), then, by deriving Eq. (6) in the time t, velocities and 612 

accelerations are obtained.  613 

 614 

The impulsive source function is used as reference, i.e. the parameters Mμ and ah are calibrated 615 

considering (ü(x,t) – PGA) ≈ 0 under an impulsive source function. Because an impulsive 616 

function is consistent to the physical process described in Eq. (6). Therefore, the amplitude ah 617 

is calculated iteratively from registered PGA and M0 for each event. In function of this 618 

calibration, other values of ü(x,t) are estimated. Thus, it is possible to note what source function 619 

well estimates the ü(x,t).    620 

 621 

Lisbon, 2000 
Impulsive 
(reference) 

Random Periodic Linear 

    
Displacements (a) 

    
Velocities (b) 

    
Accelerations (c) 

Figure 11. Solutions in terms of displacements (a), velocities (b), accelerations (c) of the ground 622 

motion for 2000 Lisbon earthquake.  623 



 

 624 

During the integrations, the values of the ground displacements assume ever larger values due 625 

to the strong influence of the Green’s function g, expressed in Eq. (7), that assumes exponential 626 

values in function of the time t (see Fig. 7). This function is predominant with respect the source 627 

functions expressed by Eq. (8). In fact, in the velocities and accelerations of the ground, it is 628 

possible to see that the trend follows always the trend of the artificial accelerograms, because 629 

the influence of the Green’s function is weaker.  630 

 631 

Figs. 12-14 show the ground accelerations for the other three considered events. 632 

 633 

Évora, 2018 
Impulsive (reference) Random 

  
Periodic Linear 

  
Figure 12. Solutions in terms of accelerations of the ground motion for 2018 Évora earthquake. 634 
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Lisbon, 2017 
Impulsive (reference) Random 

  
Periodic Linear 

  
Figure 13. Solutions in terms of accelerations of the ground motion for 2017 Lisbon earthquake. 645 

 646 

Leiria, 1999 
Impulsive (reference) Random 

  
Periodic Linear 

  
Figure 14. Solutions in terms of accelerations of the ground motion for 1999 Leiria earthquake. 647 

 648 

Fig. 15 shows the relative error, for the four events, expressed in percentage (%) calculated as: 649 

(calculated value – registered value)/calculated value. The registered values are shown in Table 650 



 

6. In this way it is possible to estimate the contributions of the different source functions for 651 

PGD, PGV, PGA.  652 

 653 

 
(a) 

 
(b) 

 
(c) 



 

 
(d) 

Figure 15. Relative error of each type of source for the 2000 Lisbon event (a), the 2018 Evora 654 

event (b), the 2017 Lisbon event (c), the 1999 Leiria event (d),   655 

 656 

In Fig.15 it is possible to see that for the values of PGD and PGV it is difficult to obtain a good 657 

result due to the amplification already mentioned and shown in Fig. 7. In fact, this model is 658 

applicable to estimate the PGA because the amplitude ah in Eq. (8) is introduced for this scope.  659 

 660 

For the PGA, it is possible to see that the source function expressed by a random and periodic 661 

function provide good results. In particular, the periodic function provides the best results with 662 

a mean relative error for PGA of 21%. Due to the stochastic nature of the random function, in 663 

some case the results are good (Fig. 15(a)) whereas in other cases they are not (Fig. 15(b)-(c)-664 

(d)). By using a linear function, the PGA values are poor.  665 

 666 

Table 8 shows the values of the parameters introduced in this analysis, i.e. ah and Mμ, which 667 

are correlated by ah ≈ M0/Mμ.   668 

 669 

Table 8. Values of ah and Mμ.   670 

 Évora, 2018 Leiria, 1999 Lisbon, 2000 Lisbon, 2017 

ah (m/s2) 0.0124 0.276 0.0627 0.0021 

Mμ (kg) 1.20 × 1023 5.03 × 1023 2.07 × 1023 1.81 × 1026 
 671 

The station location that registers the signals can be very distance to the epicentre. In many 672 

cases, this distance is larger than the radius of the ZS, and, therefore, the relation between the 673 

parameters of the PSHA and the parameters of the seismic source are not compatible (see Fig. 674 

4). However, this problem also exists for the traditional PSHA by using attenuation equations. 675 



 

In fact, when more ZSs are considered to develop a unique analysis, the mean parameters of 676 

ZSs are used. In this way, the mean of b-values for several ZSs are calculated despite the fact 677 

that the adopted attenuation equation is calibrated for a unique homogenous mechanism fault, 678 

i.e. for a unique ZS [30].  679 

 680 

The model described in Fig. 8, must be applied in an area that corresponds to a unique ZS. 681 

Therefore, as shown in Fig. 4, rigorously only where the results of the 2000 Lisbon earthquake 682 

(Fig. 11) would be valid. However, mathematically, the method would continue to be also valid 683 

for other events.   684 

 685 

5  Conclusions 686 

 687 

This paper combines the PSHA with EGFs through Mw describing the source function via 688 

random, impulsive, periodic, linear function. Some parameters of ZSs for Portugal and specific 689 

return periods have been estimated.  690 

 691 

The main conclusions are:   692 

 693 

1. A comparison between the parameters of existing seismogenic zones (Share, Ersta, EC8, 694 

ZESIS) and other parameters estimated in this paper has been carried out. In this sense, it has 695 

been demonstrated that the epistemic uncertainties correlated to the models are still very 696 

changeable. Table 3 shows the difference of the main parameters for PSHA (i.e. b-value), which 697 

can contribute to reduce the gap of the various models.    698 

 699 

2. An overestimation of γI leads to an overdesigning of, for instance, small structures considered 700 

as important, because the design inertial force can reach very high values with a small 701 

increasing of γI. In many cases, for small/medium structures, the use of a high input value 702 

“resolves” the security problem neglecting an attention for designing. For this reason, it is useful 703 

to separate the PGA from γI as shown in Table 7. For important small structures it will be 704 

essential focusing more on the modelling and detailing.  705 

 706 

3. A new analytical approach to correlate PSHA with EGFs has been proposed. The key 707 

parameter for this correlation is Mw, which is estimated by PSHA and introduced in EGFs by 708 



 

M0 through relationship ah ≈ M0/Mμ. Results are shown in Table 8. The model is valid under 709 

conditions shown in the Fig. 8.   710 

 711 

4. Four types of source functions have been studied: random, impulsive, periodic, linear. This 712 

because a priori the source accelerations are not known. Results show that the periodic function 713 

render better results. The relative error between the calculated and registered value is 12-36%. 714 

However, for PGA, a source function described by random function has a good calibration.  715 
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Annex   731 

 732 

The inhomogeneous (i.e. ≠ 0) wave equations in one dimension for a function w(x, t) is, for -∞ 733 

< x < ∞, t > 0, given by (the process is retrieved from [18] and adapted to this study):  734 

 735 𝜕2𝑤(𝑥,𝑡)𝜕𝑥2 − 1𝛽𝑠2 𝜕2𝑤(𝑥,𝑡)𝜕𝑡2 = ℎ(𝑥, 𝑡)        (A1) 736 

 737 

for some given function h(x, t).  738 

The Green’s function g(x, t; x’, t’), by the Dirac delta function δ [17], associated with Eq. (A1) 739 

satisfies  740 

 741 

https://eesa.lbl.gov/profiles/lawrence-j-hutchings/


 

𝜕2𝑔(𝑥,𝑡; 𝑥′,𝑡′)𝜕𝑥2 − 1𝛽𝑠2 𝜕2𝑔(𝑥,𝑡;𝑥′,𝑡′)𝜕𝑡2 = 𝛿(𝑥 − 𝑥′)𝛿(𝑡 − 𝑡′)     (A2). 742 

 743 

By using a Fourier’s transform, it is obtained:    744 

 745 1𝛽𝑠2 𝜕2𝐺(𝑥,𝑡;𝑥′,𝑡′)𝜕𝑡2 + 𝑥2𝐺(𝑥, 𝑡; 𝑥′, 𝑡′) = 𝛿(𝑡 − 𝑡′)𝑒𝑖𝑥𝑥′      (A3). 746 

 747 

Let G(x, t; x’, t’) = exp(ixx’) r(x, t), a function r(x,t),   748 

 749 1𝛽𝑠2 𝜕2𝑟(𝑥,𝑡)𝜕𝑡2 + 𝑥2𝑟(𝑥, 𝑡) = 𝛿(𝑡 − 𝑡′)        (A4) 750 

 751 

therefore  752 

 753 1𝛽𝑠2 𝜕2𝑟(𝑥,𝑡)𝜕(𝑡−𝑡′)2 = −𝑥2𝑟(𝑥, 𝑡)         (A5), 754 

 755 

which has solutions r(x, t) = A(t) sin [x(t - t’)], with A(t) = ∫δ(t – t’)/x dt, is an amplitude of sine 756 

function.  757 

By using the fact that ∫δ(t – t’)dt = Θ(t – t’), r(x, t) is  758 

 759 𝑟(𝑥, 𝑡) = sin[𝑥(𝑡−𝑡′)]𝛩(𝑡−𝑡′)𝑥          (A6) 760 

 761 

therefore, considering the equivalence between Eq. (A3) and Eq. (A4),  762 

 763 𝐺(𝑥, 𝑡; 𝑥′, 𝑡′) = 𝑒𝑖𝑥𝑥′ sin[𝑥(𝑡−𝑡′)]𝛩(𝑡−𝑡′)𝑥        (A7). 764 

 765 

Thus, it is shown that the Fourier’s transform in x of the Green’s function, G(x, t; x’, t’) = F(g(x, 766 

t; x’, t’)), is given by Eq. (A7),  767 

    768 

Finally, by taking the inverse of Fourier’s transform  769 

 770 



 

𝑔(𝑥, 𝑡; 𝑥′, 𝑡′) = 𝐹−1[𝐺(𝑥, 𝑡; 𝑥′, 𝑡′)] = 12 𝜋 ∫ 𝐺(𝑥, 𝑡; x′, 𝑡′)𝑒−𝑖𝑥2∞−∞ 𝑑𝑥 =771 ∫ 𝛩(𝑡−𝑡′) sin[𝑥(𝑡−𝑡′)] 𝑒𝑖𝑥(𝑥′−x)2 𝜋 𝑥∞−∞ 𝑑𝑥        (A8) 772 

 773 

and by using two general identities (i) 2sin(α)(cos(β) + sin(β)) = sin(α - β) + sin(α + β) + cos(α 774 

- β) - cos(α + β) and (ii) eiα = cos(α) + i sen(α), it is obtained 775 

 776 𝑔(𝑥, 𝑡; 𝑥′, 𝑡′) = 𝛩(𝑡−𝑡′)4 𝜋 ∫ (sin[𝑥(𝑡−𝑡′+𝑥′−𝑥)] 𝑥 + sin[𝑥(𝑡−𝑡′−𝑥′+𝑥)] 𝑥 + 𝑖 cos[𝑥(𝑡−𝑡′+𝑥′−𝑥)] 𝑥 +∞−∞777 𝑖 cos[𝑥(𝑡−𝑡′−𝑥′+𝑥)] 𝑥 )𝑑𝑥         (A9). 778 

 779 

Neglecting the imaginary part, knowing that ∫ sin(𝛼)𝛼∞−∞ 𝑑𝛼 = 𝜋 and introducing the sign 780 

function as sgn(α) = - 1, 0, 1 for α < 0, α = 0, α > 0, respectively, Eq. (A9) is: 781 

 782 𝑔(𝑥, 𝑡; 𝑥′, 𝑡′) = 𝛩(𝑡−𝑡′)4 𝜋 𝜋(sgn(𝑡 − 𝑡′ + 𝑥′ − 𝑥) +  sgn(𝑡 − t′ − 𝑥′ + 𝑥))  (A10) 783 

 784 

that, considering sgn(α) ≈ 2 Θ(α), can be written as  785 

 786 g(x, t; x′, t′) = − 12𝛩[(−𝑡′ + 𝑡)  − |−𝑥′ + 𝑥|)]     (A11) 787 

 788 

that is Eq. (7). 789 

 790 

Note that Eq. (7) has a similar form with respect to the general solution of Eq. (A1) with h(x.t) 791 

= 0, βs = 1 and unbounded condition B = 0, that is w(x, t) = c1(t – x) + c2(t + x), where c1 and 792 

c2 are two arbitrary differential equations.     793 

 794 
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