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Abstract. The present study deals with the constitutive modeling for the mechanical behavior of rubber with

filler particles. An analytical model is developed to predict the mechanical properties of rubber with added filler

particles based on experimental observation. To develop the same, a continuum mechanics-based hyperelasticity

theory is utilized. The model is validated with the experimental results of the chloroprene and nitrile butadiene

rubbers filled with different volume fractions of carbon black and carbon nanoparticles, respectively. The findings

of the model agree well with the experimental results. In general, the developed model will be helpful to the

materialist community working in characterizing the material behavior of tires and other rubber-like materials.

Keywords. Continuum Mechanics, Constitutive modeling; Hyperelastic materials; Reinforced rubbers.

1 Introduction

In general, rubber is a long-chain polymer with minor impu-

rities of other organic compounds. A polymer that exhibits

rubber-like elasticity is also referred to as elastomer or some-

times rubber elastomer [1]. Polymeric materials have high

availability and low raw material costs with a wide range

of desirable properties. The most distinguished property of

rubber elastomers is their ability to undergo large deforma-

tions under small stresses without considerable permanent

deformation after removal of stress [2, 3]. They also possess

energy absorption and excellent damping characteristics, re-

siliency, flexibility, long service life, ability to seal against

moisture, heat, and pressure, and non-toxic properties. They

can be easily molded into intricate shapes. These materials

have been used in diverse applications such as vibration iso-

lation, structural bearings, tires, biomechanics, gaskets, en-

gine mounts, etc [4]. These materials obey the theory of

hyperelastic or Green elastic materials. In such materials,

the stress-strain relationship is defined as non-linearly elas-

tic, isotropic, and incompressible [5, 6]. It is a type of consti-

tutive model for ideally elastic material for which the stress-

strain relationship derives from a strain energy density func-

tion [7, 8, 9].

Fillers play vital roles in transforming the desirable prop-

erties of polymers and decreasing the overall cost of their

composites. Several researchers [10, 11, 12] have exper-

imentally studied the mechanical behavior of rubber elas-

tomer with different volume fractions of filler materials. They

found that the mechanical properties of the rubber elastomers

can be induced by varying the volume fraction, shape, and

size of the filler particles. A further enhancement of the me-

chanical properties can also be acquired by the use of filler
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materials with higher aspect ratios, like short glass fibers

[13, 14]. The dispersion of filler particles with dimensions

in the nanometer level having very high aspect ratios and

stiffnesses in a polymer matrix may result in even higher me-

chanical properties [15, 16, 17]. Such fillers particles include

layered silicates and carbon nanotubes [18, 19]. In view of

the constitutive modeling developments of the rubber elas-

tomers with filler particles, Reichert [20] earlier proposed a

double network-based model by writing the stress as a su-

perposition of stresses of the individual networks to describe

filled elastomers. Further, Farris [21] studied the Influence

of vacuole formation on the response and failure of filled

elastomers. Furthermore, Berriot [22] modeled the filler-

elastomer interaction based on the HNMR experiments on

filled rubbers. In the recent developments, Leonard et al.

[23] proposed a computational method to model the poly-

dimethylsiloxane (PDMS) elastomer with prototypical added

fillers. At last, Kluppel and Schramm [24] developed a tube

model to study the stress softening of filled elastomers.

Finally, it is recognized that the theoretical understand-

ing of filled elastomers has not been improved so much to

the extent that now a connection can be made between the

filler structures on larger length scales. In line with that, the

present study aims to develop an analytical model to predict

the mechanical properties of rubber elastomers with added

filler particles based on experimental observation.

The organization of the paper in line with the current Sec-

tion 1 is as follows. In Section 2, a constitutive model is

developed to describe the nonlinear elastic response of the

various particle-reinforced rubber elastomers. In Section 3,

the analytical and experimental results are compared and an-

alyzed. Finally, Section 4 concludes the article.
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2 Constitutive modeling

In this section, an analytical model for the mechanical be-

havior of rubber with filler particle is developed. To develop

the same, a hyperelasticity theory is adopted.

2.1 Problem definition

Consider a rubber sample having the dimensions (L1, L2, L3)

in the reference configuration β0 shown in Figure 1. A com-

pressive force P is applied on the rubber sample to deform

the same for the deformation analysis. The deformed rub-

ber sample are now having the dimensions (l1, l2, l3) in the

current configuration β. The rubber sample is assumed to be

incompressible, isotropic, and homogeneous. For a given de-

formation of an applied compressive force, the problem aims

to derive an expression of the constitutive relationship be-

tween stress and deformation, including the volume fraction

of filler particles following a classical continuum mechanics-

based approach.

 

P P 

l1  

L2  

l3  

Reference configuration Current configuration 

Filler particles 

 

Figure 1. Schematic diagram of a rubber sample with filler

particles in undeformed and deformed configurations.

2.2 Hyperelastic deformation

The domain occupied in a 3-D space by a rubber sample

shown in Figure 1 may be represented as

β0 = [X ∈ ℜ3 :
−L1

2
≤ X1 ≤

L1

2
,
−L2

2
≤ X2 ≤

L2

2
,

−L3

2
≤ X3 ≤

L3

2
],

β = [x ∈ ℜ3 :
−l1

2
≤ x1 ≤

l1

2
,−−l2

2
≤ x2 ≤

l2

2
,

−l3

2
≤ x3 ≤

l3

2
].

(1)

For a given reference β0 and current configuration β domains

in the above equation (1), the stretches in the principal direc-

tion may be defined as

λ1 =
l1

L1

, λ2 =
l2

L2

, λ3 =
l3

L3

. (2)

On using the incompressibility constraint λ1λ2λ3 = 1, the

principal stretches for an uniaxial compression of the rubber

sample are given as

λ1 = λ, λ2 =
1√
λ
, λ3 =

1√
λ
, (3)

where λ denotes the stretch in the direction of applied load.

The deformation gradient tensor F and the corresponding

left-Cauchey green deformation tensor B = FFT for an uni-

axial compression of the rubber sample having the deforma-

tion domain (1) in terms of principal stretches are defined as

F =
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2.3 Governing equations

To model the mechanical behavior of rubber with filler parti-

cles, we first require an energy density function that can cap-

ture the effect of filler content on the shear modulus of the

rubber matrix. For the same, we use a strain energy density

function in line with the literature [25, 26] which includes the

volume fraction term of the filler particles. The expression of

the strain energy density function is given as

W = (1 − V f )
µ

2
(1 + 3.5V f + 30V2

f )(I1 − 1), (5)

where V f , µ, and I1 = λ
2
1
+ λ2

2
+ λ2

3
are the volume fraction of

the added filler particle in the rubber matrix, shear modulus,

and the first invariant of the left-Cauchey green deformation

tensor B. From the theory of hyperelasticity [27, 28], the

Cauchy stress tensor for a given strain energy density func-

tion W is expressed as

S = −pI + 2
∂W

∂I1

B − 2
∂W

∂I2

B−1, (6)

where p is a Lagrange multiplier associated with the con-

straint of incompressibility and I1, I2 are the first and second

invariants of the left-Cauchey green deformation tensor B.

On using the given filler particle volume dependent strain en-

ergy density function (5) in (6), the corresponding principal

Cauchy stress components are obtained as

S 11 = −p + (1 − V f )µ(1 + 3.5V f + 30V2
f )λ2,

S 22 = −p + (1 − V f )µ(1 + 3.5V f + 30V2
f )

1

λ
,

S 33 = −p + (1 − V f )µ(1 + 3.5V f + 30V2
f )

1

λ
.

(7)

2.4 Constitutive model

On applying uni-axial compression boundary conditions, i.e.,

S 11 = σ, S 22 = S 33 = 0 in (7), the Cauchy or true stress σ in

the applied load direction is obtained as

σ = (1 − V f )µ(1 + 3.5V f + 30V2
f )

(

λ2 − 1

λ

)

. (8)

The above constitutive relation (8) represents a continuum

mechanics-based analytical model to predict the experimen-

tally observed mechanical behavior of the filler particles re-

inforced rubber elastomers.
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3 Results and discussions

In this section, the constitutive model presented in Section

2 is compared and validated with the chloroprene and nitrile

butadiene rubbers data filled with different volume fractions

of carbon and carbon nanotube particles, respectively. It is

also utilized in characterizing the mechanical behavior of the

same.

3.1 Model validation with chloroprene rubber data filled with

different percentages of carbon black

To check the validity of the proposed model (8) derived in

section 2, we compare our theoretical findings with the ex-

perimental work performed by Bergstrom and Boyce [29].

Bergstrom and Boyce [29] performed several compression

tests to study the stress-strain behavior of a chloroprene rub-

ber at different volume fractions of N600 carbon black filler

particles content. The testing was done on a computer con-

trolled Instron servo-hydraulic uniaxial testing machine op-

erating in strain control mode. The different ASTM-sized

specimens were used and tested at room temperature. We

analyze these experimental results [29] and obtain the same

analytically by utilizing a constitutive model (8). To com-

pare both analytical and experimental findings, we plot the

Cauchy stress versus stretch data for a chloroprene rubber

with varied N600 carbon black filler particles shown in Fig-

ure 2. Herein, the analytical results obtained from the model

(8) agree well with experimental data [29].

By fitting the model (8) with experimental data [29] shown

in Figure 2, we tabulate the shear modulus µ values in Ta-

ble 1 at different percentages of carbon black filler particles

added in a chloroprene rubber. In Table 1, increasing car-

bon black particles from 0 to 7 %, 7 to 15%, and 15 to 25%

lead to an increase in the shear modulus of the chloroprene

rubber 48.48%, 17.34%, and 0.52%, respectively. As a con-

sequence, it is found that the addition of the carbon particles

in the rubber matrix increases the shear modulus up to a cer-

tain value. It is also seen from Figure 2 that the effects of the

percentage of filler particle content are more pronounced at

a high stretch as compared to a low stretch. The variation of

Cauchy stress with the stretch is almost linear. However, the

slope in each case of different filler particles is varied. Thus,

the dependency of the proposed model (8) is highly desir-

able on the shear modulus of the specified rubber filled with

carbon black filler particles.

Table 1. Shear modulus values for a chloroprene rubber

at different percentages of added carbon black filler particles.

Carbon Black Particles Shear Modulus

0 % 330 kPa

7 % 490 kPa

15 % 575 kPa

25 % 578 kPa
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Figure 2. Validation of the model (8) with Bergstrom and

Boyce experimental data [29] for a chloroprene rubber filled

with different levels of N600 carbon black.

3.2 Model validation with nitrile butadiene rubber data filled

with different percentages of carbon nano particle

To further assess the validity of the proposed model (8), we

compare the analytical findings with the experimental work

performed by Mahmoud et al. [30]. Mahmoud et al. [30] ex-

perimentally characterized the mechanical behavior of the ni-

trile butadiene rubber (NBR) by adding carbon nanoparticles

(CNPs). The nanocomposites were in the form of strips as

per the ASTM D 412-8a standards. The testing was done on

a computer controlled material testing machine (AMETEK,

USA) connected by a digital force gauge (Hunter Spring AC-

CU Force II, 0.01-Nresolutions) to estimate the forces. We

re-analyze these experimental results [30] and obtain the same

analytically by utilizing a constitutive model (8). To make

a comparison between the analytical and experimental find-

ings, we plot the Cauchy stress versus stretch data for a ni-

trile butadiene rubber filled with different levels of carbon

nanoparticles shown in Figure 3. Herein, the analytical re-

sults obtained from the model (8) qualitatively go with ex-

perimental data [30].

Following the procedure of estimation the shear modulus

µ as mentioned earlier, we tabulate the corresponding val-

ues in Table 2 at different percentages of carbon nanoparti-

cles filled in a nitrile butadiene rubber. In Table 2, increas-

ing carbon nanoparticles from 0 to 0.7% and 0.7 to 1.3%

lead to an increase in the shear modulus of the nitrile buta-

diene rubber 203% and 66.67%, respectively. Further, the

carbon nanoparticles volume percentage is increased from 2

to 2.6% and 2.6 to 3.3%; the values of the shear modulus of

the nitrile butadiene rubber increase by 39.58% and 7.46%,

respectively. It is interesting to observe that with increas-

ing the carbon nanoparticles from 0 to 3.3 % in the nitrile

butadiene rubber, the shear modulus is jumped by 1354 %
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theoretically. On the other hand, it is also observed that the

rate of increase in shear modulus is low with increasing the

percentage of carbon nanoparticles in the nitrile butadiene

rubber. Hence, the combined effect of increasing the carbon

nanoparticles along with the shear modulus is studied under-

pin. It is seen from Figure 3 that with increasing the car-

bon nanoparticles, the Cauchy stress–stretch curves become

steeper. This may be due to an increase in the shear mod-

ulus of the rubber matrix. Also, the stretch abilities of the

rubber are reduced significantly in line with the experimen-

tal data [30]. Hence, the proposed model (8) can predict the

stress-strain or stress–stretch behavior of any filler particles-

reinforced rubber.
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Figure 3. Validation of the model (8) with Mahmoud et al.

experimental data [30] for a nitrile butadiene rubber (NBR)

filled with different levels of carbon nanoparticles (CNPs).

Table 2. Shear modulus values for a nitrile butadiene rubber

(NBR) at different percentages of added carbon nanoparti-

cles (CNPs).

Carbon Nano Particles Shear Modulus

0 % 495 kPa

0.7% 1500 kPa

1.3% 2500 kPa

2 % 4800 kPa

2.6 % 6700 kPa

3.3 % 7200 kPa

4 Concluding remarks

In this paper, an experimentally validated analytical model

is presented for the finite deformation of the filler particles-

induced rubber elastomers subjected to a stretch in an ap-

plied load direction. An explicit expression of the Cauchy or

true stress is driven by connecting the volume fraction of the

added filler particles, shear modulus, and stretch for a given

deformation in the direction of the applied load. As a result,

it has been observed that the enhanced mechanical proper-

ties of rubber elastomer can be attainable by dopping filler

particles. This may help the materialist community work-

ing in characterizing the material behavior of tires and other

rubber-like materials.

References

[1] JV Alemán, Alan V Chadwick, J He, M Hess, K Horie,

Richard G Jones, P Kratochvı́l, I Meisel, I Mita, G Moad,

et al. Definitions of terms relating to the structure and pro-

cessing of sols, gels, networks, and inorganic-organic hybrid

materials (iupac recommendations 2007). Pure and Applied

Chemistry, 79(10):1801–1829, 2007.

[2] Deepak Kumar and Somnath Sarangi. Data on the viscoelastic

behavior of neoprene rubber. Data in Brief, 21:943, 2018.

[3] Deepak Kumar, Md Moonim Lateefi, and Somnath Sarangi.

A phenomenological model for the viscoelastic behaviour of

natural rubber. In IOP Conference Series: Materials Science

and Engineering, volume 577, page 012020. IOP Publishing,

2019.

[4] Deepak Kumar, Saswath Ghosh, Sitikantha Roy, and Sushma

Santapuri. Modeling and analysis of an electro-pneumatic

braided muscle actuator. Journal of Intelligent Material Sys-

tems and Structures, 32(4):399–409, 2021.

[5] RW Ogden and Non-Linear Elastic Deformations. Isbn 0-486-

69648-0, 1984.

[6] Md Moonim Lateefi, Deepak Kumar, and Somnath Sarangi.

Stability analysis of a hyperelastic tube under large deforma-

tion. In 2018 International Conference on Automation and

Computational Engineering (ICACE), pages 234–239. IEEE,

2018.

[7] AH Muhr. Modeling the stress-strain behavior of rubber. Rub-

ber chemistry and technology, 78(3):391–425, 2005.

[8] Deepak Kumar and Somnath Sarangi. Instability analysis of

an electro-magneto-elastic actuator: a continuum mechanics

approach. AIP Advances, 8(11):115314, 2018.

[9] Deepak Kumar and Somnath Sarangi. Electro-

magnetostriction under large deformation: modeling with

experimental validation. Mechanics of Materials, 128:1–10,

2019.

[10] Yu Long and Robert A Shanks. Pp–elastomer–filler hybrids. i.

processing, microstructure, and mechanical properties. Jour-

nal of Applied Polymer Science, 61(11):1877–1885, 1996.

[11] Z Bartczak, AS Argon, RE Cohen, and M Weinberg. Tough-

ness mechanism in semi-crystalline polymer blends: Ii. high-

density polyethylene toughened with calcium carbonate filler

particles. Polymer, 40(9):2347–2365, 1999.

[12] M Sangerano, E Pallaro, I Roppolo, and G Rizza. Uv-cured

epoxy coating reinforced with sepiolite as inorganic filler.

Journal of materials science, 44(12):3165–3171, 2009.



Constitutive modeling for the mechanical behavior of rubber with filler particles 5

[13] H Unal, A Mimaroglu, and Murat Alkan. Mechanical proper-

ties and morphology of nylon-6 hybrid composites. Polymer

international, 53(1):56–60, 2004.

[14] Atsushi Takahara, Tateshi Magome, and Tisato Kajiyama.

Effect of glass fiber-matrix polymer interaction on fatigue

characteristics of short glass fiber-reinforced poly (butylene

terephthalate) based on dynamic viscoelastic measurement

during the fatigue process. Journal of Polymer Science Part

B: Polymer Physics, 32(5):839–849, 1994.

[15] KP Sau, TK Chaki, and D Khastgir. The change in conductiv-

ity of a rubber-carbon black composite subjected to different

modes of pre-strain. Composites Part A: Applied Science and

Manufacturing, 29(4):363–370, 1998.

[16] S Joly, Gi Garnaud, R Ollitrault, L Bokobza, and JE Mark.

Organically modified layered silicates as reinforcing fillers for

natural rubber. Chemistry of Materials, 14(10):4202–4208,

2002.

[17] AE Job, FA Oliveira, Neri Alves, JA Giacometti, and LHC

Mattoso. Conductive composites of natural rubber and carbon

black for pressure sensors. Synthetic metals, pages 99–100,

2003.
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Figures

Figure 1

Schematic diagram of a rubber sample with �ller particles in undeformed and deformed con�gurations.

Figure 2

Validation of the model (8) with Bergstrom and Boyce experimental data [29] for a chloroprene rubber
�lled with different levels of N600 carbon black.



Figure 3

Validation of the model (8) with Mahmoud et al. experimental data [30] for a nitrile butadiene rubber
(NBR) �lled with different levels of carbon nanoparticles (CNPs).


