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Abstract: Flaws in ceramics have a significant impact on their strength. Realization 

of ceramic strength from qualitative statistical description to quantitative prediction is 

essential for the fields of fracture mechanics, materials science and engineering 

applications. In this study, two regular flaw-strength prediction models with clear 

physical meaning were established under I-mode failure according to the classic 

crack-strength model (Sato [17]) combined with two critical stress intensity factor Kc 

vs. tip radius r relationships (Gómez [18] and Yang [19]). Comparison with the data 

that reported in the literature proved that the Sato-Yang model was more accurate than 

the Sato-Gómez model. On the basis of finite element simulation and mathematical 

fitting, a simple coefficient that can reasonably described the complexity of flaw 

shapes was proposed, thus extending the regular flaw-strength model to solve the 

irregular flaw problem and passing the experimental verification at the same time. 

Keywords: Ceramic; Irregular flaw; Strength prediction; Finite element simulation; 

Laser processing 
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1. Introduction 

The prediction of ceramic fracture has always been a hot research topic both in 

the fields of fracture mechanics and engineering technology owing to the intrinsic 

brittleness, high inherent strength and low fracture toughness of ceramics [1-5]. All 

ceramics have an inherent population of flaws (also called defects) caused by 

processing, sintering, presintered or solid state sintered ceramic machining and 

handling, thus leading to a scatter of the strength depending on the flaw types (e.g. 

cracks, pores, scratches, edge chipping, inclusions and coarse grains), sizes 

(submicron to millimeter level) and shapes (sharp to blunt) [6]. Currently, more 

attention is focused on the problem of surface flaws due to the fact, discovered by 

statistical studies [7], that as the size of the defect increases and the location 

approaches the surface, a more serious strength attenuation will occur in ceramics. 

Numerous models have been proposed to describe the effect of surface flaw size 

and shape on fracture strength σf, which mainly focused on the semi-circular or 

semi-elliptical crack problems [8-11]. However, a large part of defects in actual 

ceramics are pores and machining flaws, while the crack problem is often only an 

extreme case, because it is the sharpest (tip radius reaches the atomic level), thus 

resulting in the highest degree of stress concentration. According to the literature 

[12,13], the cross-sectional morphology of flaws in ceramics is irregular in most cases, 

while semi-circular and semi-elliptical defects (as shown in Fig. 1a and b), which can 

be described by existing theories and models, are relatively rare. Not only the 

complexity of the cross-sectional shape, these defects are much more complicated 

than cracks because of the variety of the tip radius. At present, both theoretical and 

experimental studies mainly focus on the typical crack problems, while there are few 

reports on the flaw cases which are more common and complex. Considering the 

particularity of the crack problem, the current research achievements cannot be 

directly applied in a more general sense. 

In view of this, we have recently done some explorations, which is based on the 

classic crack model, and established the cross-sectional area-related pore-like 

flaw-strength response model by considering the critical stress intensity factor vs. tip 
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radius (Kc-r) relationship [14]. Subsequently, the model's applicability is investigated 

through the control variable method (independently changing the defect length or 

depth to change the area value), and it is found that although the proposed model has 

good accuracy, there exist some deviations that cannot be ignored in the prediction 

accuracy of different fine ceramics. Furthermore, the strength prediction accuracy 

under the action of small-sized pores is insufficient. 

Therefore, (i) developing a new quantitative flaw-strength prediction model with 

higher accuracy and wider applicability for ceramics is of great practical significance 

for further promoting the reliable application of fine ceramics and broadening its 

application range. (ii) In addition, in light of the shape anisotropy of inherent flaws in 

ceramics, it is necessary to consider the applicability of the proposed model to all 

flaws. In other words, can all flaws only take into account their cross-sectional area 

value to predict the fracture strength? From the premise of the model derivation, it can 

be found that the classic crack-strength model is derived based on the crack with 

symmetric and regular cross-sectional shape [15]. When the cross-sectional shape 

becomes asymmetric and irregular, which is the most common case of inherent flaws, 

the hypothetical precondition will not hold. 
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Fig. 1. Examples of actual flaws at fracture origins of dense ceramics. (a) edge 

chipping in 3Y-TZP ceramic [6], (b) critical grinding flaw in fine grain MgAl2O4 [13], 

(c) surface pore in 3Y-TZP, (d,e) critical grinding flaw in 3Y-TZP [12] and (f) 

machining chipping in large grain transparent Y2O3 ceramic [13]. 

The aim of this study is to develop a more universal model for the quantitative 

strength prediction in ceramics. For regular flaw problem, the accuracy and 

applicability of the new and old models were firstly discussed based on our previous 

research data. Then, the regular flaw-strength model with higher accuracy is extended 

to the irregular defect problem on the basis of finite element simulation and 

mathematical fitting, and verified by experiments. 

2. Experimental 

Precisely polished 5 mol% yttria-stabilized tetragonal zirconia polycrystal 

(5Y-TZP), Si3N4 and SiC ceramic samples with the size of 3 × 4 × 45 mm3 were 

provided by Zhu-hai Jiawei Ceramic Technology Co., Ltd. ZrB2-SiC ceramic bars 

were self-made and the preparation procedures were described elsewhere [16]. 

Surface flaws with regular shapes were fabricated by laser processing approach (Fig. 

2a and b) and the detailed procedures can be found in Ref. [14]. Defects with different 

depths at both ends (so-called irregular flaws) were introduced by placing a thin metal 

gasket under one side of the sample during laser processing (see Fig. 2c). 

 

Fig. 2. Laser processing method: (a) physical photo and the Schematic diagrams of 

the introduction of (b) regular as well as (c) irregular flaws. 

3. Regular flaw-strength response 

Before modeling the irregular flaw-strength relationship, it is generally necessary 

to obtain an accurate solution of the regular flaw problem, and then solve the irregular 
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flaw problem by considering the shape coefficient. Thus, our work start with the 

regular flaw-strength modeling. It should also be noted that the following work is 

carried out under the I-mode condition. 

3.1. Modeling on the regular flaw problem 

Fracture strength of ceramics containing a regular cross-sectional crack in mode 

I condition is expressed as follows (proposed by Sato et al.) [17]: 
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where σ0 is the original strength, KIc is the fracture toughness, area is the area of a 

surface crack projected onto the direction of the maximum tensile stress, n is a 

dimensionless coefficient related to Poisson's ratio (v). The reason why this model is 

only suitable to regular cracks is that it is derived on the basis of the Murakami-Endo 

model [15], which is merely applicable to the regular and symmetrical cracks as 

shown in Fig. 3 (such as rectangular, semi-circular and semi-elliptical et al.). 

 

Fig. 3. Fracture surfaces of typical cracks with regular and symmetrical shapes. 

Supposing that both crack and other typical flaws are damaged and cause 

fracture when maximum stress reaches the critical value (material constant), the crack 

problem can be transformed into a common flaw problem by introducing Kc-r 

coefficient. Here, drawing on the Kc-r relationships proposed by Gómez [18] and 

Yang [19], the following two regular flaw-strength models are obtained respectively: 
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Sato-Gómez model: 20
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Sato-Yang model: 
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where r is the tip radius of flaw in the direction perpendicular to the maximum tensile 

stress, G is the average grain size, and β is the material constant. The Eq. (2) has been 

proved to have some deviations that cannot be ignored in strength prediction of 

different fine ceramics in Ref. [14]. Therefore, we have higher expectations for the Eq. 

(3), because the β value is a variable (ranging from 0.7 to 1.3) reflecting the material 

properties. 

3.2. Comparison and analysis 

The Sato-Yang model (Eq. (3)) strongly relies on obtaining the β value. Here, 

linear fitting are conducted on our previous test results (reported in Ref. [20]), and the 

β values of ZrB2-SiC, ZrB2, 5Y-TZP and SiC are obtained as 1.08, 0.962, 0.719 and 

0.903 (see Fig. 4), respectively, which are consistent with the range from 0.7 to 1.3 

reported by Yang et al [19]. 

 

Fig. 4. The β values of (a) ZrB2-SiC, (b) ZrB2, (c) 5Y-TZP and (d) SiC ceramics 

obtained by linear regression. 
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Fig. 5a-c shows the comparison between the prediction results of the two models 

and the measured values in Ref. [14]. It can be found that both of them have almost 

the same overall trend except for slight deviations in strength prediction values. After 

comparing with the as-reported experimental results, it is noteworthy that the 

comprehensive accuracy of the Sato-Yang model is relatively higher. For example, for 

Si3N4 flaws with a cross-sectional area of about 1000 μm2, the tested average strength 

is 651 MPa, and the predicted values of Sato-Yang and Sato-Gómez are 570 MPa and 

607 MPa, respectively. The accuracy of the latter reaches 93.2% (increased by 5.7% 

compared to the former). Fracture morphology in Fig. 5d indicates that the area of 

defects are all symmetrical and regular. 

 

Fig. 5. (a-c) Comparisons between the prediction results of the Sato-Yang and 

Sato-Gómez models as well as the experimental values, and (d) the fracture 

morphologies of typical test samples. 

4. Irregular flaw-strength response 

The purpose of this section is to explore the applicability of the regular 

flaw-strength model in irregular defect problems. Since the introduction of irregular 

flaws is more difficult than that of regular defects, the research is mainly conducted 

by simulation method. It is worth noting that the contour lines of irregular defects in 
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Fig. 1c-f are generally trapezoid-like. In order to facilitate the parameterization of the 

model, we simplify the cross-sectional shape of this kind of irregular defects to 

trapezoid. 

4.1. Finite element simulation (FEM) 

The criteria for judging material failure include critical stress (σc) method and 

critical stress intensity factor (Kc) method, etc. However, the latter may not suitable in 

small flaw cases because the Kc is not constant and tends to become smaller for 

smaller flaws [21-23]. So the critical stress criterion is utilized for the subsequent 

simulation.  

The model is created using a commercial FEM code ANSYS 18.2 for ZrB2-SiC 

ceramic. The simulation assume an elastic modulus of 400 GPa and a Poisson's ratio 

of 0.12 [24,25]. Four-node plane elements are used in the analysis and the minimum 

mesh size is about 3 μm, see Fig. 6a. The total number of nodes and elements in the 

finite element analysis are 1.35×106 and 9.8×105, respectively. The σc is taken as 740 

MPa [14,26], and the stress distribution around the flaw under critical failure 

conditions is shown in Fig. 6b. Results in Table 1 indicate that the fracture strength 

obtained by FEM method compared well with the experimental results (average error 

is only 3.8%). 
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Fig. 6. A typical flaw with the length of 200 μm and the depth of 36 μm. (a) Grid 

distribution in FEM, (b) stress distribution after simulation and (c) the images of the 

laser-introduced flaw before and after fracture. 

Table 1 Fracture strength of ZrB2-SiC sample containing regular flaws obtained by 

simulations and experiments 

Abbreviation 

Flaw 

length, 

2c (μm) 

Flaw 

depth, a 

(μm) 

Tip 

radius, r 

(μm) 

Fracture strength, σfr (MPa) 
Error 

(%) 
Experimental 

results [14] 

FEM results 

in this work 

ZS-I 500 36 6 260 245.6 5.5 

ZS-II 200 36 6 279 273.1 2.1 

ZS-III 200 12 4 365 351.3 3.8 

Based on the above comparison, it is reasonable to believe the reliability of the 

simulation results. On this basis, the flaw-strength response simulations under the 

same cross-sectional area value while different cross-sectional shapes are carried out 

subsequently. It is clear that the unsymmetric flaws lead to the unsymmetric 

stress-intensity distributions, and the fracture strength decay rapidly with the increase 

of flaw angle θ, then change smoothly when θ exceeded 5° (see Fig. 7). 

 

Fig. 7. Relationship between the fracture strength caused by irregular flaws (σfi) and 

the flaw angle θ, and the typical stress distribution cloud diagram. 

4.2. Modeling on the irregular flaw problem 

Generally, the shape of a trapezoid can be described by the slope of its 

hypotenuse (that is, the bottom edge of the flaw) or the corresponding trigonometric 

function. Here, taking sinθ as the abscissa, it is interesting that, in Fig. 8a, the σfi/σfr 
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values follow almost the same attenuation law and seem irrelevant with the sizes as 

well as shapes of the flaws. In order to facilitate modeling, the fitting result is 

expected to pass through the origin. Theoretically, the irregular flaw problem could 

turn into the regular one when θ is 0°. In this case, σfi is equal to σfr, and the strength 

ratio (σfi/σfr) is 1. Thus, 1-σfi/σfr can be regarded as the dependent variable (i.e. 

ordinate), and the Fig. 8a can be transformed into Fig. 8b. Here, power-law fitting is 

used to obtain the best fit for the data, and the exponent of the power-law is about 0.4. 

Therefore, the fracture strength in irregular flaw cases, σfi, can be expressed as: 

where σfr is the strength prediction value based on the regular flaw-strength model 

(Eqs. (2) or (3)) under the same cross-sectional area condition. 

 

Fig. 8. (a) The σfi/σfr vs. sinθ relationship and (b) the power-law relationship between 

1-σfi/σf and sinθ. 

4.3. Experimental verification 

Two trapezoid-like flaws are successfully introduced into 5Y-TZP and SiC 

ceramics via laser approach, and the strength values obtained by three-point bending 

are 332 MPa and 171 MPa, respectively. According to the fracture morphology in Fig. 

9, the defect cross-sectional areas in 5Y-TZP and SiC ceramics are about 86757 μm2 

and 18032 μm2, and the sinθ are ~0.471 and ~0.286, respectively. The predicted 

strengths are 293 MPa (error of 12%) and 185 MPa (error of 8%) using Eqs. (2) and 

(4), while the results predict from Eqs. (3) and (4) are 354 MPa (error of 7%) and 170 

MPa (error of 1%). The above results indicate that the Eq. (4), which is simple in 

form, has high accuracy, especially when based on the Sato-Yang model.  

frfi   ])sin(185.01[ 4.0

 
(4) 
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Fig. 9. Comparison between the prediction results of the Eq. (4) based on the 

Sato-Yang model and the experimental values of 5Y-TZP and SiC ceramics. 

5. Discussion 

After comparing the experimental results with the predicted values of the 

Sato-Gómez and Sato-Yang models, it is clear that the latter one is relatively more 

precise. The possible reasons are: (i) The Sato-Gómez model attempts to cover all 

ceramic materials, resulting in a large error in the Kc-r relationship near the critical tip 

radius. It can be seen from Fig. 1b in the Ref. [18] that the approximation degree of 

the model to the measured data of various ceramics is significantly different near the 

critical tip radius. (ii) Furthermore, the Kc-r relationship coefficient is more dependent 

on the intrinsic strength and fracture toughness measurement values when using 

Sato-Gómez model. At this moment, the deviation of the intrinsic strength 

measurement value will be amplified, thus leading to a larger strength prediction 

error. 

Comparing the Sato-Gómez and Sato-Yang models, it should be pointed out that 

there exist a critical tip radius rc by combining Eqs. (2) and (3) : 

As r deviates from rc, the prediction error of the Sato-Gómez model increases 

gradually. It cannot be ignored that the prediction accuracy of the Sato-Yang model is 

sometimes lower than that of the Sato-Gómez model, such as the small-sized flaw 

cases in ZrB2 ceramic. Taking the porous properties of ZrB2 into account, the fracture 

strength response will be greatly affected by the inherent micropores when the 
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cross-sectional area of the artificial flaw is too small (less than 500 μm2 in Fig. 5b), 

and thus the fracture strength tends to be the intrinsic strength. When the 

cross-sectional area increases, the prediction accuracy of the Sato-Yang model 

improves significantly. For dense ceramics, such as ZrB2-SiC and Si3N4 in Fig. 5a and 

c, the Sato-Yang model also indicates good prediction accuracy regardless of whether 

the flaw is large or small (cross-sectional area ranging from 102 to 105 μm2). In actual 

situations, results sometimes show that the Sato-Gómez model fits better than the 

Sato-Yang model due to the dispersion of strength, but based on more test data, it is 

reasonable to believe that the the latter one is generally more accurate in strength 

prediction. However, the shortcoming of the Sato-Yang model is that the acquisition 

of β values (between 0.7 and 1.3 [19]) is troublesome, which requires researchers to 

provide more comprehensive material data. 

It should be noted that our present work only focuses on type I fractures. 

Nevertheless, the orientation and location of inherent flaws in ceramics are 

randomness, and the actual failure situation could be more complicated. Although 

many strength prediction models under mixed fracture modes have proposed in the 

past decades, such as the maximum stress criterion and the maximum strain energy 

criterion, and our previous studies [26] have confirmed that the latter has obvious 

advantages in predicting regular defects-strength, such research on irregular flaw 

problem has not yet to be carried out. Considering that the maximum stress position is 

no longer clear because irregular flaws always leading to unsymmetric stress-intensity 

distributions, the strength prediction will be more complicated when facing the 

problem of irregular flaws combined with mixed fracture mode. Nevertheless, a major 

breakthrough in this work is to construct a relationship which describing the response 

of strength with irregular flaws by simplifying the very common surface pores and 

processing defects to trapezoidal-like cross-sectional flaws, and thus realizing the 

quantitative strength prediction in mode I condition by a simple equation. 

6. Conclusions 

In this study, the physical nature of flaw-induced cracking, which leads to the 

random distribution of the strength in advanced ceramics, is investigated based on 
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modeling, simulation and experiment, and the conclusions are as follows: The regular 

flaw-strength prediction model is not applicable to the problem of irregular defects, 

while the latter case is more harmful to strength. The Sato-Yang model shows good 

prediction precision for a variety of dense ceramics, and thus a closed-loop could be 

effectively formed including flaw detection (such as non-destructive testing), hazard 

determination (this work), material screening and selection, and reliable application 

(ultimate purpose). This work brings about a new strength prediction model for the 

field of fracture mechanics and provides a potential material screening criterion for 

the engineering application of ceramics at the same time. 
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Figures

Figure 1

Examples of actual �aws at fracture origins of dense ceramics. (a) edge chipping in 3Y-TZP ceramic [6],
(b) critical grinding �aw in �ne grain MgAl2O4 [13], (c) surface pore in 3Y-TZP, (d,e) critical grinding �aw
in 3Y-TZP [12] and (f) machining chipping in large grain transparent Y2O3 ceramic [13].



Figure 2

Laser processing method: (a) physical photo and the Schematic diagrams of the introduction of (b)
regular as well as (c) irregular �aws.



Figure 3

Fracture surfaces of typical cracks with regular and symmetrical shapes.

Figure 4

The β values of (a) ZrB2-SiC, (b) ZrB2, (c) 5Y-TZP and (d) SiC ceramics obtained by linear regression.



Figure 5

(a-c) Comparisons between the prediction results of the Sato-Yang and Sato-Gómez models as well as
the experimental values, and (d) the fracture morphologies of typical test samples.



Figure 6

A typical �aw with the length of 200 μm and the depth of 36 μm. (a) Grid distribution in FEM, (b) stress
distribution after simulation and (c) the images of the laser-introduced �aw before and after fracture.



Figure 7

Relationship between the fracture strength caused by irregular �aws (σ�) and the �aw angle θ, and the
typical stress distribution cloud diagram.

Figure 8

(a) The σ�/σfr vs. sinθ relationship and (b) the power-law relationship between 1-σ�/σf and sinθ.



Figure 9

Comparison between the prediction results of the Eq. (4) based on the Sato-Yang model and the
experimental values of 5Y-TZP and SiC ceramics.


