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Discrete bright-dark soliton interaction dynamic behaviors for

nonautonomous 2+1-dimensional soliton equation

Li Li Fajun Yu ∗

School of Mathematics and Systematic Sciences, Shenyang Normal University, Shenyang 110034,
China

Abstract

The non-autonomous discrete bright-dark soliton solutions(NDBDSSs) of the 2+1-dimensional
Ablowitz-Ladik(AL) equation are derived. We analyze the dynamic behaviors and interactions of
the obtained 2+1-dimensional NDBDSSs. In this paper, we present two kinds of different methods
to control the 2+1-dimensional NDBDSSs. In first method, we can only control the wave propaga-
tions through the spatial part, since the time function has not effect in the phase part. In second
method, we can control the wave propagations through both the spatial and temporal parts. The dif-
ferent propagation phenomena can also be produced through two kinds of managements. We obtain
the novel “π”-shape non-autonomous discrete bright soliton solution(NDBSS), the novel “f”-shape
non-autonomous discrete dark soliton solution(NDDSS) and their interaction behaviors. The novel
behaviors are considered analytically, which can be applied to the electrical and optical fields.

Keywords: Soliton interaction; Bright dark solution; 2+1-dimensinal Ablowitz-Ladik

equation

1 Introduction

The nonlinear differential-difference equations are appropriate to the particle vibrations in lattices, the
ferroelectricity in magnetoelectricity materials and the pulses in biological chains.[1, 2, 3] The Ablowitz-
Ladik (AL) hierarchy has a variety of applications to beam steering in nonlinear waveguide arrays[4],
chaos in dispersive numerical schemes[5]. A discrete electrical lattice of modulated waves can be modeled
by a generalized discrete nonlinear Schrödinger(NLS) equation, which interpolates between the AL and
discrete-self-trapping equations in [6]. The wave transmission properties in one dimensional nonlinear
lattices were discussed, which analyze the general dynamical system corresponding to some equations,
and include the non-integrable discrete NLS equation and the integrable AL equation in[7].

A lot of nonlinear soliton equations have been solved with some soliton methods, such as the Bäcklund
transformation, Darboux transformation(DT), similarity transformation, and so on [8, 9, 10, 11, 12]. For
examples, some discrete quasi-periodic solutions of the AL equation are discussed in Refs.[13, 14, 15, 16].
Some effective methods of solving the nonlinear soliton equations are considered [17, 18, 19, 20]. And,
a discrete rogue-wave solution of Ablowitz-Musslimani equation with parity-time symmetric potential is
derived in [21]. The non-autonomous rogue wave, bright, dark and breather solutions of nonlinear Gross-
Pitaevskii(GP) equation are investigated in [22, 23]. Several non-autonomous dark-bright solutions of
the generalized three-coupled GP equations are obtained in [24]. The non-autonomous discrete soliton
solutions and their dynamic behaviors in the coupled AL equation are considered in [25, 26]. Some
non-autonomous soliton solutions of GP equation are found in optics and BECs [27, 28, 29]. Yan, et al
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present some various types of matter-wave solutions and non-autonomous rogue waves in discrete soliton
equation [30, 31, 32, 33, 34].

The discrete AL equations have very interesting mathematical properties [35, 36], and are investigated
in[37, 38, 39]. Yu presents the NDBSSs and their interactions of AL equation in Ref.[40]. Here, we further
extend and investigate the 2+1-dimensional NDBDSSs and some dynamic behaviors, which is different
from those results in the 1+1-dimensional work. We consider some 2+1-dimensional discrete solutions
of the AL equation, and give the wave propagations of 2+1-dimensional NDBDSSs. We also consider
several NDBDSSs with the different types of the managements, including the space-part management and
the space-time management. In these two cases, sometimes the same phenomena can be achieved, and
sometimes the different propagation phenomena can also be produced through the different managements.
We study the novel discrete “π”-shape NDBSS, “f”-shape NDDSS and their interaction behaviors.

A novel form of 2+1-dimensional discrete similarity transformation is presented in Sec.2. In Sec. 3,
we derive two 2+1-dimensional NDBDSSs, then these solutions with space-management are investigated
analytically, and we consider their abundant propagation behaviors. We obtain 2+1-dimensional NDB-
SSs and NDDSSs, including 1-soliton and 2-soliton solutions in Sec. 4 and Sec. 5. Furthermore, the
interactions with space-time managements of these solutions are investigated analytically.

2 A novel discrete similarity transformation for 2+1-dimensional

AL equation

The 2+1-dimensional AL equation can be reduced to the 1+1-dimensional AL equation, which can
describe analytically various dynamical regimes of the soliton train in[38]. We here consider the 2+1-
dimensional variable coefficients AL equation as following form

i
∂Ψn,m

∂t
+ Λ1(t)Ψn+1,m + Λ∗

1(t)Ψn−1,m + Λ2(t)Ψn,m+1 + Λ∗
2(t)Ψn,m−1 − 4V (n,m, t)Ψn,m + iγ(t)Ψn,m

+g(t)|Ψn,m|2[Λ1(t)Ψn+1,m + Λ∗
1(t)Ψn−1,m + Λ2(t)Ψn,m+1 + Λ∗

2(t)Ψn,m−1] = 0, (1)

where Ψn,m(t) is the complex field of n and m, the Λi(t) = ai(t) + ibi(t), (i = 1, 2) , with ai(t), bi(t) are
time functions, V (n,m, t) is the space-time modulated potential, the g(t) represents the time-modulated
nonlinearity, and γ(t) is the gain or loss term. The 2+1-dimensional AL equation (1) contains many
special lattice models, such as the ALH lattice[34], AL lattice [31, 32, 41], discrete Hirota equation[42, 43]
and discrete mKdV equation[44, 45].

We consider a discrete similarity transformation, which can connect the solutions of Eq.(1) with some
solutions of the following constant coefficients AL equation

i
∂un,m

∂τ
+ ν[λ1(t)un+1,m + λ∗

1(t)Ψn−1,m + λ2(t)un,m+1 + λ∗
2(t)un,m−1 − 4un,m]

+
δ

4
|un,m|2[λ1(t)un+1,m + λ∗

1(t)un−1,m + λ2(t)un,m+1 + λ∗
2(t)un,m−1] = 0, (2)

where un,m(τ) and τ = τ(t), λi = αi + iβi is complex.
In order to solve Eq.(2), we consider a trivial background. According to the similarity transformations[34,

46, 47, 48, 49], we take a different discrete similarity transformation and search for the solution of physical
field

Ψn,m(t) = ρ(t)eiϕn,m(t)un,m(τ(t)), (3)

with ρ(t) and ϕn,m(t) are the real functions of the indicated variables.
We substitute the discrete transformation(3) into Eq.(1) and balance the phases of Ψn,m(t), Ψn+1,m(t),

Ψn−1,m(t), Ψn,m+1(t) and Ψn,m−1(t) in Eq.(1). It is different from the phase of the generalized ALH
lattice[34], here the phase is a cubic space polynomial as following
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ϕn,m(t) = p3(t)n
3 + q3(t)m

3 + p2(t)n
2 + q2(t)m

2 + p1(t)n+ q1(t)m+ p0(t). (4)

Based on the discrete symmetry analysis, we can obtain p3(t) = 0, q3(t) = 0, p2(t) = 0, q2(t) = 0. So
that the phase is a first degree space polynomial in system(4), and the coefficients are some time-functions

ϕn,m(t) = p1(t)n+ q1(t)m+ p0(t), (5)

where p0(t), p1(t) and q1(t) are time-functions.
From the discrete similarity transformation (3), we get the following systems























































ρ̇(t) + γ(t)ρ(t) = 0,
g(t)ρ2(t) = δ

ν ,
4τ̇(t)− ϕt(n,m, t)− 4V (n,m, t) = 0,
να1τ̇(t)− a1(t) sin p1(t) + b1(t) cos p1(t) = 0,
νβ1τ̇(t)− b1(t) sin p1(t)− a1(t) cos p1(t) = 0,
να2τ̇(t)− a2(t) sin q1(t) + b2(t) cos q1(t) = 0,
νβ2τ̇(t)− b2(t) sin q1(t)− a2(t) cos q1(t) = 0,
(α1a1(t) + β1b1(t)) sin p1(t) + (β1a1(t)− α1b1(t)) cos p1(t) = 0,
(α2a2(t) + β2b2(t)) sin q1(t) + (β2a2(t)− α2b2(t)) cos q1(t) = 0,

(6)

the functions ρ(t), τ(t), q1(t), p1(t), the external potential V (n,m, t) and nonlinearity g(t) can be solved
in Eq.(6).

According to the fourth and fifth equations in Eq.(6) , we have

να1τ̇(t) = a1(t) sin p1(t)− b1(t) cos p1(t),

νβ1τ̇(t) = b1(t) sin p1(t) + a1(t) cos p1(t),

we get the square on both sides of the above two equations, and consider their summations, then obtain
the following equation

ν2(α2
1 + β2

1)τ̇
2(t) = a21(t) + b21(t).

The similarity variables ρ(t), τ(t), p1(t) and q1(t) are presented through solving the complex system
(6) in the following forms



















ρ(t) = ρ0e
−

∫

t

k
γ(s)ds,

p1(t) = tan−1⌈α1b1(t)−β1a1(t)
α1a1(t)+β1b1(t)

],

q1(t) = tan−1⌈α2b2(t)−β2a2(t)
α2a2(t)+β2b2(t)

],

τ(t) = 1
ν (α

2
i + β2

i )
− 1

2

∫ t

c
[a2i (s) + b2i (s)]

1
2 ds, i = 1, 2,

(7)

where c, k are two arbitrary constants, ρ0 is a constant.
We take a discrete similarity transformation Ψn,m(t) = ρ(t)eiϕn,m(t)un,m(τ(t)) into Eq.(1), the coef-

ficients of un,m(τ(t)) and un,m,τ are the terms ρ(t)eiϕn,m(t)(−ϕn,m,t − 4V ) and ρ(t)eiϕn,m(t)τ̇(t), then we
construct the relations between the terms un,m(τ(t)), un,m,τ and Eq.(2), and obtain the following system

ρτ̇(t)

1
=

ρ(−ϕn,m,t − 4V )

−4
= ........

As a consequence, we derive the 3rd equation of Eq.(6)

4τ̇(t)− ϕt(n,m, t)− 4V (n,m, t) = 0.

There are many works of the Gross-Pitaevski equations with (time, space)-modulated potential and
nonlinearity, such as the harmonic potential x2, the van der Waals law potential 1/x3, the harmonic
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potentials. Therefore, we can obtain a linear (time, space)-modulated external potential V (n,m, t) of
n,m and the nonlinearity function g(t),

{

g(t) = δ
νρ2

i0
e2

∫

t

k
γi(s)ds,

V (n,m, t) = v12(t)n+ v11m+ v10(t),
(8)

where three external potential functions vij(n,m, t) are given rise to











v12(t) = − ṗ1(t)
4 ,

v11(t) = − q̇1(t)
4 ,

v10(t) = − ṗ0(t)
4 + [

a2
i (t)+b2i (t)

α2
i
+δ2

i

]
1
2 , i = 1, 2.

(9)

3 Sapce-management for 2+1-dimensional non-autonomous dis-

crete solutions

The bright and dark soliton solutions of a AL equation are obtained via the Hirota bilinear method
in Ref.[50]. However, the 2+1-dimensional NDBDSSs and their interactions of the AL equation have
not been studied, we will analyze the soliton dynamics of Eq.(1) with the management functions of
ai(t), bi(t) and γ(t). In this section, we can find that the τ(t) is not effect to the wave propagation,
because it only appears in the phase position. So that we can only control the wave propagation through
the sapce-management for the 2+1-dimensional NDBDSSs.

Based on the discrete transformation (3) and the dark soliton of Eq.(2), we obtain the 2+1-dimensional
one-NDDSS of Eq.(1) with δ = 1, ǫ = ν

Ψ(1)
n,m(t) = 2ρ0e

∫

t

0
−γ(s)ds+i[p1(t)n+q1(t)m+p0] tanh (dn+ hm)

√

√

√

√

ǫ
(

(sinh (h))
2
+ (sinh (d))

2
)

(coth (d))
2
(sinh (h))

2
+ (coth (h))

2
(sinh (d))

2×

e
(2i(

(csch(d) sinh(h)+csch(h) sinh(d))2

(coth(d))2(sinh(h))2+(coth(h))2(sinh(d))2
−2)ǫ τ(t))

, (10)

where τ(t) = 1
ν (α

2
i + β2

i )
− 1

2

∫ t

c
[a2i (s) + b2i (s)]

1
2 ds, i = 1, 2, the variable τ(t) is solved by Eq.(7) with

αi = 1, βi = 0, and the p0(t) is an arbitrary time-function.
We consider the complex wave propagation of 2+1-dimensional one-NDDSS(10) with some free pa-

rameters ǫ = 0.1, d = 1, h = 1, ρ0 = 1, αi = 1, βi = 0. When we choose the space-function m = 2n and
γ(t) = −0.5sin(t)cos(t), the intensity distribution of one-NDDSS(10) is illustrated in Fig.1(a). And, we
can find that the amplitude of one-NDDSS is invariant as time increases in Fig.1(b). From Figs 1.(a)
and (b), we can see that the amplitude and the width of periodic propagation remain invariable with the
increasing distance. In the case of m = 2n, γ(t) = −0.1sn(2t, 1), a structure of one-NDDSS is known as
“ Concave paraboloid-like” and is illustrated in Fig.2(c) and (d), which is a novel intensity distribution
of one-NDDSS in Eq.(10).

Take using of the discrete transformation (3) and the bright soliton solution of Eq.(2), a 2+1-
dimensional one-NDBSS of Eq.(1) is derived with δ = 1, ǫ = ν

Ψ(1)
n,m(t) = ρ0e

∫

t

0
−γ(s)ds+i[p1(t)n+q1(t)m+p0]

1

tanh (dn+ hm)
×

2

√

√

√

√

ǫ
(

(sinh (h))
2
+ (sinh (d))

2
)

(coth (d))
2
(sinh (h))

2
+ (coth (h))

2
(sinh (d))

2 e
(2i(

(csch(d) sinh(h)+csch(h) sinh(d))2

(coth(d))2(sinh(h))2+(coth(h))2(sinh(d))2
−2)ǫ τ(t))

. (11)
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Figure 1: (Color online) (a) the intensity distribution |Ψ(1)
n,2n(t)| with ǫ = 0.1, d = 1, h = 1, γ(t) =

−0.5sin(t)cos(t), ρ0 = 1 in Eq.(10), (b) the density plot |Ψ(1)
n,2n(t)|. (c) the intensity distribution |Ψ(1)

n,2(t)|
with ǫ = 0.1, d = 1, h = 1, γ(t) = −0.1sn(2t, 1), ρ0 = 1 in Eq.(10), (d) the density plot of |Ψ(1)

n,2n(t)|.

We illustrate the wave propagations of 2+1-dimensional one-NDBSS(11) with the specific free pa-
rameters ǫ = 0.1, d = 3, h = 2, , ρ0 = 1, αi = 1, βi = 0. Two specific evolutions of the intensity
distributions of one-NDBSS(11) are illustrated in Figs.2(a) and (b) with space-function m = −1, and
γ(t) = 2sin(5t)cos(5t). Therefore we can find that the amplitude and the width of one-NDBSS remain
invariable with the increasing distance in Figs 2.(a) and (b), which can describe the periodic propaga-
tion of one-NDBSS. An interesting evolution of one-NDBSS(11) is illustrated in Fig.2(c) and (d) with
m = −1, γ(t) = 0.1sn(2t, 1), such a structure of one-NDBSS is known as “Convex paraboloid-like”.

In the Figs.2 (c) and (d), the solution is initially a bright soliton with relatively wide and top. With
time, the width of the top does not decrease and the height does not increase. We consider some dynamical
behaviors of the discrete bright solution with some parameters, the time evolution of the discrete bright
solution may be almost stable in the time propagation with the perturbation.
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Figure 2: (Color online) (a) the intensity distribution |Ψ(1)
n,−1(t)| with ǫ = 0.1, d = 3, h = 2, γ(t) =

2sin(5t)cos(5t), ρ0 = 1 in Eq.(11), (b) the density plot of (a). (c) the intensity distribution |Ψ(1)
n,−1(t)|

with ǫ = 0.1, d = 3, h = 2, γ(t) = 0.1sn(2t, 1), ρ0 = 1 in Eq.(11), (d) the density plot of (c).

4 2+1-dimensional non-autonomous bright solutions and inter-

actions with space-time management

We consider the controllable interactions of 2+1-dimensional NDBSSs, which are different from the
results in our previous work. And we will analyze the 2+1-dimensional NDBSS and their dynamics of
Eq.(1) with the effects of ai(t), bi(t) and γ(t). The obtained results might give some theoretical analysis
in controllable soliton.

4.1 2+1-dimensional one-NDBSS with space-time management

The N-bright soliton solutions are obtained in a discrete AL equation[51]. We can derive 2+1-

dimensional one-NDBSS Ψ
(1)
n,m(t) from the above system in section 2, and the Ψ

(1)
n,m(t) is a function

of the discrete spaces n and m as following

Ψ(1)
n,m(t) = ρ0e

−
∫

t

0
γ(s)ds+i[p1(t)n+q1(t)m+p0+]in+m 1

2
√

|a|
e(−4ǫi)sech(

(θ + θ∗ + ln(|a|)
2

), (12)
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where a = 1/4 eι1+ι∗
1

(−1+eι1+ι∗
1 )

2
ǫ
, θ = kτ(t) + ι1 n + ι2 m + θ0, k = −2 e−ι1 (i+ eι1)

2
ǫ, τ(t) = 1

ν (α
2
i +

β2
i )

− 1
2

∫ t

c
[a2i (s) + b2i (s)]

1
2 ds, i = 1, 2, the τ(t) is given in Eq.(7) with αi = 1, βi = 0, the ι1 and ι2

are two constants, and p0(t) is a time-function.
We illustrate the wave propagation of 2+1-dimensional one-NDBSS(12) with ǫ = 1, ι1 = 0.5+0.1i, ι1 =

ι2, γ(t) = 0.1cos(t), ρ0 = 1. Fig. 3(a) shows the 2+1-dimensional one-NDBSS in Eq.(12) with time-
management function τ(t) = 0.05t2. Fig.3(b) shows the 2+1-dimensional one-NDBSS in Eq.(12) with
space-management function m = n2. Figs 3.(a) and (b) describe the propagations of the 2+1-dimensional
one-NDBSSs, such a structure of the NDBSS is known as “Parabola-like”.

Figure 3: (Color online) Profiles of the intensity distribution (a) |Ψ(1)
n,1(t)| with τ(t) = 0.05t2, ǫ =

1, ι1 = 0.5 + 0.1i, ι1 = ι2, γ(t) = 0.1cos(t), ρ0 = 1 in Eq.(12); (b) |Ψ(1)
n,m(t)| with τ(t) = t,m = n2,

ǫ = 1, ι1 = 0.5 + 0.1i, ι1 = ι2, γ(t) = 0.1cos(t), ρ0 = 1 in Eq.(12); (c) |Ψ(1)
n,1(t)| with τ(t) = 0.05t3,

ǫ = 1, ι1 = 0.5 + 0.1i, ι1 = ι2, γ(t) = 0.1cos(t), ρ0 = 1 in Eq.(12); (d) |Ψ(1)
n,m(t)| with τ(t) = t,m = n3,

ǫ = 1, ι1 = 0.5 + 0.1i, ι1 = ι2, γ(t) = 0.1cos(t), ρ0 = 1 in Eq.(12).

Fig.3 (c) depicts the dynamical behavior of the 2+1-dimensional one-NDBSS(12) with the time-
management τ(t) = 0.05t3. Fig.3 (d) illustrates the intensity distribution of the 2+1-dimensional one-
NDBSS(12) with space-management. So, we adjust the coefficients τ(t) = t,m = n3 given by Eq.(12),
then the evolution of the intensity distribution of the 2+1-dimensional one-NDBSS is changed (see Fig.3
(c) (d)), and the amplitude of the one-NDBSS remains the same, but its central position oscillates
periodically with the increasing distance in Fig. 3(d). Such a structure of the 2+1-dimensional one-
NDBSS is known as “Snake-like”.

The parameters ai(t), bi(t) and γ(t) are the important elements of effect on the amplitudes and shapes
of the 2+1-dimensional one-NDBSS in Fig 3. Figs. 3(a) and (c) present two kinds of especial solution
structures with the “Parabola-like” and “Snake-like”. Figs. 3(b) and (d) show the discrete peaks of one-
NDBSS with certain amplitude, width and velocity through space-management and time-management,
respectively.
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4.2 2+1-dimensional two-NDBSS with space-time managements

In this section, we consider how to control the 2+1-dimensional discrete soliton interactions with the
functions ai(t), bi(t) and γ(t). If we choose αi = 1, βi = 0 and λi = 1, the ϕn,m(t) is a linear function of

the discrete spaces n and m. We derive the 2+1-dimensional two-NDBSS Ψ
(2)
n,m(t) of Eq.(1) as following

Ψ
(2)
n,m(t) = ρ0e

−
∫

t

0
γ(s)ds+i[p1(t)n+q1(t)m+p0]·

[(i)n+m eθ1 + eθ2 + a31e
θ1+θ2+θ∗

1 + a32e
θ1+θ2+θ∗

2

1 + a11eθ1+θ∗

1 + a12eθ1+θ∗

2 + a21eθ2+θ∗

1 + a22eθ2+θ∗

2 + a4eθ1+θ∗

1+θ2+θ∗

2
], (13)

with θi = kiτ(t) + αj1 n + αj2 m + θ0, αj1 = αj2, kj = −2 e−αj1 (i+ eαj1)
2
ǫ, a1j = 1/4 e

α1j+α∗

j1
(

−1+e
α1j+α∗

j1
)2

ǫ
,

a2j = 1/4 e
α2j+α∗

j2
(

−1+e
α2j+α∗

j2
)2

ǫ
, a3j = 1/4 e

2α∗

1j (eα1j−eα2j )2
(

−1+e
α11+α∗

j1
)2(

−1+e
α21+α∗

j1
)2

ǫ
,

a4j = 1
16

eα11+α110+α21+α∗

21 (eα11−eα21 )2
(

eα
∗

11−eα
∗

21

)2

(−1+eα11+α∗

11)
2
(−1+eα21+α∗

11)
2
(−1+eα11+α∗

21)
2

1

(−1+eα21+α∗

21)
2
ǫ
and τ(t) = 1

ν (α
2
i + β2

i )
− 1

2

∫ t

c
[a2i (s) +

b2i (s)]
1
2 ds, i = 1, 2.

We illustrate the wave structures of the obtained 2+1-dimensional two-NDBSS(13) with ai(t), bi(t), γ(t)
and ρ0 = 1, αi = 1, βi = 0. It follows from Figs. 4(a), (b) and (c) that the interactions between two
NDBSSs are elastic collisions with different velocities. Fig. 4 (d) shows the linear type propagation of
two-NDBSS, which is invariant during the propagation and is parallel line and has not the interaction.

Especially, it is interesting to note that a novel π-shape two-NDBSS is presented in Fig. 4 (c). And,
two NDBSSs encounter with each other and have the interactions “Bi-opposite-parabola-like” in Figs.4
(a) and (b). In Fig. 4(a), two NDBSSs encounter each other, which are controlled with time-controllable
function τ(t) = 0.1t2. In Fig. 4(b), the interaction of two NDBSSs is controlled with space-controllable
function m = n2. Figs.4 (a) and (b) show the interactions between two NDBSSs with two different
controllable methods, but their shapes are the same except for some phase shifts.

The processes of the interaction between two solitons with different controllable methods and different
controllable functions are shown in Fig.4. A novel π-shape two-NDBSS appears in Fig. 4(c), it appears
an interesting phenomenon in the AL equation. While, the two-NDBSSs can transmit in paralleled waves
with the same shape and velocity in Fig.4(d). The parallel between nonlinear guided wave phenomena
can demonstrate in optics.

5 2+1-dimensional non-autonomous dark solutions and interac-

tions with space-time management

In this section, we consider the soliton dynamics of Eq.(1) with time-, space- and space-time-managements
based on some 2+1-dimensional NDDSSs.

5.1 2+1-dimensional one-NDDSS and management

Some dark soliton solutions of Eq.(2) are obtained in [51]. We take the discrete transformation (3) and

the dark soliton solution of Eq.(2), and present the 2+1-dimensional one-NDDSS Ψ
(1)
n,m(t) of Eq.(1) with

αi = 1, βi = 0, λi = 1 as following

Ψ(1)
n,m(t) = ρ0e

−
∫

t

0
γ(s)ds+i[p1(t)n+q1(t)m+p0](i)n+mµe−4iǫτ(t)tanh(

kτ(t) + ι1 n+ ι2 m+ θ0
2

), (14)

where δ = −1, θ = kτ(t) + ι1 n + ι2 m + θ0, ι1 = ι2, k = −8 (−1+eι1 )ǫ
1+eι1 , µ = 2

(−1+eι1 )
√

|ǫ|

1+eι1 , τ(t) =
1
ν

∫ t

c
[a2i (s) + b2i (s)]

1
2 ds, i = 1, 2, the ϕn,m(t) = p1(t)n + q1(t)m + p0(t), p1(t) in Eq.(9), and p0(t) is a

time-function.
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Figure 4: (Color online) The intensity distributions (a) |Ψ(1)
n,1(t)| with τ(t) = 0.1t2, ǫ = 1, α11 = 0.5 −

3i, α11 = α12, α21 = α22 = 1, γ(t) = 0.1cos(t), ρ0 = 1 in Eq.(13), (b) |Ψ(1)
n,m(t)| with τ(t) = 0.1t2,m = n2,

ǫ = 1, α11 = 0.5 − 3i, α11 = α12, α21 = α22 = 0.6, γ(t) = 0.1cos(t), ρ0 = 1 in Eq.(13), (c) |Ψ(1)
n,1(t)| with

τ(t) = 0.05t3 + 2, ǫ = 1, α11 = 0.5 − 3i, α11 = α12, α21 = α22 = 0.6, γ(t) = 0.1cos(t), ρ0 = 1 in Eq.(13),

(d) |Ψ(1)
n,m(t)| with τ(t) = 0.01t,m = n3 + 1, ǫ = 1, α11 = 0.5 − 3i, α11 = α12, α21 = α22 = 0.6, γ(t) =

0.1cos(t), ρ0 = 1 in Eq.(13).

We take the functions ai(t), bi(t) and γ(t) to control the soliton evolutions with time- and space-
managements. The intensity distributions of 2+1-dimensional one-NDDSS(14) are illustrated with ǫ =
1, ι1 = 0.5 + 0.1i, ι1 = ι2, ρ0 = 1 in Fig. 5. Then, we adjust the functions ai(t), bi(t) and γ(t) in
Eq.(14), and the 2+1-dimensional one-NDDSS is changed with time-management in Figs. 5 (a) and (c).
Moreover, the 2+1-dimensional one-NDDSS can be observed with space-management in Figs. 5 (b) and
(d). A novel structure known as “Parabola-like” of one-NDDSS appears in Figs.5 (a) and (b), a structure
known as “Snake-like” appears in Figs.5 (c) and (d), their amplitudes and widths remain invariable, but
the central positions oscillate periodically. We can see that the amplitudes and shapes of one-NDDSSs
can be influenced by ai(t) and bi(t) in Fig. 5.

5.2 2+1-dimensional two-NDDSS and space-time management

In this section, we consider two kinds of management schemes, one is directly to control the wave
propagation with time-management. The other is firstly to control the wave propagation with space-
management, then to control the wave propagation with time-management of the functions ai(t), bi(t)
and γ(t). Based on the two-dark soliton solution with α = 1, β = 0 and λ = 1, the 2+1-dimensional

two-NDDSS Ψ
(2)
n,m(t) is given as following
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Figure 5: (Color online) Profiles of the intensity distribution (a) |Ψ(1)
n,1(t)| with τ(t) = 0.05t2, ǫ =

1, ι1 = 0.5 + 0.1i, ι1 = ι2, γ(t) = 0.1cos(t), ρ0 = 1 in Eq.(14), (b) |Ψ(1)
n,m(t)| with τ(t) = 0.1t,m = n2,

ǫ = 1, ι1 = 0.5 + 0.1i, ι1 = ι2, γ(t) = 0.1cos(t), ρ0 = 1 in Eq.(14), (c) |Ψ(1)
n,1(t)| with τ(t) = 0.05t3,

ǫ = 1, ι1 = 0.5 + 0.1i, ι1 = ι2, γ(t) = 0.01cos(t), ρ0 = 1 in Eq.(14), (d) |Ψ(1)
n,m(t)| with τ(t) = t,m = n3,

ǫ = 1, ι1 = 0.5 + 0.1i, ι1 = ι2, γ(t) = 0.01cos(t), ρ0 = 1 in Eq.(14).

Ψ(2)
n,m(t) = ρ0e

−
∫

t

0
γ(s)ds+i[p1(t)n+q1(t)m+p0][(i)n+mµe−4ǫiτ(t)(1− eθ1+iη1 − eθ2+iη2 + aeθ1+θ2+iη1+iη2)

1 + eθ1 + eθ2 + aeθ1+θ2
],

(15)

where θj = kjτ(t) + ιj1 n+ ιj2 m+ θ0, ιj1 = ιj2, ιj1 = ln

(

4 ǫ+µ2 cos(ηj)+µ
√

(cos(ηj)+1)(−µ2+µ2 cos(ηj)+8 ǫ)

−µ2+4 ǫ

)

,

kj = 1/2 e−ιj1
(

−1 + e2 ιj1
) (

µ2 − 4 ǫ
)

, a = − (eι11−eι21 ) sin(η1/2−η2/2)

(−1+eι11+ι12 )2 sin(η1/2+η2/2)
and τ(t) =

∫ t

c2
[a2i (s) + b2i (s)]

1
2 ds.

The shape of 2+1-dimensional two-NDDSS can be influenced by the functions ai(t), bi(t), γ(t) in
Fig. (6), Figs. 6 (a) and (b) show the interactions with the different choices of τ(t) = 0.1t2 + 1 and
γ(t) = 0.1cos(t). Fig.6 (a) presents a novel Bi-parabolic-shape two-NDDSS, which is interesting to note
that the amplitude of the collision point also oscillates periodically. A novel Bi-snake-like shape solution
appears in Fig.6 (c) and (d), which shows the peaks of two parabolic-lines with the different methods of
τ(t) = 0.05t3 +1 and γ(t) = 0.1cos(t). We find that the 2+1-dimensional two-NDDSSs can be controlled
through the different time-managements, and their velocities are invariant in Fig.6.

Next, we will firstly control the wave propagation with space-management, then control the wave prop-
agation with time-management. Fig. 7 shows the interactions between 2+1-dimensional two-NDDSSs
with functions ai(t), bi(t) and γ(t). Fig. 7 (a) describes the interaction propagations between two
parabolic-type NDDSSs with space-management m = n2, then it can be controlled the wave propa-
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Figure 6: (Color online) Profiles of (a) the intensity distribution |Ψ(2)
n,1(t)| with τ(t) = 0.1t2 + 1, ǫ =

0.5, θ1 = 0, θ2 = π/2, ν = 1, ιj1 = ιj2, γ(t) = 0.1cos(t), ρ0 = 1 in Eq.(15), (b) the density plot of |Ψ(2)
n,1(t)|.

(c) the intensity distribution |Ψ(2)
n,1(t)| with τ(t) = 0.05t3 + 1, ǫ = 0.1, θ1 = 0, θ2 = π/2, ν = 1, ιj1 =

ιj2, γ(t) = 0.1cos(t), ρ0 = 1 in Eq.(15), (d) the density plot of |Ψ(2)
n,1(t)|.

gation with time-management τ(t) = t2 + 2. It is interesting to note that the 2+1-dimensional two-
NDDSS has the shape of Bi-opposite-V-like, but it has not the phenomena of interaction in Fig.7 (a).
Fig. 7 (c) presents a novel “f”-shape NDDSS with space-management m = 2n2 and time-management
τ(t) = 0.05t3.

Fig.7 shows that the interactions between two NDDSSs with different controllable functions and
methods. The phenomena of elastic collision are happened in Figs. 7(c) and (d), but there are not
the phenomena of interaction in Figs. 7(a) and (b). Figs.7 (a) and (c) show the interactions with the
different space-management and time-management, respectively. In this work, we hope that the obtained
non-autonomous soliton dynamics have some theoretical guidance meanings in electrical and optical fields.

6 Conclusions

In this paper, the 2+1-dimensional NDBDSSs and interaction behaviors of the AL equation are
analyzed, and some novel spatial-temporal structures of 2+1-dimensional NDSSs are found. We consider
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Figure 7: (Color online) Profiles of (a) the intensity distribution |Ψ(2)
n,m(t)| with m = n2, τ(t) = t2 + 2,,

ǫ = 0.1, θ1 = 0, θ2 = π/2, ν = 1, ιj1 = ιj2, γ(t) = 0.1cos(t), ρ0 = 1 in Eq.(15), (b) the density plot of

|Ψ(2)
n,m(t)|. (c) the intensity distribution |Ψ(2)

n,m(t)| with m = 2n2, τ(t) = 0.05t3,, ǫ = 0.5, θ1 = 0, θ2 =

π/2, ν = 1, ιj1 = ιj2, γ(t) = 0.1cos(t), ρ0 = 1 in Eq.(15), (d) the density plot of |Ψ(2)
n,m(t)|.

several 2+1-dimensional NDBDSSs with the different managements, including the space-management
and the space-time management. We study the novel “π”-shape NDBSS, novel “f”-shape NDDSS and
their interaction behaviors. The novel phenomena and behaviors are considered analytically in NDSSs,
which can be applied to some electrical and optical fields.
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