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Abstract The linguistic terms in a balanced linguistic

term set describing qualitative data are symmetrical

around the central linguistic word. With the growing

complexity of the problems, the symmetric linguistic

term set appears to be confined. This work examines

the multiple criteria group decision-making problems

where decision-makers employ a 2-tuple unbalanced

linguistic term set to provide entries of alternative-

criteria matrices. We adopt a data envelopment anal-

ysis (DEA) method and create a linear programming

model to evaluate alternative-criteria weights for each

decision-maker. The value function from prospect the-

ory models the non-rational aspect of risk in criteria.

The values of prospect gain and prospect loss on cost

and benefit criteria are computed and used to create a

DEA model that evaluates the weights of each criterion

on each alternative. Finally, the entropy values of the

cross-efficiency scores deliver a ranking of the alter-
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natives. A numerical example illustrates the proposed

methodology.
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1 Introduction

Multiple criteria decision-making (MCDM) problems

get investigated in the literature for their wide range

of applications in decision making, including supply

chain management, medical diagnosis, alternative se-

lection, technology evaluation, military system effi-

ciency, and investment decision-making (see, Dursun

and Karsak (2013); Ehrgott et al. (2004); Liu et al. (2015);

Yue (2013); Yayla et al. (2015)), to cite a few.

An MCDM problem intends to rank a finite number

of alternatives based on a limited number of criteria

and the judgment of a single decision maker. A mul-

tiple criteria group decision-making (MCGDM) prob-

lem seeks the opinion of several decision-makers on an

alternative-criteria system, with each decision maker

providing the alternative-criteria matrices. The criteria

get classified into two bins: cost (the lower is better)

and benefit (the higher, the better).

In an MCGDM, all decision-makers assessments may

not carry equal weight; based on the positional hierar-

chy, responsibility, expertise, and understanding, some
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experts may play more decisive roles than others in

a group. As a result, determining the weights of the

decision-makers in a group is critical. Furthermore, a

decision maker may not be an authority on each crite-

rion to assess an alternative accurately. If not always,

the participating decision-makers often employ quan-

titative descriptors to communicate their assessments

of alternatives on criteria.

In addition to the decision maker’s expertise, the com-

plexity of relationships among parameters contributes

to uncertainty in evaluating alternatives. When deal-

ing with unknown data, traditional numerical-based

MCGDM modeling is insufficient. Researchers have

effectively expanded the scope of MCGDM to include

vagueness and complexity expressed by various tools.

For instance, MCGDM problems are set up in a fuzzy

environment using fuzzy sets, intuitionistic fuzzy sets,

interval-valued sets, hesitant fuzzy sets, type-1 fuzzy

sets, type-2 fuzzy sets, Pythagoras fuzzy sets to han-

dle the uncertainties in information effectively. The

literature is very elaborate to quote all; one can re-

fer to Dong and Cooper (2016); Farhadinia and Xu

(2020); Garg (2018); Sun et al. (2020) for more details

on MCGDM using fuzzy sets and its variants. Fur-

thermore, different MCGDM methods have been pro-

posed and extensively applied to study problems in

various domains. For example, analytical hierarchy

process (AHP) (Büyüközkan et al. (2019); Wu and Tu

(2021)), TOPSIS (Guo and Zhao (2015); Liang and Xu

(2017); Papapostolou et al. (2017)), PROMETHEE (Qi

et al. (2019)), VIKOR (Çalı and Balaman (2019); Li et al.

(2020)), ELECTRE (Akram et al. (2020)), and a few

others, including the amalgamation or hybrid of two

or more methods like AHP-TOPSIS (Tian and Peng

(2020)) or TOPSIS-VIKOR (Dammak et al. (2020)).

Herrera and Martı́nez (2000) put forward a 2-tuple

linguistic computational model and developed a pro-

cedure of computing with words (CWW) on it. The

CWW uses linguistic data to generate linguistic out-

put through translation and mathematical operations.

The 2-tuple linguistic model by Herrera and Martı́nez

(2000) improves on the basic linguistic model by adding

a parameter to enhance the linguistic correctness in

computations after the re-translation process. Thus, un-

like the conventional linguistic model, the domain of

2-tuple linguistic model is a continuous space, result-

ing in no loss of information in CWW. A balanced lin-

guistic term set comprises uniform and symmetrical

linguistic terms spread around the middle linguistic

term. However, we run into a problem when evaluat-

ing variables involving language phrases that are not

necessarily evenly and symmetrically distributed (Liu

et al. (2004); Torra (2000)). We call it by an unbalanced

linguistic term set (Herrera et al. (2008)). Recently, Mal-

hotra and Gupta (2020a) proposed a minimum distance

measure to construct a framework for CWW in unbal-

anced linguistic term set.

An MCGDM method involves three essential entities:

decision-makers, criteria, and alternatives, and in essence,

requires aggregating the information in the alternative-

criteria matrices given by several decision-makers to

arrive at a ranking of alternatives. In the aggregation

process, the weights of decision-makers on each crite-

rion and the weights of each alternative criterion are

vital. In some studies (Ramanathan and Ganesh (1994);

Saaty (1980)), the importance of decision-makers is

prior given. In contrast, in certain other studies (like,

Koksalmis and Kabak (2019); Yue (2013)), the decision-

makers’ weights get determined using suitable tech-

niques. Geng et al. (2017) employed the data envel-

opment analysis (DEA) approach to solve MCGDM

problems integrating 2-tuple linguistic DEMATEL for

capturing influence relationships among criteria. Wan

et al. (2016) studied the MCGDM problem with in-

tuitionistic fuzzy numbers and determined the deci-

sion maker’s weights using TOPSIS. Dong and Cooper

(2016) pointed out the significance of decision-makers

weights in aggregation processes and used the Markov

chain method to determine them. Ju (2014) applied the

similarity degree in the 2-tuple linguistic evaluation

and defined the 2-tuple linguistic positive, negative,

and left negative ideal solutions and proposed opti-

mization models to determine the weights of decision-

makers and criteria.

Against this brief background, the foremost objective

of the present study is to provide a ranking of alter-

natives in an MCGDM problem when the decision-

makers use the 2-tuple unbalanced linguistic term set
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to supply the alternative-criteria matrices’ entries. We

use the DEA-based linear programming model to eval-

uate each decision maker’s weights on each alternative

criteria. These weights are applied to find the aggregate

alternative-criteria matrix. The prospect theory is then

used to decide the prospect gain and loss values on

cost and benefit criteria of entries of the aggregated ma-

trix and formulate a prospect values-based DEA model

to determine each criterion’s weights on each alterna-

tive. The alternatives get ranked using cross-efficiency

scores and their entropy values.

DEA is a non-parametric methodology for determining

relative efficiency of homogeneous decision making

units (DMU) that use multiple inputs to produce multi-

ple outputs. In the context of MCGDM, the alternatives

act as DMUs. Farrell (1957) describes the notion of effi-

ciency of a DMU with a single input and single output.

Charnes et al. (1978) extended it to formulate an effi-

ciency score for multiple inputs, multiple outputs case

and introduced linear programming models to mea-

sure efficiency scores of DMUs. Since their pioneering

work, DEA has come a long way in research and ap-

plications in various sectors such as energy, environ-

ment, investment, health care, manufacturing, and ser-

vice industries, to state a few. Bouyssou (1999) studied

the equivalence between efficiency in DEA and convex

efficiency in MCDM. Ebrahimnejad et al. (2019) formu-

lated a DEA model in a fuzzy environment and applied

chance-constrained programming to solve such a DEA

model.

Each DMU self-evaluates its best relative efficiency

using its most favorable input and output weights

from the DEA model. On the other hand, the cross-

efficiency method, proposed by Sexton et al. (1986)

and refined by Doyle and Green (1994), analyzes the

efficiency of a DMU not only by self-assessment but

taking into account peer-evaluation also. The pear eval-

uation assesses each DMU with optimal weights of the

other DMUs. The cross-efficiency score of a DMU is

the average of its self-evaluated efficiency and its peer-

evaluated efficiencies.

Soleimani-Damaneh and Zarepisheh (2009) applied Shan-

non (1948) entropy to aggregate different efficiency re-

sults. Wu et al. (2012) introduced the entropy value

of cross-efficiency score and developed a distance en-

tropy function to generate relative weights for cross-

efficiency aggregation. Xie et al. (2014) used Shannon’s

entropy to derive degree of importance of each DMU

and merged it with the efficiency score. A modified

weight-restricted DEA model proposed by Qi and Guo

(2014) using Shannon’s entropy. Wang et al. (2016) used

the DEA entropy model to determine cross-efficiency

intervals with imprecise inputs and outputs.

The contributions of this paper can be highlighted as

follows. Firstly, we provide a concise review of the

linguistic MCGDM problem and propose a DEA lin-

ear program model to evaluate the weights of each

decision-maker on each alternative-criteria. We used

the power function of prospect theory to incorporate

risk-averse perspective of cost criteria over the benefit

criteria in computing the aggregated cross-efficiency

scores. The entropy of cross-efficiency scores finally

enable in ranking alternatives.

The remaining sections of the paper are designed as

follows. Section 2 describes the unbalanced linguis-

tic term set. Section 3 explains the DEA model for

a MCGDM problem with alternative-criteria matrices

entries from the unbalanced 2-tuple linguistic term set.

Section 4 formulates the prospect theory-based DEA

model to compute the cross-efficiency of alternatives.

Section 5 describes the step-wise procedure to solve the

underline MCGDM problem and ranking of the alter-

natives. Section 6 illustrates the proposed methodol-

ogy with a numerical example. Section 7 concludes the

paper.

2 Unbalanced Linguistic Term Set

The 2-tuple linguistic model adds a new parameter

called symbolic translation to the basic fuzzy linguistic

model. The model is represented by a pair (l, α),where

l ∈ L is a linguistic term from linguistic term set

L = { l0, l1, . . . , lg } and α ∈ [−0.5, 0.5) is a numeric

value assigned for symbolic translation. The 2-tuple

linguistic model assists in explaining the process of

CWW by imparting continuity to the linguistic domain.

Martı́nez and Herrera (2012) and Malhotra and Gupta

(2020b) presented the state-of-the-art reviews of the 2-
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tuple linguistic model and its applications to decision-

making.

The multiplicative unbalanced 2-tuple linguistic term

(MU2LT) set is introduced by Malhotra and Gupta

(2020a).

Definition 1 Let LS = {ta− f , ta−( f−1) , . . . , ta0 , . . . , tag } be a

multiplicative unbalanced linguistic term (MULT) set

with cardinality f + g + 1, where f , g are positive inte-

gers, and a is a real number, a > 1. Let β ∈ [a− f , ag] be a

numerical value representing the result of a symbolic

aggregation. The function providing the unbalanced 2-

tuple linguistic value equivalence to β isΩ : [a− f , ag]→

LS × [0.5,−0.5) defined by

Ω(β) = (tλ, γ),

where

λ = aσL or λ = aσR , σL , σR ∈ {− f , . . . , 0, . . . , g},

γ =
β − λ

dL + dR
, γ ∈ [−0.5, 0.5) ,

and the following procedure Malhotra and Gupta (2020a)

is used to compute σL, σR, dL, and dR.

Algorithm 1 Computing λ and γ

Input: LS = {ta(− f ) , ta−( f−1) , . . . , ta0 , . . . , tag } and β ∈ [a− f , ag].

Begin: σL ← arg min
σ

(
β−aσ : β−aσ ≥ 0, σ ∈ {− f , . . . , 0, . . . , g}

)
;

σR ← arg max
σ

(
β − aσ : β − aσ ≤ 0, σ ∈ {− f , . . . , 0, . . . , g}

)
;

Compute: dL ← β − aσL and dR ← aσR − β.

Define: d← min(dL, dR);

if d = dL then

λ← aσL ;

γ =
β − λ

dL + dR
.

else

λ← aσR ;

γ =
β − λ

dL + dR
.

end if

Definition 2 Let LS = {ta(− f ) , ta−( f−1) , . . . , ta0 , . . . , tag } be

linguistic term set. The functionΩ−1 : LS×[−0.5, 0.5)→

[a− f , ag] transforms the unbalanced 2-tuple linguistic

variable (tλ, γ) into its equivalent numerical value β ∈

[a− f , ag] by

Ω−1(tλ, γ) = γ (dL + dR) + λ.

Definition 3 Let ULS = {(taλ1 , γλ1
), . . . , (taλn , γλn

)} be a

set of n multiplicative unbalanced 2-tuples, where λi ∈

{− f ,−( f − 1), . . . , 0, . . . , g}, i = 1, . . . ,n, and taλ ∈ LS

and γλ ∈ [−0.5, 0.5). Let the weight vector be W =

(w1, . . . ,wn)
′

, with wi ∈ (0, 1), and
n∑

i=1
wi = 1. The weighted

average operator (UWA) is defined as follows:

UWA
(
(taλ1 , γλ1

), (taλ2 , γλ2
), . . . , (taλn , γλn

)
)

= Ω
( n∑

i=1

wiΩ
−1

(
taλi , γλi

))
.

3 DEA Model for Aggregating Alternative- Criteria

Matrices

LetA = {A1, . . . ,Am}, m ≥ 2, andC = {C1, . . . ,Cn} be the

sets of m alternatives and n-criteria, respectively. Let

there be d decision-makers participating in a MCGDM

problem, denoted by the setD = {DM1,DM2, . . .DMd},

d ≥ 2. Each decision maker expresses assessment of

each alternative on each criterion in a linguistic descrip-

tion belonging to the set LS = {ta(− f ) , ta−( f−1) , . . . , ta0 , . . . , tag }.

Let the alternative-criteria matrix of the kth decision

maker be B̃(k) = [b̃(k)
i j

]m×n, where b̃
(k)
i j
= t(k)

a
σi j
, σi j ∈

{− f , . . . , 0, . . . , g}, and i = 1, . . . ,m, j = 1, . . . ,n, k =

1, . . . , d. The 2-tuple linguistic representation of each

linguistic term in the d matrices is
(
t(k)

a
σi j
, γ

(k)
i j

)
, with

γ
(k)
i j
= 0.

Without loss of generality we assume that in each ma-

trix B̃(k), the first ℓ-columns corresponding to the cost

criteria (lower is better) and the remaining n − ℓ = s

columns are beneficial criteria (higher is better).

B̃(k) =

C1 . . . Cℓ Cℓ+1 . . . Cn

A1

A2

...

Am




b̃
(k)
11

· · · b̃
(k)
1ℓ

b̃
(k)
1ℓ+1

· · · b̃
(k)
1n

b̃
(k)
21

· · · b̃
(k)
2ℓ

b̃
(k)
2ℓ+1

· · · b̃
(k)
2n

...
...

...
...

...
...
...

b̃
(k)
m1

· · · b̃
(k)
mℓ

b̃
(k)
mℓ+1

· · · b̃
(k)
mn




,

where b̃
(k)
i j
=

(
t(k)

a
σi j
, γ

(k)
i j
= 0

)
, i = 1, . . . ,m, j = 1, . . . ,n,

k = 1, . . . , d.

The distinction in the criteria makes DEA a natural to

implement in MCGDM problem. The cost criteria data-

values are considered as input data, while the beneficial

criteria data values are the output data in the DEA

model. The m alternatives act as the m DMUs. The

DEA model computes the weights w(k)
i j

of kth decision
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maker for the ith alternative on the jth criterion, i =

1, . . . ,m, j = 1, . . . ,n, k = 1, . . . , d. We shall be using the

index p to denote the cost criteria and index q for the

beneficial criteria; p = 1, . . . , ℓ; q = ℓ + 1, . . . , ℓ + s.

We use the output oriented DEA model by Charnes et

al. Charnes et al. (1978) for efficiency evaluation of a

DMUo as follows:

(M1) max

s∑

q=1

u(k)
oqΩ

−1(t(k)

aσoq , 0)

subject to

ℓ∑

p=1

v(k)
opΩ

−1(t(k)

aσop , 0) = 1

ℓ+s∑

q=ℓ+1

u(k)
iq
Ω−1(t(k)

a
σiq
, 0) −

ℓ∑

p=1

v(k)
ip
Ω−1(t(k)

a
σip
, 0) ≤ 0,

i = 1, . . . ,m,

u(k)
iq
, v(k)

ip
≥ 0,

i = 1, . . . ,m, p = 1, . . . , ℓ, q = ℓ + 1, . . . , ℓ + s.

Model (M1) is to be solved for each DMUo, o = 1, . . . ,m,

and for each decision maker k = 1, . . . , d. The opti-

mal weights of ℓ inputs v(k)
op and s outputs u(k)

oq are ob-

tained for DMUo. The optimal weight vector is w(k)
i j
=

(u(k)
ip
, v(k)

iq
, p = 1, . . . , ℓ), q = ℓ+1, . . . , ℓ+s, i = 1, . . . ,m, j =

1, . . . ,n = ℓ + s, k = 1, . . . , d. We normalize the optimal

weight vector over the index k, and obtain the aggre-

gated matrix ❇agg = [❜i j]m×n, with

❜i j = Ω

(
d∑

k=1

w
(k)
i j

d∑
k=1

w
(k)
i j

Ω−1
(
t(k)

a
σi j
, 0

))
, (1)

i = 1, . . . ,m, j = 1, . . . ,n.

4 Prospect Theory based Cross-Efficiency Evaluation

Kahneman and Tversky (1979) put forward the prospect

theory (PT) to model human behavior towards the pref-

erence structures or risk in the choices in an uncertain

environment. The following three are the guiding prin-

ciples behind their approach.

(i) Reference dependence. It means that concerning

some reference point, one can distinguish outcomes

into gains or losses. The prospect value curve do-

main gets segregated into the gain and loss do-

mains.

(ii) Loss aversion. Decision-makers have different risk

appetites towards gains and losses. In a decision

process, a decision maker is typically more sensitive

to losses than to absolute commensurate gains. For

this purpose, the prospect value curve is steeper in

the loss domain than the gain domain.

(iii) Diminishing sensitivity. It portrays a risk-averse

attitude when it comes to gains and a risk-seeking

attitude when it means losses. The value curve is

concave in the gain domain and convex in the loss

domain. Both gains and losses experience a fall in

their marginal values as their sizes grow large.

One of the most common prospect value functions

ν(∆z) representing the subjective attitude of a decision-

maker is the power function, defined as follows:

ν(∆z) =


(∆z)α ∆z ≥ 0 ,

−θ(−∆z)φ ∆z < 0.

The departure of z from the reference point z0 is∆z = z−

z0. It shows gains above z0 and loses below z0 through

its non-negative and negative values. The parameters

α ∈ (0, 1) and φ ∈ (0, 1) denote the bump degree in

the gain domain and diminishing sensitivity in the loss

domain of the power function, respectively. The greater

values of α and φ indicate the greater risk appetite of

the decision maker. The parameter θ > 0 is a loss-

aversion coefficient; θ > 1 indicates that the decision-

maker is more worrisome for losses than gains. Liu

et al. (2014) suggested to take α = φ = 0.85, andθ = 4.1.

An experimental validation by Tversky and Kahneman

(1992) advised to take α = 0.89, φ = 0.92, and θ = 2.25.

ν(∆z)

ν(−∆z0)

∆z

0 ∆z0

Loss Domain

−∆z0

Gain Domain

ν(∆z0)

Fig. 1 Value function of prospect theory
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Tversky and Kahneman (1992) added a minor exten-

sions to the prospect theory to present cumulative prospect

theory (CPT) that employs cumulative rather than sep-

arable decision weights to the value function. The CPT

has attracted attention in many diverse decision-making

areas. For example, Harel et al. (2018) compared single-

period utility of wealth functions with the value func-

tions. Wang et al. (2020) introduced CPT into three way

decision making theory and modify the weight func-

tions to incorporate nonlinear transformation of the

conditional probabilities. Liu and Li (2019) proposed

an emergency group decision-making method with in-

terval probability based on CPT. Zhao et al. (2021) pre-

sented a novel intuitionistic fuzzy CPT-TODIM method

and implemented it on stock investment selection. Re-

cently, Gao et al. (2021) investigated different weight-

ing functions and power value functions in connect-

ing the CPT with multi-attribute decision making for

predicting travel behaviour. Gazioğlu and Çalışkan

(2011) introduced a piecewise quadratic value function

and showed it to be a superior approximation of Kah-

neman–Tversky value function than piecewise power

and exponential value functions.

Using the worst and the best reference points in DEA,

Liu et al. (2019) proposed a cross-efficiency model based

on the prospect theory. The worst DMU uses maximum

inputs to yield minimum outputs, while the best DMU

does exactly the opposite by producing maximum out-

puts using the least inputs. The gain and loss of any

DMU are measured relative to values above the worst

DMU and below the best DMU.

In context of the MCGDM, the ith DMU input and out-

put data values in❇agg matrix are respectively ❜ip, p =

1, . . . , ℓ, and ❜iq, q = ℓ + 1, . . . , ℓ + s.

Definition 4 Let the reference point be the worst DMU.

The prospect gain value of pth input and qth output of

DMUi , i = 1, . . . ,m, are defined by

(G+ip)I =
(
❜
−
p − ❜ip

)α
, p = 1, . . . , ℓ,

(G+iq)O =
(
❜iq − ❜

−
q

)α
, q = ℓ + 1, . . . , ℓ + s,

where ❜−p = max
1≤i≤m

(❜ip) and ❜−q = min
1≤i≤m

(❜iq) are respec-

tively the pth input and qth output of the worst DMU.

Definition 5 Let the reference point be the best DMU.

The prospect loss values of pth input and qth output of

DMUi , i = 1, . . . ,m, are defined by

(L−ip)I = −θ
(
❜ip − ❜

+
p

)φ
, p = 1, . . . , ℓ,

(L−iq)O = −θ
(
❜
+
q − ❜iq

)φ
, q = ℓ + 1, . . . , ℓ + s,

where ❜+p = min
1≤i≤m

(❜ip) and ❜+q = max
1≤i≤m

(❜iq) are respec-

tively the pth input and qth output of the best DMU.

The decision maker always prefer to allocate weights to

inputs and outputs so to maximize gain and minimize

loss for DMUi , i = 1, . . . ,m. To accomplish this task,

Liu et al. (2019) proposed the following cross-efficiency

model for DMUi :

(CE) max η
( ℓ+s∑

q=ℓ+1

✉iq(G+iq)O +

ℓ∑

p=1

✈ip(G+ip)I

)

− (1 − η)
( ℓ+s∑

q=ℓ+1

✉iq(L−iq)O +

ℓ∑

p=1

✈ip(L−ip)I

)

subject to

l∑

p=1

✈ip❜ip = 1,

ℓ+s∑

q=ℓ+1

✉iq❜iq = 1,

ℓ+s∑

q=ℓ+1

✉iq❜iq −

l∑

p=1

✈ip❜ip ≤ 0, i = 1, . . . ,m,

✉iq, ✈ip ≥ 0, p = 1, . . . , ℓ, q = ℓ + 1, . . . , ℓ + s.

Here, η ∈ [0, 1] depicts the trade-off parameter between

the prospect gain and prospect loss for the decision

maker.

5 Proposed Methodology

Liu et al. (2019) defined cross-efficiency of DMUs based

on prospect theory. Wu et al. (2012) proposed to use

Shannon entropy for aggregating efficiencies in cross-

efficiency matrix. The entropy model generated weights

for aggregating and explaining the final cross-efficiency

values of DMUs. Song and Liu (2018) noticed that the

weights produced by Wu et al. (2012) approach are

inconsistent with acceptable views. They suggested an
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improvement in the method and introduced a variation

coefficient approach for DEA cross-efficiency aggrega-

tion based on Shannon entropy.

Taking motivation from the cited works, in this section,

we put forward a procedure to solve MCGDM prob-

lem with entries coming from the unbalanced 2-tuple

linguistic term set.

Algorithm 2 Ranking the alternatives

Step 1: Prepare a linguistic term set LS for assessing the criteria.

Convert the linguistic assessment of criteria into the correspond-

ing 2-tuple linguistic terms. If the linguistic information on cri-

teria is partly supplied in the form of tβ with β ∈ [a− f , ag] then

construct the 2−tuple linguistic assessment using the mapΩ.

Step 2: Collect the alternative-criteria matrices B̃(k) =

[b̃(k)
i j

]m×n, k = 1, . . . , d, from the d decision-makers with entries

from the set LS.

Step 3: Convert the matrix B̃(k) into the corresponding unbal-

anced 2-tuple linguistic decision matrix b̃
(k)
i j
=

(
t(k)

a
σi j
, γ

(k)
i j

)
, k =

1, . . . , d.

Step 4: Solve the model (M1) and determine the optimal weights

w(k)
i j
, i = 1, . . . ,m, j = 1, . . . ,n, with respect to ith alternative and

jth criterion for the kth decision maker k = 1, . . . , d.

Step 5: Compute the aggregated matrix ❇agg = [❜i j]m×n using

relation (1).

Step 6: Compute the prospect gain and prospect loss values by

choosing appropriate values of the parameters α, φ and θ in

Definitions 4 and 5, respectively.

Step 7: Solve the model (CE) for each alternative Ai , i = 1, . . . ,m,

to get the optimal weights ✉∗
iq
, q = 1, . . . , s, and ✈∗

ip
, p = 1, . . . , ℓ.

Step 8: Apply Algorithm 3 to compute the aggregated cross-

efficiency scores ❊
agg

i′
, i′ = 1, . . . ,m.

Step 9: Rank the alternatives in the ascending order of ❊
agg

i
, that

means, the least value of ❊
agg

i
results is the highest rank of the

alternative Ai.

Algorithm 3 Aggregated cross-efficiency scores

Step 1: Compute the cross-efficiency ❊ii′ of DMUi′ using the

optimal weights ✉∗
iq

and ✈∗
ip

by (CE) model for DMUi.

❊ii′ =
s∑

q=1
✉
∗
iq
❜i′q

/ ℓ∑
p=1
✈
∗
ip
❜i′p, i, i′ = 1, . . . ,m.

Step 2: Compute Shannon’s entropy of Eii′ defined by

eii′ = −
(
❊ii′

/ m∑

i′=1

❊ii′

)
ln

(
❊ii′

/ m∑

i′=1

❊ii′

)
, i, i′ = 1, . . . ,m.

Step 3: Compute the mean and standard deviation of entropy for

DMUi , i = 1, . . . ,m, as

ēi =
1
m

m∑
i′=1

eii′ , πi =

√
1
m

m∑
i′=1

(eii′ − ēi)
2.

Step 4: Compute the variation coefficients δi and normalize it to

find the cross-efficiency weights of alternative Ai as ξi.

δi =
πi

ēi
, ξi =

δi

m∑
i=1
δi

, i = 1, . . . ,m.

Step 5: The aggregated cross-efficiency of DMUi′ is defined by

❊
agg

i′
=

m∑
i=1
ξi❊ii′ , i′ = 1, . . . ,m.

6 Illustration

We present an example to showcase the proposed method-

ology. The example is set in the backdrop of medical

devices selection. Medical devices are expensive and

incur a high maintenance cost. Selection of the best

medical device from available options is a crucial is-

sue for a hospital. Suppose a hospital ❍ wants to im-

prove its technological level and to achieve the level it

is required to purchase a set of sensor devices by the

hospital. Medical experts have shortlisted eight sen-

sor devices {Ai, i = 1, . . . , 8}. Seven criteria are iden-

tified for assessment: maintenance support difficulty

(C1), purchase cost (C2), degree of environmental inter-

ference (C3), stability (C4), sensitivity (C5), linear range

(C6), and the degree of intelligence (C7). Among these,

C1, C2, and C3 are cost criteria thus considered as in-

puts while C4, C5, C6, and C7 are beneficial criteria

taken as outputs in DEA model (M1). Four decision-

makers Dk, k = 1, . . . , 4, evaluate eight alternatives on

seven criteria from the linguistic term set with the fol-

lowing semantic representation:
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LS = {t2(−4) : very disappointing (❱❉),

t2(−3) : disappointing (❉), t2(−2) : unsatisfactory (❯),

t2(−1) : partly unsatisfactory (P❯),

t2(0) : just right (❏❘), t2(1) : slightly satisfactory (❙❙),

t2(2) : satisfactory (❙), t2(3) : more than satisfactory(▼❙),

t2(3) : very satisfactory (❱❙)}.

Table 1 exhibits the alternative-criteria assessment ma-

trices with entries provided by the decision-makers

from the set LS.

Table 1 Alternative-criteria assessment by four decision-makers

(read in the order of the tuple from left to right)

.

C1 C2 C3 C4 C5 C6 C7

A1 ❙❙, P❯, ❙, P❯, ❏❘, ❏❘, ❙, P❯, ❙❙, P❯, ❏❘, ❏❘, ❙, ❙,

❏❘, ❯ ❙❙, P❯ ❯, ❙❙ P❯, ❯ ❯, ❙ P❯, ❉ ❯, P❯

A2 P❯, ❉, ❙❙, P❯, ❙, P❯, ❙, ❙❙, ❙, ❏❘, ❏❘, ❉, ❙❙, ❱❉,

❉, ❏❘ ❙❙, ❏❘ ❉, ❯ ❉, ❏❘ ❉, P❯ ❉, ❏❘ ❉, ❉

A3 ▼❙, ❱❙, ▼❙, ❱❙, ❙, ❙❙, ❙, ❙, ❱❙,▼❙, ▼❙,▼❙, ❙, ❱❙,

P❯, ❏❘ ❙,▼❙ ❙, ❙ ❙,▼❙ ❏❘, ❙❙ ❱❙, ❙ P❯, ❙❙

A4 ❙, P❯, ▼❙, ❯, ❙❙, ❙, ❙, ❉, ❙,▼❙, ▼❙, ❙, ❙❙, ❱❙,

❱❉, ❙❙ ❉, ❏❘ ❏❘, ❱❉ P❯, ❉ ❯, ❙ ❙❙, P❯ ❙❙, ❏❘

A5 ▼❙,▼❙, ❙, ❏❘, ▼❙, ❏❘, ❙❙, ❙❙, ❏❘, P❯, ❯, P❯, ❱❙,▼❙,

❏❘, P❯ ❯, ❙❙ P❯, ❏❘ P❯, ❏❘ ❙, ❙ ❉, ❙ ❙, ❏❘

A6 ❏❘, ❙, ❙, ❙❙, ❱❙,▼❙, ❙,▼❙, ❙❙,▼❙, ❙, ❙❙, P❯, ❏❘,

❙❙, P❯ ❙,▼❙ ❙, ❙❙ P❯, ❯ ❱❙, ❙ ❏❘, ❱❙ ❙, ❉

A7 ❙❙, ❙❙, ❙❙, ❙, ❙, ❙❙, ❙, ❙❙, ❙❙, ❏❘, ❙,▼❙, ❙❙, ❏❘,

❙, ❙❙ ❏❘, ❱❙ ❏❘,▼❙ ❙, ❉ ❙❙, ❏❘ ▼❙,▼❙ ❏❘, ❙

A8 P❯, ❏❘, ❙❙, ❙❙, ❙, ❯, ❏❘, ❏❘, ❱❙, P❯, ❙, ❯, ❯, P❯,

❏❘, ❏❘ ❏❘, ❯ P❯, P❯ ❏❘, ❯ ❙❙, ❏❘ ❉, ❙❙ ❏❘, ❏❘

Table 2 reports the optimal weights for alternative-

criteria of the decision-makers on solving model (M1).

The aggregated matrix ❇agg obtained is as follows:

Table 2 Optimal weights by model (M1) on alternative-criteria

matrices of the decision-makers.

Matr- Alter- C1 C2 C3 C4 C5 C6 C7

ices natives

A1 0 0.2 0.182 0.072 0.031 0.13 0.13

A2 0 0.19 0.16 0.2 0.05 0.03 0

A3 0 0.088 0.073 0 0.005 0.093 0.04

B̃(1) A4 0 0.105 0.0714 0 0 0.125 0

A5 0 0.135 0.057 0.1 0 0 0.05

A6 0.2 0.2 0 0.1 0 0.1 0

A7 0 0.214 0.14 0 0 0.25 0

A8 0 0 0.25 0 0.063 0 0

A1 0.52 0 0.74 0.2 0 0.15 0.16

A2 0 0 2 0 1 0 0

A3 0 0 0.125 0.005 0.035 0.008 0.011

B̃(2) A4 0 0 0.25 0 0.125 0 0

A5 0.325 0 0.36 0.11 0 0 0.0984

A6 0 0.45 0.012 0.11 0.018 0 0

A7 0 0.23 0.094 0.073 0 0.1 0

A8 0 0.09 3.25 0.32 0.99 0 0.26

A1 0.67 0 1.33 0.88 0.22 0 0

A2 3.15 0.09 3.3 3.62 0.52 0 0.23

A3 0.09 0 0.24 0.011 0.05 0.06 0

B̃(3) A4 0.253 0 0.98 0 0 0.25 0

A5 0.78 0 0.43 0.49 0.19 0 0

A6 0.5 0 0 0.04 0.04 0 0.08

A7 0.2 0.06 0.21 0.23 0.04 0 0

A8 0.68 0.013 0.62 0.67 0.16 0 0

A1 0.39 0.2 0.4 0 0.25 0 0

A2 0.61 0 1.55 0.71 0 0.29 0

A3 0.023 0.094 0.055 0.113 0.032 0 0.013

B̃(4) A4 0.356 0.27 0.28 0 0.144 0 0.42

A5 0.59 0.35 0 0.27 0 0.06 0.5

A6 0.29 0.054 0 0 0 0.063 0

A7 0.5 0 0 0 0 0 0.25

A8 0.9 0.24 0.08 0 0 0 1
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0.651 2.237 0.775 0.719 2.23 1 4

0.267 2 0.346 0.533 0.802 1 0.125

0.603 4.377 5.019 7.504 3.909 10.854 5.631

1.196 2.96 1.350 0 5.859 4 1

1.017 2.556 1.222 0.965 4 4 3.23

1.363 3.025 8 5.136 13.559 8.615 4

2.563 2.789 1.955 3.52 2 5.143 4

1 0.756 2.536 1 7.433 0 0.896




We take η = 0.5, α = 0.89, φ = 0.92 and θ = 2.25,

and solve (CE) model for each of the alternatives. The

parameters values are set following Kahneman and

Tversky (1979), while in the absence of any information

on the trade-off between loss and gain, we set η = 0.5.

Table 3 exhibits the optimal weights from (CE) model

and Table 4 provides the cross-efficiency values ❊ii′ ,

i, i′ = 1, . . . , 8.

Table 3 Optimal solution of model (CE) for each alternatives.

C1 C2 C3 C4 C5 C6 C7

A1 1.403 0 0.112 0 0 0 0.25

A2 0.94 0 2.166 0.341 0 0.818 0

A3 1.659 0 0 0 0 0.092 0

A4 0.49 0 0.307 0 0.171 0 0

A5 0.722 0 0.218 0.1473 0.061 0.052

A6 0.734 0 0 0 0.074 0 0

A7 0 0.003 0.507 0.0849 0 0.136 0

A8 0 1.322 0 0 0.135 0 0

Table 4 The cross-efficiency ❊ii′ , i, i′ = 1, . . . , 8, for the alterna-

tives.

A1 A2 A3 A4 A5 A6 A7 A8

A1 1 0.076 1 0.137 0.516 0.356 0.262 0.133

A2 0.464 1 1 0.81 1 0.473 0.814 0.053

A3 0.085 0.208 1 0.186 0.218 0.351 0.111 0

A4 0.684 0.578 0.363 1 0.782 0.741 0.184 1

A5 0.936 0.691 0.999 0.999 1 1 0.358 0.895

A6 0.344 0.302 0.652 0.493 0.395 1 0.079 0.747

A7 0.493 0.998 0.827 0.786 0.999 0.396 1 0.066

A8 0.101 0.041 0.091 0.201 0.16 0.456 0.073 1

We next compute the entropy values of the cross effi-

ciencies, and list the same in Table 5.

Table 5 Entropy eii′ , i, i′ = 1, . . . , 8, of cross-efficiency values.

A1 A2 A3 A4 A5 A6 A7 A8

A1 0.358 0.083 0.358 0.127 0.283 0.233 0.195 0.125

A2 0.206 0.307 0.307 0.279 0.307 0.208 0.280 0.044

A3 0.128 0.225 0.357 0.211 0.232 0.295 0.153 0

A4 0.263 0.241 0.183 0.314 0.282 0.274 0.116 0.314

A5 0.271 0.231 0.280 0.280 0.280 0.280 0.154 0.265

A6 0.211 0.195 0.295 0.258 0.228 0.346 0.077 0.313

A7 0.215 0.308 0.283 0.276 0.308 0.188 0.308 0.053

A8 0.145 0.076 0.135 0.223 0.194 0.330 0.116 0.355

Table 6 presents the cross-efficiency weights ξ, i =

1, . . . , 8, of alternatives, the aggregated cross -efficiency

scores, and ranks of alternatives.

Table 6 Aggregated cross-efficiency and ranking of alternatives.

ξi ❊
agg

i
Rank

A1 0.157 0.457 5

A2 0.121 0.421 7

A3 0.1767 0.732 1

A4 0.089 0.481 4

A5 0.056 0.558 2

A6 0.114 0.535 3

A7 0.119 0.337 8

A8 0.166 0.426 6

Keeping the parameters α = 0.89, φ = 0.92 and θ =

2.25, at the same levels, we vary the trade-off parame-

ters η ∈ (0, 1), to see the change it brought in the ranks

of the alternatives. The results are summarized in Table

7.
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Table 7 Ranks of alternatives for different values of η in (0, 1).

η→

Alternatives ↓ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

A1 1 3 1 3 5 2 3 3 2

A2 8 8 8 8 7 8 8 8 8

A3 2 1 2 1 1 1 1 1 1

A4 7 7 7 7 4 7 7 7 7

A5 5 6 5 5 2 4 5 5 4

A6 3 2 3 2 3 3 2 2 3

A7 6 5 6 6 8 6 6 6 6

A8 4 4 4 4 6 5 4 4 5

The different values of the parameter η capturing dif-

ferent perspectives towards gain and loss yield differ-

ent rankings of alternatives that cannot be ignored. We

apply Kendall’s coefficient of concordance test to test

the statistical significance of rank change for the pes-

simistic and optimistic situations. Kendall’s coefficient

of concordance assesses an agreement between quanti-

tative variables used to evaluate a collection of a finite

number of items of interest. The test statistics W is cal-

culated as follows:

W =

12
m∑

i=1
(Ri − R̄)2

τ2(m3 −m)
,

where Ri is the sum of ranks for the ith object judged by

τ assessing variables, R̄ is the mean of all Ri values, τ

is the number of judgments on m objects. The random

variable χ2 = τ(m − 1)W is asymptotically chi-square

distributed with m − 1 degrees of freedom.

We first consider the pessimistic case when

η = 0.1, 0.2, 0.3, 0.4, 0.5, so, τ = 5 (judges) and m = 8

alternatives (A1, . . . ,A8). The null hypothesis and the

alternative hypothesis are set as follows:

H0
pess : there is no concordance in rankings of alterna-

tives in pessimistic case;

H1
pess : there is a concordance in rankings of alternatives

in pessimistic case.

The test statistics W = 0.81524, and χ2 = 28.5334 with

p-value equals 0.000176. The null hypothesis gets re-

jected. On the similar lines, in the optimistic case when

η = 0.5, 0.6, 0.7, 0.8, 0.9, the test statistics W = 0.87,

and χ2 = 30.47 with the p-value equals 0.000078. The

null hypothesis of no concordance in rankings of alter-

natives in optimistic case also gets rejected.

7 Conclusions

The highlighting contributions of our paper are four-

folds. Firstly, we have used the 2-tuple unbalanced lin-

guistic term set that provides a broader and more real-

istic domain set for the decision-makers in supplying

the alternative-criteria judgment matrices. Unlike sev-

eral other studies on multi-criteria decision-making de-

manding precise numerical quantification, the linguis-

tic terms embrace decision-makers’ multi-granularity

and cognitive process in comprehending the available

alternatives on different criteria.

Secondly, we present the DEA optimization model to

compute the weights of the decision-makers on each

alternative-criteria pair in the group decision-making.

The DEA model incorporates complete information

from the input criteria (or cost criteria) and output cri-

teria (or beneficial criteria) from the decision matrices

to designate weights that enable the computation of

one aggregated decision matrix.

Thirdly, taking inspiration from the well-known TOP-

SIS method for MCDM, we determine the positive ideal

(the best) and negative ideal (the worst) alternatives

and use the prospect theory to determine the alterna-

tives’ gain and loss values concerning the two ideal

options. The prospect theory value function allows for

segregating the gain and loss domains based on the

risk perspective, where guaranteed small gains are pre-

ferred over uncertain large gains and large uncertain

losses get preferred over certain small losses.

Finally, we put forward a cross-efficiency DEA op-

timization model and aggregation of cross-efficiency

scores to rank the alternatives.

The proposed methodology offers a comprehensive

package that includes ease for decision-makers in pro-

viding their judgment on alternative-criteria in the quan-

titative form rather than numeric; computing the weights

of decision-makers on alternative-criteria rather than

knowing them prior; imparting more weights to the

distance measure of alternatives from the ideal options

on the cost criteria than to the benefit ones by utilizing

the prospect theory value function; finally including

cross-efficiency to rank the alternatives.



Linguistic MCGDM using Prospect Theory 11

We present a numerical example to illustrate the pro-

posed methodology. The rankings obtained on varying

the parameter in the cross-efficiency model get statis-

tically tested for concordance or agreement. The null

hypothesis of no concordance is rejected at a very high

confidence level, thereby showing the efficacy and ro-

bustness of the proposed methodology in ranking the

alternatives both in the pessimistic and optimistic sit-

uations.

For future works, a promising research avenue could be

to use personalized individual semantics to represent

the distinct understanding of each linguistic term by

individual decision-maker. We can also explore using

the utility function of cumulative prospect theory in

MCGDM. In addition, we can employ different cross-

efficiency data envelopment analysis models, includ-

ing satisfaction and consensus information for ranking.
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