
Measurement of Entropy and Quantum Coherence
Properties of Two Type-I Entangled Photonic Qubits
ali motazedifard  (  motazedifard.ali@gmail.com )

"Iranian Center for Quantum Technologies (ICQTs)" https://orcid.org/0000-0002-3537-565X
Seyed Ahmad Madani 

"Iranian Center for Quantum Technologies (ICQTs)"
Nader Sobhkhiz Vayaghan 

"Iranian Center for Quantum Technologies (ICQTs)"

Research Article

Keywords: Spontaneous Parametric Down-Conversion (SPDC), Polarization-Entanglement, Quantum
State Tomography (QST), Entropy

Posted Date: June 11th, 2021

DOI: https://doi.org/10.21203/rs.3.rs-597657/v1

License:   This work is licensed under a Creative Commons Attribution 4.0 International License.  
Read Full License

Version of Record: A version of this preprint was published at Optical and Quantum Electronics on July
1st, 2021. See the published version at https://doi.org/10.1007/s11082-021-03067-8.

https://doi.org/10.21203/rs.3.rs-597657/v1
mailto:motazedifard.ali@gmail.com
https://orcid.org/0000-0002-3537-565X
https://doi.org/10.21203/rs.3.rs-597657/v1
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/s11082-021-03067-8


Measurement of entropy and quantum coherence properties of two type-I entangled photonic qubits
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Using the type-I SPDC process in BBO nonlinear crystal (NLC), we generate a polarization-entangled state
near to the maximally-entangled Bell-state with high-visibility 98.50 ± 1.33 % (87.71 ± 4.45 %) for HV (DA)
basis. We calculate the CHSH version of the Bell inequality, as a nonlocal realism test, and find a strong violation
from the classical physics or any hidden variable theory (HVT), S = 2.71±0.10. Via measuring the coincidence
count (CC) rate in the SPDC process, we obtain the quantum efficiency of single-photon detectors (SPDs) around
(25.5 ± 3.4)%, which is in good agreement to their manufacturer company. As expected, we verify the linear
dependency of the CC rate vs. pump power of input CW-laser, which may yield to find the effective second-order
susceptibility crystal. Using the theory of the measurement of qubits, includes a tomographic reconstruction of
quantum states due to the linear set of 16 polarization-measurement, together with a maximum-likelihood-
technique (MLT), which is based on the numerical optimization, we calculate the physical non-negative definite
density matrices, which implies on the non-separability and entanglement of prepared state. By having the
maximum likelihood density operator, we calculate precisely the entanglement measures such as Concurrence,
entanglement of formation, tangle, logarithmic negativity, and different entanglement entropies such as linear
entropy, Von-Neumann entropy, and Renyi 2-entropy.

Keywords: Spontaneous Parametric Down-Conversion (SPDC), Polarization-Entanglement, Quantum State Tomography
(QST), Entropy

I. INTRODUCTION

Creation, preparation, manipulation, and characterization
of entangled quantum states, i.e., entanglement measures and
density operator, are important in different areas of quantum
technologies such as quantum computing, quantum cryptog-
raphy, quantum communications, quantum metrology as well
as the fundamentals of quantum information sciences. To
date, the cleanest, easiest, and most inexpensive and acces-
sible entanglement source, notably the polarization entangle-
ment source, can be realized via the process of spontaneous
parametric down-conversion (SPDC) in a nonlinear crystal
(NLC) (for a review, see [1, 2]).

SPDC is the well-known nonlinear optical process, in
which a classical pump laser beam at higher frequency
is incident onto an optical nonlinear material which under
the so-called phase-matching (PM) conditions, i.e., energy-
momentum conservation, a twin-photons beam, i.e., an entan-
gled pair of signal-idler photons at lower frequencies, is gen-
erated out of quantum vacuum [1, 2]. In contrast to the other
sources such as superconductors or electromechanical sys-
tems, SPDC sources are more inexpensive, user-friendly, and
work at room-temperature, need no cooling, and finally could
be on-chip using integrated quantum photonic techniques to
be commercialized, and that is why the people are interested
in. During these three decades the SPDC in NLCs has been a
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variety range of applications in quantum metrology, quantum
communication, quantum computing, quantum information,
and quantum thermodynamics (for more details and a review,
see Ref. [3]). Among these one can remark, for example, EPR
realization [4], the entanglement generation [5, 6], quantum
state teleportation [7], quantum ellipsometry [8, 9], quantum
illumination [10–17], quantum spectroscopy [18–21], squeez-
ing generation [22], quantum imaging [23–27], quantum com-
munication [28–37], nonlocal realism tests [4, 38–42].

Quantum state tomography (QST) is the most important ap-
proach for characterization of quantum state of system that
leads to reconstruction of the density matrices operator of the
system (DMOS), which includes all information of system
such as probabilities and coherences. Also, the evolution of
the density matrices enable us to evaluate the environmental
effects on the quantum state of the system, and decoherence
effects. It has been shown theoretically and experimentally
[43–45] that using the theory of the measurement of qubits,
which includes a tomographic reconstruction of the DMOS
due to the linear set of 16 polarization-measurement, to-
gether with the numerical optimization method, the so-called
maximum-likelihood-technique (MLT), one can obtain and re-
construct the non-negative definite density operator for a pre-
pared entangled state or any other prepared quantum state in
the polarization basis. By having the density operator, one can
calculate all quantum coherence properties or entanglement
criteria. Moreover, very recently, it has been theoretically
developed and experimentally demonstrated a new method,
resource- and computationally efficient, for quantum state to-
mography in Fock basis via Wigner function reconstruction
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and semidefinite programming [46]. They have shown that
obtained density operator from this method is robust against
the noise of measurement and relies on no approximate state
displacements, and requires all physical properties. Further-
more, using the introduced method of Ref. [43], a new novel
and scalable method have been developed and demonstrated
[47] for Scalable on-chip QST, which is based on expanding
a multi-photon state to larger dimensionality. It leads to scale
linearly with the number of qubits and provides a tomograph-
ically complete set of data with no reconfigurability.

Here in this paper, based on the above-mentioned inves-
tigations, we are motivated to try to prepare a polarization-
entangled state in order to experimentally measure the en-
tropy and criteria associated with the entanglement of the
prepared quantum state. By pumping a thin pair of type-I
BBO NLCs with optical axis (OA) orthogonal to each other
at wavelength 405nm and 45◦-polarization, by tuning the op-
tical compensator (C) to require the PM conditions, we gen-
erate approximately the maximally-entangled Bell state, a
signal-idler biphoton wavepacket at wavelength 810nm, with
high-brightness and degree of entanglement which shows a
strong violation from the prediction of classical physics or
HVTs. Also, by measuring the coincidence count (CC) rate
of the SPDC process in a thin single-BBO NLC, we obtain
the quantum efficiency of single-photon detectors (SPDs) as
(26.7±4.2)% and (24.4±2.4)%, which are in good agreement
to their manufacturer company. Also, we verify the linear de-
pendency of the CC rate vs. pump power of input CW-laser,
which may lead to obtaining the effective second-order sus-
ceptibility crystal by knowing other properties of NLC. Fi-
nally, via the QST and using the MLT, we obtain the phys-
ical density matrices. Therefore, by having the DMOS we
calculate the Concurrence, entanglement of formation, tangle,
linear entropy, Von-Neumann entropy, Renyi 2-entropy, and
logarithmic negativity, as the quantum coherence criteria of
our prepared quantum state of two entangled photonic qubits.

The paper is organized as follows. In Sec. (II), we present
the theory of generation of the entangled state by the SPDC
process in NLC. In Sec. (III), the experimental setup and Bell
test results are shown. Reconstruction of density operator
and QST of our prepared entangled state is also presented in
Sec. (III). Moreover, in this section after obtaining the density
operator we calculate the entanglement measures as well as
entanglement entropy measures. Finally, we summarize our
conclusion in Sec. (IV).

II. THEORY

A. Hamiltonian and the density operator

The Hamiltonian describing the type-I process of the
SPDC which leads to producing a two-mode squeezed and
polarization-entangled signal-idler photons can be written as
(for more details see Refs. ([2, 48, 49])

Ĥ = ig(â†(s)
H

â
†(i)
H
+ â
†(s)
V

â
†(i)
V

) + h.c., (1)

where â
(s(i))
H(V) is the bosonic annihilation operator of the spatial

mode s(i) with H (V) polarization. Using the su(1, 1) alge-
bra operators which obey [L̂−, L̂+] = 2L̂z and [L̂z, L̂±] = ±L±
with L̂+ = â

†(s)
H

â
†(i)
H
+ â

†(s)
V

â
†(i)
V

and L̂z = N̂ + 1
2 1̂ where

N̂ = n̂
(s)
H
+n̂

(s)
V
+n̂

(i)
H
+n̂

(i)
V

, one can rewrite the Hamiltonian, thus,
it is straightforward to verify that the two-mode squeezed and
entangled state produced via the SPDC can be written as

|Ψ〉 = e−iĤt |0〉 = eτ(L̂+−L̂−)|0〉 = (1 − p2)epL̂+ |0〉, (2)

where |0〉 denotes the vacuum state of all modes, q = tanh2 τ
being the effective parameter of the SPDC process and τ = gt

can be assumed to be real and positive. Experimentally, the
controllable parameter q is kept small below 10−2, i.e., τ be-
low 10−2. The entangled-state of SPDC, Eq. (2) can be in-
terpreted as an incoherent mixture of different Fock states.
Therefore, the normalized density operator of the type-I en-
tangled state due to the SPDC process can be written as [49]

ρ̂
(En,I)
SPDC = (1 − q2)

∑

n=0

(n + 1)qn|ψn〉〈ψn|, (3)

where |ψn〉 = 1
n!
√

n+1
L̂n
+|0〉 is the pure state when n photon-

pair excitations occur during the process of down-conversion.
For simplicity, one can rewrite it in non-normalized form as
follows

ρ̂En,I
SPDC =

∑

n=0

n + 1
2n

pn|ψn〉〈ψn|

= |0〉〈0| + p|ψ1〉〈ψ1| + O(p2), (4)

such that TrρEn,I
SPDC = (1− 2p)−2, and p = 2q is the contribution

of the desired type-I entangled Bell-state (EPR-state) due to
the SPDC as

|ψ1〉 := |ψI〉 =
1
√

2
(|1H〉s|1H〉i + |1V〉s|1V〉i) =

=
1
√

2
(|H〉s|H〉i + |V〉s|V〉i). (5)

Note that the above state is a fully non-separable state as the
basic definition of the entangled state. This non-factorisable
state means that the state of one signal-photon cannot be spec-
ified without making reference to the other idler-photon and
vise versa. On the other hands, although a large value of p in-
creases the production rate of the target maximally entangled
two-photon states due to the SPDC, |ψ1〉, it also increases the
relative contribution of multi-photon states, |ψn>1〉, due to the
SPDC process. Our goals in this work are preparation of the
entangled state near to the maximally entangled-state |ψI〉 and
its characterization.

Let us compare the state of the entangled photons via the
SPDC and the non-normalized density operator of a single-
photon (SP) source which can be written as [49]

ρ̂SP =
∑

n=0

p̄n−1|n〉〈n| = |1〉〈1| + p̄|2〉〈2| + O( p̄2), (6)

where Trρ̂SP = (1− p̄)−1. Note that the desired SP is produced
at the zeroth order in p̄, which in the current experiment is in
order of 10−4, while in the SPDC process the entangle two-
photon pair occurs at the first order in p in Eq. (4).
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B. probability of polarization measurements

As is seen in Eq.(5), the polarization of signal and idler
photons can be both vertical or both horizontal with equal
probability at each time. We can instead measure the polar-
ization with polarizers rotated by an angle α at rotated basis
(Vα,Hα)T = ¯̄R(α)(V,H)T where R(α) being rotation matrices
with R11 = R22 = cosα and R12 = −R21 = sinα. In this ba-
sis, the state is 1√

2
(|Hα〉s|Hα〉i + |Vα〉s|Vα〉i). It is clear if we

measure in this new basis, we obtain the same results as in the
old basis, half the time both are |Vα〉 and half another one both
are in |Hα〉. Based on the EPR interpretation of entangled-
state, one can measure the signal-polarization and infer with
certainty the idler-polarization. It should be noted that there is
uncertainty between polarizations in different bases. For ex-
ample, all information of a photon’s polarization in the bases
(V0◦ ,H0◦ ) implies complete uncertainty of its polarization in
the bases (V45◦ ,H45◦ ).

Our BBO NLC is cut for type-I PM, in which the signal
and idler photons emerge with the same polarization but or-
thogonal to the pump photon. Note that each NLC can only
support down-conversion of one pump polarization while the
other polarization passes through the crystal unchanged. To
generation of polarization-entanglement, one should use two
BBO NLCs with orthogonal OA, i.e., one rotated 90◦ from
the other, so that either pump polarization can down-convert
as |Vp〉 → |Hs〉|Hi〉 and |Hp〉 → ei∆|Vs〉|Vi〉, where ∆ is a phase
because of dispersion and birefringence effects in the BBO
NLCs.

Generally, to create an entangled state, we linearly polar-
ize the pump beam at an angle θp from the vertical and then
shift the phase of one polarization component through pass-
ing a compensator, for example a birefringent plate, by φc

which leads to the pump state at crystal entrance as |ψp〉 =
cos θp|Vp〉+eiφc sin θp|Hp〉. Thus, the down-converted photons
state is given by

|ψDC〉 = cos θp|HsHi〉 + eiφ sin θp|VsVi〉, (7)

where φ = φc + ∆ being the total phase difference of the two
polarization components. In the experiment to generate the
maximally entangled-state, one must try to generate the equal
probabilities for H and V polarization, i.e., θp = 45◦, means
that one should illuminate the NLCs with 45◦-polarized pump.

For measuring the polarization of down-converted sig-
nal0idler photons, we place the polarizers rotated at angles
α and bβ in the signal and idler paths, respectively. Note
that in our experiment the combination of a half-wave plate
(HWP) at angled θ

2 together a polarizing beam splitter (PBS)
or a Rochon beam splitter plays the role of a polarizer P at an-
gle θ. For any pair of polarizer angles there are four possible
outcomes oαo′β (with o, o′ = H,V) which indicate the mea-
surement outcome one photon in polarization state oα and the
other one is in o′β. Therefore, all possible probabilities of co-
incidence detection of a signal-idler photon pair produced in
SPDC state (7), Poo′ (α, β) = |〈o(s)

α o′(i)β |ψDC〉|2 with o, o′ = H,V

can be easily obtained. For example,

PVV (α, β) = | sinα sin β cos θp + eiφ cosα cos β sin θp|2,
= sin2 α sin2 β cos2 θp + cos2 α cos2 β sin2 θp

+
1
4

sin2 α sin2 β sin2 θp cos φ (8)

where for φ = 0 and θp = π/4 it becomes PVV (α, β) =
1
2 cos2(β− α), which only depends on the relative angle β− α.
The last term proportional to cos φ shows the interference be-
tween the HH and VV pasts in the quantum state of light
which depends on ∆, pump, signal and idler photon wave-
lengths, and angle, as well as crystal properties. Because of
the finite linewidth of the input laser and also since we collect
photons over a finite solid angle and wavelength range of φ.
Therefore, we replace cos φ by its average 〈cos φ〉 = cos φm.

Let us illustrate the effect of quantum measurement on the
entangled EPR-state (5) [41]. Quantum physics allows mea-
surement of one photon to influence the state of another pho-
ton instantly. If the signal photon is measured at polarization
angle α, its result will be Hα or Vα that each occurring half
the time with the same probability. Thus, the state has col-
lapsed at the moment of measurement to either |H(s)

α H
(i)
α 〉 or

|V (s)
α V

(i)
α 〉. But, it cannot determine the state of the idler; since

it is the random outcome of the measurement on the signal
photon which decides whether the idler to be found as |V (i)

α 〉
or |H(i)

α 〉. Note that the choice of polarization angle α affects
on the state of the idler photon such that gives it a definite
polarization in the |V (i)

α 〉 or |H(i)
α 〉, which it did not have be-

fore the measurement. This process describes the nonlocality,
i.e., the quantum state of a subsystem changes instantly al-
though the subsystems or particles are separated by a large
distance. This instantaneous action at a distance leads to para-
doxes about sending messages to earlier times, and is forbid-
den by theory of special relativity. Fortunately, in this case
the quantum randomness prevents any paradoxes. The mea-
surement on the signal photon cannot be observed alone in
measurements on the state of the idler photon. After measur-
ing the signal photon, the idler photon is equally likely to be
Hα or Vα. Therefore, a polarization measurement at any an-
gle β, for example, leads to find Vβ with probability PV (β) =
1
2 |〈Vβ|Vα〉2 + 〈Vβ|Hα〉2| = 1

2 [cos2(β−α)+ sin2(β−α)] = 1
2 . As

is evident, this measurement gives no information about the
angle α. Even if the signal had not been measured, we still
would find its probability the same. In this interpretation, the
results of quantum measurement on the EPR-entangled-state
are consistent with relativistic causality. It should be noted
this consistency is achievable by balancing: (i) the particles
nonlocally influence each other, and (ii) the nature random-
ness prevents from sending messages that way, which implies
on the so-called spooky actions at a distance [41] in quantum
theory.
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C. A local realistic HVT and Bell’s inequality as the nonlocal

reality

Some physicists, the most famous one was Einstein, had
been believed that there could be existed a realistic, complete
and local theory to replace quantum mechanics. In the pro-
ceeding we describe such a theory, a local realistic HVT as a
classical-like theory [see Refs. ([50, 51])]. In this HVT, each
photon with a polarization angle ǫ does not behave similar to
polarization in quantum mechanics. Whenever a photon inci-
dent on a polarizer set to an angle γ, it will always register as
Vγ if ǫ is closer to γ than to γ + π/2 such that for |γ − ǫ| ≤ π/4
and |γ − ǫ | > 3π/4, P

(HVT)
V

(γ, ǫ) = 1, otherwise it is zero. In
type-I BBO, the signal and idler have the same polarization
ǫs = ǫi = ǫ. When pairs are generated, ǫ changes in an un-
predictable manner that uniformly covers the whole range of
possible polarizations. Note that ǫ is the hidden variable, i.e.,
a piece of information that is absent from quantum mechanics.

HVTs have no spooky properties of quantum mechanics
and are local, it means that the measurement outcomes are
determined by properties at the measurement site. Any mea-
surement on the signal (idler) photon is labeled by ǫs and α
(ǫi and β). A realistic theory implies on that all measurable
physical quantities are independent of our knowledge of them,
and should have definite values. Furthermore, for a given ǫ,
the theory is complete and specifies all of the possible values.
Moreover, there is no constrain on ǫ to be random and changes
deterministically such that remains to be discovered in HVTs.

To compare HVT to quantum mechanics, one should pre-
dict the coincidence probability which occurs when ǫ is in a
range such that both polarization angles α and β are close to ǫ.
This coincidence probability is given by [to see general HVT
approach see Ref. ([41])]

P
(HVT)
VV

(α, β) =
1
π

∫ π

0
P

(HVT)
V

(α, ǫ)P(HVT)
v (β, ǫ)dǫ

=
1
2
− |β − α|

π
. (9)

The above coincidence probability obtained from HVT is lin-
ear vs. |β − α| while its quantum analogous depends on
cos2(β − α). As is evident, both predictions are fairly similar,
but where they disagree, quantum mechanics predicts stronger
correlations or stronger anti-correlations than any HVTs.

Note that HVT introduced here is very simple, and it agrees
pretty well with quantum mechanics [41]. Although it might
be thought that some slight modification would bring our HVT
into perfect agreement with quantum mechanics, in 1964, Bell
showed that this is impossible [50, 51]. He derived his in-
equality, the so-called Bell’s inequality, and showed all HVTs
obey, while quantum mechanics violates. Here, in the pro-
ceeding, we will use CHSH (Clauser, Horne, Shimony, and
Holt) inequality [52] which is slightly different from the orig-
inal Bell’s inequality, but it is still called Bell inequality.

Bell introduced an inequality which constrains the de-
gree of polarization correlation under measurements at dif-
ferent polarizer angles. Bell inequality includes two measures
E(α, β) and S . The first one incorporates all possible measure-
ment outcomes and varies from −1 (when the polarizations

always agree) to +1 (when the polarizations always disagree)
and is given by [50, 52]

E(α, β) =PVV (α, β)+PHH(α, β)−PVH(α, β)−PHV (α, β). (10)

To find the E measure, one needs to calculate the above prob-
abilities PVV (α, β) = N(α, β)/Ntot, PVH(α, β) = N(α, β⊥)/Ntot,
PHV (α, β) = N(α⊥, β)/Ntot and PHH(α, β) = N(α⊥, β⊥)/Ntot

where Ntot = N(α, β)+N(α⊥, β)+N(α, β⊥)+N(α⊥, β⊥) is the
total number of pairs detected (with o⊥ = o + 90◦).

Note that measuring E requires coincidence measurement
in equal time intervals with the polarizers set four different
angles. In this manner, we assume that the flux of photon
pairs is the same in each interval and is not dependent on the
polarizer settings. Although they create a loophole, but, are
sensible and reasonable. Under the assumption that the polar-
izer settings influence the rate of down-conversion, an HVT
can account for any results we observe. But, there is no evi-
dence to support such a hypothesis. Nevertheless, by accept-
ing locality and realism, an ad hoc hypothesis of this sort may
be more plausible than the alternative.

The quantity E(α, β) requires four N measurements and can
be simplified as

E(α, β) =
N(α, β) + N(α⊥, β⊥) − N(α, β⊥) − N(α⊥, β)
N(α, β) + N(α⊥, β⊥) + N(α, β⊥) + N(α⊥, β)

, (11)

The second measure S is given by [50, 52]

S = |E(a, b) − E(a, b′)| + |E(a′, b) + E(a′, b′)| , (12)

where a, b, a′, b′ are different polarizer angles, and requires
sixteen coincidence count measurement. It should be noted
that the measure S is interestingly theory-independent and has
no clear physical meaning. Its importance originates from the
fact that for any HVT and arbitrary angles it can be proved
that |S | ≤ 2 [41, 50, 52]. Surprisingly, it can be shown that
quantum mechanics can violate this inequality by considering
non-maximally entangled-state (7) or can maximize it for the
maximally entangled-state (5), which is equivalent to the visi-
bility of coincidence probabilityV > 0.71 in both H-V and D-
A basis (here, visibility is defined asV = |PHH−PVV |

PHH+PVV
or |PDD−PAA |

PDD+PAA

). By choosing the polarizer angles a = −45◦, b = −22.5◦,
a′ = 0 (V), and b′ = +22.5◦, one can find that S (QM) = 2

√
2

for any maximally entangled EPR-state (5). Other quantum
states give lower values of Smax = S (QM). Interestingly, for
these angles, our simple HVT gives the maximum S-value
S (HVT) = 2 (It can be proved for any general HVT).

The Bell inequality emphasizes that no local and realistic
theory ( or complete theory in the EPR context) will ever agree
with quantum mechanics. The challenge of whether nature
agrees with quantum mechanics or any HVT or classical the-
ory which obeys the Bell inequality can be verified by mea-
suring S−value of entangled state generated by a NLC or any
source of entanglement which produces the entangled EPR-
state like (5) or (7). If S > 2 (V > 0.71), we will have violated
the Bell inequality and disproved all HVTs or classical theory.
While if we find S < 2, both quantum mechanics and HVTs
or classical theory are consistent with this result. To make
sure from the reliability of the measurement of the violation,
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one should compute the statistical uncertainty of measured S .
By considering σNi

=
√

Ni, it can be easily obtained the un-

certainty as σS =

√

∑16
j=1(σNi

∂S
∂Ni

)2 =

√

∑16
j=1 Ni( ∂S

∂Ni
)2 where

∂S
∂Ni
= dS

dE
∂E
∂Ni

, ∂E
∂N1
= ∂E

∂N2
= 2 N3+N4

Ntot
and ∂E

∂N3
= ∂E

∂N4
= −2 N1+N2

Ntot

(note that violation more that 3σS is reliable).

D. Theoretical approach for quantum state tomography of

two-entangled qubits

1. Single-qubit

There is a direct analogy between the measurement of the
density matrix of any qubits and the measurement of the po-
larization state of a light beam [43]. The polarization of the
light can be characterized by the Stokes parameters, which are
evaluated from a set of four intensity measurements (i) the half
intensity of incident light regardless of its polarization, (ii) in-
tensity of the horizontal polarization; (iii) intensity of diag-
onal (45◦) polarization and (iv) right-circularly polarization.
Note that the classical intensity is equivalent to the number of
photons counted by a detector. These are given by

n0 =
N

2
(〈H|ρ̂|H〉 + 〈V |ρ̂|V〉) = N

2
(〈R|ρ̂|R〉 + 〈L|ρ̂|L〉), (13a)

n1 =
N

2
(〈H|ρ̂|H〉)

=
N

2
(〈R|ρ̂|R〉 + 〈L|ρ̂|L〉 + 〈L|ρ̂|R〉 + 〈R|ρ̂|L〉), (13b)

n2 =
N

2
(〈A|ρ̂|A〉)

=
N

2
(〈R|ρ̂|R〉 + 〈L|ρ̂|L〉 − i〈L|ρ̂|R〉 + i〈R|ρ̂|L〉), (13c)

n3 =
N

2
(〈R|ρ̂|R〉), (13d)

where |H〉 = (1, 0)T , |V〉 = (0, 1)T , |A〉 = (|H〉 − |V〉)/
√

2 =
eiπ/4(|R〉+ i|L〉)/

√
2, |R〉 = (|H〉 − i|V〉)/

√
2 are the linear hori-

zontal, vertical, linear anti-diagonal (−45◦), and right-circular
polarization state and ρ̂ is the 2D density matrix for the po-
larization degrees (or for a two-level quantum system) and N
is a constant dependent on the detector efficiency and initial
light intensity. The Stokes parameters vector is defined as
~S = (S0,S1,S2,S3)T where S0 = 2n0, S1 = 2(n1 − n0),
S2 = 2(n2 − n0) and S3 = 2(n3 − n0). Thus, one can now find
the density matrix with respect to the Stokes parameters as

ρ̂ =
1

2S0

~S.~̂σ, (14)

where σ0 = Î is the identity matrix, and σ j ( j = 1, 2, 3) are the
Pauli spin operators. In this manner, the tomographic mea-
surement of the density matrix of a single qubit is equivalent
to measuring the Stokes parameters.

2. Two-qubits

We are going to generalize the Stokes approach to measure
the quantum state of two entangled qubits. Before this, let
us illustrate the differences between single photon, i.e., one
qubit, and two entangled qubits. Indeed, a single-photon den-
sity matrix can be mapped to the purely classical concept of
the coherency matrix, while for a two qubits, one should con-
sider the possibility of nonclassical correlations, for example,
quantum entanglement.

For the two-qubit state, one can write the density operator
as the tensor product of each qubit as follows [43]

ρ̂AB =
1
22

3
∑

i, j=0

ri j σ̂
(A)
i
⊗ σ̂(B)

j
, (15)

where 42 parameters ri j are real with normalization condi-
tion r00 = 1 and also can be specified by 42 − 1 inde-
pendent real parameters. As shown, the state of a single-
qubit can be determined by a set of 4 projection operators
(µ̂ j) µ̂0 = |H〉〈H| + |V〉〈V |, µ̂1 = |H〉〈H|, µ̂2 = |A〉〈A| and
µ̂3 = |R〉〈R|. However, it should be noted that this set of Stokes
projection is at all unique, for example, one can use the set
µ̂ j :, µ̂0 = |H〉〈H|, µ̂1 = |V〉〈V |, µ̂2 = |D〉〈D| and µ̂3 = |R〉〈R|.
Therefore, the state of two-qubits can be determined by the
set of 16 measurement projector operators µ̂ = µ̂i ⊗ µ̂ j with
i, j = 0, 1, 2, 3. Note that the outcome of a measurement n

(ni j) is n = N tr(ρ̂µ̂) where N is a constant of proportionality
which can be obtained from the experimental data. It worths
to mention that the single-qubit measurement operators are
linear combinations of the Pauli operator as µ̂i =

∑3
j=0 Υi jσ̂ j

where Υ and its left inverse are given by [43]

Υ =





























1 0 0 0
1
2

1
2 0 0

1
2 0 1

2 0
1
2 0 0 1

2





























, Υ−1 =





























1 0 0 0
−1 2 0 0
−1 0 2 0
−1 0 0 2





























, (16)

where Υ−1
ik
Υk j = δi j. In this manner, one can find the outcome

of measurement as [43]

n ≡ ni j = N
3

∑

l,m=0

ΥilΥ jmri j. (17)

Now, analogous to the single photon Stokes parameters, one
can introduce the 2-photon Stokes parameter as [43]

Si j ≡ Nri j =

3
∑

l,m,s,n=0

ni j(Υ−1)lm(Υ−1)sn, (18)

with normalization condition S00 = N . Thus, the 2-qubit den-
sity matrix can be rewritten in terms of the Stokes parameters
as follows

ρ̂AB =
1
22

3
∑

i, j=0

Si j

N σ̂
(A)
i
⊗ σ̂(B)

j
. (19)
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3. Tomographic reconstruction of entangled polarization-state

To experimentally realize and measure the different set of
projection on the generated entangled photon pairs for any
polarization state, one can use a combination of a polarizer
which transmits only vertically polarized light (for example
a PBS), a quarterwave plate (QWP), and a half-wave plate
(HWP) which are placed in the beam in front of each single-
photon detector (SPD).

Using the Jones matrix one can write the projection state as
[43]

|ψν〉 ≡ |ψ(AB)
proj (h1, q1; h2, q2)〉 = |ψ(A)

proj(h1, q1)〉 ⊗ |ψ(B)
proj(h2, q2)〉,

(20)

which is equivalent to the projection measurement operator as
µ̂ν = |ψν〉〈ψν| with ν = 1, 2, ..., 16. The projected state of each
qubit, |ψ(1)

proj(h, q)〉, is given by

|ψ(1)
proj(h, q)〉=UQWP(q)UHWP(h)|V〉

= a(h, q)|H〉 + b(h, q)|V〉, (21)

with

a(h, q) =
1
√

2
[sin 2h − i sin(2(h − q))], (22)

b(h, q) = − 1
√

2
[cos 2h + i cos(2(h − q))], (23)

where h, q are, respectively, the angle of the fast-axis of HWP
and QWP concerning the vertical axis-polarization [measured
from the vertical. Note that The angles of the fast axes can be
set arbitrarily, so allowing the V-projection state fixed by the
polarizer to be rotated into any arbitrary polarization state].
Consequently, the normalized coincidence count (CC) rate
(sν) in the experimental measurement is given by [43]

sν =
nν

N =
N

(ν)
cc

N = 〈ψν|ρ̂|ψν〉. (24)

whereN is a constant parameter dependent on the photon flux
and quantum efficiencies of SPDs.

For simplicity in the experiment, let us try to convert the
4×4 density matrix into a 16-dimensional column vector. Us-
ing the generators of the Lie algebra SU(2)⊗SU(2), one can
introduce a set of 16 linearly independent 4 × 4 matrices
Γ̂ν =

1
2 σ̂i ⊗ σ̂ j (ν = 1, 2, ..., 16) [two-qubit Pauli matrices]

with property tr(Γ̂ν.Γ̂µ) = δνµ. Thus, it is easy to show that

ρ̂ =

16
∑

ν=1

rνΓ̂ν, rν = tr(Γ̂µ.ρ̂), (25)

where rν is the nth element of a 16-element column vector
of modified density operator. After some manipulations, one
finds the relation between the CC rate in the experiment (nν)
and the elements of the vector rν as nν = N

∑16
µ=1 Bνµrµ where

Bνµ = 〈ψν|Γ̂µ|ψν〉 is a 16 × 16 matrix. Note that for the com-
pleteness of the set of tomographic states |ψν〉, if B is nonsin-
gular, thus, rν = N−1 ∑16

µ=1(B−1)νµnµ. Finally, the tomographic

reconstruction of the density matrix can be rewritten as

ρ̂ =
1
N

16
∑

ν=1

M̂νnν =

16
∑

ν=1

M̂νsν (26)

where

M̂ν =

16
∑

ν=1

(B−1)νµΓ̂µ, (27)

N =
16
∑

ν=1

nνtr(M̂ν), (28)

in which we have used the identity relation
∑16
ν=1 tr(M̂ν)|ψν〉〈ψν| = Î and

∑16
ν=1 M̂ν = Î. Note that

for the introduced set of tomographic, one can show that
tr(M̂ν) = 1 for ν = 1, 2, 3, 4 and otherwise is zero. Therefore,

N =
4

∑

j=1

n j = 〈HH|ρ̂|HH〉 + 〈VV |ρ̂|VV〉

+〈HV |ρ̂|HV〉 + 〈VH|ρ̂|VH〉. (29)

Note that the reconstructed density matrix for all physical

quantum states must satisfy all conditions:
(i) Hermiticity ρ̂† = ρ̂
(ii) non-negative semidefinite eigenvalue in the interval

[0,1] (λρ ≤ 1)
(iii) tr(ρ̂) = 1 and also the important condition
(iv) 0 ≤ tr(ρ̂2) ≤ 1.
Here, it should be noted that [43] usually in experiments

due to the experimental inaccuracies and statistical fluctu-
ations of CC rates measurement, which means that in real
experiment, recorded count rates are unfortunately different
from those theoretically expected values in Eq. (24). That
is reason this tomographic approach provides an unphysical
density matrix that usually satisfies no one of the last three
constraints. That is why in the next subsection, we introduce a
numerical optimization method, the so-called MLT [43], to es-
timate and produce the physical density matrix, which uses the
reconstructed density matrix from the tomographic method as
a starting point and thus satisfies all the physical constraints.

4. Maximum-likelihood-technique

As mentioned, the tomographic-based reconstruction of the
density matrix usually violates necessary physical constrains
such as positivity or tr(ρ̂2) ≤ 1. To solve this problem, by
exploiting the tomographic matrix, as a starting point, we em-
ploy the maximum likelihood estimation technique, as a nu-
merical optimization method, to reproduce the physical den-
sity matrix.

To estimate the maximum likelihood density matrix, we fol-
low the below steps [43]

• Generate a normal, Hermitian and nonnegative phys-
ical density matrix as a function of 16-real variables
ρ̂MLT

p (z j) ( j = 1, ..., 16).
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• Introduce an optimization function, the so-called likeli-

hood function L(z j; n j), which quantifies how good the
physical density matrix ρ̂MLT

p (z j) is regarding the exper-
imental measurements. This optimized likelihood func-
tion is dependent on the 16 real parameters zν and of the
16 experimental measured CC rates nν.

• Finding an optimized set of parameters z j using the
standard numerical optimization techniques, which
maximize the likelihood function, L(opt)(z j; n j).

The property of non-negative definiteness can be written as
〈ψ|ρ̂(MLT)

p |ψ〉 ≥ 0 for any quantum state |ψ〉. On the other hand,
it can be easily proven that any normalized matrix as form
F †F /tr(F †F ) is nonnegative definite and Hermitian. Using
the matrix algebra, one can write the matrix F as a tridiagonal
matrix as follows [43]

F =





























z1 0 0 0
z5 + iz6 z2 0 0

z11 + iz12 z7 + iz8 z3 0
z15 + iz16 z13 + iz14 z9 + iz10 z4





























. (30)

Thus, the physical density matrix ρ(MLT )
p can be written as

ρ(MLT )
p = F †(z)F (z)/tr[F †(z)F (z)]. (31)

Also, one can find the inverse of matrix F (z) in terms of ele-
ments of the density matrix as follows [45]

F =





























































√

∆

M
(1)
11

0 0 0

M
(1)
12

√

M
(1)
11 M

(2)
11,22

√

M
(1)
11

M
(2)
11,22

0 0

M
(2)
12,23√

ρ44 M
(2)
11,22

M
(2)
11,23√

ρ44 M
(2)
11,22

√

M
(2)
11,22

ρ44
0

ρ41√
ρ44

ρ42√
ρ44

ρ43√
ρ44

√
ρ44





























































, (32)

where ∆ = detρ̂, M
(1)
i j

is the first minor of ρ̂ which is the deter-
minant of the 3 × 3 matrix formed by deleting the ith row and
jth column of the reconstructed tomographic matrix ρ̂; and
also M

(2)
i j,kl

is the second minor, the determinant of the 2 × 2
matrix formed by deleting the ith and kth rows and jth and lth
columns of the reconstructed tomographic matrix ρ̂.

5. The likelihood function and its numerical optimization

As said the measurement results include a set of 16 CC rates
with average values n̄ν = N〈ψν|ρ̂|ψν〉. Consider that the noise
on the CC rate measurements is a Gaussian probability distri-
bution which is given by [43]

P(n1, n2, ..., n16) =
1

Nnorm

16
∏

ν=1

exp[− (nν − n̄ν)2

2σν
], (33)

where σν ≃
√

n̄ν is the standard deviation of the nth CC rate
measurement, and Nnorm is the normalization constant. Here,
in our case

n̄ν(z1, z2, ..., z16) = N〈ψν|ρ̂(MLT)
p (z1, z2, ..., z16)|ψν〉, (34)

where N can be obtained from equation (29). Thus,
the likelihood that the matrix ρ̂

(MLT)
P

(z1, ..., z16) can pro-
duce the measured data n1, ..., n16 is the probability function
P(n1, n2, ..., n16) which should be maximized. Note that in-
stead of maximizing P(n1, n2, ..., n16), which is equivalent to
find the maximum of its logarithm, one can minimize its ar-
gument, and thus the likelihood function can be introduced as
[43]

L(z1, z2, ..., z16) =
16
∑

ν=1

[N〈ψν|ρ̂(MLT)
p (z1, z2, ..., z16)|ψν〉 − nν]2

2N〈ψν|ρ̂(MLT)
p (z1, z2, ..., z16)|ψν〉

,

(35)

which should numerically be optimized.
For optimization, one can use the software such as MATH-

EMATICA oR MATLAB or Python. To do this, one needs to
estimate initial values of zµ. To this, one can use the tomo-
graphic estimate of the density matrix in the inverse relation
(32), which allows us to determine a set of values. Note that
since the tomographic density matrix may not be nonnega-
tive definite, the values of the zν’s deduced in this manner are
not necessarily real. Thus for our initial guess, we can use
their real parts of the zν’s deduced from the tomographic den-
sity matrix. In the experimental part, we have followed this
method to reconstruct the physical density matrix and then
calculate the entanglement entropies and entanglement mea-
sures.

III. EXPERIMENTAL RESULTS

A. experimental setup

Fig. 1(a) and (b) show a schematic of our experimental
setup and also the side-view of our experimental arrangement,
respectively, to produce the type-I polarization-entangled pho-
tonic state. A 173mW Gaussian beam of a 405nm diode
laser with diameter ∅3mm after passing through a diaphragm
SP1, acting as a spatial filter, passes through an HWP [New-
lightphotonic: WPA03-H-810, air-spaced 0th-order waveplate
at 810nm, ∅15.0mm, and OD 1” mounted] to be linearly
polarized at +45◦ (diagonal) to illuminate the paired BBO
NLC. Then the pump beam is reflected from two broadband
(380-420nm) high-reflective (R > 99.0%) mirrors M1 and
M2 [Newlightphotonic: BHR10-380-420-45; AOI 45 deg,
∅25.4mm] and passes through a 5 × 5 × 0.25mm BBO com-
pensator C [Newlightphotonic: BSBBO5025-405(I) matched
to the 0.5mm thick Type-I SPDC crystal pumped by 405nm
and with OD 1”] which is fixed on a tiltable and rotatable
mount. Then, the pump beam with power around 80mW
is incident vertically on the paired BBO type-I SPDC crys-
tal [Newlightphotonic:: PABBO5050-405(I)-HA3] with each
size 5 × 5 × 0.5mm wich cut for Type-I SPDC pumped by
405nm and with the half opening output angle of 3 degrees.
Note that the two crystals optically contacted with one crystal
rotated by 90 degrees about the axis normal to the incidence
face. The pump beam is incident vertically on the entrance-
side of the crystal such that the angle between pump wavevec-
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tor and the OA is ψ = 29.3◦ which yields to generate the en-
tangled signal-idler biphoton at wavelength 810nm with out-
put angles θs = θi ≃ 3◦ in the planer case. Note that to achieve
the PM condition to generate the maximally entangled Bell
state, one should precisely adjust the C to exactly coincide
both signal and idler wavepackets to be indistinguishable. In
the BBO NLC through the SPDC process, a small fraction of
the laser photons spontaneously decays into the signal-idler
photons on opposite sides of the laser beam. It can be un-
derstood as the time-reversed process of sum-frequency gen-
eration (SFG). In SFG, two beams at frequencies ω1 and ω2

meet in an NLC that lacks inversion symmetry. The crystal
can be modeled as a collection of ions in anharmonic poten-
tials. When the NLC is driven at both ω1 and ω2, the ions os-
cillate with several frequency components including the sum
frequency ω1 + ω2. Each ion radiates at this frequency. The
coherent addition of light from each ion in the crystal leads
to constructive interference only for specific beam directions
and certain polarizations, the so-called PM condition that re-
quires inside the crystal the wave vectors of the input beams
must sum to that of the output beam.

Ultimately, the generated down-converted biphotons after
passing analyzers (polarizers) P1 or P2, a HWP plus alpha-
BBO-Rochon polarizer [Newlightphotonic: RPB0110 with
beam deviation about 15◦, extinction ratio: 200,000:1, aper-
ture 10mm, and OD 1” mounted] which act as a measurement
box, reach to the single-photon counting modules (SPCMs).
Note that the SPCMs are preceded by linear polarizers P1(P2),
uncoated long-pass red filters LPFj ( j = 1, 2) to block any
scattered laser light [Newlightphotonic: LWPF1030-RG715;
cutoff wavelength 715nm, ∅25mm], and fiber coupler lenses
FCj ( j = 1, 2) [Thorlabs: F220FC-780; f = 11.07 mm, NA
= 0.26 FC/PC] which are focused into the multimode fibers
MMFj ( j = 1, 2) [Excelitas: SPCM-QC9FIBER-ND 100 FC],
and then transferred via the couplers into the 4-channel single-
photon counting module (SPCM) [Excelitas: SPCM-AQ4C;
time resolution 600ps, dead-time 50ns and quantum efficiency
about 28% at 810nm]. Also, for QST we have placed two
QWPs [Newlightphotonic: WPA03-Q-405, air-spaced 0th or-
der quarter waveplate at 405nm] in each arm before the polar-
izers pack in order to measure different polarization.

It should be note that it is necessary to use coincidence de-
tection to separate the down-converted photons from the back-
ground of other photons reaching the detectors. Because the
photons of a down-converted pair are produced at the same
time, they cause coincident, that is, nearly simultaneous, fir-
ings of the SPCMs. Coincidences are detected by a fast logic
circuit, for example, an Altera-DE2 FPGA board, with co-
incidence time window τ = 7.1ns and adjustable acquisi-
tion time greater than 0.1s, which are recorded by a Laptop.
To make sure its validity, and also to calibration, we have
compared it to the 8-channel coincidence-counter/time-tagger
made by QuTools [with time resolution (bin-size) and time-
stamp 81ps] such that we found their SCs and CCs were in
good agreement.

The detection components of SPCMs, irises, couplers and
filters are placed on a tiltable and rotatable mount which can
be precisely translated in the plane perpendicular to the pump

direction. Note that the presented arrangement allows us to
adjust the SPCMs at different angles with minimal realign-
ment and maximum CC rates. Moreover, to have the high vis-
ibility of polarization entanglement, we have placed two ad-
justable irises in front of each detector. The CC and SC rates
are shown online in the Labview interface panel on the lap-
top. All the analysis of the experimental data has been done
in MATLAB software. Finally, to decrease the background
noises, we have tried to remove all the reflected and scattered
light from the environment and also blocked the pump beam
after crystal by a blocker B. Moreover, we control the tem-
perature of the Lab during each experiment. Furthermore, to
keep laser power constant to avoid noise in count rates, we
stabilized the diode laser by a 5V 1A driver with . 0.1%
current-fluctuation which results in . 0.1% power-fluctuation
by assumption constant load on the adapter. Thus, during our
experiments, we are sure that the pump power can be assumed
constant. The distance between two detectors is about 10cm,
and the distance between detectors and BBO NLC are roughly
100cm.

B. calibration, tuning the Bell state and Bell inequality test

After aligning the setup to have maximum CC rate, firstly,
we have compared the quantum efficiency of our detectors,
η1 = Nc/N2, which Nc is the CC rate, as %26.7 ± %4.2
(%24.4 ± %2.4) at signal-idler wavelength 810nm to the re-
ported efficiencies of the supplier company that have a good
agreement.

Secondly, we are motivated to verify the linear dependency
of the CC rate of the generated down-converted photons via
the SPDC versus pump power. As known, the SPDC is a quan-
tum nonlinear process in which the zero-point quantum vac-
uum field stimulates an input photon to transform into a pair of
correlated photons under the energy-momentum conservation
(PM condition), and the probability depends quadratically on
the medium second-order susceptibility χ(2).

In SPDC, unlike the SHG, the CC rate linearly and quadrat-
ically depends on the pump power and susceptibility [53, 54],
respectively, which are given by

Rc =
∆tp

Tp

ωp

3π
L2

ASPDC

Pp

P0
:= αPp, (36)

with

P0 =
8ǫ0n2

pnSPDCc3

ω2
SPDCχ

(2)2
eff

, (37)

where Pp is peak pump power at frequency ωp, ∆tp stands
for the pulse width, Tp is the repetition period if the pump
is not CW laser while for the CW pump, one can effectively
assume ∆tp,Tp → ∞ such that ∆tp/Tp → 1. Moreover, n j is
the linear refractive indices at ωp, ωSPDC = ωp/2, L being the
crystal length and ASPDC is attributed to the cross-sectional
area equal to the diffraction-limited area of the pump beam.
Fig. (2) shows clearly the linear dependency of the CC rate,
nC , vs. incident pump power pp. As is seen, the behavior
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FIG. 1. (Color online) (a) Schematic illustration of the experimental
arrangement for the generation of maximally entangled Bell states
and quantum state tomography. (b) Experimental setup demonstra-
tion for the Bell test and quantum state tomography. By reconstruct-
ing the density matrix through the QST, we are able to calculate en-
tanglement entropy and all entanglement measures. CW: laser diode
405nm, SP: diaphragm, HWP: half-wave plate, M1 and M2: mirror,
C: compensator, QWP: quarter-wave plate, MMF: multimode fiber,
R: Rochon polarizer, F:Filter; L: fiber coupler, CC module: coinci-
dence counter and SPCM: 4-channel single-photon detector.
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FIG. 2. (Color online) CC rate vs. input pump power. Here, we have
used Malus law via rotating the polarizers to change the input pump
power. The dotted points show the experimental coincidences, and
the red solid-line shows the fitted line with slope α.
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FIG. 3. (Color online) Normalized CC rate of channel A (1) vs. po-
larizer angle (the half HWP-angle) of channel B (2). (a) A is fixed at
angles 0◦ and 90◦. (b) A is fixed at angles 45◦ and 135◦. Blue and
brown thick-dotted points; red and green thick-triangle are referred
to polarizer angles A = 0◦, A = 45◦, A = 90◦, and A = 135◦, re-
spectively. Note that the set of HWP together PBS acts as a polarizer
such that θpol = 2θHWP.

of the CC rate is linear with respect to the increasing input
pump power. By calculating the α by fitting, one can ob-
tain and estimate the second-order susceptibility of the crystal.

To create the maximally entangled Bell state [see Eq. (5)]
or any other state close to it [see Eq. (7)], we must adjust the
parameters which determine the polarization of pump laser.
Firstly, we should close the CCs Nc(0, 0) and Nc(90, 90) to-
gether. After that, one should set θp by rotating the QWP
about its vertical axis and also tilt it to maximize the CC
Nc(45, 45). Note that this optimization typically leads to col-
lection of a few hundred photons per point, which requires an
acquisition time window a few seconds. Now using the rela-
tion

Nc(α, β) = N0PVV (α, β) + D, (38)

one can find CC NC(0, 0), NC(90, 90), NC(45, 45), NC(0, 90),
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TABLE I. Experimental data corresponding to the Bell inequality
measurement with Bell parameter S = 2.71 ± 0.1 which shows the
strong violation from the HVT or any classical prediction. NA, NB

and Nc are , respectively, Singles and coincidence count rates as a
function of polarizer angles in channel A and B. Here, the integration
time and coincidence time-window are , respectively, T = 0.3s and
τ = 7.1ns

angle a [degree] count rate [cps] uncertainty [cps]
θA

pol θB
pol NA NB Nc ∆Nc Acc. b

0 -22.5 3290.40 3938 27.79 1.53 0.302
0 22.5 3306.56 4082.63 32.15 1.77 0.314
0 67.5 3268.46 3652.60 6.32 1.47 0.278
0 112.5 3298.70 3569.66 2.05 1.12 0.274

-45 -22.5 3004.56 3942.50 28.62 1.39 0.276
-45 22.5 2937.53 4038.40 8.38 1.70 0.276
-45 67.5 2906.93 3632.13 5.42 1.51 0.246
-45 112.5 2986.10 3564 21.21 1.43 0.248

45 -22.5 2847.46 3897.63 3.27 1.40 0.258
45 22.5 2871.76 4067.20 26.82 1.49 0.272
45 67.5 2898.56 3652.40 28.35 1.79 0.247
45 112.5 2902.23 3532.23 7.29 1.69 0.239

90 -22.5 2566.06 3894.56 6.63 1.71 0.233
90 22.5 2565.76 4059.80 2.4 1.20 0.243
90 67.5 2562.76 3635.46 25.08 1.76 0.217
90 112.5 2568.16 3529.43 29.75 1.60 0.211

a Here, angles are attributed to polarizer’s angles that in our configuration
are equivalent to θHWP/2.

b Acc. is the accidental coincidence rate which is given by τNANB/T.

TABLE II. The results of visibility measurement. Here, the other
parameters are the same as in Tab. (I). We find VHV = %(98.50 ±
1.35) andVDA = %(87.71 ± 4.45) for the visibility in horizontal and
diagonal bases, respectively.

θA
pol θB

pol Nc ∆Nc

0 0 36.82 2.94
0 90 0.26 0.18

90 0 0.29 0.20
90 90 37.46 1.93

45 45 33.03 2.57
45 135 1.82 0.94
135 45 2.54 1.18
135 135 33.38 2.34

θp and φm as follows

D = [Nc(0, 90) + Nc(0, 90)]/2, (39)

N0 = NC(0, 0) + NC(90, 90) − 2D, (40)

tan2 θp =
Nc(90, 90) − D

Nc(0, 0) − D
, (41)

cos φm =
1

sin 2θp

(

4
Nc(45, 45)

N0
− 1

)

. (42)

After optimization of pump polarization and the compensator
angle (see the following tables which show the CC rate results
in our experiment), we have found that D ≃ 0.275cps, N0 ≃
73.73cps, θp ≃ 45.25◦, and φm ≃ 37.62◦ which implies that
our created state is very close to the Bell state. It should be
noted that to achieve the best adjustment, one must try many
times and find the above parameters to check how much we
are close to the maximally entangled state.

Fig. (3) shows the behavior of the normalized CC rate when
the polarizer angle of channel A(1) [or half of the HWP angle]
is fixed at angles 0◦, 90◦, 45◦ and 135◦ for the different values
of the polarizer angles of channel B(2). As is seen, our ex-
perimental points show a good agreement with the theoretical
relation (38) within the quantum entanglement framework.

Table. (I) shows a typical set of Bell measurements. As is
seen, the accidental coincidence count rates [which is the av-
erage number of photons from two different down-conversion
events will arrive at detectors purely by happenstance], within
the coincidence interval should be omitted from the CC rate
Nc in the calculations. Note that this accidental rates back-
ground are small, nearly constant, and decreases the Bell pa-
rameter S . Thus, finding S > 2 never can be an artifact of the
accidental background rate. Using these experimental mea-
surements, we obtained S = 2.71 ± 0.1 > 2, which shows a
strong violation. This strong violation of Bell inequality by
more than six standard deviations conclusively eliminates the
HVTs, and is consistent with prediction of quantum theory.

The results of the visibility measurement can be seen in
Tab. (II). As is seen, the visibilityV of the coincidence count
rate, as second-order interference, is respectively, VHV =

%(98.50 ± 1.35) andVDA = %(87.71 ± 4.45) for the horizon-
tal and diagonal bases. SinceV > %71, once can conclude a
violation from the HVTs.

As is evidence, our experimental results [see Tabs. (I and
(II)) and Fig. (3)] show that we could create an entangled
state near to the maximally entangled Bell state 1√

2
(|H〉s|H〉i+

eiφ|V〉s|V〉i) with the strong violation, S > 2 (V > 0.71), from
the prediction of classical physics.

C. Experimental reconstruction of the physical density matrix

and calculation of entanglement measures

In this subsection, we are going to obtain the actual phys-
ical state of our created entangled state with strong Bell vi-
olation via the QST assisted by MLT. As said in the theo-
retical subsection (II D) with details, one can extract the to-
mographic state of the system with using the set of 16 CC-
measurement of the polarization, which can be realized by
setting specific values of the half- and quarter-wave plate an-
gles (see Tab. (III))). Now, by having the tomographic states
measurement, as said in subsection (II D), one can obtain the
physical density matrix using the numerical optimization, i.e.,
MLT, as follows
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TABLE III. Experimental measurement data for the tomographic
analysis states to reconstruct the physical density matrix using the
MLT. Here, we have used the notation |D〉 = (|H〉 + |V〉)/

√
2, |L〉 =

(|H〉 + i|V〉)/
√

2 and |R〉 = (|H〉 − |V〉)/
√

2. Note that overall phase
factors cannot affect the results of projection measurements.

Proj. Mode a WP angles count rate [cps]
ν AB (hA, qA) (hB, qB) NA NB Nc

1 HH (45,0) (45,0) 2496.41 3450.92 32.56
2 HV (45,0) (0,0) 2498.72 4006.25 1.01
3 VV (0,0) (0,0) 3139.43 4001.54 32.00
4 VH (0,0) (45,0) 3134.21 3444.14 1.15

5 RH (22.5,0) (45,0) 2803.92 3454.57 15.02
6 RV (22.5,0) (0,0) 2815.87 3998.55 20.01
7 DV (22.5,45) (0,0) 2785.89 3988.65 14.63
8 DH (22.5,45) (45,0) 2785.00 3464.92 21.32

9 DR (22.5,45) (22.5,0) 2788.50 3826.91 21.99
10 DD (22.5,45) (22.5,45) 2789.82 3662.35 27.48
11 RD (22.5,0) (22.5,45) 2809.30 3662.82 22.82
12 HD (45,0) (22.5,45) 2505.73 3664.05 17.85

13 VD (0,0) (22.5,45) 3127.28 3668.48 16.20
14 VL (0,0) (22.5,90) 3135.65 3802.62 18.44
15 HL (45,0) (22.5,90) 2498.29 3785.32 15.13
16 RL (22.5,0) (22.5,90) 2817.60 3793.93 28.78

a Note that when the measurements are taken, only one wave plate angle
has to be changed between measurements. Thus, for example, one can
follow the arrangement of the polarization configuration ν in the table.

ρ
(MLT)
rec =















































HH HV VH VV
0.487 0.015+0.012i 0.054 + 0.017i 0.285 + 0.134i

0.015-0.012i 0.015 0.005 − 0.013i −0.024 + 0.05i
0.054- 0.017i 0.005 + 0.013i 0.018 0.001 - 0.025i
0.285- 0.134i −0.024 − 0.05i 0.001+ 0.025i 0.480















































4×4

,

(43)

which requires all the physical constraints. The eigenvalues of
the physical density matrix are p

( j)
a = 0.801, 0.199, 0, 0 with

j=1,2,3,4 (trρ2 = 0.682 < 1) corresponding to eigenvectors

UΨ =















































|ψ(1)〉 |ψ(2)〉 |ψ(3)〉 |ψ(4)〉
0.642 + 0.302i -0.587-0.272i 0.249 +0.124i 0.0015
-0.005+0.04i -0.162+0.21i -0.374+0.373i -0.1+0.8i
0.038+0.012i -0.156-0.243i -0.447-0.609i 0.559+0.177i

0.702 0.654 -0.27 -0.0812















































.

(44)

Fig. (4) shows the graphical representation of the real and
imaginary parts of the maximum likelihood physical density
matrix of our prepared entangled state, which is obtained by

the experimental linear tomography from the experimental
data given in Tab. (III). It also shows that our generated entan-
gled state is not exactly the maximally entangled Bell state,
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FIG. 4. (Color online) Graphical representation of the real and imag-
inary parts of the maximum likelihood physical density matrix ob-
tained from the experimental tomography data given in Tab. (III).

but it is near to it, or is such a linear superposition of known
Bell states.

I the proceeding, we will calculate some important quanti-
ties derived from the density matrix such as Concurrence, the
entanglement of formation, tangle, logarithmic negativity, and
different entanglement entropies such as linear entropy, Von-
Neumann entropy, and Renyi 2-entropy.

The Von Neumann entropy is an important measure of the
purity of a quantum state which is given by [43]

S = −tr(ρ̂log2ρ̂) = −
4

∑

j=1

p
( j)
a log2 p

( j)
a , (45)

where we have obtained S = 0.720 ± 0.070. Note that S for
a pure state |AB〉 (A, B = H,V) is zero. Our obtained Von
Neumann entropy shows the prepared state is the mixture of
pure states HH,HV,VH,VV.

The linear-entropy for a two-qubit system which is given
by [43]

P = 4
3

(1 − trρ̂2) =
4
3

(1 −
4

∑

j=1

p
( j)2
a ), (46)

is used to quantify the degree of mixture of a quantum state.
Its value lies between zero and 1 (0 ≤ P ≤ 1). We have
obtained P = 0.425 ± 0.040 for our entangled two photonic
qubits, which shows our state is not pure state.

Let us now compute the quantum coherence properties of a
mixed quantum state for a two-qubit system, the concurrence,
entanglement of formation, and tangle, which are equivalent
measures of the entanglement of a mixed state. By consider-
ing the spin-flip matrix Σ f = σy⊗σy in the pure computational

basis, |AB〉 (A, B = H,V), as

Σ f =



































0 0 0 -1
0 0 1 0
0 1 0 0
-1 0 0 0



































,

(47)

one can define the non-Hermitian matrix R̂ =
√

√

ρ̂(Σ f ρ̂∗Σ f )
√

ρ̂ with the left and right eigenstates,

|ξ(a)
L(R)〉 and eigenvalues ra with assumption r1 ≥ r2 ≥ r3 ≥ r4.

Thus, the concurrence is defined as [43]

C = Max















0,
4

∑

a=1

rasgn(
3
2
− ra)















, (48)

where sgn(x > 0) = 1 and sgn(x < 0) = −1. For our case, the
concurrence becomes C = 0.602 ± 0.051.

The tangle and the entanglement of formation are, respec-
tively, given by

T = C2, (49)

E = h(
1 +
√

1 − C2

2
), (50)

where h(x) = −xlog2x − (1 − x)log2(1 − x) is a monotonically
increasing function. We found that T = 0.362 ± 0.058 and
E = 0.471 ± 0.060.

Another measure to quantify the entanglement is Renyi 2-

entropy, which is defined for the density operator of a subsys-
tem ρ̂A belonging to a bipartite pure state and can be defined
as [55]

ΥA(ρ̂) = −ln trρ̂2
A, (51)

where ρ̂A = trBρ̂AB is the reducible density operator of the
subsystem A. It can be easily shown that the reducible density
operators can be expressed in terms of the element of bipartite
density matrix as

ρA =













ρ11 + ρ33 ρ12 + ρ34

ρ∗12 + ρ
∗
34 ρ22 + ρ44













, ρB =













ρ11 + ρ22 ρ13 + ρ24

ρ∗13 + ρ
∗
24 ρ33 + ρ44













.

(52)

The Renyi 2-entropy quantifies the purity of the subsystem
A (B) of a pure state such that its high value shows a high
degree of entanglement or low purity for the subsystem A(B).
From our physical maximum likelihood density matrix, we
findΥA = 0.691±0.001, which shows our prepared two qubits
state is not such a pure state.

Finally, we would like to calculate the Logarithmic neg-

ativity as upper bound to the distillable entanglement which
is derived from the Peres-Horodecki criterion for separability
[56]. The negativity is defined as

EN (ρ) = log2tr
√

ρ̂†TA ρ̂TA , (53)

where TA is partial transpose respect to subsystem A. Note
that the result of negativity is independent of the transposed
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party that because ρTA = (ρTB )T It means that if the density
matrix ρ̂ is separable, then, all eigenvalues of ρTA are non-
negative. In other words, if the eigenvalues are negative; thus,
ρ̂ is entangled. We find that EN (ρ) = 0.678 ± 0.042. Note
that the full description of the error calculations can be seen
in Ref. [43].

IV. SUMMARY

In the first part, we have presented a theoretical descrip-
tion with details to generate the maximally entangled state and
its mathematical formulation using the type-I SPDC in pair-
BBO crystal. We have also given the theory of the maximum
likelihood density operator via the quantum state tomography,
which these are useful for any graduate student in the labora-
tory.

In the second part, we have described step-by-step to
achieve experimentally an entangled quantum state close to
the maximally polarization-entangled Bell state with high
brightness. By measuring the CC rate, we have shown the
strong violation from the classical physics or any HVT. More-
over, using the experimental tomographic CC-measurements
together with the numerical optimization, i.e., the MLT, we
have experimentally reconstructed the physical density ma-
trix of the created entangled state. Furthermore, by obtaining
the density matrix of the system, we have calculated different
types of entanglement entropy such as linear entropy, Von-
Neumann entropy and Renyi 2-entropy and also some other

well-known entanglement measures in quantum information
theory such as concurrence, the entanglement of formation,
tangle, and logarithmic negativity.

Finally, we hope that this experimental report which in-
cludes the full theoretical description to be useful for the
graduate student or any researcher to start doing fundamen-
tal quantum optical experiment using the nonlinear quantum
optics.
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