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Abstract

Estimating entropy is crucial for understanding and modifying biological systems,

such as protein-ligand binding. Current computational methods to estimate entropy

require extensive, or at times prohibitively extensive, computational resources. This

article presents SHAPE (SHape-based Accurate Predictor of Entropy), a new method

that estimates the gas-phase entropy of small molecules purely from their surface ge-

ometry. The gas-phase entropy of small molecules can be computed in ≈ 0.01 CPU

hours with an average run time of O(
√
Na), where Na is the number of atoms. The ac-

curacy of SHAPE is within 1− 2% of computationally expensive quantum mechanical

or molecular mechanical calculations. We further show that the inclusion of gas-phase

entropy, estimated using SHAPE, improves the rank-order correlation between binding

affinity and binding score from 0.18 to 0.40. The speed and accuracy of SHAPE make

it well-suited for inclusion in virtual screening applications.

Introduction

Free energy governs all chemical processes. Change in free energy in a chemical process can

be written as ∆G = ∆H−T∆S, where G is the Gibbs free energy, H is the enthalpy, S is the

entropy, and T is the absolute temperature. The enthalpy represents interactions between

atoms, e.g., hydrogen bonds, electrostatics, steric clashes, and can be estimated efficiently

with computational techniques. The entropy in a chemical process represents the relative

probability of the molecules being in a particular state, called a microstate, and is challenging

to estimate computationally. Entropy depends on the dynamic flexibility of the system. All

possible microstates that a molecule can exist in need to be calculated to determine the

probability of a single microstate. Experimentally, the change in total entropy in a chemical

process is measured by isothermal titration calorimetry.1 Conceptually, in computational

exercises, entropy is divided into different terms based on the types of dynamics a molecule

exhibits, e.g., rotational, translational, vibrational, conformational. If we want to understand
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and manipulate a biological system, such as protein-ligand binding, we need an efficient

estimation of the change in entropy in a chemical process. Computational methods for

estimating gas-phase entropy are currently time-consuming and resource-intensive. Here, we

present a fast and accurate method for estimating the gas-phase entropy of small molecules,

with computation requiring only CPU seconds, and with a small (1− 2%) loss in accuracy.

Entropy in docking: Virtual screening has become a key component to understand protein-

ligand binding in drug discovery pipelines, and molecular docking is an essential part of

such pipelines. All molecular docking methods use a docking score to rank the docked

compounds. Currently, these methods can predict the pose of a ligand when both the

binding pocket and the ligand are known.2,3 However, docking programs perform poorly

while predicting the ligand binding affinity ranking or when attempting to classify active and

inactive compounds based on the predicted binding affinity.2,3 Part of the difficulty lies in

the lack of a suitable representation of the binding entropy in the scoring functions.4–7 When

an entropic contribution is included in scoring functions, it is assumed that the significant

entropic contribution to binding comes from the conformational changes of the protein and

ligand; however, this assumption is not well-founded.6,7 The question remains whether the

flexibility of a subset of sidechains is sufficient to capture entropic changes in a binding

event.8 Indeed, an increasing collection of computational and experimental studies indicate

that the vibrational pattern of the protein and the ligand can contribute to changes in the

binding entropy.7,9,10 Moreover, when the vibrational entropy is the dominant factor in a

binding event, the effect may come from all vibrational frequencies rather than a select

few.7,9,11

For computational purposes, the gas-phase entropy can be divided into translational,

rotational, and vibrational entropy terms. In practice, these terms are calculated from

the most probable conformation of the molecule. The difference between the gas-phase

entropy calculated from a single conformation and those averaged over multiple possible

conformations is the conformational entropy. Calculation of the gas-phase entropy, especially
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full vibrational spectra and the corresponding vibrational entropy, is prohibitively time and

resource-consuming for high-throughput docking. For example, a density functional theory

(DFT) based quantum mechanical calculation of the vibration spectrum takes hundreds of

CPU hours, while a normal mode analysis (NMA) using molecular mechanics takes CPU

seconds, but the underlying parameterization for the force field takes tens of CPU hours

for each ligand. The runtime complexity of quantum mechanical calculation of vibrational

entropy depends on the complexity of the underlying theory. For complicated systems, it

can be an NP-hard problem. In our experience, the average runtime complexity of quantum

mechanical calculation of vibrational entropy is cubic (Ω(N3
a )), and that of NMA is quadratic

(Ω(N2
a )), where Na is the number of atoms.

This article describes a fast and accurate method to estimate molecular gas-phase entropy,

called SHAPE (SHape-based Accurate Predictor of Entropy). The method does not require

any additional parameterization for a ligand, takes CPU seconds for calculation, and has

a square root runtime complexity (O(
√
Na)). SHAPE uses an informational theory-based

approach to calculate entropy, and its accuracy is only 1-2% lower than DFT- or NMA-based

calculations. Both the accuracy and speed of computation of SHAPE make it an excellent

candidate for scoring functions in high-throughput docking.

Entropy in thermodynamics and informational theory: Information entropy, first

introduced by Shannon,12 is a measure to gauge the uncertainty, or lack of information,

associated with a distribution function H of n probable outcomes, with probabilities pi,

H(p1, p2, ..., pn) = −k

n∑

i=1

pi ln pi, (1)

where
∑

i pi = 1 and k is a positive constant. Shannon entropy is a statistical idea and

may not have a physical meaning. For a physical system, if microscopic states arising from

a macroscopic physical constraint can be identified, its entropic energy can be calculated

using Gibbs entropy, which takes the form of Equation 1 with a specific constant, Boltzmann
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constant (kB). In such a case, the probability pi is the probability of the microstate i, given

the macroscopic physical constraint. Gibbs entropy is also referred to as Gibbs-Shannon

entropy due to the similarity of the equation.

Entropy can also be expressed as a function of the number of ways the atoms or molecules

in a thermodynamics system can be arranged (microstates) under a macrostate’s constraints,

as expressed by famous Boltzmann’s equation:

S = kBln W (2)

where S is entropy, kB is Boltzmann’s constant, and W is the number of microstates corre-

sponding to the macrostate. The Gibbs-Shannon entropy is a more generalized formulation

of the Boltzmann entropy and equals the Boltzmann entropy only under certain equilibrium

conditions.13

The change of entropy in a thermodynamic process, such as binding a protein and a

ligand, can be calculated using the Gibbs-Shannon or Boltzmann formulation if the relevant

microstates associated with the event can be identified and their probabilities can be calcu-

lated. For protein-ligand binding, macroscopic constraints can be the temperature, presence

of a solvent, protein, ligand, and protein-ligand complex concentration. Microscopic states

can be rotational, translational movements of the full molecules, vibration, flexibility pat-

terns of different atoms, and the orientation of solvent molecules.

Estimation of gas-phase entropy: Shannon entropy has been applied in density func-

tional theory (DFT) to calculate chemical properties, a review of related works can be found

in Rong et al. 14 . For example, it has been applied to electron density topological functions,

such as the Fukui function, to calculate molecular ionization.15 When applied to the molec-

ular electron distribution, it can identify the delocalization of electrons or the lack thereof.

This article applies Shannon entropy to molecular shape functions derived from van der

Waals radii to calculate gas-phase entropies of small molecules. To the best of our knowl-
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edge, this is the first application of Shannon entropy to the surface curvature to estimate

gas-phase entropy.

The estimation of gas-phase entropies has largely relied on ab initio molecular orbital the-

ory.16–18 These studies have frequently made use of different functionals and basis sets.19,20

Other methods based on semi-empirical orbital theory17,21 and molecular dynamics simu-

lations22–24 have also been used to estimate entropies. Many of these methods however,

require considerable time and computational resources, and are therefore not suitable for

applications where millions or billions of such calculations are required, such as in virtual

screening for drug discovery. Group additivity methods,25–27 on the other hand, are fast

and work by dividing the molecule into distinct groups and estimate entropy based on the

individual group parameters. The efficacy of the method is however limited by the fact that

the list of groups cover only a limited range of chemistries.

To date, the gas-phase entropy has been estimated from the dynamics and distribution

of molecular chemical properties; however, it has never been estimated (to the best of our

knowledge) from shape curvature. This article shows that the gas-phase entropy can be

calculated from the curvature of the molecular surface alone. We calculated the Shannon

shape entropy for a set of 1212 organic molecules from their curvatures estimated from

the electron isodensity surfaces and approximated by the van der Waaals (VDW) radii. In

both cases, the Shannon shape entropy was found to have a linear relationship with the

experimentally determined gas-phase entropies with a coefficient of determination (R2) of

≈ 0.90. We compared the performance of Shannon shape entropy, calculated from the VDW

surface against gas-phase entropies calculated using quantum-chemical Gaussian-4 (G4) level

of theory and normal mode analysis (NMA). In comparison to G4 or NMA methods, we show

that SHAPE speeds up the entropy calculation by orders of magnitude while losing only 1-2%

accuracy (representing ≈ 0.6 Kcal/mol energy at room temperature).

Inclusion of gas-phase entropy in docking score: To investigate the effect of including

gas-phase entropy in the docking score, we calculated the binding affinity of 22 thrombin
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inhibitors using the SMINA28 scoring function with and without the gas-phase entropy as a

proof of concept. The inclusion of gas-phase entropy in the scoring function showed trends of

improvement in the R2 values from 0.23 to 0.40; for Kendall’s τ , a rank correlation coefficient,

values were improved from 0.18 to 0.40. The authors acknowledge that for a proper treatment

of entropy in the docking score, one should include the entropy change in protein and ligand

upon binding, rather than the entropy of the ligand in the bound conformation. However, in

our dataset, all the 22 ligands bind to the same pocket; consequently, the differences in gas-

phase entropy between the ligands is a first-order approximation of the differences in binding

entropy of the corresponding protein-ligand complexes. This article presents the power of

shape entropy in estimating thermodynamic entropy. A full treatment of binding entropy

should include contributions from the protein and the solvent and is a work in progress.

Methods

Data Curation

As the first step, we built a database with experimental gas-phase entropy values (at 25◦C in

J/mol ·K) for a various organic compounds (involving elements C,H,N,O,S,P,Cl,Br and I)

curated from literature.16,18,29,29,30 Overall, 1212 compounds with corresponding experimen-

tal entropies in the range 180 – 855 J/mol·K (≈ 13-61 kCal/mol at 300K) were obtained (see

Figure 1(E)). A significant majority of the compounds had entropies below 500 J/mol ·K

and had less than five rotatable bonds. High entropies (> 700 J/mol ·K) were associated

with compounds containing more than 45 heavy atoms and more than ten rotatable bonds.

We also curated vibrational entropy calculated by quantum-chemical Gaussian-4 (G4) level

of theory and by normal mode analysis (NMA) of 1091 and 389 of those 1212 compounds,

respectively.29 Rotational and translational entropies for those molecules were calculated

analytically from their shapes to determine the remaining terms.29 In our curation of data

calculated by the G4 or NMA method, only the most probable conformation of the molecules
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was considered. Consequently, those values do not include a contribution from the confor-

mational entropy. However, a recent study identifies that conformational entropy accounts

for ≈< 5% of gas-phase entropy in small molecules.31 To minimize the error of non-inclusion

of conformational entropy in the G4 and NMA calculation, we fitted the calculated data to

the experimental values before calculating any statistical properties of those values.

Molecular structure calculation

Our curated database contains SMILES strings of the chemical compounds. The SMILES

strings for each molecule were converted into a single set of 3D coordinates using RDKit.32

The van der Waals (VDW) radii of the atoms were assigned using the software OpenBa-

bel.33 Note that the VDW assignment by OpenBabel does not depend on the local envi-

ronment. For example, all carbon atoms will have the same VDW radius, and no further

parameterization is needed for individual small molecules. The structures were subsequently

minimized using the Universal Force Field34 (UFF) implemented in RDKit. Similar to the

VDW parameters, a priori parameterization of the charges is sufficient and any additional

parameterization is not required.

Molecular surface calculation

Once a molecular structure was calculated, the molecular surfaces were calculated from those

structures by two different methods.

i) VDW surface calculation: In this study, an analytical form previously studied by Gab-

doulline and Wade 35 has been used to calculate the surface and is defined as M = G−1(c)

where the function G is a weighted sum of atom-centered Gaussians given by:

G(x) =
∑

i

exp(−(|x− ri| − ai)

σ
) (3)

where ri is the position of the ith atom centre and ai the corresponding VDW radius. The

smoothing parameter 0 ≤ σ ≤ 1 affects the level of detail associated with the surface. Larger
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values of σ smooth out the details of the surface, while the smaller values of σ preserve more

details of the surface feature. Please see the SI (Table ST1) to compare surface details

at different σ values. The Gaussian surface isovalue c controls the volume enclosed by the

surface. In this article, we calculated the surfaces at the isovalue c = 1.0, and used a

smoothing factor of 0.1.

ii) Electron density surface: Isodensity surfaces are defined as surfaces around a molecule

at which the electron density has a constant value. We calculated isodensity surfaces at the

isodensity level 0.007 e−Å−3 for the molecules using the program ParaSurf36 that uses the

output from a semi-empirical molecular orbital program such as MOPAC.37

Surface curvature

The VDW surface for the molecules defined by Equation 3 is a continuous differentiable

function and defined analytically at every point. From the analytical expression of the

surface, we can calculate principal curvatures at every point. If we can draw a small normal

plane at a point on a surface, and calculate the curvature of every line going through the

point, then the highest and lowest curvatures of those lines, calculated at the point, are

the principal curvatures κ1 and κ2 (κ1 > κ2) of the surface at that point. The principal

curvatures measure how the surface bends in different directions at a point (see do Carmo38)

and can be calculated analytically from the first- and second-order partial derivatives of

the surface function.39,40 The principal curvatures can be further combined to define the

curvedness (C) and shape index (S):41

C =
2

π
ln[κ

2
1 + κ2

2

2
]

S =
2

π
arctan κ1 + κ2

κ1 − κ2

.

(4)

Both C and S measure the local shape of a surface. While C can vary between −∞ and

∞, S varies from -1 (concave) to 1 (convex).
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In the absence of an analytical form for an iso-density surface calculated from an electron

density, the curvedness and shape index values were calculated numerically. The output

of the ParaSurf surface files was first converted to .obj geometry definition file format,

proceeding which, curvature calculations were carried out using routines in the Visualization

and Computer Graphics Library.42

Shannon shape entropy

The molecular surface, once calculated, is discretized by a triangle mesh using the GNU

triangulated surface library,43 i.e., covering the surface with triangles. After triangulation,

the curvedness and shape index values are calculated at the center of each triangle of the

mesh. Given ntri triangles in the surface mesh, the Shannon shape entropy can be written

as:

HC

shape = −
ntri∑

j=1

[ρ(Cj) log2(ρ(Cj))] ·Aj

HS

shape = −
ntri∑

j=1

[ρ(Sj) log2(ρ(Sj))] ·Aj

(5)

where the Aj is the area of the jthtriangle and ρ(Cj) and ρ(Sj) are the probabilities of

having of a curvedness value Cj and shape index value Sj, respectively. The probabilities are

determined by binning the curvedness and shape index values on a molecular surface. The

calculation of the entropy using equation 5 can be impacted by the bin-width as well as the

smoothing factor of the Gaussian surface function. We varied the bin numbers between 64,

128, and 256 and the smoothing factor σ between 0.1, 0.3, and 0.5. We then calculated the

Pearson correlation coefficient between the shape entropies and the experimental gas-phase

entropy to determine the effect of σ and the number of bins (see SI, Figure SF1). While the

smoothing factor σ has a strong effect on the correlations, the number bins have only weak

influence on the values (see SI, Figure SF1). We chose 64 bins to calculate the histograms
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and the probability density of the curvedness values using σ = 0.1 for the rest of the work.

HS

shape is mostly sensitive to major variations of local shapes. For example, we measured

the C and S for a carbon atom. The VDW surface of a carbon atom is spherical, and we

expect the Hshape to be zero. Values of C show slight variations from the surface due to the

artifacts from triangulation; consequently, HC

shape is a small non-zero number. However, S is

less sensitive to the triangulation effect, and HS

shape is zero.

Table 1: HC

shape and HS

shape values of a spherical carbon atom. The surface color shading

follows a hot cold color scale with the low/negative regions coded

blue, high/positive regions coloured red and the mid ranges coloured green/yellow.

Surface Hshape (bits)

Curvedness 0.15

Shape index 0.00

The gas-phase entropy of molecules was modeled from the Shannon shape entropy as:

Sgasphase = m·HC/S
shape + c (6)

where m and c are constants and determined from fitting the Hshape to experimental data.

Boltzmann weighted average

To account for multiple possible conformations of molecules, we generated conformers using

RDKIT. Starting from the SMILES representation of a molecule, up to ten conformers were

generated using RDKIT. Since the generated conformers can be structurally similar to each

other, only conformations that are at least 0.5Å root mean square deviation (RMSD) apart
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from one another were retained. As a result of this filtering, the final tally of generated

conformers may at times be less than 10. Each conformation was then subjected geometry

optimization using the AM144 Hamiltonian in the semi-empirical program MOPAC.37 The

AM1 calculated heats of formation were then used to identify Boltzmann weights for Hshape

values for each conformation. An average Hshape was then calculated for each molecule.

Entropy from chemical properties

For comparison, we calculated entropies from the chemical properties of molecules using

ParaSurf. For isodensity surfaces, ParaSurf calculates gas-phase entropy as:

Hparasurf = −
N∑

1=1

[p(Vi) log2 p(Vi)+

p(IL,i) log2 p(IL,i) + p(EL,i) log2 p(EL,i)+

p(αL,i) log2 p(αL,i)] · Ai

where p(Xi) is the probability of value Xi property, n is the number of triangles on the

surface, Ai the area of triangle i, and Vi, IL,i, EL,i, and αL,i are the average values of molecular

electrostatic potential (V ), ionization energy (IL), electron affinity (EL), and polarizability

(αL), respectively, for triangle i.

Results
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Figure 1: Comparison of the experimental gas-phase entropies and shape entropies computed
using the shape index of VDW surface without hydrogens and curvedness of isodensity
surface of electrons with hydrogens are shown in plots (A) and (B). Both (A) and (B) show
co-linearity between shape and gas-phase entropy. Plot (C) compares experimental gas-phase
entropies and calculated gas-phase entropies using G4 quantum chemical calculations, and
plot (D) compares experimental values with gas-phase entropy calculated by normal mode
analysis (NMA). For both G4 and NMA calculations, translational and rotational entropies
were calculated analytically from the molecules’ shape. Plot (E) shows the histogram of the
experimental entropies. Plot (F) shows the root mean square error (RMSE) from the linear
fitting of Hshape to Sgasphase as a function of the number of rotatable bonds of the molecules
(x-axis). The number of molecules with a specific number of rotatable bonds is shown in the
X2 axis. To account for the flexibility of the molecules, we generated up to 10 conformation
clusters, identified the cluster representatives, calculated the heat of formation to build the
representative conformations, and averaged the Boltzmann weighted Hshape values of the
representative conformations to calculate the predicted Sgasphase. Blue and violet lines show
RMSE in Hshape calculated from curvedness (HC

shape) and shape index (HS

shape), respectively.
Brown and green lines correspond to the RMSE from Boltzmann-weighted HC

shape and HS

shape,
respectively. Boltzmann weighting reduces the RMSE in HC

shape and stays approximately the
same for HS

shape. Note that calculation of vibrational entropy by G4 method takes 100s of
CPU hours. The same takes about CPU seconds with NMA; however, the NMA method with
molecular mechanics force field requires 10s of CPU hours per ligands for parameterization.
Entropy can be calculated using CPU seconds of resources with SHAPE, the shape-based
entropy method, and does not need additional parameterization for new ligands. SHAPE is
an ideal candidate for the docking score in high throughput docking exercises.
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We curated experimental gas-phase entropy values of molecules from the literature. In

our literature search, most of the molecules happened to be organic compounds, i.e. involving

elements C,H,N,O,S,P,Cl,Br, and I. Subsequently, we chose only organic molecules, 1212 in

total, for further evaluation. We calculated their structures, charges, molecular surfaces, and

shape entropies from their SMILES strings. Please see the Methods section for details of

each of the steps. In subsequent sections, we show that the shape entropy has a collinear

relationship with the gas-phase entropy. The inclusion of multiple conformations of molecules

under study did not improve the R2 value significantly. From the collinearity, we can estimate

the gas-phase of a molecule in a matter of seconds compared to tens to hundreds of CPU

hours for other methods. We show that SHAPE, our shape-based entropy method, capture

the vibrational entropy of the molecule well. The inclusion of gas-phase entropy in SMINA

docking scores improves its performance in predicting binding affinity.

Gas-phase entropy varies linearly with shape entropy

In our data set, the shape entropy, Hshape, showed a linear relationship with gas-phase

entropy, Sgasphase, with R2 values of ≈ 0.9 (Table 2). For calculation of the shape entropy, two

different definitions of surfaces were used, (i) the Gaussian surface calculated from the VDW

radii of atoms, and (ii) surface calculated from the isodensity of electron of the molecules.

Isodensity surfaces of electrons were calculated by including all the atoms of the molecules.

For VDW surfaces, we calculated the surfaces by (i) including all the atoms and (ii) excluding

the hydrogen atoms. The exclusion of hydrogen atoms improved the R2 values from 0.83

& 0.84 to 0.91 & 0.88 for HS

shape and HC

shape, respectively (Table 2). For the remainder of

the article, we calculated the VDW surfaces by excluding hydrogens. The linearity of HS

shape

calculated from the VDW surface and HC

shape calculated from the isodensity of electron are

14



Table 2: The first five rows of the table show the linearity of gas-phase entropy with shape
entropy calculated from the VDW surface with and without hydrogen and the isosurface
of the electron density with hydrogen. For the VDW surface, we calculated shape entropy
from both curvedness (HC

shape) and shape index (HS

shape). For the isodensity of electrons,
we calculated the shape entropy from curvedness. For rows six and seven, multiple confor-
mations were generated for each molecule, and their Hshape values without hydrogen were
averaged with Boltzmann weights. Rows eight and nine show the root mean square error
(RMSE) and mean absolute percentage error (MAPE) in predicting vibrational entropy by
quantum-chemical Gaussian-4 (G4) level of theory and normal mode analysis (NMA) using
CHARMM general molecular mechanics force field (CGenFF), respectively, and rotational
and translational entropy (Htran+rot) analytically form the shape of the molecules (Svib=G4

tran+rot

and Svib=NMA
tran+rot ). The last row shows the RMSE in fitting the gas-phase entropy values cal-

culated by Parasurf (Hparasurf ). We used bootstrap methods to calculate lower and upper
limits of 95% confidence interval. Upper and lower limits are shown as raised and lowered
numbers, respectively.

Method Sgasphase = RMSE R2 MAPE
(J/mol ·K) (J/mol ·K) %

Iso with H2 139.78145.50134.10 + 12.6012.9212.28 × HC

shape + ϵ 30.0531.9228.68 0.880.900.86 6.18
VDW with H2 107.72116.90100.00 + 9.289.568.93 × HS

shape + ϵ 36.0837.8935.52 0.830.850.80 7.56
VDW with H2 138.19145.30131.20 + 7.037.286.80 × HC

shape + ϵ 35.0836.8333.54 0.840.860.81 6.97
VDW 118.11122.90113.50 + 7.737.887.58 × HS

shape + ϵ 25.8527.0924.80 0.910.920.90 5.35
VDW 117.50123.70111.30 + 6.686.856.50 × HC

shape + ϵ 29.7031.2628.39 0.880.900.86 5.90
VDW with BW 121.55126.50116.60 + 7.607.767.43 × HS

shape + ϵ 26.4127.6425.35 0.910.920.89 5.41
VDW with BW 122.07127.10117.00 + 6.486.636.34 ×HC

shape + ϵ 28.2929.6427.10 0.890.910.88 5.66

G4+analytical −48.33−42.48
−54.08 + 1.171.191.15 × Svib=G4

tran+rot + ϵ 16.3517.3715.52 0.960.960.95 3.33
NMA+analytical −34.79−13.43

−52.95 + 1.111.171.05 × Svib=NMA
tran+rot + ϵ 22.4527.0815.55 0.880.920.82 4.15

Parasurf 170.42182.20157.60 + 6.236.655.84 ×Hparasurf + ϵ 59.4564.3355.65 0.520.570.48 11.05

shown in Figure 1(A) and 1(B), respectively.

The inclusion of multiple conformations did not improve the collinearity between

shape and gas-phase entropy

For calculating Hshape we generated only a single conformation of a molecule. To investigate

the possible effect of molecular flexibility on the linear relationship between Hshape and
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Sgasphase, we plotted RMSE values of the linear fit as a function of the number of rotatable

bonds (Nrot). The RMSE values increase with the Nrot, indicating possible dependence of

molecular flexibility on the RMSE of fitting (Figure 1(F)). Note that in our curated data,

we have Nrot values from 0 to 15; however, in the figure we only plotted values for Nrot 0 to

8, as there are only twelve molecules with values Nrot 9 to 15, an average of 2 molecules for

each of those Nrot values. To take into account the effect of flexibility, we

1. generated multiple conformations of each molecule,

2. averaged the Hshape values according to their Boltzmann weights to calculate average

Hshape, and

3. recalculated the equation of linearity between Hshape and Sgasphase, RMSE and R2

values.

The inclusion of multiple conformations did not improve the fit between Hshape with

Sgasphase statistically (rows 4 & 5 versus 6 & 7 of the Table 2).

Comparison between shape entropy and other methods

Gas-phase entropy can be measured at different levels of accuracies with different computa-

tional techniques. Generally, the gas-phase entropy is divided into three parts.

Sgasphase = Stran + Srot + Svib (7)

where Stran, Srot, and Svib are the translational, rotational and vibrational entropies, respec-

tively. Conformational entropy is often considered as an additional part of the gas-phase

entropy. The effect of the conformational entropy can be included in the calculation with

proper averaging of Stran, Srot, and Svib arising from different conformations of a molecule

and has not been explicitly treated while comparing with other methods. Moreover, confor-

mational entropy accounts for less than 5% of gas-phase entropy in small molecules.31 The
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rotational and translation entropies of a molecule can be calculated from the geometry of the

molecule. For vibrational entropy, different levels of theories with different computational

resource requirements are used. Out of the 1212 molecules studied, we curated 1091 vibra-

tional entropy values calculated using the quantum-chemical Gaussian-4 (G4) level of theory

(Figure 1(C)), a very accurate theory to predict molecular properties, and 389 values cal-

culated using normal mode analysis (NMA) (Figure 1(D)) (see Methods).29 The remaining

terms of the gas-phase entropy, translational and rotational entropies, were calculated from

the shapes of the molecules using analytical methods.29 Three different molecular mechanics

force-fields, general AMBER force field (GAFF) combined with charges determined by either

restrained electrostatic potential fitting (GAFF-ESP) or the AM1-BCC method with bond

charge corrections (GAFF-BCC) and the CHARMM general force field (CGenFF) were used

for the normal mode calculations.

Table 3: A comparison of resources needed for calculating gas-phase entropy and parame-
terization for the calculation, the runtime complexity, and mean average percentage error
(MAPE) for different methods. Estimates of resources are for molecules of similar sizes in
our database. Na is the number of atoms. For G4 and other quantum mechanical calcula-
tions, the average runtime complexity is cubic (Ω(N3

a )). See the text for more details. For
NMA calculations, ≈ 10 CPU hours are needed for the parameterization of each ligand.

Method Parameterization Calculation Runtime Error Hi-throughput
CPU hours CPU hours Complexity (MAPE) docking

G4+analytical 0 ≈100 Ω(N3
a ) 3.33% #

NMA+analytical ≈10 ≈0.01 Ω(N2
a ) 4.15% #

Shape 0 ≈0.01 Ω(
√

Na) 5.35% !

Three different metrics were used to evaluate the performance of predicting Sgasphase

values: i) RMSE, ii) R2, and iii) mean absolute percentage error (MAPE) from the linear fit

with the experimental values. Svib=G4
tran+rot performs best in predicting the gas-phase entropies

(row 6 of the Table 2). Svib=NMA
tran+rot also perform well as shown in row 7 of the Table 2. Readers

should note that the slope of the fit for G4 and NMA is not exactly 1. This may be attributed

to the fact that the vibration spectra were calculated from a single conformation. Please
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see the Methods section for further details. As the number of molecules with Svib=NMA
tran+rot

data is only 389, compared to more than 1000 for other methods, the confidence interval

is wider for Svib=NMA
tran+rot . Both the above methods take a considerable amount of time and

resources for calculation or parameterization. In comparison, MAPE values of SHAPE are

only 1-2% higher, which corresponds to about 0.6 Kcal/mol energy at room temperature,

but can be calculated at a fraction of time and resource and without the need for extensive

parameterization for every molecule (Table 3). For example, a typical G4 calculation requires

hundreds of CPU hours. NMA calculations are fast and can be completed in seconds;

however, every new molecule requires new molecular mechanics force field parameterization,

taking tens to hundreds of CPU hours. In comparison, SHAPE takes seconds to calculate

entropy and does not need any additional parameterization for new molecules. There are

two major steps in shape-based entropy calculation, 1) calculation of surface, which has an

upper limit runtime complexity of O(logM), and 2) calculation of histogram, which has an

upper limit runtime complexity of O(M), where M is the number of points on the surface.

As the number of atoms Na increases, at worst, the surface area increases linearly with Na.

Consequently, the worst-case runtime complexity for shape-entropy is O(Na), compared to

the best case quadratic runtime complexity (Ω(N2
a )) for NMA calculations. For G4 and other

quantum mechanical calculations, the runtime complexity is O(N3
e ) for isolated atoms. It

can approach an upper limit of O(eNa) as the number of interacting atoms increases, where

Ne is the number of electrons. In our experience, the average runtime complexity for G4

calculations has been cubic to the number of atoms(O(N3
a )). In comparison, in our data, the

shape-based entropy exhibited an average runtime complexity of O(
√
Na). In our dataset,

RMSE or MAPE was the lowest for CGenFF in the NMA category. Results for GAFF-ESP

and GAFF-BCC are shown in Supporting Information (SI).
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Inclusion of gas-phase entropy may improve binding affinity prediction

To investigate whether the inclusion of gas-phase entropy can improve docking scores, we

selected a congeneric series of D-phenyl-proline-based 22 thrombin inhibitors for which ex-

perimental binding affinities are available.45 The selected ligands were aligned with the co-

crystallized ligand (PDB ID: 2zff) using the flexible alignment option in the LS-Align soft-

ware.46 For each aligned ligand, a set of interaction terms were calculated using SMINA:28

a Gaussian steric and repulsion term, an electrostatic term, a hydrophobic term, and a hy-

drogen bond term. We used stepwise (both forward and backward selection) regression47 to

fit coefficients to these terms. Model performance assessments based R2, RMSE, and rank

correlation coefficient Kendall’s τ between the predicted and observed affinities with and

without the entropy term are showed in Table 4.

This exercise aims not to draw a statistically robust conclusion, which is beyond the

scope of this article and not possible given the small number of data points, rather the goal

is to observe the trend as a proof of concept. Consequently, further discussion in this section

is based on the mean values only.

The inclusion of gas-phase entropy improved both R2 and Kendall’s τ values from ≈ 0.20

to 0.40, i.e., from no association between the docking score and binding affinity to a weak

association between the two. In this exercise, we have included the gas-phase entropy of the

ligand to the docking score, whereas, ideally, one should include the difference in gas-phase

entropy between the bound and free form of the proteins and ligands. In our dataset, since all

the ligands bind to the same protein pocket, as a first approximation, differences in binding

entropy between protein-ligand complexes can be approximated by the differences between

the gas-phase entropy of bound ligand conformations. We expect that a proper inclusion of

all entropy terms in the docking score will further improve binding affinity prediction.
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Table 4: Performance of the scoring functions for determining binding affinity of thrombin
ligands with and without including the shape entropy term.

RMSE R2 Kendall’s τ

(Kcal/mol)

-Hshape 1.351.001.92 0.230.710.01 0.180.47
−0.10

+Hshape 1.181.001.61 0.400.610.03 0.400.55
−0.23

Discussion

Calculating entropy is fundamental in calculating the chemical properties of a molecule. The

computational resources required to count all possible microstates and their probabilities

increase exponentially with the number of atoms. Consequently, other than for very few

simple molecules, a direct calculation of entropy becomes infeasible. Typically molecules are

approximated as simple harmonic oscillators to calculate entropy. This article has shown an

empirical linear relation between shape entropy and gas-phase entropy of small molecules.

The empirical relationship estimates gas-phase entropy with 1 − 2% higher error but using

3-4 orders of magnitude fewer resources. Calculation of the gas-phase entropy using SHAPE

requires ≈ 0.01 CPU hours, and its average run time complexity is O(
√
Na), where Na

is the number of atoms. In comparison, a quantum mechanical calculation of vibrational

entropy requires ≈ 100 CPU hours, and the runtime complexity of such calculations can

approach Ω(eNa). Molecular mechanics-based normal mode analysis takes ≈ 10 CPU hours

for parameterization and the average run time complexity is O(N2
a ). The fast calculation

by SHAPE makes it feasible to estimate gas-phase entropy in a demanding computational

experiment, e.g., high throughput docking experiments, where millions or billions of such

calculations are carried out. The inclusion of gas-phase entropy of ligand in the docking

score improved the rank correlation between binding affinity and binding score from 0.18 to

0.40 in our data set.

In our formulation, shape entropy of an isolated atom is ≈ 0 (Table 1). Consequently,

shape entropy is sensitive to the features at the junction of atoms. The accuracy of SHAPE
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thus depends on the accurate surface description of such atomic junctions. Our calculation

observed the increase of collinearity between shape entropy and gas-phase entropy when the

VDW surface was calculated without hydrogen atoms (Table 2). We think the VDW surface

contour at a junction of hydrogen, the smallest atom, and another atom is most prone to

artifacts due to the assumptions in SHAPE. Consequently, removing hydrogen atoms reduces

the error of estimation of gas-phase entropy using SHAPE.

Shape entropy has previously been used to identify different chemical properties, such

as the ionization potential. The underlying relationship between shape entropy and various

chemical and thermodynamical properties is still an active research area. Further studies are

needed to investigate the underlying relationship between molecular shape, shape entropy,

and molecular properties. This article shows the power of shape entropy in estimating

thermodynamical properties.

Conclusion

Shape entropy is a promising tool to estimate the thermodynamical properties of molecules.

We have shown that shape entropy can be used for a fast and accurate estimation of gas-phase

entropy. This opens up the possibility of including a direct estimate of entropy in scoring

functions for docking, where fast calculations are needed in high-throughput docking. We

have further shown that the inclusion of ligand gas-phase entropy improves docking results.

For a proper treatment, solvent and protein entropy also need to be considered, which are

work in progress.
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