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Generalized Probabilistic Theories in a New Light

Raed Shaiia

June 17, 2021

Abstract

In this paper we will present a modified formulation of generalized probabilistic the-

ories that will always give rise to the structure of Hilbert space of quantum mechanics,

in any finite outcome space, and give the guidelines to how to extend this work to

infinite dimensional Hilbert spaces. Moreover, this new formulation which we will call

extended operational-probabilistic theories, applies not only to quantum systems, but

also equally well to classical systems, without violating Bell’s theorem, and at the same

time solves the measurement problem. This is why we will see that the question of

why our universe is quantum mechanical rather than classical is misplaced. The only

difference that exists between a classical universe and a quantum mechanical one lies

merely in which observables are compatible and which are not. Besides, this extended

probability theory which we present in this paper shows that it is non-determinacy,

or to be more precise, the non-deterministic description of the universe, that makes

the laws of physics the way they are. In addition, this paper shows us that what used

to be considered as purely classical systems and to be treated that way are in fact

able to be manipulated according to the rules of quantum mechanics –with this new

understanding of these rules- and that there is still a possibility that there might be a

deterministic level from which our universe emerges, which if understood correctly, may

open the door wide to applications in areas such as quantum computing. In addition

to all that, this paper shows that without the use of complex vector spaces, we cannot

have any kind of continuous evolution of the states of any system.

Key words: generalized-probabilistic theories, operational-probabilistic theories, quantum
foundations, quantum information, quantum computing, measurement problem.

1 Definitions

-A collection of sets and their subsets determine what we call a system. And the particular
type of theory is what specifies which are the systems defined in it.
For example, an elementary particle is described by a set of the possible values of its energy,
a set of the possible values of its momentum, . . . etc.
A coin is represented by a set of the possible outcomes of the experiment of throwing it, a
singleton set that contains the value of its mass, . . . etc.
-Each collection of all the sets of some system that have the same cardinality defines what
we call a state of the system.
-An event is an arrow connecting two sets of the system.
An event of type A → B represents a possible transformation in the description of the
system from a description in terms of A to a description in terms of B.
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A
ε

B
(1)

The set to the left of the diagram is called the input set of the event, while the set to the
right is called the output set of the event.
For example, before throwing a coin, the sample space of the experiment done on the coin
is A = {H,T}. But after we throw it and let us say it stabilizes on H, the sample space
of the experiment of reading the result will be B = {H}. In this case, the event of type
A→ B represents a possible transformation of the description of the coin which becomes a
fact if we really throw the coin and it stabilizes on H.
-An experiment on the system which measures one of its sets, let us say A, is a collection of
events that have A as their input set, and the union of their distinct output sets is A, such
that each output set is a singleton of A.
For example, the collection of two events of types {H,T} → {H} and {H,T} → {T} repre-
sents an experiment to measure {H,T} if we were to throw the coin.
We notice that in this sense, we are merely talking about a potential experiment up until
now.
We can write the set A as:

A := {ai|i ∈ X} (2)

Where X is an index set (we will call it from now on the outcome space) that indexes
the elements of A, meaning |X| = |A|. thus, we can represent the experiment as:

{

A
εi

{ai}}

i∈X

(3)

We say that each outcome space represents a property of the system, and each value of
the index is a value of that property.
-When two events belong to the same experiment we say that they are coexisting.
- The sets that are the Cartesian product of the sets of two systems, together with their
events composed in parallel (what we mean by that will be defined below), assign what we
call a composite system of the two systems.
For example, in the case of two coins, the set {H,T}×{H,T} = {(H,H), (H,T ), (T,H), (T, T )}
represents one of the sets that describe the composite system of the two coins.
- When the input and the output of an event represent a composite system, we draw boxes
with multiple wires. For example, the box:

(4)

represents an event of type (A× C → B ×D)

1.1 Composition of events

Events can be connected into networks through the following operations.
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1.1.1 Sequential composition

An event of type A→ B can be connected with an event of type B → C, yielding an event
of type A→ C.

1.1.2 Parallel composition

An event of type A→ A′ can be composed with an event of type B → B′, yielding an event
of type (A×B → A′

×B′)

The sequential composition of two events ε and F of matching types is denoted by F ◦ ε
and is represented graphically as:

A
ε

B
F

C
:=

A
F ◦ ε

C
(5)

This graphical notation is justified by the requirement that sequential composition be asso-
ciative, namely

G ◦ (F ◦ ε) = (G ◦ F ) ◦ ε (6)

for arbitrary events ε, F and G. In addition to associativity, sequential composition is
required to have an identity element for every set. The identity on set A, denoted by IA, is
the special event of type A→ A identified by the conditions

A
IA

A
ε

B
=

A
ε

B
(7)

and
B

F
A

IA
A

=
B

F
A

(8)

required to be valid for arbitrary sets A, B and arbitrary events ε and F of types A→ B

and B → A, respectively. Consistently, we use the graphical notation
A

:=
A

IA
A

(9)

Mathematically, conditions (6),(7), and (8) impose that the events form a category [4], in
which the sets are the objects, and the events are the arrows.
Let us consider parallel composition. The parallel composition of two events ε and F is
denoted as ε⊗ F and is represented graphically as

(10)

The graphical notation is justified by the requirement of the following condition

(ε⊗ F ) ◦ (G⊗H) = (ε ◦G)⊗ (F ◦H) (11)

where ε, F , G, and H are arbitrary events.
In addition to equations (7) and (8), parallel composition is required to satisfy the condition

IA×B = IA ⊗ IB (12)

We denote such category by Transf.
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1.2 Reversible events

An event ε of type A → B is reversible iff there exists another event F , of type B → A,
such that

A
ε

B
F

A
=

A
(13)

and

B
F

A
ε

B
=

B
(14)

When this is the case, we write F = ε−1 and we say that sets A and B are operationally
equivalent (or simply equivalent).
We denote by RevTransf (A → B) the set of reversible events of type A → B. Such set
(which may be empty) depends on the specific theory. In general, we require the existence
of a reversible event that swaps pairs of sets. Given two sets A and B, the swap of A with
B — denoted by SA,B —is a reversible event of type (A× B) → (B × A) satisfying the
condition

(15)

for arbitrary sets A, B, A′, B′ and arbitrary events ε, F , as well as the conditions

(16)

and

(17)

1.3 Summary about the operational structure

Summarizing the ideas introduced so far, an operational structure consists of a triple

Op = (Transf, Outcomes, Experiments)

where Transf is a category, Outcomes is a collection of sets (the outcome spaces) closed
under Cartesian product, and Experiments are sets of events as defined above.

2 Probabilistic structure

In order to make predictions on the outcomes of the experiment, we need a rule assigning
a probability to the events of such experiment. The rule is provided by the probabilistic
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structure of the theory, which we will give in a different manner than introduced in [1].
Definition 1 (Probabilistic structure). Let Op be an operational structure. We say that Op
is provided with a probabilistic structure iff we can define on it for every experiment ε that
has an outcome space X , a map

P : ρ(X) → [0, 1], (18)

With ρ(X) being the power set of X, and this map satisfies the following two requirements:

1.
P (X) = 1, (19)

2. For any number of disjoint sets A1, A2, A3,. . . that are subsets of X, we have:

P (UiAi) =
∑

i

P (Ai) (20)

whether this number is finite or infinite (in an infinite outcome space). The map P

needs not be surjective: for example, in a deterministic theory the range of P contains only
the values 0 and 1.
From now on, we will use the following notation:

P (i) := P ({i}) (21)

For any i ∈ X.
Definition 2. An extended operational-probabilistic theory Θ is a pair (Op, P) consisting of
an operational structure Op and of a probabilistic structure for Op as given above.

2.1 Finite outcome spaces

2.1.1 Experiments that have input sets with the same cardinality

In this section, we will take the cardinality of all outcome spaces of the experiments to be
equal to the same positive integer N .

2.1.1.1 Representing experiments by vectors From now on we will use Dirac no-
tation for general vector spaces although these vector spaces need not be Hilbert spaces,
unless we prove that.
Let us assume we have some experiment ε with an outcome space X:

ε =

{

A
εi

{ai}}

i∈X

(22)

Where |X| = N .
Since P is a probability function on X, then for any B ⊆ X we have[5][6].

P (B) =
∑

i∈B

P (i), 0 ≤ P (i) ≤ 1 (23)

Particularly:

P (X) =
∑

i∈X

P (i) = 1 (24)
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On the other hand, in any inner-product vector space with a dimensionality N , where the
inner product is positive-definite, and let us call this space V , we can always build an
orthonormal basis for it using Gram-Schmidt theorem [7]. Let this basis be {|ui〉}N

i=1 then,
for any vector |C〉 with a less than one square magnitude:

|C〉 =
N
∑

i=1

ci |ui〉 (25)

And:

〈C|C〉 =
N
∑

i=1

|ci|2, 0 ≤ |ci|2 ≤ 1 (26)

In particular, for a normalized vector |D〉 we have:

〈D|D〉 =
N
∑

i=1

|ci|2 = 1 (27)

Comparing equations (23), (24), (26), and (27) we see that probability has the same behavior
as the square magnitude of a vector in V . This suggests another way for representing
experiments, meaning, we can associate each output set of the experiment with a vector in
such a vector space V , such that the squared-norm of the vector is equal to the probability
of the output set. And to distinguish different experiments from eachother, we will represent
different experiments with different sets of vectors. As we said, we want each output set to
be represented by a vector, this is why we need a set of N different vectors to represent each
experiment. We also want to represent different experiments by different sets of vectors. We
can do that if we choose the dimensionality of the vector space to be equal to the cardinality
of the input sets, meaning N , and represent each experiment by an ordered basis in V , such
as {|ui〉}Ni=1 in a way that each output set is represented by a vector along one of the basis
vectors with a squared-norm equal to its probability, with no two different experiments
represented by the same basis.
Since we need the inner product to be positive-definite, that gives us two natural choices for
the vector space V : either to choose it as a real vector space or as a complex vector space.
For the moment, and for the sake of generality, we will choose it to be a complex vector
space, then we will see later whether we can relieve this condition.
We will choose all the bases to be orthonormal, meaning, for any basis {|ui〉}Ni=1 we have:

〈ui|uj〉 = δij (28)

Now we can define the function:

f : X → V : i 7→ ci |ui〉 : |ci|2 = P (i), i ∈ X (29)

Actually, it is evident from the last definition that f is not unique. In fact, there is an
infinite number of functions satisfying the previous definition in a complex vector space [6].
Building on that, we can now define another function as follows:

g : ρ(X) → V : Y 7→ |Y 〉 =
∑

i∈Y

f(i) =
∑

i∈Y

ci |ui〉 (30)
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Where ρ(X) is the power set of X.
We immediately see that g(∅) is an empty sum, which means that the empty set is repre-
sented by the zero vector:

|∅〉 = 0 (31)

While X itself will be represented by a normalized vector, and that is due to the fact that:

|X〉 =
∑

i∈X

f(i) =
∑

i∈X

ci |ui〉 (32)

Thus:
〈X|X〉 =

∑

i∈X

|ci|2 =
∑

i∈X

P (i) = 1 (33)

Where we can write the last equality due to the requirements of the probabilistic structure
above.
In fact, as we see in [6], we can deduce from these definitions some very useful mathematical
results. We will list some of them here without proofs, because their proofs can be found in
[6].
We can see in [6] that for any two elements of ρ(X), for example A and B, we have:

P (A) = 〈A|A〉 = 〈A|X〉 = 〈X|A〉 (34)

P (A ∩B) = 〈A ∩B|A〉 = 〈A|A ∩B〉 = 〈A ∩B|B〉 = 〈B|A ∩B〉 = 〈A|B〉 = 〈B|A〉 (35)

A ∩B = φ⇒ |A〉 ⊥ |B〉 (36)

|A〉 = |A\B〉+ |A ∩B〉 (37)

|A ∪B〉 = |A〉+ |B〉 − |A ∩B〉 (38)

And if |A〉 = ∑m

r=1 ar |ur〉 and |B〉 = ∑l

s=1 bs |us〉, then

|A ∩B〉 =
m
∑

r=1

〈B|ur〉 |ur〉 =
l

∑

s=1

〈A|us〉 |us〉 (39)

And if we define c(A) = X\A, then

|c(A)〉 = |X〉 − |A〉 (40)

Since any finite dimensional inner-product vector space is a Hilbert space [8], we see im-
mediately that this formulation of probability theory inevitably give rise to Hilbert space
structure.

2.1.1.2 Observables We will call any function from the events (labelled by outcomes)
of an experiment to the real numbers an observable associated with that experiment, and
we call the range of this function the spectrum of this observable. More specifically, if we
have some experiment ε = {εi}i∈X , then an observable associated with this experiment is
any function of the form:

A : ε = {εi}i∈X → R : εi 7→ ai (41)

It is obvious that there is an infinite number of such functions [6].
And we have chosen the domain to be the experiment itself rather than the outcome space

7



because what distinguishes an experiment is its events, not the outcome space.
We call any two observables that are associated with the same experiment compatible,
otherwise we call them incompatible.
If A was injective, we say that its spectrum is non-degenerate. Otherwise we say that it is
degenerate.
We see that we can always build the following matrix out of the values of the spectrum of
A:

diag(a1, ..., aN ) (42)

Which is a Hermitian matrix. Moreover, this matrix is the matrix representing the operator
Â in the vector space V which satisfies:

Â |ui〉 = ai |ui〉 (43)

Since the matrix representing Â is Hermitian, then Â is a Hermitian operator, which as
evident from the previous equation has the eigen-vectors {|ui〉}Ni=1 that correspond to the
eigen-values {ai}Ni=1. So we can always associate any observable associated to an experiment
with a Hermitian operator which spectrum is the same as that of the observable, and its
eigen-vectors are the basis vectors that represent the experiment. This is why from now
on when we say observable, we mean the Hermitian operator, unless otherwise stated. We
notice that for this experiment we are talking about, all compatible observables share this
set of basis vectors{|ui〉}Ni=1 that means they all commute, meaning, for any two compatible

observables Â and B̂ we have[7]:
[Â, B̂] = 0 (44)

If we take any one of these observables, let it be Â, then we can think of the experiment as
giving us one eigen-value of this observable. And we will say that this observable is measured
using this experiment.
Since this is true for every one of the observables compatible with Â as we saw, then we will
say that compatible observables can be measured together with a single experiment.
Since observables associated with different experiments will not have the same sets of eigen-
vectors, this means that the Hermitian operators representing them do not commute, and
we say that these observables cannot be measured simultaneously with the same experiment.
Since we have chosen the experiment arbitrarily, the previous results hold for any experi-
ment.
Now let us take a different experiment with an outcome space that has the same cardinality.
We have said that we will represent it with a different basis. What is the relation between
the bases representing different experiments?
Since all outcome spaces are represented by normalized vectors, which are linear combina-
tions of the unit vectors representing their respective experiments, we will choose to represent
all the outcome spaces by the same normalized vector, which has different components on
different bases in V representing different experiments, such that it gives right probabilities
according to (29), and the reason we can do that is due to the fact that we can give a vector
with a fixed length any components we like by choosing the right basis in a complex vector
space. The justification of the previous statement is the following lemma.
Lemma
In a finite dimensional inner-product complex vector space with dimensionality greater than
or equals to two, we can always find an orthonormal basis such that we can give a vector
with a fixed magnitude, any set of components.
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Proof
First of all, from Gram-Schmidt theorem we know that in any inner-product vector space,
we can find orthonormal bases [7].
Now, let V be a finite inner-product space with a dimensionality N .
Suppose that the vector |X〉 has the set of components {c1, ..., cN} on some orthonormal
basis {|ui〉}Ni=1, And we want to find another orthonormal basis{|tj〉}Nj=1 in the space such
that the vector |X〉 has the components {b1, ..., bN} on this new basis.
let us assume the new basis vectors are given in terms of the old ones by

|tj〉 =
N
∑

i=1

fji |ui〉 (45)

Since the set {fji}has N2 elements for all the possible values of i and j, and by noticing
that each fji is a complex number in general, thus it has two real numbers, this makes the
number of unknowns that we need to find is 2N2.
Our task is then to find these unknowns. Let us count the number of equations we have.
First we have the following 2N equations (in the real unknowns):

|X〉 =
N
∑

i=1

ci |ui〉 =
N
∑

j=1

bj |tj〉 (46)

And the new basis should satisfy the following condition:

〈ti|tj〉 = δij (47)

But since
〈ti|tj〉 = 〈tj |ti〉∗ (48)

Then the number of independent equations dictated by the inner product is

N(N + 1)

2
(49)

So the total number of equations is

N(N + 1)

2
+ 2N =

N(N + 5)

2
(50)

So to be able to find such a basis as the one we are looking for, the number of unknowns
must be greater than or equals to the number of equations, meaning

2N2 ≥ N(N + 5)

2
⇒ N(N − 5

3
) ≥ 0 (51)

Which is satisfied for any dimensionality of a vector space that is greater than or equals to
two.
Notice that had we used a finite dimensional real vector space, the number of unknowns

would have been N2 while the number of equations would have been
N(N + 3)

2
. Hence,

the previous lemma would have been only valid if N ≥ 3. Thus, we see the need to work in
a complex vector space to make our formulation a general one.
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Corollary (1)
Since we deal with probabilistic experiments with a sample space which has two or more
elements, the number of variables will always exceed the number of equations. Thus, we
will have an infinite number of distinct orthonormal bases in which the vector representing
sample space will have the right sets of components in all of them. This makes us able
to represent even different experiments that have identical probability distributions, with
different bases.
Corollary (2)
If we apply the previous lemma to the vectors in ordinary space, we see that in order for
the number of the unknowns to equal the number of equations in a finite dimensional space,
the number of spatial dimensions must be 3 (or zero but this case is trivial). If N = 3, then
there will be a unique coordinate system in which a certain point can have a specific set of
coordinates.
This might be one of the reasons why three special dimensions are special!
From now on, we will call the normalized vector that represents all outcome spaces with the
same cardinality a state vector, and we must stress that the same state vector represents all
experiments with equal cardinality, this is why we will be saying the state vector representing
these experiments.
And from now on, we say that all experiments that have outcome spaces with equal cardi-
nality N , form a class CN . And what we will call the state vector representing the class
CN is the state vector representing experiments that their outcome spaces have the same
cardinality N .

2.1.1.3 Is the state vector unique? We will replicate a derivation that is done in [6]
just to make this paper self-contained. Is the state vector unique? In other words, can we
use for a given class of experiments with the same cardinality, more than one vector as a
state vector?
If it is not unique, then we must find the same probability distributions for all experiments
of this class, whether we used |X〉 or –if exist- the other vector/vectors that can be used as
state vectors.
Again, we will assume that the cardinality of outcome spaces of the experiments we are
talking about is N .
Suppose that a state vector representing these experiments is |X〉.
We will take an experiment ε1 and assume that the state vector is written using the basis
representing the previous experiment according to (32) as:

|X〉 =
N
∑

l=1

cl |ul〉 (52)

Now Let us take the vector |X ′〉 which is:

|X ′〉 =
N
∑

l=1

c′l |ul〉 : c′l = clzl (53)

Where zl are complex numbers which we will write in the form:

zl = Ale
iθl : Al ∈ [0,∞), θl ∈ R (54)
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And i =
√
−1

For |X ′〉 to be a state vector, all the probabilities of each single outcome in the outcome space
(thus all the probabilities of sets in the power set of the outcome space since the probability
of such a set is equal to the sum of the probabilities of the outcomes that constitute it) for
any experiment from this class must be the same as given by|X〉. So, the probabilities of
the outcomes of ε1 do not change.
So the following equation must hold:

|c′l|2 = |cl|2 (55)

Thus:

|Aleiθlcl|2 = |cl|2 ⇒
|Al|2|cl|2 = |cl|2 (56)

And because the former condition is true even if we choose the experiment to satisfy: cl 6= 0
for all values of cl, because our choice of ε1 is arbitrary, we must have:

|Al|2 = 1 (57)

So we have the condition:
Al = 1 (58)

Which means that:
zl = eiθl (59)

And that:
c′l = clzl = cle

iθl (60)

But that is not enough, because the condition that probabilities must not change must be
true for any other experiment of the same class and not just ε1, because we are talking
about state vectors here.
Let us take a different experiment ε2 of the same class. We know that it must be represented
by another basis, let us say {|tj〉}Nj=1. We must have:

|X〉 =
N
∑

j=1

bj |tj〉 (61)

We now have:

|X〉 =
N
∑

j=1

bj |tj〉 =
N
∑

l=1

cl |ul〉 (62)

Where:

bj = 〈tj |X〉 =
N
∑

l=1

〈tj |ul〉 〈ul|X〉 =
N
∑

l=1

〈tj |ul〉 cl (63)

For |X ′〉we must have:

|X ′〉 =
N
∑

j=1

b′j |tj〉 (64)
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So:

b′j = 〈tj |X ′〉 =
N
∑

l=1

〈tj |ul〉 〈ul|X ′〉

=
N
∑

l=1

〈tj |ul〉 c′l =
N
∑

l=1

〈tj |ul〉 cleiθl (65)

We saw that the probabilities associated with the experiment ε1 do not change. But to
reach our goal, which is that we want |X ′〉to be a state vector too, then the probabilities
associated with ε2 must not change. So, we must have:

|b′j |2 = |bj |2

b′jb
′∗
j = bjb

∗
j

( N
∑

l=1

〈tj |ul〉 cleiθl
)( N

∑

k=1

〈uk|tj〉 c∗ke−iθk
)

=

( N
∑

l=1

〈tj |ul〉 cl
)( N

∑

k=1

〈uk|tj〉 c∗k
)

So we must have:
∑

l,k

〈tj |ul〉 〈uk|tj〉 clc∗kei(θl−θk) =
∑

l,k

〈tj |ul〉 〈uk|tj〉 clc∗k (66)

The former equation must be true for any ck and cl because we are speaking of arbitrary
experiments with arbitrary probability distributions. It is true when we fix the bases what-
ever cl were (we can fix the two bases and define an infinite number of experiments on them,
meaning, whatever cl and c∗k were). So their coefficients must be the same, which means:

〈tj |ul〉 〈uk|tj〉 ei(θl−θk) = 〈tj |ul〉 〈uk|tj〉 ⇒
〈tj |ul〉 〈uk|tj〉 [ei(θl−θk) − 1] = 0 (67)

It must be true for all experiments so for all bases even when:〈tj |ul〉 6= 0 for any l and j.
Thus:

ei(θl−θk) = 1

Which means that:
eiθl = eiθk ⇒ θl = θk + 2πn, n ∈ Z (68)

And that is for any l and k. So we have:

zl = zk (69)

So we see that:
z1 = z2 = ... = zN (70)

And since all of them are pure phases, then we can write:

z1 = z2 = ... = zN ≡ eiθ

So:

|X ′〉 =
N
∑

l=1

cle
iθ |ul〉 = eiθ

N
∑

l=1

cl |ul〉 ⇒

|X ′〉 = eiθ |X〉 (71)
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So, for |X ′〉 to be a state vector too, it must be of the former form. From the above we see
that we can multiply |X〉 by any pure phase and still get another state vector. Immediately
we can see that were we to work with a real vector space, the state vector would have been
either (|X〉) for θ = 0 or (− |X〉) for θ = π.

2.1.2 Coarse-grained measurements and mixed states

Since we have seen that the same mathematical structure of quantum mechanics is valid
for any extended probability theory whether it describes classical or quantum systems, it
will be helpful if we import some useful definitions from the mathematical structure of
quantum mechanics to see what their interpretations are in the light of these new extended
probabilistic theories.
Given vectors and dual vectors we can define operators of the form (in this section, we will
follow to a large extent the steps taken in [9]):

|ϕ〉 〈ψ| (72)

And if |ψ〉 is a state vector, the projection operator for this state is written as:

P̂ψ = |ψ〉 〈ψ| (73)

We will call it a density operator for a pure state.
We can even define a more general type of states, still described by density operators, by
introducing ‘mixtures’ of pure states:

P̂ =

M
∑

k=1

λk |φk〉 〈φk| (74)

where {|φk〉} is some set of pure states, not necessarily orthogonal. The number M could
be anything, and is not limited by the dimension of the Hilbert space. The M numbers (or
‘weights’) λk are nonzero and satisfy the relations:

0 < λk ≤ 1;

M
∑

k=1

λk = 1 (75)

The normalization of the weights pk expresses the condition Tr(P̂ ) = 1.
Since P̂ is Hermitian, we can diagonalize it, such that

P̂ =

N
∑

k=1

pk |ψk〉 〈ψk| (76)

Where the states {|ψk〉} are orthogonal. The numbers pk satisfy

0 ≤ pk ≤ 1;

N
∑

k=1

pk = 1 (77)

The numbers pk are, in fact, nothing but the eigenvalues of P̂ . They sum to one because of
normalization. There are exactly N = d of these numbers, where d is the dimension of the
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Hilbert space.
Since this is the same familiar structure of quantum mechanics, we can use these two simple
tests to determine whether P̂ describes a pure state or not:
pure state: P̂ 2 = P̂ ; mixed state: P̂ 2 6= P̂ .
Or:
pure state: Tr[P̂ 2] = 1 ; mixed state: Tr[P̂ 2] < 1.
In fact, P ≡ Tr[P̂ 2] is called the purity of a state. A state is pure when its purity equals 1,
and mixed otherwise.
we can certainly prepare a mixed state in a probabilistic way. If we prepare with probability
pk a pure state |ψk〉, and then forget which pure state we prepared, the resulting mixed
state is P̂ =

∑

k pk |ψk〉 〈ψk|. In this case, pk certainly has the meaning of probability.
For example, if we have an experiment (for instance throwing an ordinary die) with a state
vector:

|ψ〉 =
6

∑

k=1

√
pk |k〉 , 0 ≤ pk ≤ 1,

6
∑

k=1

pk = 1 (78)

we can immediately see that it is a pure state:

P̂ = |ψ〉 〈ψ| (79)

because, since |ψ〉 is normalized, we have

P̂ 2 = |ψ〉 〈ψ|ψ〉 〈ψ| = |ψ〉 〈ψ| = P̂ (80)

But if we take any other vector that represents a set which is a proper subset of the sample
space, it will not be normalized, hence we will get P̂ 2 6= P̂ , thus it represents a mixed state.
For example, in the previous die example, if we take the vector that represents having an
odd number, it will be represented by the vector

|ϕ〉 =
3

∑

n=1

√
pn |2n− 1〉 (81)

which will correspond to a mixed state. This vector gives us the probability to measure
an odd number and this probability is 〈ϕ|ϕ〉 as we have seen in [6]. Have we done this
measurement and know that we really got an odd number, then we would have done a
coarse-grained measurement if this is all the information we got. So mixed states can be
used to represent coarse-graining measurements.
The density matrix operator in this case is

P̂ =
1

3
|1〉 〈1|+ 1

3
|3〉 〈3|+ 1

3
|5〉 〈5| (82)

So the density matrix is

ρ =
1

3
diag(1, 0, 1, 0, 1, 0) (83)

Thus

ρ2 =
1

9
diag(1, 0, 1, 0, 1, 0) (84)

Hence

P = Tr[P̂ 2] =
1

3
< 1 (85)
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2.1.3 Entropy

Building on the previous coin example, we see that if we have a vector that represents a
subset of the sample space, and we write it in the form

|ψ〉 =
M
∑

n=1

cn |un〉 (86)

With M ≤ N where N is the cardinality of the sample space, the density operator will be

P̂ =

M
∑

n=1

pn |un〉 〈un| =
M
∑

n=1

|cn|2 |un〉 〈un| (87)

Which means that the ij-element of the density matrix that represents this operator is

ρij = piδij (88)

Where the index i runs over the basis vectors that appear in the expansion of |ψ〉 while the
index j runs over all the basis vectors.
Hence, the ij-element of the matrix that represents log[P̂ ] is

δij log pi (89)

Thus, the ij-element of the matrix representing P̂ log[P̂ ] will be

δijpi log pi (90)

Which means that

− Tr(P̂ log[P̂ ]) = −
M
∑

i=1

pi log pi = S (91)

Where S is the entropy!
Now this means that the entropy of a pure state is zero, which corresponds to maximum
knowledge, but it is a probabilistic knowledge about a class of probabilistic experiments
that have the same number of outcomes as we saw. This means that if there is a deeper
deterministic description of the situation, then there maby another knowledge hidden from
us due to our probabilistic discribtion, that we can only get by knowing the deterministic
description accurately.

2.1.4 Composition of experiments

Not all collections of events are “experiments”. Whether or not a specific collection is an
experiment is determined by the theory, compatibly with the basic requirement that the set
of experiments must be closed under sequential and parallel composition.

2.1.4.1 Parallel composition The parallel composition of two experiments

ψ =

{

A
εi

{ai}}

i∈X

, χ =

{

B
Fj

{bj}}

j∈Y

(92)
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is defined to be

ψ ⊗ χ :=

{

A
εi

{ai}

B
Fj

{bj}

}

(i,j)∈X×Y

=

{

A×B

εi ⊗ Fj
{(ai,bj)}

}

(i,j)∈X×Y

(93)

and represents two possible non-deterministic processes occurring in parallel. The com-
position of experiments induces a composition of their outcome spaces via the Cartesian
product. As a consequence, the set of all outcome spaces must be closed under this opera-
tion. We will denote such a set by Outcomes.
We see that the parallel composition can be interpreted as an experiment according to the
definition we gave above for an experiment, and we will call this experiment a composite
experiment.
For example, in the experiment of throwing two coins on parallel, if we assume that the
experiment of throwing one coin is

F =

{

{H,T}
ε1

{H}

,
{H,T}

ε2
{T}

}

(94)

Then the composite experiment is

F ⊗ F =

{

{H,T}
ε1

{H}

,
{H,T}

ε2
{T}

}

⊗
{

{H,T}
ε1

{H}

,
{H,T}

ε2
{T}

}

=

{

{H,T}2

ε1 ⊗ ε1
{(H,H)}

,
{H,T}2

ε1 ⊗ ε2
{(H,T )}

,
{H,T}2

ε2 ⊗ ε1
{(T,H)}

,
{H,T}2

ε2 ⊗ ε2
{(T,T )}

}

(95)

2.1.4.2 Sequential composition First, we will explain the concept using the simple
example of throwing a coin two consecutive times. Again, let us assume that the experiment
of throwing a coin is

F =

{

{H,T}
ε1

{H}

,
{H,T}

ε2
{T}

}

(96)

We can think of the composite experiment in this case as two experiments running in
parallel: the experiment of throwing the coin in the first one while parallel to it, nothing
happened in the second one, then the experiment of throwing the coin in the second one,
while nothing changes regarding the first one:
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(97)

In general, if we have the two experiments:

ψ =

{

A
εi

{ai}
}

i∈X

, χ =

{

B
Fj

{bj}
}

j∈Y

(98)
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Then we define their sequential composition as

χ ◦ψ :=

{

A
εi

{ai}
I{ai}

{ai}

B
IB

B
Fj

{bj}

}

(i,j)∈X×Y

=

{

A
εi

{ai}

B
Fj

{bj}

}

(i,j)∈X×Y

=

{

A×B

εi ⊗ Fj
{(ai,bj)}

}

(i,j)∈X×Y

= ψ ⊗ χ (99)

Thus, we can see that also in the sequential composition we can get an experiment
according to the definition we gave above for an experiment, and we will also call this
experiment a composite experiment.
We can define a direction of time flow from top to bottom in the diagram, and we can define
time steps using the number of identity events that appear in the previous equation, in this
case two, which in turn is the number of experiments we compose sequentially. Thus we
see that by default in this definition, the present cannot affect the past, thus causality is
inevitable.
We also see that we got the remarkable result:

χ ◦ψ = ψ ⊗ χ (100)

This is a remarkable result, because it uncovers a strange and indeed deep correlation
between space and time: it says that if for example, we throw a die in position A, and on
parallel we throw a coin in position B, then this is equivalent from the point of view of
category theory let us say to throwing the die, then throwing the coin afterwards. And if
we exchange the initial positions of the coin and the die, then what is equivalent to that is
throwing them in the reverse order in time! So, from category theory perspective, flipping
the positions in space is equivalent to flipping the order in time!
Now we can see how this can remove some redundancy in probability theory: if we have two
experiments whose sample spaces are Ω1 and Ω2 respectively, then we will have two options
to represent the sample space of the composite experiment made out of the previous ones,
and those options are either Ω = Ω1×Ω2 or Ω′ = Ω2×Ω1. Thus, if we use one to represent
parallel composition, then we can use the other to represent sequential composition!

2.1.5 The representation of composite experiments in vector spaces

Let us take two experiments, where the first experiment ε1 is from the class CN and the
second experiment ε2 is from the class CM . Of course in general, these two experiments
need not be on the same system.
We represent each experiment in its own vector space: ε1 in V1 and ε2 in V2.
Let us suppose we represent ε1 in V1 by:

|X1〉 =
N
∑

i=1

ci |ui〉 (101)
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And that we represent ε2 in V2 by:

|X2〉 =
M
∑

j=1

bj |tj〉 (102)

We know from the previous section that whether we composed the previous experiments
sequentially or in parallel, the outcome space of the resulting experiment will be the Carte-
sian product of their outcome spaces. Thus, it will have the cardinality N.M , this is why
we need to represent the composite experiment in a vector space with dimensionality N.M .
Since the vector space:

V = V1 ⊗ V2 (103)

has this dimensionality, and so does the vector space V ′ = V2 ⊗ V1, this means we can
represent the composite experiment by a vector in one of them (we can for example represent
the parallel composition in V and the sequential composition in V ′), let us call this vector
|X〉. Let us say we represent the composite experiment in V . Since we can choose any
orthonormal basis in V to represent this experiment, and since {|uitj〉} are orthonormal
basis in this space, we can write:

|X〉 =
∑

i,j

fij |uitj〉 ∈ V1 ⊗ V2 = V (104)

Where 〈X|X〉 = 1 and fij |uitj〉 representing {(ui, tj)}, thus:

p(ui, tj) = |fij |2 (105)

If
|X〉 = |X1〉 ⊗ |X2〉 , (106)

then we call it a product state. Otherwise, we call it an entangled state.
A product state represents two non-interacting systems, while the opposite is true for the
entangled state, as is extensively explained in [6].
We can easily generalize this to any finite number of experiments.

2.1.6 Composite systems

From our definition above of the composite system, and from what we said about composing
experiments, we see that we can treat an experiment on a composite system as a composite
experiment on the subsystems that constitute the system, and treat it according to the
previous mathematical structure.

2.1.7 Measurement

We will denote the collection of all experiments by Experim. Then, we will define the
following function

Mk : Experim→ Experim : ψ =

{

A
εi

{ai}
}

i∈X

7−→
{

{ak}
I{ak}

{ak}
}

(107)

for a specific value k ∈ X. We say that this function represents making a measurement
of the property X for the system under consideration, and getting specifically as a result k.
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We notice that we could have gotten for the experiment ψ, a number of results which is
N = |X| if we try to measure X.
Thus, the measurement for some property (which is the outcome space of some experiment)
gives us one event of the experiment, corresponding to one value of the property.
Now, if we try to measure the same property again, meaning we want to measure X, thus
to take the image of

Mk(ψ) =

{

{ak}
I{ak}

{ak}
}

(108)

Then we can calculate the image only using the function Mk out of all the functions M i

where i ∈ X because we have one event and one outcome in this experiment, and this
outcome is k, and in this case we will get

Mk(Mk(ψ)) =Mk(ψ) (109)

Thus, if we duplicate the same measurement, we will get the same result.
Now, let

χ =

{

B
Fj

{bj}
}

j∈Y

(110)

Be another experiment that we want to do after the measurement that gave us k. In this
case we will have

χ ◦Mk(ψ) =Mk(ψ)⊗ χ =

{

{ak}
I{ak}

{ak}

B
Fj

{bj}

}

j∈Y

=

{

{ak}×B

I{ak}⊗Fj

{(ak,bj)}
}

j∈Y

(111)

And we can generalize this for any number of times.

2.1.8 The measurement problem (observer-system composite system)

We will start by an example, then generalize.
Suppose we take the composite system of (coin-coin tosser). Let the experiment of tossing
the coin be

ε =

{

{H,T}
ε1

{H}

,
{H,T}

ε2
{T}

}

(112)

While the experiment that represents what the tosser may see after tossing the coin is

O =

{

{OH ,OT }

F1

{OH}

,
{OH ,OT }

F2

{OT }
}

(113)

Meaning that this observer may find the coin heads, which is represented by OH , or the
observer may find the coin tails, which is represented by OT .
Now, after the toss, we cannot have simultaneously H and OT , or T and OH , because what
the observer will see is defined by what the result of the toss is. Hence, the experiment that
represents the potential change on the (coin/coin tosser) system will be

T =

{

{(H,OH ),(T,OT )}

T1
{(H,OH )}

,
{(H,OH ),(T,OT )}

T2
{(T,OT )}

}

(114)

20



We notice that we cannot get T neither by parallel nor by sequential composition of ε and
O, which can be verified easily by simply taking their parallel and sequential compositions!

There is yet one more thing that we need to mention. Every time the coin is tossed and we
get H, we simultaneously get OH for the observer, and (H,OT ) for the composite system.
The same is true if we replaced H by T .
Thus we must have

p(H,OH) = p(OH) = p(H) (115)

And
p(T,OT ) = p(OT ) = p(T ) (116)

Now we will talk about the general case.
Supposing we have an experiment

ψ =

{

A
εi

{ai}
}

i∈X

(117)

We say that the set O is one of the sets that describe an observer of the previous experiment
if and only if the following conditions are met:

1. we can build the following two experiments that have the same outcome space as ψ:

O =

{

O
Fi

{Oi}
}

i∈X

(118)

and

χ =

{

{(aj ,Oj)|j∈X}
χi

{(ai,Oi)}
}

i∈X

(119)

2. using the probabilistic structures for the previous experiments, we have

p(ai, Oi) = p(ai) = p(Oi) (120)

We say that χ represents the experiment done on the composite system of the observer and
the original system, that corresponds to ψ.
The state vectors of the three experiments respectively will be

|ψ〉 =
N
∑

i=1

ci |ai〉 ∈ V1 (121)

|O〉 =
N
∑

i=1

bi |Oi〉 ∈ V2 (122)

|χ〉 =
N
∑

i=1

di |aiOi〉 ∈ V1 ⊗ V2 (123)

Where the following condition must be satisfied:

|ci|2 = |bi|2 = |di|2 (124)
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So that the probabilities are the same as we have mentioned above.
We immediately see that

|χ〉 6= |ψ〉 ⊗ |O〉 (125)

So, the measurement is an entanglement between the system and the observer.
Furthermore, we notice that if we make a measurement and get the value i of the property
X, we will have the following three equations:

Mi(ψ) =

{

{ai}
I{ai}

{ai}
}

(126)

Mi(O) =

{

{Oi}
I{Oi}

{Oi}
}

(127)

and

Mi(χ) =

{

{(ai,Oi)}
I{(ai,Oi)}

{(ai,Oi)}
}

=

{

{ai}
I{ai}

{ai}

{Oi}
I{Oi}

{Oi}

}

=Mi(ψ)⊗Mi(O) (128)

=Mi(O) ◦Mi(ψ) (129)

Now the question that arises is, how to represent Mk(ψ) by a vector, since it only
has one outcome, and the lemma in section 2.1.1.2 was clear that our formulation is only
valid for vector spaces with a dimensionality that is greater than or equal to two? In fact,
since the only outcome that is in the experiment Mk is k, and we want this experiment to
convey the meaning of measurement, and as we have seen according to (128), we can think
of the experiments M i(ψ) and M i(O) as being done together, and once we have gotten an
outcome for one of them, we get the corresponding outcome for the other, thus they have
the same probability distribution after doing the measurement which is one for the outcome
we got and zero for the others, and each experiment of them is a singleton, this is why we
will represent them (up to a pure phase) by the following vectors respectively:

|M i(ψ)〉 =
N
∑

k=1

δki |ak〉 = |ai〉 (130)

|M i(O)〉 =
N
∑

k=1

δki |Ok〉 = |Oi〉 (131)

And since we also get one outcome in the composite experiment after the measurement, we
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can here too write

|M i(χ)〉 =
N
∑

k=1

δki |akOk〉 = |aiOi〉 (132)

We can call this a collapse in the state vector. But we also see that there is nothing myste-
rious here, for we just have a change in probability distribution after the measurement.
Another way to express the above is, that if Â is an observable that the experiment measures
(as we have mentioned, that means a Hermitian operator that has {|ai〉}Ni=1 as its eigenvec-

tors), then the system after the measurement will be in an eigen state of Â corresponding
to the eigenvalue of it that we will measure[6].

2.1.9 Evolution of the states of a system

Let us assume that we have a system described by a state vector:

|ψ〉 =
∑

m

cm |um〉 (133)

In some orthonormal basis {|um〉}Nm=1. As we have seen in section 2.1.1.3, any other vector
of the form:

|ϕ〉 =
∑

m

cme
iθm |um〉 (134)

is another state vector for the system, which describes the same state only if all θms are
equal, otherwise it will describe a state in which the probability distributions of at least
some experiments are different. But in general, they are not.
This enables us to deal with two kinds of evolution for states: continuous evolution, and
discrete evolution.

2.1.9.1 Continuous evolution If we allow θm to vary continuously, then we can always
write it as:

θm = −gmq (135)

Where gm is some real constant that depends only on m while q is a continuous variable.
As we have seen in section 2.1.1.2, we can always build a Hermitian operator Ĝ as follows:

Ĝ |um〉 = gm |um〉 (136)

Thus we have:

∂ |ϕ〉
∂q

=
∂

∂q

∑

m

cme
−iqgm |um〉

=
∑

m

−igmcme−iqgm |um〉

=
∑

m

−icme−iqgmĜ |um〉

= −iĜ
∑

m

cme
−iqgm |um〉

= −iĜ |ϕ〉
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Therefore:

Ĝ |ϕ〉 = i
∂ |ϕ〉
∂q

(137)

we can call Ĝ a generator for q translation. In fact, the previous equation is no other than
Shrodinger’s equation in its most general form.
Of course we could have written θm using any other continuous variable, for example:

θm = −fmr (138)

with a continuous variable r and a constant fm that depends only on m.
We can now build a new Hermitian operator F̂ as follows:

F |um〉 = fm |um〉 (139)

and since F̂ and Ĝ have the same eigenvectors, they commute.
Following the same procedure as before we find:

F̂ |ϕ〉 = i
∂ |ϕ〉
∂r

(140)

and F̂ is a generator for r translation.
Hence, we can start from any given state, and follow its continuous evolution using these
generators.
We must assert here that had we used real Hilbert spaces, then the only principal values
that θm can take are 0 or π. Hence, we would have not been able to speak of any kind
of continuous evolution of states at all! Thus for example, we would not have neither a
continuous space nor a continuous time, because each one of them will enter as the continuous
variable in the Shrodinger’s equation above, that has the right corresponding generator (the
Hamiltonian in the case of time and the momentum in the case of space).

2.1.9.2 discrete evolution We can think of the transformation of a general state vector
immediately into a state vector after the measurement as discussed above, as a discrete
evolution of the state vector. Hence, the measurement, as discussed above, represents a
discrete evolution in the state vector.

2.1.10 The uncertainty principle, entanglement and Bell’s theorem

If quantum mechanics is just probability theory, then we must find classical counterparts
for superposition, the uncertainty principle, and entanglement, without coming to conflict
with Bell’s theorem. In addition, we have to solve the measurement problem.
And in fact, it has been extensively explained in [6], how we can find counterparts to super-
position, the uncertainty principle, and how this interpretation is in agreement with Bell’s
theorem, and it solves the measurement problem. But to make this paper as self-contained
as possible, we will give a brief summary about some of te most important aspects to us
here, with an emphasis in particular on what this interpretation tells us about entanglement
specifically.
We saw in section 2.1.7, that in this formulation, the value that some property takes is
defined through the act of measurement according to eq (107). That means, a property is
defined to take a certain value only after measurement itself, or in other words, through the
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act of measurement.
To understand this, let us take the example of a coin toss. What do we mean when we say
that the coin is either heads or tails? We can define a unit vector Ĉ that is perpendicular
to the surface of the coin and is pointing from the face that represents tails, to the face that
represents heads. The coin is perpendicular to a previously known unit vector (usually it is
taken as a normal vector to the surface of the earth, but not always), let us denote it by n̂,
and we say that the coin is heads when Ĉ and n̂ are parallel, while we say that the coin is
tails when they are antiparallel, as in the following figure

Figure 1: Defining heads and tails

Thus, the labels heads and tails have no meaning unless we determine relative to what n̂
we are assigning them. Here we notice two things: first, we cannot assign the coin to be
heads on two different directions, thus it cannot be measured to be heads on more than one
direction, and this represents the uncertainty principle in this case. Second, since the result
of the throw of the coin is not defined until after it becomes parallel/antiprallel to some
direction after it is thrown, this means that this is in agreement with Bell’s theorem, as is
explained extensively in [6]. Furthermore, as we have seen above in the example of (coin/the
person observing the coin), the state of the composite system is an entangled state. Before
tossing the coin by someone, we cannot say that the coin was heads nor tails, neither that
the observer sees it heads or tails (by sees it we mean that it is assigned some label in their
universe). Assuming now that someone carried the coin in his/her hand and traveled to
some faraway place. Nothing has changed so far, meaning, no one can assign a specific label
to the coin whether heads or tails, since it is not thrown yet. When the person holding the
coin throws it, and assigns it a specific label relative to some n̂, and let us say the label
was heads, then immediately in the universe of the observer, we can say that it sees (in the
mentioned meaning of the word above) the coin heads. So, nothing mysterious here: what
is happening in two entangled systems is that the results of one experiment done on one
system, is defined using the results of the experiment done on the other!

2.2 Infinite dimensional outcome spaces

Since we have established the Hilbert space structure needed in quantum mechanics for finite
dimensional cases, we can make it our starting point, and extend it in the same manner
done in [6] to the infinite dimensional case. This is why we will not delve more into this
matter in the current paper.
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3 Final thoughts

The result of this work is that quantum mechanics is just probability theory cast in another
language.
This leads to the following conclusions:

1. We do not have to assume the existence of infinite number of universes in order to
answer the question of why the laws of physics are the way they are as Max Tegmark
has done [10]. Because the answer to this question will simply be “because the universe
is non-deterministic, thus it will be described using probability theory, hence quantum
mechanics”. On a personal level, I find this answer extremely philosophically pleasing,
because if the deepest layer of reality is non-deterministic, then there is no meaning
in questions like why the universe began if it has a beginning for the same reason that
makes the question of why a radioactive atom decayed in a particular moment of time
void of meaning. Nonetheless, I still prefer to look if the laws of quantum mechanics
are the statistical description of a deeper deterministic layer of reality in the same
sense that probability theory is a valid description for a Newtonian universe if we do
not have enough information about the system that is under study. Finally, even if
the theory that describes the universe is deterministic, it can be described using this
structure as we have shown above in section 2.

2. Since we can use probability theory to describe “classical systems”, thus, classical
systems can be described using this structure of quantum mechanics but in this new
understanding, hence we can apply quantum algorithms to them, which gives us more
freedom in choosing the components out of which we can build quantum computers,
which may give us new paths that make it more practical.

3. Since we can now simulate a quantum computer using a classical system (in principle
at least), what this work reveals is that building algorithms using this probabilistic
structure is more efficient than the conventional algorithms.

4. What this paper shows regarding the discussion of determinacy vs nondeterminacy of
measured physical properties like position for example, is that even if there is some
deterministic level from which our universe emerges, that does not necessarily mean
there are some hidden variables which if we know, will make the position deterministic.
Because the position -as a result of a probabilistic experiment- is in itself a part of
a statistical description, and what might be deterministic in such a case are different
sets of degrees of freedom that are different from the phyisical properties we usually
measure!
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