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Abstract This paper proposes a new extended state
observer-based sliding mode control strategy with pre-

scribed finite-time convergence. Firstly, a novel pre-

scribed finite-time extended state observer is designed,

which estimates the disturbance accurately within a

prescribed finite time and effectively solves peaking val-
ue problem. Secondly, a new type of second-order pre-

scribed finite-time sliding mode controller is designed

to ensure system states converge within a prescribed

finite time. Then, the proposed control strategy is ap-
plied to the design of partial integrated guidance and

control with two-loop controller structure. Finally, the

validity of the proposed methodology is verified through

numerical simulation.

Keywords Prescribed finite-time extended state

observer · Peaking value problem · Prescribed finite-

time sliding mode controller · Partial integrated
guidance and control

1 Introduction

Over the years, since the property of robustness against

bounded disturbance, sliding mode control (SMC) has

become the popular tool for the controller design of

nonlinear systems [1,2,3,4]. Considering that many con-

ventional sliding mode controllers are designed based on
asymptotic stability theory [5], finite-time terminal s-

liding mode control (TSMC) has been widely developed

with the proposed of finite-time theory [6]. By apply-

ing the adaptive nonsingular TSMC method, the finite-
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time convergence of system states was realized in [7].
Considering the 3-D interception of interceptors for hy-

personic vehicles, a fast robust control approach using

the modified fast TSMC was proposed in [8]. Howev-

er, in the aforementioned literatures, the settling time

of the finite-time control depends on the system ini-
tial states, which is usually difficult to be obtained in

advance [9]. Especially, for large initial conditions, the

settling time may be large and inestimable. As an ex-

tension of the finite-time theory, the fixed-time theory
was proposed in [10], which ensures the upper-bounded

convergence time is a fixed value regardless of initial s-

tates [11,12]. Inspired by this attractive feature, TSMC

with fixed-time convergence has been widely developed.

In [13], a nonsingular fixed-time terminal sliding mod-
e consensus protocol was designed, which accomplishes

the fixed-time consensus tracking. A fixed-time TSM-

C for wheeled mobile robots with bi-limit homogeneous

method was designed in [14], the upper bounded conver-
gence time was not given. However, there are still some

defects in the existing fixed-time theory [15,16], includ-

ing that only the upper bound of the convergence time

is determined, and the convergence time cannot be arbi-

trarily assigned by the designer [17]. To address this re-
search problem, in [18,19], a complex time-varying con-

trol law was proposed in prescribed finite time, which

realizes the convergence of the system in a prescribed

finite time. And the settling time is independent of any
other design parameters and initial conditions. Simi-

larly, a novel free-will arbitrary-time stable theory was

presented as the extension of fixed-time theory in [20].

Therein, a novel controller was designed to stabilize the

system in a prescribed time regardless of any system
parameters. To the best of authors’ knowledge, SM-

C with prescribed finite-time convergence has seldom

been investigated, which motivated us to carry on this
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study. Besides, some previous studies have only consid-

ered the situation within the prescribed time interval

[18,19], which is not conducive to practical application.

Hence, it is of great interest to study a new prescribed

finite-time convergent SMC theory for nonlinear sys-
tems.

Furthermore, as the effective method to deal with

disturbance and uncertainty, disturbance/uncertainty

estimation and cancelation techniques have captured
considerable attention [21], which save control energy

significantly in practice. These techniques include un-

known input observer (UIO) [22], nonlinear disturbance

observer (NDOB) [23], extended state observer (ESO)

[14,24,25,26,27]. With the advantages of requiring less
information and effectively reducing the tremor prob-

lems, ESO technique has been wildly applied in vari-

ous control systems. ESO is a significant part of active

disturbance rejection control [24]. It estimates the so-
called ”total disturbance” of a system, and the ”total

disturbance” contains the internal uncertainty, exter-

nal disturbance and anything that is hard to model

or deal with [25]. By incorporating the high-gain ap-

proach, a linear ESO was constructed to estimate the
uncertain information in the velocity-free large space-

craft system in [26], however it causes the serious peak-

ing value problem. In [25], a nonlinear ESO was de-

signed by introducing piecewise smooth function con-
sisted of linear and fractional power functions, which

has the advantage of smaller peaking value. In anoth-

er aspect, the development for the convergence of ES-

O is as: asymptotic stability, finite-time stability [27]

and fixed-time stability [14]. Recently, with the adven-
t of the arbitrary/prescribed time stability theory [17,

18,19,20], many scholars have begun to study related

observers. A new prescribed-time observer with time-

varying gains for linear system was proposed in [28],
the fixed-time convergence with arbitrary settling time

was validated. However, the situation that outside the

prescribed time interval was not considered and the ob-

server cannot observe time-varying disturbance or un-

certainty. In [29], a new distributed prescribed finite-
time observer was designed to observe the disturbance

of a strict-feedback nonlinear system on the prescribed

finite-time interval. It is to be emphasized that none

of the literatures mentioned above addresses the pre-
scribed finite-time stable property of ESO, which mo-

tivated us to construct a novel ESO with prescribed

finite-time convergence.

Integrated guidance and control (IGC) design can

make full use the available information, maximize the
missile’s maneuverability and improve the terminal per-

formance, which has received wide attention in the past

decades [2,30,31]. Thus, a high performance control

method is indispensable to accomplish the design. Up

to now, plenty of scholars have tried to combine var-

ious control methods with partial IGC, such as small

gain [32], dynamic surface control [33], linear optimal

control [34], backstepping [35], SMC, etc. Note that in-
formation of the target acceleration is limited, which is

viewed as the disturbance and causes trouble for the

controller design. The accuracy requirements may not

be met by using conventional techniques. Thus, ESO-
based SMC is a good choice.

Inspired by the above discussions, the prescribed

finite-time extended state observer-based prescribed fi-
nite time sliding mode control (PFTESO-based PFTSM-

C) strategy will be presented for partial IGC design.

The main contributions of this study are summarized

as follows. A new type of PFTESO is proposed to esti-
mate and compensate for disturbance, its settling time

can be pre-allocated directly and regardless of the ini-

tial conditions and any other design parameters. More-

over, the common peaking value problem in the ESO

design is effectively reduced. A novel second-order pre-
scribed finite-time sliding mode controller is present-

ed, whose convergence time is independent of the ini-

tial conditions and any other design parameters. A new

PFTESO-based PFTSMC law is applied to the partial
IGC design. Comparing with the adaptive perturbation

estimation method, the chattering problem is effective-

ly alleviated without excessively increasing the robust

term gain.

The remainder of this paper is organized as fol-

lows: Section 2 presents some necessary preliminaries

and proposes a novel PFTESO-based PFTSMC law.
Section 3 introduces the partial IGC model and reveals

the application of proposed control strategy to partial

IGC design. Section 4 illustrates the effectiveness. Fi-

nally, Section 5 concludes this paper.

Notations In this brief, R is the set of real num-

bers and R+ is the set of positive real numbers, the

Euclidean space with dimension p is denoted by R
p.

|| · || represents Euclidian norm. λmin(·) is the mini-
mum eigenvalue of a matrix (·), λmax(·) is the max-

imum eigenvalue of a matrix (·). ⌈x⌋α , |x|α sign(x)

with α > 0, x ∈ R, and sign(x) is the sign function,

which satisfies sign(x) = −1, if x < 0, sign(x) = 0,
if x = 0, and sign(x) = 1, if x > 0. The notation for

functions is sometimes simplified, such as, one function

f
(
x(t)

)
can be represented as f(x), f(·) or f .



Prescribed finite-time ESO-based prescribed finite-time control 3

2 Prescribed finite-time extended state

observer-based prescribed finite-time sliding

mode control

Let’s consider a following second-order system

{
ẋ1 = x2

ẋ2 = f + bu+∆
(1)

where x1 and x2 are the system states, f and b 6= 0

are known functions, u represents the control input, ∆
denotes the disturbance and is bounded and smooth.

Before designing the control strategy, the following

lemma is firstly introduced.

As the basis of this study, a following monotonical-
ly increasing function Ξ(t, tf ) : [0, tf) 7−→ R+ is intro-

duced as

Ξ(t) = sec2
(
π

2

t

tf

)
, t ∈ [0, tf ), (2)

where tf > 0 is the prescribed time for meeting the ob-

jectives of estimation and control, the function Ξ sat-
isfies the properties that Ξ(0) = 1 and Ξ(tf ) = +∞.

Here the qth derivative of Ξ(t) is denoted by Ξ(q)(t)

(q = 0, . . . , n), with Ξ(0)(t) = Ξ(t). By taking the

derivatives of Ξ successively, it can be obtained that

Ξ(q) =






∑ q+1
2

i=1 (
π
2tf

)qa
[q]
i mi, if q is odd

∑ q+2
2

i=1 (
π
2tf

)qa
[q]
i mi, if q is even

where mi = Ξi(t)tgq−2i+2(t) with tg(t) = tan
(

π
2

t
tf

)
;

the coefficient a
[q]
i satisfies a recursive relationship a

[q]
i =

(q − 2i+ 3)a
[q−1]
i−1 + 2ia

[q−1]
i , with a

[q]
0 = 0 and a

[0]
i = 1.

Lemma 1 As for a system g(x(t)), denote N ⊂ R
n as

a domain containing the equilibrium point x = 0, de-

fine M = [t0, tf ) as the prescribed finite-time interval.

Suppose a real-valued continuously differentiable func-

tion as V (·) : R × R
n(N × M) → R+ ∪ {0}, it is a

continuous unbounded function and satisfies

i) V
(
x(t)

)
= 0 ⇔ x(t) = 0;

ii) for any x(t) 6= 0, there exists k > 0 such that

V̇
(
x(t)

)
≤ −kΞ(t)V

(
x(t)

)

then the function V (t) satisfies limt→t
−

f
V (t) = 0.

Proof It is known that in time interval M , the value

of function Ξ is greater than 0, thus, V̇ ≤ 0 and the
system state is convergent. Integrating it yields

V (t) ≤ exp
−k

∫
t

t0
Ξ(τ)dτ

V (t0)

≤ exp−
2ktf

π
Tg(t) V (t0)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Time(s)

0

0.5

1

ex
p
−

2k
t f π
T
g
(t
)

tf = 2s; k = 1
tf = 2s; k = 3
tf = 2s; k = 5

Fig. 1 The curve of the function exp−

2ktf

π
Tg(t)

where Tg(t) =
(
tg(t)−tg(t0)

)
, and t0 is the initial time.

The function exp−
2ktf

π
Tg(t) satisfies the properties that

exp−
2ktf

π
Tg(t0) = 1 and exp−

2ktf
π

Tg(tf ) = 0, which can

be found in Fig. 1. Because the initial system state x(t0)

and V (t0) are positive bounded real numbers, then it is

obtained that limt→t
−

f
V (t) = 0. The proof of Lemma

1 is completed.

2.1 PFTESO design

This subsection is concerned with the PFTESO design

for estimating the disturbance in system (1). In [7],

the disturbance was addressed by using an adaptive

method. However, the initial estimation of disturbance
needs to be large enough, which results in overestima-

tion of switch control input, wastes the energy of con-

trol and causes negative chattering problem [36]. The

disturbance can be estimated by the proposed novel

PFTESO. In this way, the chattering problem is allevi-
ated and control power is minimized.

Firstly, the disturbance ∆ is extended by x3. Con-
sequently, the extended state system is described by





ẋ1 = x2

ẋ2 = f + bu+∆

ẋ3 = ∆̇

(3)

Assumption 1 [25] ∆̇ is bounded and smooth, i.e.,

|∆̇| ≤ ∆̇max with ∆̇max being a constant.

The objective is to design a PFTESO for estimat-

ing disturbance within a prescribed finite time. The

settling time can be prescribed a priori regardless of

other design parameters and system initial condition-
s. In the prescribed time interval, the observer error

can be guaranteed to converge to the origin by intro-

ducing the monotone increasing function Ξ. Then, the

proposed ESO switches to the form of Levant’s robust
exact differentiator in [37], so that the observation error

can be maintained at the origin in the later time. Based

on such a design idea, the structure of PFTESO for the
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extended state system (3) can be constructed as





ϕ1 = x1 − x̂1

˙̂x1 = x̂2 + T ζΞl1ϕ1 + (1 − T )k1Γ
1
3 ⌈ϕ1⌋

2
3

˙̂x2 = f + bu+ ∆̂+ T ζ2Ξ
2
l2ϕ1 + (1− T )k2Γ

2
3 ⌈ϕ1⌋

1
3

˙̂
∆ = T ζ3Ξ

3
l3ϕ1 + (1− T )k3Γ ⌈ϕ1⌋0

(4)

where Ξ = sec2
(

π
2

t
tf

)
, t ∈ [0, tf ), and tf is the pre-

scribed convergence time for the PFTESO; ζ and l1,2,3
are the tunable parameters; k3 > Γ ≥ ∆̇max, k1 =

3.34k
1
3
3 and k2 = 5.3k

2
3
3 ; T is the time switching func-

tion of the PFTESO, which satisfies

T =

{
1, t ∈ [0, tf )

0, t ∈ [tf ,+∞)

Then the error system can be described by




ϕ̇1 = ϕ2 − T ζΞl1ϕ1 − (1− T )k1Γ
1
3 ⌈ϕ1⌋

2
3

ϕ̇2 = ϕ3 − T ζ2Ξ
2
l2ϕ1 − (1− T )k2Γ

2
3 ⌈ϕ1⌋

1
3

ϕ̇3 = ∆̇− T ζ3Ξ
3
l3ϕ1 − (1 − T )k3Γ ⌈ϕ1⌋0

(5)

where ϕ2 = x2 − x̂2 and ϕ3 = x3 − ∆̂.

Theorem 1 For system (1) with the designed PFTE-

SO (4), the states of error system (5) can achieve con-

vergence within the prescribed time tf , and they will
be maintained at the origin within the time interval

D : t ∈ [tf ,∞).

Proof 1) Consider the situation within the time interval
t ∈ [0, tf ) firstly, the error system (5) is rearranged as





ϕ̇1 = ϕ2 − ζΞl1ϕ1

ϕ̇2 = ϕ3 − ζ2Ξ
2
l2ϕ1

ϕ̇3 = ∆̇− ζ3Ξ
3
l3ϕ1

which can be rewritten more compactly as

ϕ̇ = Aϕ− ΨLCϕ+W (6)

where ϕ = [ϕ1, ϕ2, ϕ3]
T , Ψ = diag{ζΞ, ζ2Ξ

2
, ζ3Ξ

3},
L = [l1, l2, l3]

T , C = [1, 0, 0], W = [0, 0, ∆̇]T , and the

matrix A satisfies

A =




0 1 0

0 0 1

0 0 0



 .

Then, the following state transformation is intro-

duced

ϕ̃ = Ψ̃ϕ (7)

where Ψ̃ is a transformation matrix denoted as Ψ̃ =

diag{ζ3Ξ3
, ζ2Ξ

2
, ζΞ}. Since the special properties of

Ξ, it’s easy to know limt→tf
‖Ψ̃‖ = +∞. In addition,

differentiating (7) and substituting (6) into it yields

˙̃ϕ =
˙̃
Ψϕ+ Ψ̃ϕ̇

= ρΞDϕ̃+ Ξζ(A− LC)ϕ̃+ Ψ̃W

where D = diag{3, 2, 1}, ρ = π
2tf

sin( π
tf
t) ≤ π

2tf
.

Consider a Lyapunov function candidate as

Vϕ̃ = ϕ̃
TP ϕ̃

where P is a positive definite symmetric matrix. The

matrices P , A, L and C satisfy the linear matrix in-

equalities in Lemma 5 of Ref. [29], it yields

(A− LC)TP + P (A− LC) ≤ A+AT − γIn
νIn ≤ PD +DP ≤ νIn

(8)

where γ can be any constant, and ν and ν are the pos-

itive constants.

According to Rayleigh’s inequalities, it is rearranged

as

λmin(P )||ϕ̃||2 ≤ Vϕ̃ ≤ λmax(P )||ϕ̃||2

The time derivative of Vϕ̃ along the trajectory of

(7) can be calculated as

V̇ϕ̃ = ˙̃ϕ
T
P ϕ̃+ ϕ̃

TP ˙̃ϕ

=ρΞϕ̃
T (DTP + PD)ϕ̃

+ Ξζϕ̃T [(A− LC)TP + P (A− LC)]ϕ̃

+WT Ψ̃TP ϕ̃+ ϕ̃
TPΨ̃W

(9)

According to (8), the second term of right-hand side
in (9) satisfies Ξζϕ̃T [(A − LC)TP + P (A − LC)]ϕ̃ ≤
Ξζϕ̃T (AT +A− γIn)ϕ̃, then it can be obtained that

V̇ϕ̃ ≤ρΞϕ̃
T (DP + PD)ϕ̃+WT Ψ̃TP ϕ̃+ ϕ̃

TPΨ̃W

+ Ξζϕ̃T (AT +A− γIn)ϕ̃

≤νρΞ‖ϕ̃‖2 + 2Ξζ‖A‖‖ϕ̃‖2 − Ξζγ‖ϕ̃‖2

+ Ξ∆̇
(
(p3 + p7)‖ϕ̃1‖+ (p6 + p8)‖ϕ̃2‖+ 2p9‖ϕ̃3‖

)

≤νρΞ‖ϕ̃‖2 + 2Ξζ‖A‖‖ϕ̃‖2 − Ξζγ‖ϕ̃‖2

+ 6pΞ‖∆̇‖‖ϕ̃‖

where pi (i = 1, · · · , 9) are the members of the matrix

P =



p1 p2 p3
p4 p5 p6
p7 p8 p9


, and p = max{|p3|, |p6|, |p7|, |p8|, |p9|}

is a bounded number. Then, it can be obtained by using
Young’s inequality

6pΞ‖∆̇‖‖ϕ̃‖ ≤ ǫΞ‖ϕ̃‖2 + Ξ

ǫ

(
3p‖∆̇‖

)2

where ǫ > 0.
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Choosing ζ ≥ νπ
2tf

+ ǫ, γ ≥ 1 + 2‖A‖ and defining

̺ = ζ(γ − 2‖A‖ − 1) > 0, one can obtain

V̇ϕ̃ ≤ −̺Ξ‖ϕ̃‖2 + Ξ

ǫ

(
3p‖∆̇‖

)2

≤ −ϑΞVϕ̃ +
Ξ

ǫ

(
3p‖∆̇‖

)2

where ϑ = ̺
λmax(P ) > 0.

According to the solution of inhomogeneous differ-

ential equation, it yields

Vϕ̃(t)

≤ exp
−ϑ

∫
t

t0
Ξ(τ)dτ

Vϕ̃(t0)

+
9p2

ǫ

∫ t

t0

exp−ϑ
∫

t

τ
Ξ(s)ds ∆̇(τ)

2
Ξ(τ)dτ

≤ exp−
2ϑtf

π
Tg(t) Vϕ̃(t0)

+
W
ǫ

∫ t

t0

exp
ϑ
(
−

∫
t

t0
Ξ(s)ds+

∫
τ

t0
Ξ(s)ds

)

Ξ(τ)dτ

=exp−
2ϑtf

π
Tg(t) Vϕ̃(t0)

+
W
ǫ

exp
−ϑ

∫
t

t0
Ξ(s)ds

∫ t

t0

exp
ϑ
∫

τ

t0
Ξ(s)ds

d

(∫ τ

t0

Ξ(s)ds

)

=exp−
2ϑtf

π
Tg(t) Vϕ̃(t0)

+
W
ϑǫ

exp
−ϑ

∫
t

t0
Ξ(s)ds

exp
ϑ
∫

τ

t0
Ξ(s)ds

∣∣∣
t

t0

=exp−
2ϑtf

π
Tg(t) Vϕ̃(t0)

+
W
ϑǫ

exp
−ϑ

∫
t

t0
Ξ(s)ds

(
exp

ϑ
∫

t

t0
Ξ(s)ds −1

)

=exp−
2ϑtf

π
Tg(t) Vϕ̃(t0) +

W
ϑǫ

(
1− exp

−ϑ
∫

t

t0
Ξ(s)ds

)

≤ exp−
2ϑtf

π
Tg(t) Vϕ̃(t0) +

W
ϑǫ

whereW = 9p2∆̇2
max, and it implies that Vϕ̃(t) and ϕ̃(t)

are bounded in the time interval t ∈ [0, tf ). Further,

‖ϕ(t)‖2 = ‖Ψ̃−1ϕ̃‖2

≤ ‖Ψ̃−1‖2‖ϕ̃‖2

≤ ‖Ψ̃−1‖2
λmin(P )


exp−

2ϑtf
π

Tg(t) Vϕ̃(t0) +
W
ϑǫ︸ ︷︷ ︸

F




(10)

where F is bounded real number in the time interval t ∈
[0, tf ), Ψ̃ satisfies ‖Ψ̃(0)−1‖ = 1 and limt→tf

‖Ψ̃(t)−1‖ =
0. Thus, it’s easy to obtain that limt→tf

‖ϕ(t)‖ = 0,

which implies that the estimate errors converge to 0 in

the prescribed finite time.

2) Then, consider the situation within the time in-

terval t ∈ [tf ,∞), and the PFTESO for the extended

state system (3) can be rewritten as





ϕ1 = x1 − x̂1

˙̂x1 = x̂2 + k1Γ
1
3 ⌈ϕ1⌋

2
3

˙̂x2 = f + bu+ ∆̂+ k2Γ
2
3 ⌈ϕ1⌋

1
3

∆̇ = k3Γ ⌈ϕ1⌋0

which is the form of Levant’s third-order robust exact

differentiator in [37]. Let’s rearrange the error system

(5) in the following form





ϕ̇1 = ϕ2 − k1Γ
1
3 ⌈ϕ1⌋

2
3

ϕ̇2 = ϕ3 − k2Γ
2
3 ⌈ϕ1⌋

1
3

ϕ̇3 = ∆̇− k3Γ ⌈ϕ1⌋0

According to the Theorem 1 in Cruz-Zavala and

Moreno’s paper [37], for a given p ≥ 2n − 1 = 5,

there exists a valid set of gain parameters ki(i = 1, 2, 3)

such that a suitable positive definite function VΥ can
be found, which satisfies its differential inequality for a

positive κ

V̇Υ ≤ −κV
p−1
p

Υ

where the Lyapunov function candidate is

VΥ =

2∑

j=1

αjΥj(υj , υj+1) + α3
1

p
|υ3|p

with arbitrary α1,2,3 > 0, ri = 4− i(i = 1, 2, 3) and

υ1 =
ϕ1

Γ
, υ2 =

ϕ2

k1Γ
, υ3 =

ϕ3

k2Γ

Υi(υi, υi+1) =
ri
p
|υi|

p
ri − υi⌈υi+1⌋

p−ri
ri+1

+

(
p− ri
p

)
|υi+1|

p
ri+1

Through the above discussion and limt→tf
‖ϕ‖ = 0,

it’s easy to obtain that the newly defined Lyapunov
function candidate satisfies limt→tf

VΥ = 0. According

to the Proposition 1 in [37], if the parameters are chosen

as k3 > Γ ≥ ∆̇max, k1 = 3.34k
1
3
3 and k2 = 5.3k

2
3
3 , then

the derivative of VΥ satisfies V̇Υ ≤ −κV
p−1
p

Υ ≤ 0. So
that the Lyapunov function candidate VΥ is going to

remain on VΥ = 0 in the time interval D. In other

words, ‖ϕ‖ ≡ 0 is maintained in the rest of the time.

This completes the proof.

Remark 1 Compared with the existing linear ESO [26],

nonlinear ESO [25], finite-time ESO [27] or fixed-time

ESO [14], the estimate errors’ convergence time of the
proposed PFTESO is a prescribed finite time, which

can meet the control requirement better. Besides, plen-

ty of previous methods for ESO design can only ensure
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that the observation error converging to the neighbor-

hood of the origin. The observation accuracy needs to

be improved by high gain [26], thereby peaking value

problem appears. In this study, the monotone increas-

ing function Ξ is introduced in the initial stage, and
the initial gains l1,2,3 can be set small to significant-

ly reduce the peaking value problem. The effectiveness

of this part will be verified in the simulation part of

Subsection 4.1.

Remark 2 On one hand, the proposed PFTESO con-

siders not only the observations within the prescribed

time interval but also the case outside the time inter-
val. By switching to the form of Levant’s robust exact

differentiator [37], the observation error can be main-

tained at the origin. Therefore, compared to the exist-

ing prescribed-time observer [28], the proposed PFTE-

SO is more suitable for practical implementation. On
the other hand, the proposed PFTESO can realize the

observation of the extended system state, which can be

used to estimate the total disturbance in the system.

This is another advantage over the prescribed-time ob-
server in [28].

2.2 PFTESO-based PFTSMC law design

In this subsection, a PFTSMC method is designed to

guarantee that the states of system (1) converge within

a prescribed finite time, and could be maintained at

the origin after the prescribed time. For the existing
disturbance, the proposed PFTESO is used to estimate

it for compensating in the controller.
For system (1), a prescribed finite-time convergent

sliding mode controller is constructed as

u =































−b−1
(

∆̂+ κ1Ξ2x2 + κ1Ξ
(1)
2 x1 + κ2Ξ1s+ f + l sign(s)

)

,

t ∈ [0, tf1)

−b−1
(

∆̂+ κ1Ξ2x2 + κ1Ξ
(1)
2 x1 + k1s+ f + l sign(s)

)

,

t ∈ [tf1, tf2)

−b−1
(

∆̂+ k1s+ k2x2 + f + l sign(s)
)

,

t ∈ [tf2,+∞)

(11)

And the prescribed finite-time sliding mode surface is

described as follow:

s =

{
x2 + κ1Ξ2x1, t ∈ [0, tf2)

x2 + k2x1, t ∈ [tf2,+∞)
(12)

where κ1 > Ψ , κ2 > π
2tf1

, k1,2 > 0, l > 0 are the tun-

able parameters and Ψ = max{ π
tf2

, π
2tf2

(
1+cot(

πtf1

2tf2
)
)
};

Ξ1 = sec2
(

π
2

t
tf1

)
and Ξ2 = sec2

(
π
2

t
tf2

)
are the time

varying gains, tf1, tf2 are the prescribed convergence
time for the sliding mode surface and system states,

respectively. The prescribed convergence time satisfies

tf < tf1 < tf2.

Theorem 2 For system (1), if the PFTSMC is de-

signed as (11) with the prescribed finite-time sliding

manifold (12). Then the following two points can be ob-

tained as:

1) system states x1, x2 can reach the sliding manifold s

in the prescribed time tf1, and the sliding manifold

s will be maintained at the origin within the time

interval D1 : t ∈ [tf1,∞);
2) system states x1, x2 will converge to the origin in the

prescribed time tf2, and they will be maintained at

the origin within the time interval D2 : t ∈ [tf2,∞).

Proof 1) Consider the reaching phase
(
s 6= 0; t ∈ [0, tf1)

)
,

differentiating (12) along dynamics (1) and substituting

the law (11) into it yields

ṡ = ∆− ∆̂− κ2Ξ1s− l sign(s)

= ϕ3 − κ2Ξ1s− l sign(s)

Consider a Lyapunov function candidate as V1 =

s2/2, it can be obtained that V̇1 ≤ −2κ2Ξ1V1 − (l −
|ϕ3|)V

1
2
1 . According to (10), in the time interval t ∈

[0, tf ), ‖ϕ‖2 ≤ ‖Ψ̃−1‖2

λmin(P )F is bounded. Besides, since

tf ≤ tf1, we know that the boundedness of ϕ3 can

be guaranteed in the time interval t ∈ [0, tf1), and
l − |ϕ3| is a bounded coefficient. Thus, the value on

the right hand of this inequality is finite for any finite

time. We can come to the conclusion that V1 and s can’t

escape to infinite before ϕ converges to the origin in the
prescribed time tf . Once the estimation error satisfies

|ϕ3| ≤ l, it is obtained that V̇1 ≤ −2κ2Ξ1V1. According

to Lemma 1, the system states converge to the sliding

surface in the prescribed time tf1.

Considering the special properties of function Ξ1,
the boundedness of the term κ1Ξ1s of the control in-

put is discussed within the specified time tf1. Anoth-

er Lyapunov function candidate is considered as V2 =
1
2 (Ξ1s1)

2, in the time interval t ∈ [tf , tf1), it yields

V̇2 = (Ξ1s)(Ξ1ṡ1 + Ξ
(1)
1 s)

≤ (Ξ1s)
2
(
− κ2Ξ1 +

π

tf1
tg1(t)

)

= −LΞ1(Ξ1s)
2

= −2LΞ1V2

where L = κ2 − π
2tf1

sin( π
tf1

t) > 0, Ξ
(1)
1 = π

tf1
tg1(t)Ξ1

and tg1(t) = 1
2Ξ1 sin(

πt
tf1

) have been used. According

to Lemma 1, it is obtained that limt→t
−

f1
V2 = 0, which

means limt→t
−

f1
Ξ1s = 0. It is equivalent to the term

κ1Ξ1s will eventually converge to 0 within the speci-

fied time tf1, which implies that the control input is

bounded over t ∈ [0, tf1) with the control law (11).
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In the time interval t ∈ [tf1, tf2), the control law

(11) switches to the following form

u = −b−1
(
∆̂+k1s+κ1Ξ2x2+κ1Ξ

(1)
2 x1+ f + l sign(s)

)

where the term κ2Ξ1s switches to k1s. Obviously, it’s
easy to know that lim

t→t
−

f1
κ2Ξ1s = lim

t→t
+
f1

k1s = 0.

And it can be obtained that

V1(tf1) = lim
t→t

−

f1

V1(t) = 0

For the time interval D1 : t ∈ [tf1,∞), the Lya-

punov function candidate is also chosen as V1 = s2/2,

we readily obtain:

V̇1 = −k1s
2 − l|s| ≤ 0, t ∈ [tf1,∞)

and it yields

0 ≤ V1(t) ≤ V1(tf1) = 0, t ∈ [tf1,∞)

which means that s ≡ 0 is kept over the time interval
D1. This completes the proof of point 1).

2) In the sliding phase
(
s ≡ 0, t ∈ [tf1, tf2)

)
, it is

firstly obtained that

s ≡ 0 ⇒ ẋ1 = x2 = −κ1Ξ2x1

Then consider another Lyapunov function candidate
as V3 = 1

2x
2
1 +

1
2x

2
2, it yields

V̇3 = x1ẋ1 + x2ẋ2

= −κ1Ξ2x
2
1 + x2(−κ1Ξ2x2 − κ1Ξ

(1)
2 x1)

= −κ1Ξ2x
2
1 + x2(−κ1Ξ2x2 +

Ξ
(1)
2

Ξ2
x2)

= −κ1Ξ2x
2
1 + x2

(
− κ1Ξ2x2 +

π

tf2
tg2(t)x2

)

≤ −κ1Ξ2x
2
1 − L

′

Ξ2x
2
2

≤ −2L
′

Ξ2V3

where L
′

= κ1 − π
2tf2

sin( π
tf2

t) > 0, Ξ
(1)
2 = π

tf2
tg2(t)Ξ2,

and tg2(t) = 1
2Ξ2 sin(

πt
tf2

) have been used. According
to Lemma 1, it can be obtained that limt→t

−

f2
V3 =

0, which is equivalent to lim
t→t

−

f2
x1,2 = 0. Similar-

ly, considering the special properties of function Ξ2,
the boundedness of the terms κ1Ξ2x2 and κ1Ξ

(1)
2 x1 of

the control input is discussed within the time interval

t ∈ [tf1, tf2). Another Lyapunov function candidate is

chosen as V4 = 1
2 (Ξ2x2)

2 + 1
2 (Ξ

(1)
2 x1)

2, it yields

V̇4

=(Ξ2x2)
(
Ξ2(−κ1Ξ2x2 − κ1Ξ

(1)
2 x1) + Ξ

(1)
2 x2

)

+ (Ξ
(1)
2 x1)(Ξ

(1)
2 x2 + Ξ

(2)
2 x1)

=− (Ξ2x2)
2
(
κ1Ξ2 −

π

2tf2
sin(

πt

tf2
)Ξ2 −

π

2tf2
sin(

πt

tf2
)Ξ2

)

− (Ξ
(1)
2 x1)

2
(
Ξ2κ1 −

π

2tf2
(2tg2(t) +

Ξ2

tg2(t)
)
)

≤− L
′′

Ξ2(Ξ2x2)
2 − L

′′′

Ξ2(Ξ
(1)
2 x1)

2

≤− 2LΞ2V4

where L
′′

= κ1− π
tf2

> 0, L
′′′

= κ1− π
2tf2

(
1+cot(

πtf1

2tf2
)
)
>

0 and L = min{L′′

, L
′′′} > 0. According to Lemma 1,

it is obtained that limt→t
−

f2
V4 = 0, which is equivalent

to limt→t
−

f2
Ξ2x2 = 0 and limt→t

−

f2
Ξ

(1)
2 x1 = 0. Because

the condition Ξ
(1)
2 = π

tf2
Ξ2tg2(t) is satisfied, it’s easy

to obtain that limt→t
−

f2
Ξ2x1 = 0. Those imply that the

control input is bounded over t ∈ [tf1, tf2) with the
control law (11).

In the time interval D2 : t ∈ [tf2,∞), the sliding

mode surface and control law switch to the following
forms

s = x2 + k2x1

u = −b−1
(
∆̂+ k1s+ k2x2 + f + l sign(s)

)

where the term κ1Ξ2x1 switches to k2x1 and κ1Ξ2x2 +

κ1Ξ
(1)
2 x1 switches to k2x2. Obviously, it is easy to ob-

tain that limt→t
−

f2
κ1Ξ2x1 = limt→t

+
f2

k2x1 = 0 and

limt→t
−

f2
κ1Ξ2x2 + κ1Ξ

(1)
2 x1 = limt→t

+
f2

k2x2 = 0.

For the time interval D2 : t ∈ [tf2,∞), the Lya-

punov function candidate is also chosen as V3, we read-

ily obtain:

V3(tf2) = lim
t→t

−

f2

V3(t) = 0

V̇3 = −k2x
2
1 − k2x

2
2 ≤ 0, t ∈ [tf2,∞)

and it yields

0 ≤ V3(t) ≤ V3(tf2) = 0, t ∈ [tf2,∞)

The conclusion remains valid over the time interval

D2, which completes the proof of point 2). It is obtained
that system (1) is strong free-will arbitrary-time stable.

In addition, above all imply that the control input is

bounded over t ∈ [0,∞) with the control law (11). And

this completes the proof of Theorem 2.
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Remark 3 Compared with the traditional finite/fixed

time control that based on fractional-power state feed-

back, by using the proposed prescribed finite-time con-

trol method, the convergence time of the system is a

prescribed finite time, which don’t depends on the ini-
tial state and design parameters and can be set in ad-

vance. The system states can be guaranteed to converge

to the origin in the prescribed time firstly. Then, they

can remain on the origin after the prescribed instant by
switching the control law to another form. In addition,

the switching process is a continuous transition. Com-

pared with some existing prescribed-time controllers

[18,19], this is a new attempt and is more conducive

to practical application. Besides, the proposed control
law is a novel SMC with prescribed finite-time conver-

gence, which is rarely studied.

3 Application to partial IGC design

In this section, the proposed PFTESO-based PFTSMC

method is applied to partial IGC design with two-loop
controller structure [7].

3.1 Partial IGC model

Consider the nonlinear longitudinal model of a missile

in pitch plane [2,7,30]:




α̇

V̇

θ̇

q̇
ṅL



=




−KfρV
2Cx

mV
sinα+

KfρV
2Cz

mV
cosα+ q

KfρV
2Cx

m
cosα+

KfρV
2Cz

m
sinα

q
Kmq̄
Iyy

Cm

−nL

Ta
+ V q

Ta




+




0

0
0

Kmq̄
Iyy

Cδe
m

0



· δe

where α, V , θ and q denote the angle of attack (AOA),

velocity, pitch angle and pitch rate of missile. The mis-

sile is supposed to have its mass m, normal accelera-

tion nL and elevator deflection δe. Ta = α
γ̇M

= V
(

m
qS

)
·

(
∂CL

∂α

)−1

is the time constant of turning rate [1,7,30],

with S being the missile reference surface, CL being

the coefficient of normal acceleration nL. In addition,

q̄ is the dynamic pressure, and can be expressed as
q̄ = 1

2ρV
2 with ρ being atmospheric density; Iyy is the

moment of inertia around the pitch axis; Cδe
m is the co-

efficient of pitching moment with respect to δe; Kf and

l Mg

a
MV

MrV

lMV

TrV

TV

lTV

Ln
q

Tg

The reference lineM

T

lll MT

MrTrr

VVV

VVV

velocityrelative

-=

+=

  

   

  

TA

TxA

TyA

Fig. 2 Schematic diagram of relative motion of missile and
target

Km are the constants determined by the missile geome-

try; moreover, the aerodynamic coefficients Cx, Cz and

Cm are determined by affine functions [7].

Consider the interception problem within the per-

pendicular plane, Fig. 2 shows the schematic view of

the two-dimensional (2-D) planar homing engagement

geometry between an interceptor and a target. M de-
notes the missile and the target is denoted by T. γM
and γT denote their flight path angles, respectively; the

line of sight (LOS) angle and LOS distance are given

by λ and r; VM is represented as the velocity of mis-
sile; the target is supposed to have its velocity VT and

acceleration AT , with ATx, ATy are the components of

AT along the x−axis and y−axis, respectively.

The planar missile-target engagement kinematics can

be written as [1,7,30]:





ṙ = Vr,

V̇r = V 2
λ /r +ATr − sin (λ− γM )nL

λ̇ = Vλ/r

V̇λ = −VrVλ/r +ATλ − cos (λ− γM )nL

where λ̇ = ωλ is the LOS rate; Vλ = rωλ is a componen-

t of relative velocity orthogonal to the LOS; Vr is the

relative velocity along the LOS. Similarly, assuming r,
Vr, λ, λ̇ and Vλ = rλ̇ are the state variables measured

by radar [32]. Alternatively, ATr and ATλ are compo-

nents of target acceleration along and orthogonal to

LOS. Then the following Assumptions are introduced[1,
7]:

Assumption 2 Due to physical limitations, the target

acceleration AT and its first-order time derivative ȦT

are unknown, but bounded and continuous, i.e., ATλ
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is differentiable and |ATx| ≤ Amax
Tx , |ATy| ≤ Amax

Ty ,

|ATr| ≤ Amax
Tr , |ATλ| ≤ Amax

Tλ , |ȦTλ| ≤ Ȧmax
Tλ , where

the positive scalars Amax
Tx , Amax

Ty , Amax
Tr , Amax

Tλ and Ȧmax
Tλ

are the unknown upper bound values.

Assumption 3 Due to physical limitations, the mis-

sile velocity VM and the target velocity VT are bound-

ed, i.e., Vr and Vλ are bounded, satisfy |Vr | ≤ V max
r ,

|Vλ| ≤ V max
λ , and the positive scalars V max

r and V max
λ

are the unknown upper bound values.

An effective hit-to-kill interception strategy can be

achieved if the condition Vλ → c0
√
r is satisfied [1],

where c0 > 0 is a given constant. Let σ = Vλ − c0
√
r →

0, then the interception strategy can be rewritten as

σ → 0; this command σ serves as the desired instruc-

tion signal of the interceptor control system, which can
improve the robustness and accuracy of hit-to-kill in-

terception [1,7].

Refer to the structure of partial IGC in [7], the par-

tial integrated design method of control and guidance

with two-loop structure is adopted. Therein, the model
of outer loop can be obtained by differentiating σ until

virtual control input qc appears
{
σ̇ = −VλVr

r
− c0Vr

2
√
r
− cos (λ− γM )nL +ATλ

σ̈ = f1 + b1qc +∆

⇒
{
σ̇1 = σ2

σ̇2 = f1 + b1qc +∆

(13)

where f1 and b1 are functions those are only related
to the available variables, and their expressions could

be found in [7]. On the contrary, ∆ is related to the

unknown target accelerations. Consider the inherent

length of the target and the interceptor, we know that
r = 0 will not achieve in real interception, and based

on Assumptions 2 - 3, ∆ can be regarded as the dis-

turbance that satisfies |∆| ≤ ∆max and |∆̇| ≤ ∆̇max,

where ∆max and ∆̇max are unknown and bounded pos-

itive constants.
Let e = qc−q, differentiating it with respect to time

once, it yields
{
ė1 = e2
ė2 = f2 + b2δe

(14)

where e1 =
∫ t

0 e(τ)dτ , e2 = e; and f2, b2 are the known

functions [7].
Control objective: In this study, it is expected that

the partial IGC system can achieve stability in a pre-

scribed finite time. It requires us to design a correspond-

ing prescribed finite-time observer to estimate the un-
measured disturbance, and design corresponding pre-

scribed finite-time control strategy to ensure that the

system states can be stable in a prescribed finite time.

The ATSMC of 

inner loop
Interceptor

q

ga

cq qe edTarget States

ll &,,, rVr

The ATSMC of 

outer loop

ATESO
1

s2
�,  s D

Fig. 3 The structure diagram of the prescribed finite-time
convergent partial IGC system

The structure diagram of the prescribed finite-time con-

vergent partial IGC system is shown in Fig. 3. The pitch
rate command qc is used as the virtual control input in

the outer loop. The control objective of inner loop is to

design a PFTSMC law for elevator deflection δe, so that

the pitch rate q can track the reference signal qc. As for
outer loop, a novel PFTESO is proposed for estimating

the disturbance ∆, and then PFTSMC law is designed

for producing the command qc to bring σ → 0.

3.2 PFTESO-based PFTSMC Design for Partial IGC

According to Theorem 1, the disturbance ∆ in outer

loop can be estimated by the proposed PFTESO. And

according to Theorem 2, the control inputs δe and qc
could be designed as follows to make e and σ prescribed

finite-time stable.

δe =





−b−1
2

(
κi1Ξi2e2 + κi1Ξ

(1)
i2 e1 + κi2Ξi1s1 + f2

+li sign(s1)
)
, t ∈ [0, tfi1)

−b−1
2

(
κi1Ξi2e2 + κi1Ξ

(1)
i2 e1 + ki1s1 + f2

+li sign(s1)
)
, t ∈ [tfi1, tfi2)

−b−1
2

(
ki1s1 + ki2e2 + f2

+li sign(s1)
)
, t ∈ [tfi2,+∞)

qc =





−b1
−1

(
∆̂+ κo1Ξo2σ2 + κo1Ξ

(1)
o2 σ1 + κo2Ξo1s2

+f1 + lo sign(s2)
)
, t ∈ [0, tfo1)

−b1
−1

(
∆̂+ κo1Ξo2σ2 + κo1Ξ

(1)
o2 σ1 + ko1s2

+f1 + lo sign(s2)
)
, t ∈ [tfo1, tfo2)

−b1
−1

(
∆̂+ ko2σ2 + ko1s2

+f1 + lo sign(s2)
)
, t ∈ [tfo2,+∞)

and the sliding manifolds are designed as follows:

s1 =

{
e2 + κi1Ξi2e1, t ∈ [0, tfi2)

e2 + ki2e1, t ∈ [tfi2,+∞)

s2 =

{
σ2 + κo1Ξo2σ1, t ∈ [0, tfo2)
σ2 + ko2σ1, t ∈ [tfo2,+∞)

Remark 4 Since the monotonically increasing function

(2) will go to infinity as time tends to the prescribed

time, it will cause some numerical simulation difficul-

ties and obstacles. Similar to the practice in references
[28,29], this problem can be alleviated by setting a s-

maller value of switch time tswitch than the prescribed

convergence time tf [17]. However, this approach can
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only guarantee that the observation errors converge to

the neighborhood of the origin as t → tswitch. If the

selected tswitch is close enough to prescribed time tf ,

the convergence precision can be guaranteed. For the

switched systems, according to Lyapunov stability the-
ory, V̇ ≤ 0 can be still maintained. Thus, the systems

(5), (13) and (14) are still stable and the accuracy can

be maintained simultaneously.

Remark 5 To weaken the effect of chattering, a satu-

ration function sat(·) is often used to replace the sign

function sign(·) [7,30], which can be expressed as

sat(x) =

{
sign(x), |x| > ε
x/ε, |x| ≤ ε

where ε is the size of the boundary. By choosing an

appropriate boundary value ε, the problem of frequent
chattering can be alleviated on the premise of ensuring

accuracy [30].

4 Simulation results

4.1 Validation of PFTESO

To show the effectiveness of the new PFTESO, the fol-

lowing second-order system is introduced as

{
ẋ1(t) = x2(t)

ẋ2(t) = d(t)

where d = 100 cos(π3 t) needs to be observed, and the ini-

tial value of the state vector is set to be [0, 0]T . PFTE-
SO for the aforementioned system is constructed as





ϕ1 = x1 − z1
ż1 = z2 + T l1ζΞϕ1 + (1− T )k1Γ

1
3 ⌈ϕ1⌋

2
3

ż2 = z3 + T l2ζ
2Ξ

2
ϕ1 + (1 − T )k2Γ

2
3 ⌈ϕ1⌋

1
3

ż3 = T l3ζ
3Ξ

3
ϕ1 + (1− T )k3Γ ⌈ϕ1⌋0

where the prescribed convergence time is selected as

tf = 0.5s, ζ = 4, l1 = 6, l2 = 8, l3 = 2, Γ = 120,

k3 = 130, k1 = 3.34k
1
3
3 and k2 = 5.3k

2
3
3 . In order to

show the good observation performance of the proposed
PFTESO, three kinds of ESO are chosen as:

1) Linear ESO [26]






ż1 = z2 + β1ϕ1

ż2 = z3 + β2ϕ1

ż3 = β3ϕ1

where the parameters are selected as β1 = 300, β2 =

30000, β3 = 1000000.
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Fig. 4 Observation tracking curves and observation error
curves for case 1

2) Nonlinear ESO [25]





ż1 = z2 +
k1

r
fal

(
r2
(
ϕ1

)
, θ1, 1

)

ż2 = z3 + k2 fal
(
r2
(
ϕ1

)
, θ2, 1

)

ż3 = k3r fal
(
r2
(
ϕ1

)
, θ3, 1

)

where the nonlinear function fal(τ, θ, δ) is of the follow-
ing form, and the parameters are selected as k1 = 10,

k2 = 20, k3 = 50; θ1 = 0.7, θ2 = 0.4, θ3 = 0.1; r is a

parameter that affects the accuracy of the observation,

and is selected here as r = 30.

fal(τ, θ, δ) =

{
τ

δ1−θ , |τ | ≤ δ

|τ |θ sign(τ), |τ | > δ

3) Finite-time ESO [27]




ż1 = z2 + β1ϕ1

ż2 = z3 + β2⌈ϕ1⌋γ1

ż3 = β3⌈ϕ1⌋γ2

where the parameters are selected as β1 = 1, β2 = 300,

β3 = 8000; γ1 = 0.6, γ2 = 0.4. Besides, the initial

values of the observers are all set to [100, 5, 0]T . Then,
the results of the comparison are shown in Fig. 4.

It can be seen from the Fig. 4 that the observation

results of the four observers are all satisfactory. Howev-

er, linear ESO in [26] requires high gain to improve ob-

servation accuracy, the peaking value problem may be
serious and unacceptable. Even by introducing suitable

nonlinear terms in nonlinear ESO [25] and finite-time

ESO [27], the peaking value problem can be reduced

to a certain extent, but the effect is limited. Since the
properties of the function Ξ are those Ξ(0) = 1 and

Ξ(tf ) = +∞, the initial gain of the proposed PFTESO

is small, which can effectively alleviate the peaking val-

ue problem. The simulation results in the right part of

Fig. 4 shows that the observation accuracy of PFTESO
is much better than that of the other three observers.

In order to improve the observation accuracy of the

other three observers, their parameters are increased

as β1 = 3000, β2 = 3000000, β3 = 109; r = 200;
β1 = 1000, β2 = 10000, β3 = 60000. The error curves

in Fig. 5 show that as the gains increase, the observa-

tion accuracy improves, but the peaking value problem
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Fig. 5 Observation tracking curves and observation error
curves for case 2

becomes more serious. Based on the above discussion,

the designed PFTESO can not only greatly improve

the observation accuracy, but also effectively reduce the

peaking value problem.

4.2 Validation of prescribed finite-time control law

In this subsection, simulations are carried out to eval-

uate the control performance of the proposed control

strategy in partial IGC design. The nonlinear 2-D en-

gagement kinematics and interceptor model are applied

in the simulations. The parameters of target and inter-
ceptor are given:

1) interceptor parameters: initial position xM (0) =

0 m, yM (0) = 0 m; initial velocity V (0) = 800 m/s;

2) target parameters: initial position xT (0) = 8000
m, yT (0) = 8000 m; initial velocity VTx(0) = −100 m/s;

VTy(0) = −200 m/s.

More detailed dynamic parameters are the same as

in [7]. The parameter of hit-to-kill interception strategy

is selected as c0 = 0.01; the parameters associated with
the PFTSMC laws are given by

1) inner loop: tfi1 = 1.2 s, tfi2 = 1.4 s, κi1 = 5,

κi2 = 1.3, ki1 = 20, ki2 = 50, li = 1;

2) outer loop: tfo1 = 1.8 s, tf02 = 2.0 s, κo1 = 13,
κo2 = 0.9, ko1 = 20, ko2 = 30, lo = 1;

3) The ESO parameters are tuned to be tf = 1.6

s, l1 = 6, l2 = 8, l3 = 1, ζ = 4, Γ = 90, k3 = 110,

k1 = 3.34k
1
3
3 and k2 = 5.3k

2
3
3 .

To show the effectiveness of the proposed control

strategy for a maneuvering target, the accelerations of
the target are chosen as ATx = 50 sin(0.4t) (m/s2) and

ATy = 50 sin(0.8t) (m/s2). And consider different sizes

of the initial flight-path angle γM0: 1.485 rad, 1.085

rad, 0.785 rad, 0.485 rad and 0.185 rad, the simulation

results are shown in Figs. 6 - 8 and Table 1.
The trajectories of missile and target are firstly shown

in Fig. 6, and the flight time and miss distance of the

interception for 5 cases can be found in Table 1. As it

can be seen that the missile intercepts the target well
in the cases of 5 different initial flight-path angles.

In addition, Fig. 7 shows the observation error curves

of proposed PFTESO, which reveals that the observa-
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Fig. 6 Trajectories for 5 different initial flight-path angles
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Table 1 The flight time and miss distance of the interception
for 5 cases.

γM0(rad) Flight Time (s) Miss distance (m)

1.485 14.27 0.0268
1.085 21.36 0.0170
0.785 25.03 0.0109
0.485 25.08 0.0109
0.185 20.01 0.0098

tion errors converge to the origin within the prescribed
time tf = 1.6 s. The observation errors can be main-

tained after switching, which guarantees the high obser-

vation accuracy. The conclusions claimed in Theorem 1

have been demonstrated.

To verify the correctness of Theorem 2, the simula-

tion results of the inner loop state variables e1,2, outer

loop state variables σ1,2 and sliding surfaces s1,2 for 5

cases can be found in Fig. 8. It reveals that all these
states can converge to the origin within the prescribed

time, and can be maintained after switching. It indi-

cates that the proposed control strategy provides good

convergence performance for the system states and the
convergence can be realized in the prescribed setting

time. The correctness of Theorem 2 has been demon-

strated. The curve of missile’s AOA with 5 different
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Fig. 8 The curves of e1,2, s1, σ1,2 and s2 for 5 cases

0 2 4 6 8 10 12 14

Time(s)

-30

-20

-10

0

10

20

30

α
(d

eg
)

γ
M0

=1.485 rad

γ
M0

=1.085 rad

γ
M0

=0.785 rad

γ
M0

=0.485 rad

γ
M0

=0.185 rad

Fig. 9 Missile’s angle of attack

initial flight-path angles γM0 is given in Fig. 9. It illus-
trates that even in the two extreme initial conditions(
γM0 = 1.485(rad) and 0.185(rad)

)
, the missile’s AOA

is still within the desired range [−30◦, 30◦], which mean-

s it is stable in the whole homing guidance process when

target maneuvers persist.

4.3 Comparison results with the previous finite-time

control law

In order to further demonstrate the better performance

of proposed controller, it is compared with the adaptive

finite-time sliding mode controller in [7]. The form of

the finite-time control strategy is as follows





δe = b−1
2

(
− f2 − λ2(e1)e2 − k̃1|s1|γ1sat(s1)

)

s1 = e2 + αi|e1| (0 < αi < 1)

qc = b−1
1

(
− f1 − ∆̂max

τs2
|s2| − λ1(σ1)σ2 − k̃2|s2|γ1sat(s2)

)

s2 = σ2 + αo|σ1| (0 < αo < 1)

(15)

where ∆̂max is determined by the following updating

law:
˙̂
∆max = τ |s2|

In order to make a fair comparison, all of initial con-

ditions and simulation parameters are the same, and the
accelerations of the maneuvering target are chosen the

same as in the other subsections. The system response

rates of the two controllers can be similar at the initial

flight-path angles γM0 = 1.485 rad by adjusting the pa-
rameters of the controller (15), which can be found in

Fig. 11.

Fig. 10 shows the trajectories of missile and target

at the initial flight-path angles γM0 = 1.485 rad and

γM0 = 0.185 rad. It demonstrates that the interceptor
can hit the maneuvering target well by using both two

control strategies.
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Fig. 10 Trajectories under the action of two control laws
at the initial flight-path angle γM0 = 1.485 rad and γM0 =
0.185 rad

It should be noted that the ∆̂max(0) in finite-time
controller [7] needs to be large enough to compensate

for the disturbance. Different to the adaptive estima-

tion of disturbance, the total disturbance is extend-
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ed as a state in the PFTESO for estimating. Noted
that l0 in this study is a small value compared with

∆̂max, thus the chattering and overestimation problem

can be reduced. In addition, the simulation curves of

state variable σ1 and elevator deflection δe in these t-

wo cases can be found in Fig. 11. Obviously, the sys-
tem response rates of the two controllers are similar at

the initial flight-path angles γM0 = 1.485 rad. Howev-

er, at the initial flight-path angles γM0 = 0.185 rad,

the convergence time of the finite-time control becomes
longer and the curve has obvious overshoot. The pro-

posed control strategy ensures that the state can still

converge within the prescribed convergence time with s-

maller overshoot. Besides, compared with the adaptive

finite-time sliding mode controller in [7], it’s easy to
know the proposed controller can reduce the chattering

effectively in Fig. 11. The reason is that the PFTESO

resolves the overestimation of the robust term gain by

estimating disturbance. Besides, Fig. 12 illustrates the
curve of the AOA under the two control strategies, it

shows that the AOA is in a reasonable region and the

proposed control strategy is practical.

5 Conclusion

This paper aims at showing the viability and capabili-

ty of the proposed PFTESO-based PFTSMC strategy

for the second-order system with disturbance. Firstly,

a new PFTESO has been constructed to approximate
and compensate for disturbance, which can greatly im-

prove the observation accuracy and effectively reduce

the peaking value problem. Secondly, a novel PFTESO-

based PFTSMC has been designed, so that the states

and sliding mode variables of the system converge in
a prescribed finite time, and can be maintained at the

origin after the prescribed time. Thirdly, the PFTESO-

based PFTSMC method has been successfully applied

to partial IGC design to achieve prescribed finite-time
stable. The stability is analyzed by using the Lyapunov

stability theory. Finally, simulation results are conduct-

ed to show the effectiveness of the proposed new control

strategy.

The simulation results reveal that: 1) compared with

some existing ESOs, the proposed PFTESO has bet-

ter observation performance. In addition, it can quick-
ly estimate the disturbance and resolve the problem of

the robust term gain overestimation, so that chattering

phenomenon can be eliminated effectively; 2) the mis-

sile can intercept the maneuvering target well at differ-

ent initial flight-path angles; 3) the system states, slid-
ing mode variables and observation errors are well con-

vergent in the prescribed time for different initial con-

ditions. Therefore, the simulation results have verified

that prescribed finite-time convergence stability could
be guaranteed under the proposed control methodology,

and the controller being employed can be successfully

applied to partial IGC design.
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