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Mathematical Model and Geometrical Design Method of Noncircular Face Gear with 
Intersecting Axes 

Dawei Liu*  Zhenzhen Lv  GuoHao Zhao 
College of Mechanical Engineering, Yanshan University, Qinhuangdao 066004 

Abstract: In order to establish the design method of a noncircular face gear (NFG) with intersecting axes, the meshing theory of this 
gear is investigated based on the principle of space gear meshing. A generalized approach for designing closed pitch curve of the NFG 
with intersecting axes is proposed based on Fourier series. The mathematical model of the NFG generated by a shaper cutter is 
established. The fundamental design parameters of the gears are defined, with the principle for determining their values discussed. 
The results of simulation and experiment verify the feasibility of the novel transmission mechanism and the correctness of the 
mathematical model of NFG with intersecting axes.  
Keywords: Face gear; Noncircular gear; Meshing equation; Space pitch curve; Tooth surface model 
1  Introduction 

Noncircular gears integrate the features of the gear and cam, which can transmit accurately non-uniform 
motion between two shafts. As a simple function generator, they can be used to replace the expensive servo system 
and sensors in many mechanical devices to achieve specific motion law, such as the generator of the pulsating 
blood flow [1], soft robot joint actuation mechanism [2], differential velocity vane pump [3], indexing mechanism [4], 
potted vegetable seeding transplanting mechanism with punching hole [5], speed variator [6], differential of off-road 
vehicles [7] etc. The use of noncircular gear in equipment not only significantly reduces the system cost, but also 
greatly improves the reliability of the products in bad operating environment. Noncircular gears have broad 
application prospect in mechanical motion control fields. It is of great significance to study the meshing theory of 
noncircular gear for its application. 

Much work has been performed on the meshing theory of planar noncircular gears. Scholars utilized the 
ellipse, eccentric circle, limacon [8] and some complex function, such as spline curve [9] and Fourier series curve [10], 
to construct pitch curves of noncircular gears with different transmission rules. Furthermore, the deformed and 
high-order non-circular gears are investigated to achieve more complicated motion rules [11-13]. In actual 
application, it is hoped that the pitch curve of non-circular gear can be reversely calculated according to the 
required transmission ratio. However, the transmission ratio of non-circular gear must satisfy the harsh closed 
conditions. Thus, it is usually hard to construct the closed pitch curve according to the given transmission ratio. 
For this, Liu and Ren[14] proposed a compensation method for designing the closed noncircular gears satisfying 
drive rule in a certain part. In addition to the synthesis of the pitch curves, the generation of tooth surface is 
another key problem of the noncircular gears. Litvin et al. [15] expounded systematically geometry of elliptical 
gears with straight and helical teeth generated by the rack, shaper and hob respectively, which could provide 
theoretical basis for the design and manufacture of all the planar noncircular gear. The meshing theory of planar 
noncircular gears is relative perfect. 

With the development of process technology and the increase of the requirement on intersecting shafts 
transmission, the space noncircular gears become a hot research topic gradually. Noncircular bevel gear is the 
earliest spatial gears transmitting variable rotational speed. Xia et al. [16] presented the meshing theory in polar 
coordinates and established the mathematical model of the tooth profile of the gears by a pair of conjugated crown 
racks. Further, they deduced the tooth profile equation of noncircular bevel gears with concave pitch curve 
generated by a bevel gear cutter [17]. For the high-order deformed elliptic bevel gears, Lin et al. [18] paid much 
attention to the transmission mode and the kinematic characteristics, while Figliolini and Angeles [19] focused on 
the synthesis of the pitch cones. On the basis of the geometric model, Lin and He [20] simulated the meshing 
behaviors of the noncircular bevel gears to acquire the contact features and transmission errors. It can be seen from 
the above studies that the mathematical model of the tooth profile of the noncircular bevel gears is complicated and 
it is hard to process the conjugated space tooth surfaces of the gears, which restricts their application to some 
extent.  

By replacing the pinion by a planar noncircular gear in a face gear mechanism, Lin et al. proposed a new gear 
mechanism comprised of a planar noncircular gear and a conjugated face gear called curve face gear. They carried 
out a series of fruitful studies on the meshing theory of the new gears, including the transmission mode [21], 
geometric model [22], compound motion [23], contact features [24] and so on. For the curve face gear mechanism, the 
axial installation error of the planar noncircular gear has no effect on the transmission accuracy. Hence, the 
difficulties of installation and manufacture of the curve face gear are reduced greatly relative to the noncircular 
bevel gears.  

To further reduce the design and processing difficulty of the space noncircular gear, we presented a new gear 
called noncircular face gear (NFG), which is conjugated with an ordinary cylindrical gear. The transmission 
principle of the NFG drive, the construction approach of its pitch curves and the generation of tooth profile are 
demonstrated in literature [25]. Moreover, considering the convenience of the eccentric wheel as the wheel blank 
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of the new face gear, the meshing theory of the eccentric face gear is investigated, with the touching trajectory on 
the tooth surface, the contact ratio and transmission characteristics discussed [26]. Since there is only one 
noncircular gear in the new gear pair, the closure condition of the pitch curve can be simplified greatly. In theory, a 
closed pitch curve of the noncircular face gear can be constructed by any given periodic transmission ratio. On the 
other hand, failure will occur more easily on the pinion due to the less teeth. So the noncircular face gear 
mechanism has better interchangeability than the noncircular bevel gear or the curve face gear mechanism does.  

However, the existing investigations only focused on the noncircular face gear with perpendicular shafts, 
which can not apply to those with arbitrary intersecting shafts. Thereby, the emphasis in this article is paid on the 
meshing theory of noncircular face gears with intersecting axes to build the generalized mathematical models. The 
pitch curves and the transmission ratio function of the noncircular face gear with intersecting axes are presented, 
with the tooth surface model established. The fundamental design parameters of the gear are defined and the 
design procedure of the parameters is given. Finally, through the simulation and experiment, the correctness of the 
mathematical model and the design method of the noncircular face gear are validated.  

2  Pitch curve and transmission ratio of NFG  
2.1 Pitch surface and pitch curve 

The noncircular face gear (NFG) drive with intersecting axes is composed by a cylindrical gear and a 
noncircular face gear as shown in Fig. 1(a). The cylindrical gear is a straight involute gear, while the NFG has 
non-constant rotational radius and its teeth distribute on the end face of the gear. In Fig. 1(b),  is referred to as the 

angle between the gear axes. Generally, the cylindrical gear is the driving gear. When it rotates at a constant speed, 
the NFG runs with a periodically time-varying velocity. 

             
(a) axonometric drawing                     (b) Front drawing  

Fig. 1 Noncircular face gear drive 

The working pitch surface of the cylindrical gear is its reference cylinder in the case without installation error. 
Correspondingly, the pitch surface of the NFG is tangent to that of the cylindrical gear. When =90°, the pitch 
surface of the NFG is a plane. When ≠90°, it is a conical surface. Fig. 2 illustrates the pitch cone of the NFG and 
the pitch cylinder in a plane with ≠90°, in which the triangle and rectangle are the projections of the pitch cone 
and the pitch cylinder. Coordinate systems Sm and Sk are both fixed on the frame. The origin of Sm, Om, is at the 
vertex of the pitch cone. zm is the rotational axis of the NFG. The rotational axis of the cylindrical gear, zk, 
intersects with zm at Ok, which is the origin of coordinate system Sk. Axis yk and axis ym both perpendicular to plane 
Omxmym. The pitch cylinder is tangent to the pitch cone on their generatrix, OmM, which is called the pitch line. 
Line OkI is the instantaneous rotation axis of the gears. The cross point P between lines OmM and OkI is specified 
pitch point. At point P, the two gears keep pure rolling. When the gears run, the trajectories of point P generate the 
pitch curves on the pitch surface of the two gears. The pitch curve of the NFG is a space noncircular curve on the 
pitch cone, while the pitch curve of the cylindrical gear is a spiral line on the pitch cylinder with non-constant 
helical pitch.  

 
Fig. 2 Pitch surface and pitch curve 

Coordinate system S2 is fixed on the NFG. Fig. 3 illustrates the relationships of coordinate system S2 and Sm. 
Origin O2 and axis z2 of coordinate systems S2 coincide with origin Om and axis zm of coordinate system Sm 
respectively. 2 denotes the rotational angle of the NFG. The projection of the pitch curve of the NFG on plane 
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O2x2y2 is a noncircular curve, whose radius vector and polar angle are r2 and 2. When the gear start to rotation at 
2=0, the polar angle is equal to the rotational angle of the NFG. For easy description, they are equivalent in the 
following content. Let the pitch circle radius of the cylindrical gear be R. The transmission ratio between the 
cylindrical gear and the NFG can be represented by 

 
Fig. 3  Relationships between S2 and Sm 
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where 1 and 2 denote rotational velocity of the cylindrical gear and the NFG respectively. Since r2 varies with 
the rotation angle of the NFG, the NFG drive can transmit non-constant motion between two shafts.  

2.2 Construction of pitch curve 
In Eq. (1), R is a constant. The variable transmission ratio is determined by the pitch curve of the NFG 

uniquely, which is different from the ordinary noncircular gears. In the design of the NFG drive, we only need to 
construct the pitch curve of the NFG. When the rotational angle of the NFG is used as the independent variable, it 
will be very easy to construct a closed pitch curve of the NFG to obtain continuous transmission. The closure 
condition of the NFG is that the period of the transmission ratio is 2/m, where m represents the number of the 
NFG order. The transmission ratio of the NFG drive can be expressed as  

 1
12 2 2
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where ij = Z2/Z1, Z1 and Z2 represent the number of teeth of the cylinder gear and the NFG respectively, m denotes 
the order of the pitch curve of the NFG, an and bn are the coefficients of the transmission ratio. Substituting Eq. (3) 
into Eq. (1) could lead to the mathematical expression of the radius vector r2. Then the formulae of the spatial pitch 
curve of the NFG can be represented as follows in coordinate system S2: 
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If the independent variable of the transmission ratio of the NFG drive is the rotational angle of the cylindrical 
gear, 1. The transmission ratio function can be expressed as follows: 
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For getting a closed pitch curve of the NFG, we only need to guarantee ij = z2/z1 in Eq. (3) and Eq. (5). The 
other parameters, m, an and bn, can be assigned any data. Eq. (3) and Eq. (5) could be used as generalized 
transmission ratio formulae for designing the closed pitch curve of the NFG. 
3  Mathematical model of tooth surface of NFG  
3.1 Enveloping theorem of NFG 

Fig. 4 illustrates the generation of the NFG by a shaper cutter. Coordinate system S2 is fixed on the NFG, 
which rotates around z2. The rotational axis of the shaper is zn. It intersects with axis z2 at point On, which is the 
origin of the coordinate system Sn fixed on the frame. The angle between axis z2 and axis zn is , the shaft angle of 

the NFG drive. The shaper makes a reciprocating motion along axis zn. Meanwhile the shaper and the NFG rotates 
with angular velocity s and 2, which satisfy the following relationship 
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where is2 is the transmission ratio between the shaper and the NFG and  is the radius of the pitch circle of the 
shaper.  
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Fig. 4  Generation of the NFG by a shaper 

If the number of teeth of the shaper is equal to that of the cylindrical gear, the NFG will contact with the 
cylindrical gear on lines in the engagement. It will lead to incorrect engagement easily due to the installation errors. 
Using for reference of the manufacture method of the circular face gear, we let the number of the shaper teeth be 
1~3 more than that of the cylindrical gears. Then the NFG drive will make a point contact, which could reduce the 
adverse effect caused by the installation errors.  

In Fig. 5 the shaper and the cylindrical gear make an imaginary inner gearing and they mesh with the NFG 
simultaneously. Coordinates system Ss and S1 are fixed on the shaper and the cylindrical gear. R represents the 
pitch circle radius of the cylindrical gear. The tangent line between the pitch cylinder of the shaper and that of the 
cylindrical gear coincides with the pitch line OmM in Fig. 2 and passes through the pitch point P on the pitch cone 
of the NFG. 

 
Fig. 5  Relationship between the shaper and the cylindrical gear 

Fig. 6 shows a tooth of the shaper which meshes with the cylindrical gear and the NFG simultaneously. The 
contact line between the shaper and the cylindrical gear is a line parallel to their rotational axes, Ls1. The curve Ls2 
on the tooth surface of the shaper is the meshing line between the shaper and the NFG. The intersecting point Q 
between Ls1 and Ls2 is the contact point between the cylindrical gear and the NFG in practical engagement.  

 
Fig. 6  Contacting lines on the tooth of the shaper cutter 

3.2 Tooth surface model of the shaper 
The tooth profile of the shaper is straight involute. In Fig. 7 rbs denotes the radius of the base circle of the 

shaper. Line MN is the generating line of the involute. The phase angle of the starting point of the involute on the 
base circle is q. The angle between line OsM and line OsN is s. In coordinate system Ss, the model of the tooth 
profile of the shaper can be represented by 

 
Fig. 7  Tooth profile of the shaper 
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Here, us is the coordinate of the tooth profiles on axis zs, and 0

( 1)
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  , where Zs 

represents the number of teeth of the shaper, 0 is the pressure angle of the shaper, and Ns denotes the tooth 
number with Ns =1, 2…Zs. In addition, the upper and lower signs in Eq. (5) represent the left and right tooth 
profiles of the shaper respectively. According to the differential geometry theory, the unit normal vector on the 
tooth profile of the shaper can be expressed by 
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where the upper and lower signs correspond to the left and right profiles respectively.  

Introduce another assistant coordinates fixed on the frame, Sc. There are five coordinate systems used in the 
derivation of the tooth surface formula of the NFG in total, in which S2 and Ss are moveable coordinate systems 
fixed on the NFG and the cylindrical gear respectively, Sm, Sc and Sn are fixed on the frame. Fig. 8(a) illustrates the 
pitch cone of the NFG, the pitch cylinder of the shaper and the three fixed coordinate systems in a plane. Axis zm 
and axis zn are the rotational axes of the NFG and the shaper, which intersect at point On. The angle between axis 
zm and axis zn is , which is the same as the angle between shafts of the cylindrical gear and the NFG. Axis xm is 
parallel to axis zc and the distance between them is /sin. Fig. 3, Fig. 8(b), Fig. 8 (c) and Fig. 8(d) show the 

relationships of the five coordinate systems in three-dimensional space. 
 

 
(a) Fixed coordinate systems in a plane 

                
(b) Sm and Sc              (c) Sc and Sn                (d) Sn and Ss 

Fig. 8  Relationships of coordinate systems 

3.3 Meshing equation 
According to the principle of gear meshing, the relative velocity between the cutting contact points on the 

tooth surfaces of two meshed gears is perpendicular to the common normal line on the points. The general formula 
of the meshing equation of gears is expressed by 

( ) ( 2)

=0
s s

f N v                                       (7) 

where 
( )s

N  is the normal of the shaper tooth surface and 
( 2)s

v  is the relative velocity between the cutting 
contact points on the tooth surfaces. In the engagement of the cylindrical gear and the NFG, they still yield to the 
principle of gear meshing. We deduce the meshing equation of the NFG based on Eq. (7) below. 
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The meshing equation of the NFG is deduced in coordinate system Ss, where 
( )s

N  can be represented by the 
unit normal vector, sn . Let the anticlockwise rotation velocity be positive. The rotation speed vector of the 

cylindrical gear in Ss is written by T=[0  0  ]
s

s s  . The rotation speed vector of the NFG in Sc is written by 
2

T

2=[0  0  ]c  . By coordinate transformation we can get the rotation speed of the NFG in Ss as follows: 
2 2

T[ cos sin    sin sin    cos ]s ssc s sM                            (8) 
where Msc is the coordinate transformation matrix from Sc to Ss, and s is the rotational angle of the shaper. The 
relative velocity between the tooth surfaces of the shaper and the NFG in Ss can be derived by the following 
equation 
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Substituting Eq. (6) and Eq. (9) into Eq. (7) leads to the meshing equation of the shaper and the NFG as 
follows: 

  2, , sin cos( ) ( cos )=0s s s s q s s bs sf u u r i                          (10) 
where the upper and lower sign correspond to the left and right tooth profile of the shaper.  

3.4 Tooth surface model of the NFG 
According to Eq. (10), we can get the function of parameter us as follows: 
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Substituting Eq. (11) into Eq. (5) can result in the expression of the meshing line between the shaper and the 
NFG in coordinate system Ss as the following equation 
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Transforming the coordinates of the meshing lines from Ss to S2 leads to the formula of the working tooth 
surface of the NFG as follows: 

2 2( , ) ( , )ss s s s sr M r                                   (13) 
where M2s is the coordinate transformation matrix from Ss to S2, with  
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In Eq. (14), the rotation angles 2 and s satisfy the following equation 
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The fillets of the NFG are enveloped by the tooth tips of the shaper. In coordinate system Ss, the tooth tip can 
be expressed by sr (us,s

), where  

2 2

s as bs bs
r r r                                      (16) 

Here, ras is the radius of the tooth top circle of the shaper. The fillets of the NFG can be derived by 
transforming sr (us,s

) from Ss to S2. 

2 2( , ) ( , )
f

ss s s s sr u M r u                                    (17) 
4  Geometric design of NFG 

4.1 Basic design parameters 
For the NFG drive, there are five basic design parameters like ordinary involute cylindrical gears, the module, 

number of teeth, pressure angle, addendum coefficient and tip clearance coefficient.  



 

The module of the NFG on the pitch curve is equal to that of the cylindrical gear on the pitch circle. So we 
define the module of the cylindrical gear as the module of the NFG pair, which can be selected in the standard 
module series of involute gears.  

Z1 and Z2 are specified the number of the teeth of the cylindrical gear and the NFG, which satisfy the equation 
ij = Z2 / Z1. Generally, the transmission ratio of the NFG drive will be constructed by Eq. (3) and Eq. (5) firstly. 
Then according to the installation space and the operating requirement, we decide the number of teeth of the 
cylindrical gear. Finally, the number of teeth of the NFG can be derived by Z2 = Z1 ij. Using the universal 
transmission ratio of Eq. (3) or Eq.(5), we can obtain a closed NFG as long as Z1 and Z2 are integers.  

For involute cylindrical gears, the pressure angle is that on the pitch circle of the gears. The pressure angle of 
the NFG on the pitch cone is equal to that of the cylindrical gear. So the pressure angles of the two gears 0 can be 
chosen from the standard pressure angle of involute gears.  

The addendum coefficient and tip clearance coefficient of the NFG drive, ha
* and c*, are the same to those of 

the ordinary gears. For the NFG, the addendum is represented by ha =m ha
*, while the dedendum is expressed by hf 

= m (ha
*+ c*). The addendum surface and dedendum surface are the normal isometric surfaces of the pitch cone 

one.  

4.2 Tooth width 
The pitch curve of the NFG, C2, is a space curve on the pitch cone as shown in Fig. 9. The curves C2n and C2w 

are the inner and outer curve of the NFG teeth on the pitch cone. The distance between the inner curve and the 
pitch curve along the generator of the pitch cone is Ln, while the distance between the outer curve and the pitch 
curve is Lw. The tooth width of the NFG is expressed by B2 = Lw + Ln. In the coordinate systems S2, the inner and 
outer curve can be represented by  

 
Fig. 9  Inner and outer curve of the teeth on the pitch cone 

2 2 2

2 2 2

2 2

( sin )cos

( sin )sin

( sin ) / tan

n

n

n

n

n

n

x r L

y r L

z r L

 

 

 

  


 
   

                                 (18) 

2 2 2

2 2 2

2 2

( sin )cos

( sin )sin

( sin ) / tan

w

w

w

w

w

w

x r L

y r L

z r L

 

 

 

  


 
   

                                 (19) 

where the upper signs n and w correspond to the inner and outer curve of the teeth.  

As we know, the undercutting and tip-cutting will appears on the tooth of the circular face gear if the tooth 
width exceeds a certain value. The same phenomenon occurs on the NFG. For circular face gear, the academic 
criterion of the undercutting and tip-cutting was presented in literature [27], with the maximal tooth width discussed. 
However, variable radius vector of the NFG brings large difficulty to deduce the academic criterion of the tooth 
shape imperfections. From machining simulation, we found that undercutting and tip-cutting appear more easily on 
the tooth where the radius vector is minimal [26]. Studies on circular face gear state that the limit width of the gears 
decreases as the face gear radius decreases too. So it can be concluded that the limit width of the NFG is decided 
by the minimum of the radius vector of its pitch curve, r2min. Near r2min, the transmission ratio of the NFG does not 
change much, where the tooth shape is similar to that of a circular face gear with r2min as the radius of its pitch 
circle. Thereby, the circular face gear with radius r2min is defined as the equivalent gear of the NFG, which is used 
to judge the undercutting and tip-cutting and calculate the limit width of the NFG. Literature [27] gives derivation of 
the limit width of the circular face gear in detail, which will not be repeated in this article. 

It can be seen from Fig. 9 that the teeth of the NFG distribute along the pitch curve. For guaranteeing normal 
engagement of the NFG drive, the cylindrical gear must have the long enough tooth width. The minimum of the 
tooth width of the cylindrical gear can be written by  

1min 2max 2min( ) / sinw nB L L r r                             (20) 
where r2max and r2min are the maximum and minimum of r2.  

The process for designing the NFG drive is illustrated in Fig. 10. Firstly, the basic parameters of the 
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cylindrical gear need to be determined. Parameters 0, ha
* and c* are assigned with the standard values of the 

involute spur gears. The crossed axis angle, l, is determined by the operating requirement of the gearing. m and Z1 
would be estimated with consideration of the installation space, empirical values and so on. Then the number of 
the teeth of the NFG is obtained by Z2=Z1ij. Otherwise, the pitch curve of the NFG is not closed. The minimal 
radius vector of the pitch curve of the NFG, r2min, is gained by the transmission ratio and pitch circle radius of the 
cylindrical gear of the NFG drive. According to the judgement rules of the undercutting and tip-cutting, the limit 
width of a circular face gear with radius r2min can be calculated, which is used as the limit width of the NFG. Then, 
using Eq. (20), the minimum of the toot width of the cylindrical gear can be derived. Finally, the contact and 
bending stress of the NFG drive should be calculated to verify that the gears satisfy the strength requirement. If the 
requirement is not met, we need to adjust parameters m and Z1, and recalculate others according to the design 
procedure in Fig. 10.  

 
Fig. 10  Design flow of the NFG drive 

5  Results and discussion 

In this section, a design example of NFG with intersecting axes is given. An analysis of the transmission ratio 
characteristics of the NFG is made, with the effects of the design parameters on the transmission ratio discussed. 
Then two simulation models of the NFG are built by the proposed mathematical model and gear shaping 
simulation respectively, with the comparison between tooth surfaces made. Finally using the simulation model, the 
NFG is machined in a CNC machine center, with the practical transmission ratio tested. The first goal here is to 
demonstrate the transmission ratio rules, which can be used to determine or adjust the value of parameters in 
practical application. The second goal is the validation of the mathematical model and design method of the NFG 
with intersecting axes.  

In the example, the first term harmonic in Eq. (5) is selected as the transmission ratio of a NFG drive. Setting 
a1= / ij, and b1 = 0, we can get the simplest expression of the transmission ratio function as  
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where  represent the eccentric ratio of the NFG. The transmission ratio parameters are determined based on the 
application requirement. Here, set ij=3.7, =0.5 and m=1.The basic design parameters of the NFG are given as 
shown in Table. 1, where the shaper cutter has one more teeth than the cylindrical gear does.  

Table 1  Basic design parameters of a NFG 

Parameter Value 

Average of the transmission ratio ij 3.7 

Eccentric ratio of the NFG  0.15 

Order of pitch curve of the NFG m 1 

Module of the gear ms/mm 2 

Z2 

Start 

m, Z1 

r2min 

Lw, Ln, B2 

B1 

Satisfy strength requirement 

End 

No 

Yes 

0, ha*, c* 



 

Number of teeth of the cylindrical gear Z1 19 

Pressure angle º 20 

Addendum coefficient ha* 1 

Tip clearance coefficient c* 0.25 

Angle between gears  80° 

Number of teeth of the shaper Zs 20 

Number of teeth of the NFG Z2 70 

Following the design flow in Fig. 10, the maximum tooth width parameters of the NFG is calculated as 
Lwmax=10.1111 mm and Lnmax=3.8158 mm. Take Lw=10 mm and Ln=3.5 mm. The tooth width of the NFG is given 
by B2 = 13.5mm. Using Eq. (20), we calculated that the minimal tooth width of the cylindrical gear is 41.287 mm. 
Eventually, we take the tooth width of the cylindrical gear as B1 = 45 mm.  

5.1 Transmission ratio characteristics 
It is known from Eq. (21), the transmission ratio i21 comprises of the reduction ratio ij and the variable 

transmission ratio ib=1+ cos(m1 / ij). Hence, the NFG drive is equivalent to a serial gear mechanism composed 
of a pair of bevel or face gears and a pair of noncircular gears as shown in Fig. 11(a), where the reduction ratio of 
bevel gear is 3.7 and the noncircular gears behave according to the transmission ratio ib shown in Fig. 11(b). In 
practice, the serial gear mechanism can be replaced by the NFG drive to reduce the weight and installation space of 
the transmission system greatly. This is very appropriate for the equipment which has strict demand on the weight 
and size, such as robots, instruments, aircraft and so on.  

           
(a) Two-stage gear mechanism  (b) Variable transmission ratio ib 

Fig. 11  Equivalent transmission mechanism of the NFG drive 

In Eq. (21), there are three parameters, ij,  and m, to determine the transmission ratio of the NFG. Adjusting 
one of the three parameters independently and keeping the other parameters in Table 1 invariant, we draw the 
transmission ratio curves varying with 2 to analyze the effects of the three parameters on the transmission rules in 
Fig. 12. Define the transmission range of the gears as the ratio of the maximum to the minimum of the 
transmission ratio. The reduction ratio, transmission range and number of transmission ratio period are used to 
describe the features of the transmission rules of the NFG. 

Set Z1 as 17,18 and 19 respectively. Correspondingly, the values of the ij are 4.1, 3.9 and 3.7. With the 
decrease of ij, the transmission rule curves moves down along the vertical axis integrally in Fig. 12(a). However, 
the transmission range and number of transmission ratio period does not change with ij. Similarly, when  or m 
varies, one of the three transmission features of the NFG changes accordingly. The transmission range expands as  
increases in Fig. 12(b), while the period of the transmission ratio linearly increases with an increment of m in Fig. 
12(c).  

      
(a)  Effect of ij on the transmission ratio             (b)  Effect of on the transmission ratio 
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(b)  Effect of m on the transmission ratio 

Fig. 12  Transmission ratio with different design parameters 

Thereby, it can be concluded that the reduction ratio, transmission range and number of the transmission ratio 
period of the NFG drive can be controlled by ij,  and m independently. However, for ordinary closed noncircular 
gears, the reduction ratio (the ratio of the number of the teeth between the two noncircular gears) must be equal to 
the ratio of orders of their pitch curves. In this case, the number of the transmission ratio period is associated with 
the reduction ratio. For example, the reduction ratio of the noncircular gears is 3/2 in Fig. 13, which is equal to the 
ratio of orders of the two gears. Correspondingly, the number of the transmission ratio period is 3 when the driven 
gear rotates a revolution. If the number of the transmission ratio period in Fig. 13 is changed to 4, then reduction 
ratio of the noncircular gears will be 2. By comparison, the features of the transmission ratio of the NFG are 
decided by specific parameters independently, which provides huge advantage of flexibility over other noncircular 
gears in design.  

 
Fig. 13  Ordinary high-order noncircular gears 

 

5.2 Simulation modelling 
Two approaches are used to construct the tooth surfaces of the NFG with the design parameters in Table.1. 

One is to build a NFG model through simulating the machining process by a shaper in a CAD software. The shaper 
is replaced by a straight involute gear with m=2mm, 0=20 and Zs=20, and the wheel blank of the NFG is built 
according to its tooth width B2 and addendum, which are shown in Fig. 14 (a). Let the shaper rotate relative to the 
wheel blank. After each rotation, the subtraction Boolean operation is performed between the wheel black and the 
shaper to simulate the gear shaping, as shown in Fig. 14 (b). If the rotational angle of the shaper is s, the rotation 
angle of the wheel blank is calculated by  

2 sin( )s s

js jsi i

                                   (22) 

where ijs = Z2 / Zs. When the wheel blank turns one revolution, the teeth of the NFG are generated by the shaper 
completely as shown in Fig. 14(c).  

               
(a) Shaper and wheel blank             (b) Gear cutting                  (c) NFG 

Fig. 14  Simulation of machining process of the NFC 

The other approach is to construct the tooth surface simulation model of the NFG by the presented 
mathematical equations. Using Eq. (13) and Eq. (17), we calculate the tooth surface data of the NFG. Then import 
those data into a 3-D graphics software to generate the tooth surfaces by the surface fitting function. A tooth model 
of the NFG is given in Fig. 15, where the solid curves on the left and right side of the tooth are the meshing lines 
between the NFG and the shaper, and the dashed curves are the intersecting line between the working and fillet 
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surfaces. By comparing the distribution of the meshing lines on the tooth surfaces, we can find that the left and 
right tooth surfaces of a tooth on the NFG are asymmetric, which exists on the other teeth too. Thereby, the 
meshing behaviors of the NFG drive are different when the cylindrical gear rotates clockwise and anticlockwise. 

               
(a) Left tooth surface                      (b) Right tooth surface 

Fig. 15  A tooth of the NFG generated by the tooth surface data 

Then, the data of some of the meshing lines in Fig. 15 are imported to the 3-D software, where a comparison 
between the tooth surfaces by mathematical calculation and by simulation is made. Fig. 16 shows a solid tooth 
constructed by machining simulation and the tooth surface curves calculated by the mathematical model. It can be 
observed that the curves agree well with the tooth surface. The same results appear on other teeth of the NFG, 
which proves the correctness of the presented mathematical model of the NFG with intersecting axes. 

 
Fig. 16  Comparison of the tooth surfaces generated by the two modeling approaches 

5.3 Transmission test 
Although the solid model of the NFG can be constructed rapidly by the shaping simulation, its tooth surface 

comprises of many small discontinuous surfaces generated by gear cutting, which lead to great difficulty on 
kinematical simulation and generation of the CNC programs. Hence, we use the second method to construct the 
3-D model of the NFG for the further manufacture. Fig. 17(a) illustrates the simulation model of the NFG and the 
cylindrical gear. Using the 3-D model of the NFG in Fig. 17(a), the NFG sample is machined by 3-axis CNC 
milling, which is shown in Fig. 17(b) and (c).  

             
(a) Simulation model              (b) Noncircular face gear          (c)  NFG and cylindrical gear 

Fig. 17  NFG processed by a 3-axis CNC milling machine 

Let the cylinder gear rotate at a constant speed and the load on the NFG be empty. The practical rotation 
speed of the NFG is tested by an optical encoder. Through further calculation, the practical transmission ratio of 
the NFG drive is obtained, which is compared with the theoretical transmission ratio in Fig. 15. The theoretical and 
experimental results agree with each other basically. The transmission error may result from the errors of 
simulation model, manufacture, installation and test. Considering the complex tooth surfaces of the NFG, we think 
the manufacture error is the main factor affecting the transmission accuracy of the NFG drive. The experimental 
results verify the feasibility of transmission of the NFG drive with intersecting axes and the correctness of its 
design method. 

Meshing lines  Fillet surfaces Fillet surfaces  Meshing lines 

NFG     Cylindrical gear 





 

 
Fig. 18 Comparison of theoretical transmission ratio with practical transmission ratio 

 

6 Conclusion 
Noncircular face gear drive breaks the matching pattern of the traditional noncircular gears, which is a new 

type of variable transmission ratio gear mechanism composed of a cylindrical gear and a noncircular face gear. 
Aiming at the NFG with intersecting shafts, we investigate the construction of the pitch curves, the generation of 
the tooth surfaces and the features of the transmission rules and obtain the following conclusions: 

(1) The generalized transmission ratio functions of the noncircular face gear are proposed based on Fourier 
series, which can be used to construct the closed pitch curves of noncircular face gears with intersecting shafts 
conveniently.  

(2) The mathematical model of the tooth surfaces of the noncircular face gear with intersecting shafts is 
established by spatial meshing theory, which is verified by the machining simulation. The model lays the 
theoretical foundation for the contact analysis, the dynamic simulation and the manufacture of the noncircular face 
gear.  

(3) The noncircular face gear drive can replace a serial gear mechanism with a pair of circular gears and a pair 
of noncircular gears in practice to light weight and reduce installation space.  

(4) The reduction ratio, transmission range and number of transmission ratio period of the noncircular face 
gear drive can be controlled independently, which lead to great flexibility in design relative to the traditional 
noncircular gear.  
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Generation of the NFG by a shaper
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Equivalent transmission mechanism of the NFG drive
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Transmission ratio with different design parameters
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Ordinary high-order noncircular gears
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Simulation of machining process of the NFC
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A tooth of the NFG generated by the tooth surface data
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Comparison of the tooth surfaces generated by the two modeling approaches
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NFG processed by a 3-axis CNC milling machine
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