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Abstract. Unlike solid parts, the deformation caused by a contact force during robotic polishing of sheet 

metal parts has become an issue. In this paper, a path planning method is purposed to resolve this issue. 

This method includes three steps. The first step is to apply the Hertz theory to compute the contact areas 

between the tool head and the free-form surface of a sheet metal part. The second step is to apply the finite 

element method to compute the deformation under a contact force. The third step is to reconstruct the 

deformed free-form surface and modify the contact areas accordingly. The underlying problem is dynamic 

because the deformed surface shape changes as the tool head moves along a tool path. Based on the 

proposed method, an optimal path can be determined to achieve full coverage of the entire surface without 

over or under polishing.    
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1. Introduction 

Sheet metal parts with high-quality surface finish receive a great deal of attention from 

manufacturing industries. Polishing techniques are usually used to improve the quality of the 

surface finish on sheet metal parts; nonetheless, the traditional polishing method is time-

consuming, costly, and prone to human error. As such, the use of robotic polishing is desired to 

decrease cost and improve time efficacy. However, robotic polishing of geometrically complex 

sheet metal parts continues to remain a formidable challenge that impedes the wider 

implementation of this technology. 

One solution that might be able to address the above challenge is to account for the variation of 

the contact areas between the tool head and the part surface. The size of the contact area between 

the tool head and the part surface depends on the curvature of a surface under a constant load. As 

such, for complex geometry, the contact area is expected to change considerably throughout the 

part, and this leads to under-or over-polish patches in the surface finish, and thus reduced polishing 

quality [1-5].  

Numerous strategies have been proposed to design a robotic path planning method that accounts 

for the variation of contact areas. A group of proposed methods intends to design a tool path that 

maximizes the coverage [6-8]. In this context, one approach is to design a tool path according to the 

size of the contact area [8]. This method works well on curved surfaces with simple geometry, 

however, it often leads to irregular and computationally expensive tool paths for geometrically 

complex shapes.  Another group of methods involves planning the applied load [9-13]. One popular 

method for this is to use constant pressure throughout the entire polishing path [9]. However, such 

methods are also limited to curved surfaces with simple geometry, and cannot compensate for 

large variations on surface curvatures.  

Furthermore, for sheet metal parts, the overall shape can deform under the applied load from the 

tool head, which is referred to as structural deformation. This will change the curvature of the 

surface, and in turn, alters the size of the contact area between the tool head and the part surface, 

making it more difficult to achieve high-quality polishing results. As such, many existing studies 

in robotic polishing have focused on thick solids or assuming no structural deformation occurs in 

the part [1-13], and there remains a gap in the knowledge on robotic polishing for sheet metal parts.  

In light of the above discussion, the present study introduces a new robotic polishing path 

planning method that can account for contact area variations of complex surfaces on deformable 

sheet metal parts. To this end, first, the tool-part contact area is calculated by applying the Hertz 

theory in combination with the theory of differential geometry for complex surfaces (Section 

3.1). Then, the structural deformation of the contact area as a result of the applied force is 

calculated using the finite element method (FEM) in Section 3.2. Additionally, a method for 

designing a flexible tool path that is suitable for complex part surface geometry is introduced in 

Section 4 as a supplementary for this method. Finally, a path planning algorithm is introduced in 



3 

 

Section 5 which makes use of the predicted contact areas and structural deformations to address 

robotic polishing of sheet metal parts with complex geometry. 

2. Problem Statement 

The polishing process is an abrasive machining process that requires the polishing tool to press 

and rub against the part surface. The tool head is attached to the end effector of a robotic arm, and 

the part surface is fixed in position, as shown in Fig 1. 

  

Figure 1. Robotic polishing of a sheet metal part  

As the tool head presses against the part surface, a contact area forms between them. To achieve 

high-quality polishing results, it is crucial to know how the size of the contact area between the 

tool head and the part surface varies. According to the Hertz theory [14], the contact area between 

two contacting bodies of solid forms an ellipse. For a curved part surface, the axes of the contact 

ellipse 𝑠 are a function of the radii of the surface 𝑅, 𝑅′ at a contact location, and the applied force 𝐹.  𝑠 = 𝑓(𝑅, 𝑅′, 𝐹)                                                                       (1) 

where 𝑠 is either the semi-major or semi-minor axis of the ellipse. The radii of the part surface, 

however, changes as the sheet metal undergoes structural deformation in response to an applied 

force, which in turn alters the size of the contact area. To determine the true contact area, the 

change in the radii of the part surface needs to be determined by analyzing its structural 

deformation. The new radii value can be then used to modify the result calculated from the Hertz 

theory. If the true contact area needs to be modified for quality purposes, the applied force is 

adjusted, and the process repeats until the desired size of the contact area is achieved.  

This process can be rather tedious. To simplify it, the modification factor (M factor) is introduced 

in this paper derived from the structural deformation analysis. 𝑀𝑠 = 𝑠𝑡𝑟𝑢𝑒𝑠original                                                                (2) 

Part surface 

Boundary 

condiditon 

Tool head 
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The M factor modifies the axes of the contact ellipse calculated using the original local radii to 

account for the effect of the structural deformation. With this, the true contact area can be directly 

related to the applied force without the need for any iteration process. The flow chart that reflects 

this is shown in Fig. 2.  

 

 

 

 

 

 

 

 

 

Figure 2. Flow chart of the contact area calculation process using modification factor (instant surface).  

3. Basic Theory  

3.1 Hertz Theory 

When two bodies are in contact, the maximum stress is located at the initial contact point, i.e. the 

center of the contact area, and can be related to the semi-minor axis 𝑏 of the ellipse as 𝑃0 = 𝑏𝐸(𝑘′)∆                                                              (3) 

where 𝐸(𝑘′) = ∫ √1 − 𝑘′2 sin2 𝜃 𝑑𝜃𝜋20  is a complete elliptic integral of the second kind,                   ∆= 1𝐴+𝐵 (1−𝜈12𝐸1 + 1−𝜈22𝐸2 ), 𝑘 = 𝑏𝑎, 𝑘′ = √1 − 𝑘2. 𝑎 semi-major axis. 𝐸𝑖 is Young’s modulus of the 

contacting bodies and 𝜈𝑖 are their Poisson ratio, with subscript 1 referring to the tool head, and 

subscript 2 referring to the sheet metal part. 𝐴 and 𝐵 are functions of geometrical properties,   

       𝐴 = 14 ( 1𝑅1 + 1𝑅2 + 1𝑅1′ + 1𝑅2′) − 14 √(( 1𝑅1 − 1𝑅1′) + ( 1𝑅2 − 1𝑅2′))2 − 4 ( 1𝑅1 − 1𝑅1′) ( 1𝑅2 − 1𝑅2′) sin2 𝜙          

𝐵 = 14 ( 1𝑅1 + 1𝑅2 + 1𝑅1′ + 1𝑅2′) + 14 √(( 1𝑅1 − 1𝑅1′) + ( 1𝑅2 − 1𝑅2′))2 − 4 ( 1𝑅1 − 1𝑅1′) ( 1𝑅2 − 1𝑅2′) sin2 𝜙        (4) 

Local radii of 

the part surface 
Applied force Structural deformation 

Contact area M factor 

True contact area 
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where 𝑅i denotes the principal radii of the two contacting bodies, 𝜙 is the angle between the 

principal directions of the contacting bodies, and 𝑘 can be determined by solving the equation 

below numerically  

𝐵𝐴 = 1𝑘2𝐸(𝑘′)−𝐾(𝑘′)𝐾(𝑘′)−𝐸(𝑘′)                                                         (5) 

where 𝐾(𝑘′) is a complete elliptic integral of the first kind, and 𝐸(𝑘′) is a complete elliptic integral 

of the second kind The stress distribution follows 

𝑃(𝑥′, 𝑦′) = 𝑃0 (1 − (𝑥′𝑎 )2 − (𝑦′𝑏 )2)1/2
                                      (6) 

In Eq (4), (𝑥′, 𝑦′) is the coordinate about the origin at the point of initial contact. The applied 

force is given by  𝐹 = 2𝜋𝐸2(𝑘′)∆2𝑃033𝑘 = 2𝜋𝑏33𝑘𝐸(𝑘′)∆                                              (7)  

The values of the semi-major axis of the contact area 𝑎 can be determined with 

𝑎 = √3𝐸(𝑘′)2𝜋𝑘2 (𝐹∆)3
                                                         (8) 

To determine the semi-major or semi-minor axis of the contact area with Eq (3) or Eq (8), the 

material and geometrical properties of the contacting bodies are needed.  Lastly, using Eq (3), (6), 

and (8), a relation between the applied force and the pressure can be derived. 

𝑃 = ( 3𝑘𝐹2𝜋∆2𝐸2(𝑘′))13 (1 − (𝑥′𝑎 )2 − (𝑦′𝑏 )2)1/2
                                  (9) 

It’s easy to see that once the material of the tool and the part surface and the shape of the tool head 

is chosen, the applied force or the pressure is a function of the principal radii of the surface at a 

contact location and the applied force. In actual application, the applied force is a control variable, 

and the principal radii of the surface need to be calculated. 

Before the principal radii can be calculated, it requires that the geometry of the part surface be 

represented with a continuous surface function. This can be achieved by scanning the actual object 

or converting a CAD model of the part surface into a point cloud. The point cloud data can then 

be used to curve fit the function [15-17]. In the discussion of the following sections, it is assumed 

that the part surface is orientated in such a way that the resulting function is represented as a 

function of 𝑥 and 𝑦 coordinates, 𝑓(𝑥, 𝑦).  

For a sheet metal part described by a surface function 𝑓(𝑥, 𝑦), the principal radii can be calculated 

with the following steps. First, the two principal directions, namely 𝐷1 = 𝑑𝑦𝑑𝑥|1 (𝑃) and 𝐷2 =𝑑𝑦𝑑𝑥|2 (𝑃), at a point 𝑃 on the surface need to be calculated using the theory of differential geometry 
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[18]. For most surface points, one of the 𝐷𝑖s would have a value 𝐷𝑖 < 1, and the other with 𝐷𝑖 > 1. 

Next, two curves need to be generated so that each of the two tangent vectors is pointed towards a 

principal direction when projected onto the 𝑥 − 𝑦 plane. Once these two curves are established, the 

principal curvatures can be readily determined. The simplest curves to generate are the straight 

lines when projected onto the 𝑥 − 𝑦 plane following along with the principal directions. They are 𝑦1 = 𝐷1𝑥 + 𝑐1, and 𝑦2 = 𝐷2𝑥 + 𝑐2, and the corresponding curves on the surface can be expressed 

as and the corresponding curves on the surface can be expressed as 𝐶1(𝑥) = (𝑥, 𝑦1(𝑥), 𝑓(𝑥, 𝑦1(𝑢))),    𝐶2(𝑥) = (𝑥, 𝑦2(𝑥), 𝑓(𝑥, 𝑦2(𝑥)))                (10) 

where 𝐶1(𝑥) and 𝐶2(𝑥) are the curves needed for calculating the principal curvatures, and 𝜅1(𝑥) 

and 𝜅2(𝑥) are the two curvatures calculated using the theory of differential geometry, based on 

which the principal radii are  𝑅𝑖(𝑥) = 1𝜅𝑖(𝑥)                                                                 (11) 

For clarity, it is convenient to define the major principal radii to be the greater one of the two, and 

the minor principal radii as the smaller one. With this, once the material of the part surface and 

tool head is determined, the semi-axes of the contact ellipse are functions of the contact location 

and the applied force, 𝑎(𝑥, 𝑦, 𝐹), and  𝑏(𝑥, 𝑦, 𝐹) = 𝑘𝑎. 

For most robotic polishing, the tool usually has a flat surface aside from some special cases that 

require the tool to be either semi-spherical or cylindrical. For a flat surface, both major and minor 

principal radii are infinite. With this 𝐴 and 𝐵 take the form of 

                  𝐴 = 12𝑅′   𝐵 = 12𝑅                                                             (12)                    

Recall the definition of elliptical integrals, together with the Eq (10), it is required for   𝑅′ ≥ 𝑅 so 

that 𝑘 ≤ 1. Therefore, 𝑅′ need to be fixed to the major principal radius, and 𝑅 to be the minor 

principal radius. In addition to the value of the major and semi-axis of the ellipse, their orientation 

also affects the contact area.   

3.2 FEM 

In the above description, it is assumed that there is no overall structure deformation, which is the 

case as shown in Fig. 3(a), only with local contact deformation. However, if the surface is simply 

the shape of a thin shell, the global structural deformation will occur as shown in Fig. 3(b), and 

the total deformation will be a combination of the cases shown in Fig. 3(a) and Fig. 3(b).  
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                                       (a)                                                         (b)  

Figure 3. Deformation of the part surface, with (a) local contact deformation, (b) global structural 

deformation                   

For pure structure deformation, which is shown in Fig 3(b), can be calculated using FEM, such as 

ANSYS, shell181 element for single-layer. The sheet metal is fixed on four corners as shown in 

Fig. 1. To apply the load in the FEM setting, every element that intersects with the contact area is 

applied pressure along the surface normal downwards. The pressure value is calculated using Eq 

(7) based on the position of the center of the element with its relation to the center of the tool head. 

The results are shown in Fig. 4. 

 

Figure 4. Structural deformation of the sheet metal under the applied force of 200 N, the yellow circle 

marks the location of the tool head. 

The structural deformation changes the geometry of the part surface. Therefore, the contact area 

between the tool head and the part surface is changed. To update the surface function, the 

displacement of every node is collected. If the original nodal position is (𝑥𝑖, 𝑦𝑖 , 𝑧𝑖), and 

displacement vector of every node is (𝑑𝑥𝑖, 𝑑𝑦𝑖, 𝑑𝑧𝑖),  the modification function 𝑑𝑓(𝑥, 𝑦) to the 

original surface function can be fitted with data set (𝑥𝑖 + 𝑑𝑥𝑖, 𝑦𝑖 + 𝑑𝑦𝑖, 𝑑𝑧𝑖).  The new surface 

function will be 

 𝑓𝑛𝑒𝑤(𝑥, 𝑦) = 𝑓(𝑥, 𝑦) + 𝑑𝑓(𝑥, 𝑦)                                            (12) 

The reason that the modification function 𝑑𝑓(𝑥, 𝑦) is used instead of directly fitting the new 

surface using (𝑥𝑖 + 𝑑𝑥𝑖 , 𝑦𝑖 + 𝑑𝑦𝑖, 𝑧𝑖 + 𝑑𝑧𝑖) is that the displacement field (𝑑𝑥𝑖, 𝑑𝑦𝑖, 𝑑𝑧𝑖) is 
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smoother than the actual surface in general. Therefore 𝑑𝑓(𝑥, 𝑦) can be fitted using a much simpler 

polynomial function, which speeds up the process. Moreover, the overall displacement is usually 

much smaller than the geometrical feature of the surface. Depends on the function used for fitting, 

it may not be able to pick up the small changes in the shape, if 𝑓𝑛𝑒𝑤(𝑥, 𝑦) is fitted using (𝑥𝑖 +𝑑𝑥𝑖 , 𝑦𝑖 + 𝑑𝑦𝑖 , 𝑧𝑖 + 𝑑𝑧𝑖). The data set (𝑥𝑖 + 𝑑𝑥𝑖 , 𝑦𝑖 + 𝑑𝑦𝑖, 𝑑𝑧𝑖) is plotted in Fig. 5 for illustration. 

The new surface functions can be then used to calculate the true contact area.  

  

Figure 5. plot of displacement using the result from FEM 

 

 

4 Path Design 

It starts with designating waypoints that represent the overall shape of the path. The path is straight 

lines that go through waypoints and are smoothly connected by a circular arc as shown in the figure 

below, where the blue line is the path and red dots are waypoints. Waypoints 1 and 2, 3 and 4, 5 

and 6, and so on are connected with straight lines, and waypoints 2 and 3, 4 and 5, 6 and 7, and so 

on are connected with circular arcs, as shown in Fig. 6. 

 

Figure 6. Tool path generation  
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The reason a circular arc was used to connect the straight lines is that whenever there is a sharp 

turning on the path, it requires deceleration before the turn and acceleration afterward. This does 

not only lower the efficiency of the overall process but also in some cases reduce the quality. Next, 

starts with the path planning in 2D. For a straight-line pass from 𝑃1 = (𝑥1, 𝑦1) to 𝑃2 = (𝑥2, 𝑦2), it 

can be expressed with the equation 𝑦 = 𝑘𝑥 + 𝑎  ,    𝑘 = 𝑦2−𝑥1𝑦2−𝑥1   ,   𝑎 = − 𝑦1𝑥2+𝑥1𝑦2𝑦2−𝑥1                                    (14) 

For two straight lines, one goes from 𝑃1 = (𝑥1, 𝑦1) to 𝑃2 = (𝑥2, 𝑦2) with 𝑦1 = 𝑘1𝑥 + 𝑎1, the other 

goes from 𝑃3 = (𝑥3, 𝑦3) to 𝑃4 = (𝑥4, 𝑦4) with 𝑦2 = 𝑘2𝑥 + 𝑎2, there can be a circle to which they 

both tangent to. The circular arc goes from 𝑃2 to 𝑃3 can be determined as follow. First, the line 

that perpendicular to 𝑦1 and pass-through 𝑃2 can be expressed with  𝑦1⊥ = − 1𝑘1 𝑥 + 𝑎1⊥  ,    𝑎1⊥ = 𝑦22−𝑦1𝑦2+𝑥1𝑥2−𝑥22𝑦2−𝑦1                                  (15) 

The same can be done for the line that is perpendicular to 𝑦2 and passing through 𝑃3 for 𝑦2⊥. While 

the circular center of this arc is the intersection of 𝑦1⊥ and 𝑦2⊥, this requires precise placement of 𝑃2 and 𝑃3 so that the arc can smoothly connect both straight lines. This is unreasonable to achieve 

during the planning of the waypoints. Instead, when the equations that represent both lines 𝑦1 and 𝑦2 will intersect, unless parallel, their intersection point is  

  𝑃𝐼 = (𝑥𝐼 , 𝑦𝐼) = (𝑎2𝑘1−𝑎1𝑘2𝑘1− 𝑘2 , 𝑎1−𝑎2𝑘1− 𝑘2)                                         (16) 

From this point, we can derive a line that bisects the angle between 𝑦1 and 𝑦2, which is  𝑦𝑏 = 𝑘𝑏𝑥 + 𝑎𝑏  ,     𝑎𝑏 = 𝑦𝐼 − 𝑘𝑏𝑥𝐼 𝑘𝑏 = tan (12 (𝑎𝑡𝑎𝑛2(𝑦2 − 𝑦1, 𝑥2 − 𝑥1) + 𝑎𝑡𝑎𝑛2(𝑦3 − 𝑦4, 𝑥3 − 𝑥4)))                (17) 

If 𝑦1 and 𝑦2 are parallel, they do not intersect. However, in term of programming the path, to avoid 

writing extra lines of code, simply let 𝑥1 = 𝑥1 + 𝑒, or 𝑦1 = 𝑦1 + 𝑒, or do the similar for any other 

points whenever the circumstance arises, where 𝑒 is a small number that is well under the error of 

tolerance. The same can be done for the cases when 𝑥1 = 𝑥2 or 𝑦1 = 𝑦2. The circular center of 

this arc is the intersection of 𝑦1⊥ and 𝑦𝑏, which is 𝑃𝑐 = (𝑥𝑐, 𝑦𝑐) = (𝑎𝑏+𝑎1⊥𝑘1 𝑘𝑏𝑘1 𝑘𝑏+1 , (𝑎𝑏−𝑎1⊥)𝑘1𝑘1 𝑘𝑏+1 )                                 (18) 

The radius is the distance from 𝑃𝑐 to 𝑃2, 𝑟 = |𝑃𝑐 − 𝑃2|. Now, the equation for the line that 

perpendicular to 𝑦2 and pass-through 𝑃𝑐 can be derived. 𝑦2⊥ = − 1𝑘2 𝑥 + 𝑎2⊥  ,     𝑎2⊥ = 𝑦𝑐(𝑦3−𝑦4)+𝑥𝑐(𝑥3−𝑥4)𝑦3−𝑦4                             (19) 
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To achieve a smooth transition from the arc to the straight line, 𝑃3 is replaced with the intersection 

of 𝑦2⊥ and 𝑦2 𝑃3′ = (𝑎2⊥+𝑎2𝑘22𝑘22+1 , (𝑎2−𝑎2⊥)𝑘1𝑘22+1 )                                              (20) 

The expression for the arc is 𝐶𝑎𝑟𝑐(𝑡) = (𝑟 cos 𝑡 + 𝑥𝑐, 𝑟 sin 𝑡 + 𝑦𝑐)                                       (21) 

Solve for 𝐶𝑎𝑟𝑐(𝑡𝑖) = 𝑃2, and 𝐶𝑎𝑟𝑐(𝑡𝑓) = 𝑃3 to find the range of 𝑡. Note that just because the arc 

goes from 𝑃2 to 𝑃3, it doesn’t mean that 𝑡 move from 𝑡𝑖 to 𝑡𝑓. Depends on the overall orientation 

of the lines 𝑡 can move from 𝑡𝑖 to 𝑡𝑓 or 𝑡𝑓 to 𝑡𝑖. 
Once the 2D case is planned out, for the 3D case, if the surface is expressed with 𝑆 =(𝑥, 𝑦, 𝑧(𝑥, 𝑦)), the 2D curve can be projected onto the surface with 𝐶 = (𝑥, 𝑦(𝑥), 𝑧(𝑥, 𝑦(𝑥)))   or   𝐶 = (𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑥(𝑡), 𝑦(𝑡)))                (22) 

To determine the exact coordinate location of the tool head at each input update, the following 

equation can be solved numerically. 𝐿 = ∫ |(𝑥′(𝑡), 𝑦′(𝑡), 𝑧′(𝑡))| 𝑡𝑖+1𝑡𝑖 𝑑𝑡   or   𝐿 = ∫ |(1, 𝑦′(𝑥), 𝑧′(𝑥, 𝑦(𝑥)))| 𝑑𝑥 𝑥𝑖+1𝑥𝑖      (23) 

where 𝐿  is the distance moved at each input update from the last. The tangent vector can be 

calculated with. �⃑⃑�(𝑥) = (1,𝑦′(𝑥),𝑧′(𝑥,𝑦(𝑥)))|(1,𝑦′(𝑥),𝑧′(𝑥,𝑦(𝑥)))|      or    �⃑⃑�(𝑡) = (𝑥′(𝑡),𝑦′(𝑡),𝑧′(𝑡))|(𝑥′(𝑡),𝑦′(𝑡),𝑧′(𝑡))|                         (24) 

To have the tangent vector always point toward the direction that the tool head is moving, we adopt 

the arc length parameter. From Eq(23), while solving for 𝑥𝑖, 𝐿 is expressed as a function of 𝑥 or 𝑡 

as 𝐿 = ∫ |(1, 𝑦′(𝑢), 𝑧′(𝑢, 𝑦(𝑢)))| 𝑑𝑢 𝑥𝑎      or       𝐿 = ∫ |(𝑥′(𝑢), 𝑦′(𝑢), 𝑧′(𝑢))|𝑑𝑢 𝑡𝑎       (25) 

The incremental direction of 𝐿 points toward the direction of the motion of the tool head. Let 𝑙 be 

a parameter, so 𝑥(𝑙) = 𝑥(𝐿(𝑥) = 𝑙)     or    𝑡(𝑙) = 𝑡(𝐿(𝑡) = 𝑙)                                    (24) 

With this, �⃑⃑�(𝑙) will always point toward the direction of the motion of the tool head. The normal 

vector can be calculated with.  �⃑⃑�(𝑥, 𝑦) = ± 𝑆𝑥×𝑆𝑦|𝑆𝑥×𝑆𝑦|                                                        (25) 
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The ± is assigned according to the orientation of the surface normal to ensure that the normal 

points toward the tool head, not away. 

5. Deformation-Based Path Planning 

It is convenient to plan the path along or approximately along with one of the principal directions. 

Doing so, the step-over distance can be planned as one of the axes of the contact area ellipse. To 

ensure the polishing track is even, one of the axes of the contact ellipse should be constant 

throughout the path. To conduct path planning, the principal directions of the part surface are 

examined at waypoints as shown in Fig. 7. By following the principal directions, and using the 

path design method described above, a raster path with a circular arc step-over connection is 

generated on the sheet metal part given in Fig. 1.  

 

Figure 7. The plot of the principal directions. 

 

Figure 8. The plot of the contact areas along a tool path on the sheet metal without deformation 
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In Fig. 8, the red line represents the path, the blue lines represent the direction of tangent vectors 

at the waypoints, the green lines represent the direction of normal vectors, and the blue disks are 

the contact areas. The material for the surface is chosen to be Aluminum alloy with Young’s 
module and Poisson’s ratio being 71GPa and 0.32, respectively. The material for the tool head is 

chosen to be hard rubber with Young’s module, and Poisson’s ratio being 100MPa and 0.49. For 

this simulation, the effect of the structural deformation is not considered. The tool used in the 

simulation is a flat disk with a radius of 7cm, and a constant 200N is applied by the tool head along 

the path. The step-over distance is set according to the size of the tool. The four circles mark the 

tool locations, which are used for structural deformation analysis in the next section.  

The two blue stripes indicate the area of the surface where it is concave. Strictly speaking, the 

contact areas calculated using Eq (3) and (8) would be the contact area formed from the tool 

pushing up from the underside of the surface. Polishing on a concave surface is when the force is 

applied from a direction to which the part surface is perceived as concave, and similarly, polishing 

on a convex surface is when the force is applied from a direction to which the part surface is 

perceived as convex. Normally, to polish a concave area, the tool head needs to be semi-spherical 

or cylindrical, of which its radii are less than the local radii of the concave area. However, for 

simplicity and illustration purpose, the contact areas near those two stripes are not treated 

differently and are plotted as if the surface is convex.  

Fig. 8 shows that the contact area varies according to the curvature of the surface. Using Eq (3) or 

(8), the applied load can be properly adjusted to compensate for the difference in the size of the 

contact areas. In addition to that, the orientation of the contact ellipse changes according to the 

principal direction. It also illustrates that the semi-major axis and semi-minor axis of the contact 

ellipse exchange depending on which principal radius is larger.  

By analyzing the structural deformation of the four locations marked in Fig. 8 using FEM, its effect 

on the axis of the contact ellipse is determined. The results are list in Table 1. 

F=200 N Without Structural Deformation With Structural Deformation 

Semi-major (mm) Semi-minor (mm) Semi-major (mm) Semi-minor (mm) 

Location 1 21.6 10.9 22.1 11.2 

Location 2 28.2 15.1 29.3 15.6 

Location 3 26.4 19.3 27.9 20.1 

Location 4 38.5 21.6 41.7 22.4 

Table 1. List of semi-axes under the conditions of with and without Structural Deformation with applied 

force being 200 N. 

The 𝑀 factor from Eq (2) can be calculated using the data in Table. 1 as the ratio of the semi-axis 

of the contact ellipsis between with and without the structural deformation. 𝑀𝑠 = 𝑠𝑤𝑖𝑡ℎ𝑠𝑤𝑖𝑡ℎ𝑜𝑢𝑡                                                              (28) 
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To properly plan a path that can achieve full coverage of the polishing surface without over-

polishing, the knowledge of the size of the contact area along the entire path is needed. Although 

the contact area without the structural deformation is easy to calculate, it can be very tedious to 

calculate the structural deformation at every possible contact location on the part surface. 

However, a good approximation can be derived by examining the M factor at a few selected 

locations under a few different applied force values. Using that information, it is possible to fit a 

three-variable polynormal function 𝑀𝑠 as a function of principal radius, proximity to the location 

boundary conditions, and the loading force.  𝑀𝑠(𝑟, 𝑝, 𝐹) = ∑ 𝑎𝑖𝑗𝑘 𝑟𝑖𝑝𝑗𝐹𝑘                                                 (29) 

where the principal radius is the radius along that step-over direction. Proximity can be defined as 

the sum of the inverse distance square from the tool location to the corners, 

                    𝑝 = ∑(𝑑𝑖 + 𝐶)−2                                                         (30) 

where 𝐶 is a constant and is chosen to be 0.01 here. Note that different boundary conditions will 

need different proximity functions. If the part surface is fixed in position on all edges, the 

proximity can be defined as the sum of the inverse distance square from the tool location to the 

edges. In general, the structural deformation results in larger contact areas. Additionally, the 

results in Table 1. also illustrate that the modification to the contact areas due to the structural 

deformation varies depending on the radii of the part surface at the location where the contact 

occurs, as well as the proximity of the said location to the areas where the boundary conditions 

are applied.  

To better understand the relationship between 𝑀 factor and the variable that determines it, an 

example geometry is generated to study the effect of the structural deformation on contact areas. 

The geometry is illustrated in Fig. 9 

 

 (a)                                              (b) 

Figure 9 Sample geometries with (a) being surface 1, and (b) surface 2. 

In Fig. 9, surface 1 and surface 2 have similar geometrical features, only surface 2 is flatter than 

surface 1.  
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M Factor on Convex Surface 

    To examine the M factor on the convex surface, four locations on both surfaces are chosen and 

their contact areas are plotted in Fig 10. The force is applied from a direction to which the part 

surface is perceived as convex. 

  

                                             (a)                                                              (b) 

Figure 10. Plot of contact areas on convex surfaces with applied force being 100 N 

The relationship between the M factor at those aforementioned locations and the applied force is 

plotted in Fig. 11 (a) and (b). Along with the relationship between the M factor the applied force 

for the sheet metal in Fig. 9 that is plotted in Fig. 11(c), it shows that the deformation is 

approximately in a linear relationship with the applied force.  

 

                                    (a)                                                                       (b) 
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(c) 

Figure 11. The plot of the M factor vs the applied force for convex surfaces. 

In Fig. 11 (a) and (b), the M factor at location 4 for semi-minor axis for both surface 1 and 2 is less 

than 1 when the applied force is less than 250 N. This indicates that the accuracy of the M factor 

for the semi-minor axis at that location is less than what would be desirable. The reason for that is 

the ellipse at that location for both surfaces has very high eccentricity. This can have several 

effects. First, high eccentricity results in a narrow ellipse. If the semi-minor axis is comparable 

with the size of the element used in FEM, the applied pressure assigned in the FEM procedure can 

not properly describe the pressure distribution of Eq (9), which results in the error in displacement 

calculation. The average length and width of the element used in the FEM for this study is 0.01m, 

which is not much smaller than the semi-minor axis of the contact ellipse at location 8. Secondly, 

a high eccentricity of the contact area is resulted from the part surface has a much higher curvature 

in one principal direction than the other at that location. This can cause instability in the fitting of 

the polynormal function used to describe the original surface and the surface displacements depend 

on the fitting methods. Because The calculation of the M factor relies on FEM and fitting, which 

both are approximation methods, extra precaution is needed during the initial planning. Especially, 

it is necessary to avoid choosing the direction of the semi-minor axis as the step-over direction 

when ellipses with high eccentricity are present. 

M Factor on Concave Surface 

    To examine the M factor on the concave surface, the same four locations on both surfaces are 

used and their contact areas are plotted in Fig 12. The force is applied from a direction to which 

the part surface is perceived as concave. To calculate the contact area, the tool is chosen to be 

spherical with a curvature radius of 0.2m for surface 1, and 0.4m for surface 2. The radius of the 

tools is taken as a negative value for Eq (4). 
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                                              (a)                                                             (b) 

Figure 12 Plot of contact areas on concave surfaces with applied force being 100 N 

 

                                           (a)                                                                     (b)  

Figure 13. The plot of the M factor vs the applied force for concave surfaces. 

Fig. 12 shows that the contact areas on the concave surfaces are much more circular than those on 

the convex surface. Additionally. Fig. 13 shows that the values of the M factor remain very close 

to one. This indicates that when polishing the concave surfaces, the effect on the structural 

deformation on the contact areas is very small, and can therefore be ignored. 

Accuracy and the Rate of Convergency  

The accuracy of the function 𝑀𝑠(𝑟, 𝑝, 𝐹) depends on the number of sample locations of which the 

deformation is analyzed using FEM. Due to the nearly linear relationship between the M factor 

and the applied force, the highest order of the 𝐹𝑘 from Eq (29) can be capped at no more than 2. 

Four sample locations and two different loading forces at each location are a good start. With these 

eight data points, a polynomial of pseudo-degree of one can be fitted 𝑀𝑠(𝑟, 𝑝, 𝐹) = 𝑎000 + 𝑎100𝑟 + 𝑎010𝑝 + 𝑎001𝐹 + 𝑎110𝑟𝑝 + 𝑎011𝑝𝐹 + 𝑎101𝑟𝐹 + 𝑎111𝑟𝑝𝐹  (31) 
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Pseudo-degree of 𝑛 is defined as the highest order of a variable. To check the accuracy, additional 

two sample locations are chosen to calculate the M factor resulted from the FEM analysis. The 

results are then compared with the calculated value from Eq (29). If the accuracy is not satisfactory, 

the new data from those two sample locations are combined with the previous data, and together 

to fit a new function of 𝑀𝑠(𝑟, 𝑝, 𝐹). The pseudo degree of 𝑀𝑠(𝑟, 𝑝, 𝐹) can be increased gradually 

as needed with the highest order of the 𝐹 being capped at two. This process repeats until the 

satisfied accuracy is achieved, and then the form of the function 𝑀𝑠 is obtained.  

To check the rate of convergence of the above method, The M factor for surfaces 1 and 2 are fitted 

using the data from the first four locations shown in Fig. 11, at applied force being 100N and 300N. 

Four additional locations shown in Fig. 14 are chosen, at which the M factor is calculated using 

the data from FEM, and is compared with the values calculated from the fitted equation. The results 

are listed in Tab. 2 and 3.  

 

Figure 14. Plot of contact areas on convex surfaces with applied force being 250 N 

Surface 1 

F=250 N 

M factor (with FEM) M factor (fitted equation) Difference % 

Semi-major Semi-minor Semi-major Semi-minor Semi-major Semi-minor 

Location 5 1.196 1.042 1.252 1.083 4.7 3.9 

Location 6 1.083 1.061 1.092 1.033 0.8 2.6 

Location 7 1.017 0.979 1.009 1.130 0.8 15.4 

Location 8 1.246 1.135 2.388 0.852 91.7 25.0 

Table 2. Comparison of the value M factor with the equation of the M factor being fitted with the data at 

4 locations for surface 1 

Surface 2 

F=250 N 

M factor (with FEM) M factor (fitted equation) Difference % 

Semi-major Semi-minor Semi-major Semi-minor Semi-major Semi-minor 

Location 5 1.243 0.994 1.477 1.018 18.8 2.4 

Location 6 1.074 1.049 1.105 1.144 2.9 9.1 

Location 7 1.021 1.013 1.034 1.002 1.3 1.1 

Location 8 1.247 0.989 1.810 0.924 45.1 6.6 
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Table 3. Comparison of the value M factor with the equation of the M factor being fitted with the data at 

4 locations for surface 2 

Tab. 2 and 3 show that there is not much difference in accuracy when this method is applied to the 

surface with different flatness. Additionally, the accuracy of the fitted M factor is low for the 

location where the contact ellipse has high eccentricity. For next iteration, the data of the location 

5 and 6 at applied force being 100N and 300N are included to fit the new M factor, and the values 

of the M factor function is compared with the value of the M factor from FEM. The results are 

listed in Tab. 4 and 5 and show a moderate improvement of accuracy. 

Surface 1 

F=250 N 

M factor (with FEM) M factor (fitted equation) Difference % 

Semi-major Semi-minor Semi-major Semi-minor Semi-major Semi-minor 

Location 7 1.017 0.979 1.041 1.003 2.4 2.5 

Location 8 1.246 1.135 1.615 1.052 29.6 7.3 

Table 4. Comparison of the value M factor with the equation of the M factor being fitted with the data at 

6 locations for surface 1 

Surface 2 

F=250 N 

M factor (with FEM) M factor (fitted equation) Difference % 

Semi-major Semi-minor Semi-major Semi-minor Semi-major Semi-minor 

Location 7 1.021 1.013 1.015 1.034 1.0 2.1 

Location 8 1.247 0.989 1.385 0.957 10.8 3.2 

Table 5. Comparison of the value M factor with the equation of the M factor being fitted with the data at 

6 locations for surface 1 

The above procedure is repeated for the sheet metal. The 8 locations are shown in Fig. 15, and the 

results are listed in Tab. 6 and 7. 

 

Figure 15. The plot of the contact areas along a tool path on the sheet metal without deformation 
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Sheet metal 

F=400 N 

M factor (with FEM) M factor (fitted equation) Difference % 

Semi-major Semi-minor Semi-major Semi-minor Semi-major Semi-minor 

Location 5 1.074 1.051 1.136 1.026 5.8 2.4 

Location 6 1.148 1.064 1.132 1.032 1.4 3.0 

Location 7 1.193 1.082 1.281 1.121 7.4 3.6 

Location 8 1.134 1.058 1.064 1.049 6.2 0.7 

Table 6. Comparison of the value M factor with the equation of the M factor being fitted with the data at 

locations from 1 to 4 for the sheet metal in Fig. 15 

Sheet metal 

F=400 N 

M factor (with FEM) M factor (fitted equation) Difference % 

Semi-major Semi-minor Semi-major Semi-minor Semi-major Semi-minor 

Location 7 1.193 1.082 1.151 1.093 3.5 1.0 

Location 8 1.134 1.058 1.146 1.067 1.1 0.9 

Table 7. Comparison of the value M factor with the equation of the M factor being fitted with the data at 

locations from 1 to 6 for the sheet metal in Fig. 15 

Tab. 6 and 7 shows that the same procedure yield better accuracy overall for the sheet metal. 

This is because the geometry of the sheet metal is simpler than the sample geometry of surfaces 

1 and 2. In addition, the sheet metal has a strict symmetry along the middle line. As the result, 

for a more complex surface, it would require the data from more contact locations obtained 

through FEM to fit the M factor with desirable accuracy.  

Since both 𝑟 and 𝑝 are functions of 𝑥, 𝑦, ultimately 𝑀𝑠 can be expressed as a function of 𝑥, 𝑦, i.e. 

the contact location on the part surface. However, it would not be wise to fit the 𝑀𝑠 as a 

function 𝑥, 𝑦 using the coordinates of the contact location. This is because that while there are 

some underlying relationships between the M factor and the 𝑟 and 𝑝, there is no identifiable 

relationship between the M factor and the 𝑥, 𝑦 coordinates. The true axes of the contact ellipse can 

be related to the applied force and the contact location with  𝑎𝑡𝑟𝑢𝑒 = 𝑀𝑎(𝑥, 𝑦, 𝐹) ∙ 𝑎(𝑥, 𝑦, 𝐹)   and    𝑏𝑡𝑟𝑢𝑒 = 𝑀𝑏(𝑥, 𝑦, 𝐹) ∙ 𝑘(𝑥, 𝑦) ∙ 𝑎(𝑥, 𝑦, 𝐹)        (32)  

With this, the raster path in Fig. 8 is adjusted, and the applied force is modified to ensure an even 

polishing track. The result of this is illustrated in Fig. 16.  
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Figure 16. The plot of the even polishing track along a tool path  

In Fig. 16, the applied force is set at 500 N gradually reducing to 200 N with the step-over distance 

being adjusted accordingly. The applied force at certain locations, marked by the yellow circle as 

an example, is increased individually to match the width of the contact area with the neighboring 

ones. Note that if the modified contact area is used to calculate the structural deformation with 

FEM, the deformation results will change, and this in turn will once again change the contact area. 

For some ultra-high precision applications, a repeated iteration procedure needs to be carried out 

to obtain a highly accurate result. Importantly, it is necessary to assume that the overall 

deformation of the sheet metal is small and within the linear elastic limit. It should be only used 

on applications when the material of the sheet metal is linear elastic and applied force is small that 

will not cause nonlinear deformation. 

Interpolation Relation 

The waypoints illustrated in Fig. 17 are sample points. The waypoints for the polishing robot to 

follow are far denser. For efficiency, it is not necessary to determine all the precise input force 

values at every waypoint, but rather an interpolation relation can be derived from two sequential 

sample points. For a flat tool,  ∆∝ 𝑅′𝑅𝑅′+𝑅                                                                   (33) 

If the sample points are close enough or the part surface is flat enough, the principal radii of the 

part surface, as well as the M factor, varies approximately linearly. If 𝑏𝑡 is kept constant, 𝑏 would 
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be inversely linear. Additionally, it can be assumed from Eq (5) that if the change in the principal 

radii is small, 𝑘 can be considered as varying approximately linearly, and this, in turn, results in 𝐸(𝑘′) varies linearly. With this, from Eq (7), 𝐹 ∝ 1𝑘𝐸(𝑘′) ( 1𝑀𝑏)3 𝑅′+𝑅𝑅′𝑅                                                        (34)  

where 𝑘, 𝐸(𝑘′), 𝑀𝑏, 𝑅′, 𝑅, are all linear functions between two sequential sample points and their 

value can be determined using a simple linear interpolation for any waypoint. The force value can 

then be calculated straightforwardly for any waypoints in between the sample points. In terms of 

the choice for the sample points, if the area of a part surface is relatively flat or uniform, they can 

be chosen sparsely for that area. If there is a sharp change in the area of a part surface, the sample 

points need to be more densely packed. The yellow squares in Fig. 11 mark the area where more 

sample points may need to be chosen. Nevertheless, the overall complexity of the planning using 

this method can be reduced or increased based on the accuracy requirement of an application.  

6. Conclusion  

In this paper, a method for the planning for robotic polishing of sheet metal parts is purposed. This 

method consists of several components. First, a method that can precisely calculate the contact 

areas between the tool hand and a complex curved surface using Hertz's theory and the theory of 

differential geometry is introduced. With this, the difference in the size of the contact area due to 

the surface geometry can be compensated by adjusting the applied force accordingly. Next, to 

compensate for the changing in size of the contact area due to the structural deformation, the 

structural deformation using FEM. Lastly, the data as the result of the structural deformation 

analysis is used to fit the contact area modification function, which can be used to estimate the 

change in contact area due to the structural deformation throughout the entire sheet metal surface. 

The analysis of the sample geometry in the paper shows that the modification to the contact area 

due to the structural deformation is negligible for polishing on the concave surface. It also shows 

that when polishing on the convex surface, the accuracy of this method reduces at the locations 

where the contact ellipses have high eccentricity, and it is necessary to avoid choosing the direction 

of the semi-minor axis as the step-over direction when ellipses with high eccentricity are present. 

By comparing the accuracy of the fitted  M factor function on the sample geometry with the 

function on the sheet metal, it shows that the fitted M factor function is more accurate on the 

surface with simple geometry especially when the geometry has a certain symmetry. Lastly, it is 

worth noting that this method is developed based on the assumption of the deformation being linear 

elastic, and would not work accurately for any application that requires nonlinear deformation.  
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