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Abstract

This paper investigates parameter and order identification of a class of block-oriented nonlinear systems. By

using the hierarchical identification principle, the system is divided into two subsystems, which are a linear

block system and a nonlinear block system. For the purpose of solving the difficulty of estimating two sets

of parameter vectors, the over-parameterization method and the key item separation technique are used, re-

spectively. Therefore, a two-stage over-parameterization gradient-based iterative algorithm and a key term

separation two-stage gradient-based iterative algorithm are derived. The simulation results indicate that the

proposed algorithms are effective. Finally, the proposed method is evaluated through a battery model. The

results show well agreement with the real system outputs.

Keywords: Parameter estimation, Key term separation, Over-parameterization, Hierarchical identification,
Gradient search, Battery model

1. Introduction

Nonlinear phenomena widely exist in various systems, e.g., photovoltaic cell models [1], lithium-ion batteries

[2], and stirred-tank reactors [3]. On the identification of nonlinear systems, Ghani et al. presented a new method

for photovoltaic cells, their method is based on the examination of the power voltage data from which a system

of five residual equations are derived and solved via the multi-variable Newton-Raphson method [4]. For a

lithium-ion battery model, Li et al. combined the bias compensation recursive least squares algorithms and the

extended Kalman filter to alleviate the impact of the noises [5]. Moreover, some methods have been proposed for

the nonlinear systems identification, e.g., the maximum likelihood methods [6, 7, 8], the least squares methods

[9, 10, 11], and the gradient search methods [12, 13, 14].

The block-oriented nonlinear systems are popular for their simplicity and ability to accurately describe a

wide variety of nonlinear systems [15, 16, 17, 18]. The block structures, like Hammerstein systems, have the

ability of flexible combination of various static nonlinear elements and various dynamic linear elements. Wang

et al. considered switch detection and robust identification for slowly switched Hammerstein systems, and

proposed a two-identifier-based switch detection scheme to improve the precision of the time-invariant parameter

estimation [19]. For the multivariable Hammerstein systems, it is difficult to parameterize the system into an

auto-regression form to which the standard least square method can be applied. Wang et al. maximized the

logarithmic likelihood function about each parameter vector to get their estimates [20]. It is worth noting that

some complex systems are difficult to be accurately described by the traditional integer-order systems. This

motivates us to study the parameter identification of the fractional-order systems.

In many practical nonlinear processes, the fractional behavior cannot be ignored. Moreover, the existence

of orders increase the difficulty of system identification, which makes many scholars study the fractional-order

systems [21, 22, 23, 24]. Hu et al. established a improved second-order equivalent circuit model based on the
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fractional calculus theory, and used the mixed-swarm-based cooperative particle swarm optimization algorith-

m to identify the parameters of the equivalent circuit model [25]. For fractional-order Hammerstein-Wiener

systems, an output-error approach was developed by using the robust Levenberg-Marquardt algorithm, and

was applied to the benchmark test experiment of the robot arm [26]. In the application of heating processes,

Hammar et al. researched the parameterization of the Hammerstein system by transforming the fractional-order

polynomial nonlinear state-space model [27]. Sersour et al. used the heuristic particle swarm optimization to

identify unmeasurable internal variables combined with the key item separation technique [28].

Considering the nonlinearity of the channel, we use the hierarchical identification principle [29, 30, 31] to

divide the original system into several subsystems or sub-identification models. For the purpose of solving the

difficulty of estimating the two sets of parameter vectors, we use the over-parameterization method and the

key term separation technique, respectively. The gradient search is basic for nonlinear optimization problems

[32, 33, 34], a two-stage gradient-based iterative algorithm was developed for the fractional-order block-oriented

nonlinear systems. The main contributions of this paper are as follows.

• By using the model decomposition technique, a fractional-order block-oriented nonlinear system is decom-

posed into two subsystems, which are a linear subsystem and a nonlinear subsystem.

• Based on the iterative search, we propose a two-stage over-parameterization gradient-based iterative (2S-

OP-GI) algorithm, and a key term separation two-stage gradient-based iterative (KT-2S-GI) algorithm.

In addition, the comparison of computation amount between the two algorithms is given.

• Two examples are given, in which the two-stage over-parameterization gradient-based iterative algorithm

is applied to a battery model by using the proposed hierarchical identification method.

This paper is organized as follows. Section 2 describes the identification model for a class of fractional-order

nonlinear systems. A 2S-OP-GI algorithm is presented in Section 3. Section 4 utilizes the key term separation

technique to deduce a KT-2S-GI algorithm. Section 5 analyzes the computational efficiency of the 2S-OP-GI

algorithm and the KT-2S-GI algorithm. The numerical examples illustrate the performance of the proposed

methods in Section 6. Finally, some conclusions are given in Section 7.

2. System description and identification model

Let us introduce some symbols. A =: X or X := A represents that X is defined by A. The symbol In

stands for an identity matrix of size n × n. 1n represents an n-dimensional column vector whose elements all

are 1, that is, 1n := [1, 1, · · · , 1]T ∈ Rn. The superscript T denotes the matrix/vector transpose. Consider the

following fractional-order block-oriented nonlinear system,

y(l) =
B(z)

A(z)
f(u(l)) + e(l), (1)

where y(l) is the output of the system, u(l) is the input of the system, e(l) := 1
C(z)v(l) is an autoregressive

noise and v(l) is the random white noise with zero mean and variance σ2, f(·) is the nonlinear element of

the system, A(z), B(z) and C(z) are three fractional-order polynomials in the unit backward shift operator

[z−1y(l) = y(l − 1), zy(l) = y(l + 1)], define as

A(z) := anaz
−αna + ana−1z

−αna−1 + · · ·+ a1z
−α1 + 1,

B(z) := bnb
z−αnb + bnb−1z

−αnb−1 + · · ·+ b1z
−α1 ,

C(z) := cncz
−αnc + cnc−1z

−αnc−1 + · · ·+ c1z
−α1 + 1,

where αna , αnb
and αnc are fractional orders, and the nonlinear relation is given by

x(l) = f(u(l)) = γ1f1(u(l)) + γ2f2(u(l)) + · · ·+ γmfm(u(l)). (2)
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In this paper, the commensurate orders are the multiple of the same value α, such as αj = jα. e(l) can be

obtained

e(l) = [1− C(z)]e(l) + v(l)

= [c1, c2, · · · , cnc ]


−△αe(l − 1)
−△αe(l − 2)

...
−△αe(l − nc)

+ v(l). (3)

According Equations (1)–(3), we get

y(l) = [1−A(z)]y(l) +B(z)f(u(l)) + e(l)

=−
na∑
i=1

ai△αy(l − i) +

nb∑
i=1

bi

m∑
j=1

γj△αfj(u(l − i))−
nc∑
i=1

ci△αe(l − i) + v(l). (4)

Define the parameter vectors a, b and c of the linear part and γ of the nonlinear part as

a :=


a1
a2
...

ana

 ∈ Rna , b :=


b1
b2
...

bnb

 ∈ Rnb , c :=


c1
c2
...

cnc

 ∈ Rnc , γ :=


γ1
γ2
...
γm

 ∈ Rm.

Define the information vectors/matrix:

φa(l) := [−△αy(l − 1),−△αy(l − 2), · · · ,−△αy(l − na)]
T ∈ Rna ,

φc(l) := [−△αe(l − 1),−△αe(l − 2), · · · ,−△αe(l − nc)]
T ∈ Rnc ,

F (l) :=


△αf1(u(l − 1)) △αf1(u(l − 2)) · · · △αf1(u(l − nb))
△αf2(u(l − 1)) △αf2(u(l − 2)) · · · △αfm(u(l − nb))]

...
...

...
△αfm(u(l − 1))△αfm(u(l − 2)) · · · △αfm(u(l − nb))

 ∈ Rm×nb .

Then Equation (4) can be rewritten as

y(l) =−
na∑
i=1

ai△αy(l − i) +

nb∑
i=1

bi

m∑
j=1

γj△αfj(u(l − i))−
nc∑
i=1

ci△αe(l − i) + v(l)

=φT

a(l)a+ γTF (l)b+φT

c (l)c+ v(l). (5)

Equation (5) is the identification model of the fractional-order block-oriented nonlinear system in (1). The

objective of this paper is to propose the iterative identification algorithms to estimate the unknown parameters

of the fractional-order block-oriented nonlinear systems by using the decomposition technique.

3. The two-stage over-parameterization gradient-based iterative algorithm

The section aims to apply the gradient search to derive an iterative estimation algorithm for the system.

Let Fi(l) ∈ R1×nb be the ith row of the information matrix F (l). Redefine the parameter vectors

θ := [γ1b
T, γ2b

T, · · · , γmbT] ∈ Rnbm,

ϑ := [a, c]T ∈ Rna+nc .

The corresponding information vector is defined as

φF (l) := [F1(l),F2(l), · · · ,Fm(l)] ∈ Rnbm,

φ(l) := [φT

a(l),φ
T

c (l)]
T ∈ Rna+nc .
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The (5) can be written as

y(l) =φT

a(l)a+ γTF (l)b+φT

c (l)c+ v(l)

=φT

a(l)a+φT

c (l)c+ [γ1, γ2, · · · , γm]


F1(l)b
F2(l)b

...
Fm(l)b



=φT

a(l)a+φT

c (l)c+ [F1(l),F2(l), · · · ,Fm(l)]


γ1b
γ2b
...

γmb

+ v(l)

=φT(l)ϑ+φT

F (l)θ + v(l). (6)

Introduce two transition variables:

y1(l) := y(l)−φT

F (l)θ,

y2(l) := y(l)−φT(l)ϑ.

Thus, Equation (6) can be decomposed into two submodels:

y1(l) =φT(l)ϑ+ v(l), (7)

y2(l) =φT

F (l)θ + v(l). (8)

Consider the input-output data {u(l), y(l) : l = 1, 2, · · · , L} and define the stacked output vectors and the

stacked information matrices:

Y (L) := [y(l), y(l + 1), · · · , y(l + L− 1)]T ∈ RL,

Y1(L) := [y1(l), y1(l + 1), · · · , y1(l + L− 1)]T = Y (L)−ΦF (l)θ ∈ RL,

Y2(L) := [y2(l), y2(l + 1), · · · , y2(l + L− 1)]T = Y (L)−Φ(l)ϑ ∈ RL,

Φ(L) := [φ(l),φ(l + 1), · · · ,φ(l + L− 1)]T ∈ RL×(na+nc),

ΦF (L) := [φF (l),φF (l + 1), · · · ,φF (l + L− 1)]T ∈ RL×(nbm).

For the subsystems in (7) and (8), we define two criterion functions:

J1(ϑ) :=
1

2
∥Y1(l)−Φ(l)ϑ∥2,

J2(θ) :=
1

2
∥Y2(l)−ΦF (l)θ∥2.

Minimizing J1(ϑ) and J2(θ), we can obtain the estimates of the parameter vectors ϑ, θ and the order α,

respectively. Let ϑ̂k :=

[
âk

ĉk

]
be the kth iterative estimate of the parameter vector ϑ =

[
a
c

]
, and θ̂k be the

kth iterative estimate of the parameter vector θ, α̂k be the kth iterative estimate of the parameter α, and µ1,k,

µ2,k and µ3,k be the kth iterative step sizes. Furthermore, we can obtain the gradient-based iterative relations:

ϑ̂k = ϑ̂k−1 + µ1,kΦ
T(L)[Y1(L)−Φ(L)ϑ̂k−1], (9)

µ1,k = argmin
µ1,k≥0

J1
(
ϑ̂k−1 − µ1,k

∂J1(ϑ̂k−1, α̂k−1)

∂ϑ

)
, (10)

θ̂k = θ̂k−1 + µ2,kΦ
T

F (L)[Y2(L)−ΦF (L)θ̂k−1], (11)

µ2,k = argmin
µ2,k≥0

J2
(
θ̂k−1 − µ2,k

∂J1(θ̂k−1, α̂k−1)

∂θ

)
, (12)

α̂k = α̂k−1 + µ3,k

[
∂(Φ(L)ϑ̂k +ΦF (L)θ̂k−1)

∂α

]T

[Y (L)−Φ(L)ϑ̂k −ΦF (L)θ̂k−1], (13)
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µ3,k = argmin
µ3,k≥0

J2
(
α̂k−1 − µ3,k

∂J2(θ̂k−1, α̂k−1)

∂α

)
. (14)

However, it is not difficult to find that the above iterative relations is incapable of calculating the parameter

estimates. First, the information vector Φ(l) contains the unknown intermediate variable △αe(l). Second, the

order of the information vectors Φ(l) and ΦF (l) are non-integer, and the order has to be identified. Replacing

the unknown terms △αe(l) and α with their iterative estimates △α̂k−1 êk−1(l) and α̂k−1, combining (9)–(14),

we can obtain the two-stage over-parameterized gradient-based iterative (2S-OP-GI) algorithm for estimating

the parameter vectors ϑ, θ and the order α:

ϑ̂k = ϑ̂k−1 + µ1,kΦ̂
T

k(L)[Y (L)− Φ̂k(l)ϑ̂k−1 − Φ̂F,k(l)θ̂k−1], (15)

µ1,k = argmin
µ1,k≥0

J1
(
ϑ̂k−1 − µ1,k

∂J1(ϑ̂k−1, α̂k−1)

∂ϑ

)
, (16)

θ̂k = θ̂k−1 + µ2,kΦ̂
T

F,k(L)[Y (L)− Φ̂k(l)ϑ̂k−1 − Φ̂F,k(l)θ̂k−1], (17)

µ2,k = argmin
µ2,k≥0

J2
(
θ̂k−1 − µ2,k

∂J1(θ̂k−1, α̂k−1)

∂θ

)
, (18)

α̂k = α̂k−1 + µ3,k

[
∂(Φ̂k(L)ϑ̂k−1 + Φ̂F,k(L)θ̂k−1)

∂α

]T

[Y (L)− Φ̂k(l)ϑ̂k−1 − Φ̂F,k(l)θ̂k−1], (19)

µ3,k = argmin
µ3,k≥0

J2
(
α̂k−1 − µ3,k

∂J2(θ̂k−1, α̂k−1)

∂α

)
, (20)

Φ̂k(l) = [φ̂k(l), φ̂k(l + 1), · · · , φ̂k(l + L− 1)]T, (21)

Φ̂F,k(l) = [φ̂F,k(l), φ̂F,k(l + 1), · · · , φ̂F,k(l + L− 1)]T, (22)

φ̂k(l) = [φ̂T

a,k(l), φ̂
T

c,k(l)]
T, (23)

φ̂a,k(l) = [−△α̂k−1y(l − 1),−△α̂k−1y(l − 2), · · · ,−△α̂k−1y(l − na)]
T, (24)

φ̂c,k(l) = [−△α̂k−1e(l − 1),−△α̂k−1e(l − 2), · · · ,−△α̂k−1e(l − na)]
T, (25)

φ̂F,k(l) = [F̂1,k−1(l), F̂2,k−1(l), · · · , F̂m,k−1(l)]
T, (26)

F̂i,k(l) = [△α̂k−1fi(u(l − 1)),△α̂k−1fi(u(l − 2)), · · · ,△α̂k−1fi(u(l − nb))], (27)

êk(l) = φ̂T

c,k(l)ĉk + v(l), (28)

ϑ̂k = [â1,k, â2,k, · · · , âna,k, ĉ2,k, ĉ3,k, · · · , ĉn,k]T, (29)

θ̂i,k = [b̂iγ1
T

k , b̂iγ2
T

k , · · · , b̂iγm
T

k ]
T, i = 1, 2, · · · , nb. (30)

After the estimate θ̂k of θ is obtained by using the 2S-OP-GI algorithm, the parameter estimation vector θ̂k

contains the product of γ and b. The original parameters b1, b2, · · · , bnb
, γ1, γ2, · · · , γm need to be extracted

from θ. Then, we let θ̂1,k = b̂1γjk, j = 1, 2, · · · ,m. Let b̂1γjk = b̂1,kγ̂j,k and b̂k be the estimate of b, and we

have
m∑
j=1

θ2
1,k = (b̂1γ1k)

2 + (b̂1γ2k)
2 + · · ·+ (b̂1γmk)

2

= (b̂1,kγ̂1,k)
2 + (b̂1,kγ̂2,k)

2 + · · ·+ (b̂1,kγ̂m,k)
2

= b̂21,k∥γ̂
2
k∥.

The iterative estimate b̂1,k can be computed by

b̂1,k = sgn[θ̂1,k]sqrt
( n∑

i=1

θ̂
2

i,k

)
. (31)

Then, we can compute the estimate γ̂j,k of γj , and the estimate b̂i,k of bi by

γ̂j,k = θ̂j,k/b̂1,k, j = 1, 2, · · · ,m. (32)
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b̂i,k =
1

n

m∑
j=1

b̂iγjk
γ̂j,k

=
1

n

m∑
j=1

θ̂k(im−m+ j)

γ̂j,k
, i = 2, 3, · · · , nb. (33)

Equations (15)–(33) make up the 2S-OP-GI algorithm. The steps of computing the parameter estimates θ̂k, ϑ̂k

nad α̂k are listed as follows.

1. For k 6 0, all the variables are set to zero. Let k = 1, and set the initial values: θ̂0 = 1nbm/p0,

ϑ̂0 = 1na+nc/p0, p0 = 106 and α̂0 to be a random number, the parameter estimation accuracy ϵ.

2. Collect the input and output data u(l) and y(l) and set the data length L.

3. Calculate êk(l) and F̂i,k(l) according to (28) and (27), form the information vectors φ̂a,k(l), φ̂c,k(l), φ̂F,k(l)

and φ̂k(l) using (24), (25), (26) and (23).

4. Construct the stacked information matrices Φ̂k(l) and Φ̂F,k(l) by (21) and (22), select a large µ1,k(l),

µ2,k(l) and µ3,k(l) according to (16), (18) and (20).

5. Update the parameter estimation vectors ϑ̂k and θ̂k by using (15) and (17), and update the order estimate

α̂k using (19).

6. If ∥ϑ̂k − ϑ̂k−1∥+ ∥θ̂k − θ̂k−1∥+ ∥α̂k − α̂k−1∥ > ε, increase k by 1 and go to Step 3; otherwise, obtain the

parameter estimation vectors ϑ̂k and θ̂k, and the order α̂k and terminate the process.

4. The key term separation two-stage gradient-based iterative algorithm

In this section, a key term separation identification model is established based on the key term separation

technique. The goal is to derive a key term separation two-stage gradient-based iterative algorithm for estimating

the parameter vectors a, b, c, γ and α from available observation data.

4.1. The key term separation identification model

To obtain the unique parameter estimates, one has to let b1 = 1. Choose x(k) as the key term to param-

eterize the fractional-order block-oriented nonlinear system. Then the Equation (5) output can be expressed

as

y(l) =−
na∑
i=1

ai△αy(l − i) +

m∑
j=1

γj△αfj(u(l − 1)) +

nb∑
i=2

bi

m∑
j=1

γj△αfj(u(l − i))−
nc∑
i=1

ci△αe(l − i) + v(l)

=ϕT

a(l)a+ ϕT

f (l)γ + γTz(l)b′ + ϕT

c (l)c+ v(l)

=ϕT(l)ϑ+ ϕz(l)b
′ + v(l), (34)

where the corresponding information and parameter vectors are defined as

ϕa(l) := [−△αy(l − 1),−△αy(l − 2), · · · ,−△αy(l − na)]
T ∈ Rna ,

ϕf (l) := [△αf1(u(l − 1)),△αf2(u(l − 1)), · · · ,△αfm(u(l − 1))]T ∈ Rm,

ϕc(l) := [−△αe(l − 1),−△αe(l − 2), · · · ,−△αe(l − nc)]
T ∈ Rnc ,

ϕ(l) := [ϕT

a(l),ϕ
T

f (l),ϕ
T

c (l)]
T ∈ Rna+nc+m,

ϕz(l) := γTz(l) ∈ Rnb−1,

z(l) :=


△αf1(u(l − 2)) △αf1(u(l − 3)) · · · △αf1(u(l − nb))
△αf2(u(l − 2)) △αf2(u(l − 3)) · · · △αfm(u(l − nb))]

...
...

...
△αfm(u(l − 2))△αfm(u(l − 3)) · · · △αfm(u(l − nb))

 ∈ Rm×(nb−1),

a := [a1, a2, · · · , ana
]T ∈ Rna ,

b′ := [b2, b3, · · · , bnb
]T ∈ Rnb−1,

c := [c1, c2, · · · , cnc
]T ∈ Rnc ,
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γ := [γ1, γ2, · · · , γm]T ∈ Rm,

ϑ := [aT, cT,γT]T ∈ Rna+nc+m.

Based on the model in (34), the decomposed two submodels are given by

y3(l) =ϕT(l)ϑ+ v(l), (35)

y4(l) =ϕz(l)b
′ + v(l). (36)

Therefore, we can get the identification model and derive the key term separation two-stage gradient-based

iterative algorithm.

4.2. The key term separation two-stage gradient-based iterative algorithm

According to the key term separation identification model in (35) and (36), construct the information

matrices Φ(L) and Φz(L) and the system outputs Y (L), Y1(L) and Y2(L) as

Y (L) := [y(l), y(l + 1), · · · , y(l + L− 1)]T ∈ RL,

Y1(L) := [y1(l), y1(l + 1), · · · , y1(l + L− 1)]T = Y (L)−Φz(l)b
′ ∈ RL,

Y2(L) := [y2(l), y2(l + 1), · · · , y2(l + L− 1)]T = Y (L)−Φ(l)ϑ ∈ RL,

Φ(L) := [ϕ(l),ϕ(l + 1), · · · ,ϕ(l + L− 1)]T ∈ RL×(na+nc+m),

Φz(L) := [ϕz(l),ϕz(l + 1), · · · ,ϕz(l + L− 1)]T ∈ RL×(nb−1).

Consider the input-output data {u(l), y(l) : l = 1, 2, · · · , L}, define two criterion functions:

J3(ϑ, α) :=
1

2

L∑
j=1

[y3(l)− ϕT(l)ϑ]2,

J4(γ, α) :=
1

2

L∑
j=1

[y4(l)− ϕz(l)b
′]2.

Let k = 1, 2, 3, · · · be an iterative variable, ϑ̂k ∈ Rna+nc+m, b̂′k ∈ Rnb−1 and α̂k be the estimates of the

parameter vectors ϑ and b′ and order α at iteration k, and ρ1,k, ρ2,k and ρ3,k be the iterative step sizes. Using

the negative gradient search and minimizing J3(ϑ, α) and J4(γ, α) lead to the following gradient-based iterative

relations for computing ϑ̂k, b̂′k and α̂k:

ϑ̂k = ϑ̂k−1 + ρ1,kΦ
T(L)[Y1(L)−Φ(L)ϑ̂k−1], (37)

b̂′k = b̂′k−1 + ρ2,kΦ
T

z(L)[Y2(L)−Φz(L)b̂′k−1], (38)

α̂k = α̂k−1 + ρ3,k

[
∂(Φ(L)ϑ̂k−1 +Φz(L)b̂′k−1)

∂α

]T

[Y (L)−Φ(L)ϑ̂k−1 −Φz(L)b̂′k−1]. (39)

Replacing Φ(L) and Φz(L) in (37)–(39) with their estimates Φ̂k(L) and Φ̂z(L) yields the following gradient-

based iterative algorithm for estimating ϑ, b′ and α:

ϑ̂k = ϑ̂k−1 + ρ1,kΦ̂
T

k(L)[Y (L)− Φ̂k(l)ϑ̂k−1 − Φ̂F,k(l)θ̂k−1], (40)

ρ1,k = argmin
ρ1,k≥0

J1
(
ϑ̂k−1 − ρ1,k

∂J1(ϑ̂k−1, α̂k−1)

∂ϑ

)
, (41)

b̂′k = b̂′k−1 + ρ2,kΦ̂
T

z,k(L)[Y (L)− Φ̂k(l)ϑ̂k−1 − Φ̂z,k(l)b̂′k−1], (42)

ρ2,k = argmin
ρ2,k≥0

J2
(
b̂′k−1 − ρ2,k

∂J1(b̂′k−1, α̂k−1)

∂b′
)
, (43)

α̂k = α̂k−1 + ρ3,k

[
∂(Φ̂k(L)ϑ̂k−1 + Φ̂z,k(L)b̂′k−1)

∂α

]T

[Y (L)− Φ̂k(l)ϑ̂k−1 − Φ̂z,k(l)b̂′k−1], (44)
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ρ3,k = argmin
ρ3,k≥0

J2
(
α̂k−1 − ρ3,k

∂J2(b̂′k−1, α̂k−1)

∂α

)
, (45)

Φ̂k(l) = [ϕ̂k(l), ϕ̂k(l + 1), · · · , ϕ̂k(l + L− 1)]T, (46)

Φ̂z,k(l) = [ϕ̂z,k(l), ϕ̂z,k(l + 1), · · · , ϕ̂z,k(l + L− 1)]T, (47)

ϕ̂k(l) = [ϕ̂
T

a,k(l), ϕ̂
T

f,k(l), ϕ̂
T

c,k(l)]
T, (48)

ϕ̂a,k(l) = [−△α̂k−1y(l − 1),−△α̂k−1y(l − 2), · · · ,−△α̂k−1y(l − na)]
T, (49)

ϕ̂f,k(l) = [△α̂k−1f1(u(l − 1)),△α̂k−1f2(u(l − 1)), · · · ,△α̂k−1fm(u(l − 1))]T, (50)

ϕ̂c,k(l) = [−△α̂k−1e(l − 1),−△α̂k−1e(l − 2), · · · ,−△α̂k−1e(l − na)]
T, (51)

ẑk(l) :=


△α̂k−1f1(u(l − 2)) △α̂k−1f1(u(l − 3)) · · · △α̂k−1f1(u(l − nb))
△α̂k−1f2(u(l − 2)) △α̂k−1f2(u(l − 3)) · · · △α̂k−1fm(u(l − nb))]

...
...

...
△α̂k−1fm(u(l − 2))△α̂k−1fm(u(l − 3)) · · · △α̂k−1fm(u(l − nb))

 , (52)

êk(l) = φ̂T

c,k(l)ĉk + v(l), (53)

ϑ̂k = [â1,k, â2,k, · · · , âna,k, γ̂1,k, γ̂2,k, · · · , γ̂m,k, ĉ2,k, ĉ3,k, · · · , ĉnc,k]
T, (54)

b̂′k = [b̂1,k, b̂2,k, · · · , b̂nb,k]
T. (55)

Equations (40)–(55) make up the KT-2S-GI algorithm. The steps of computing the parameter estimates ϑ̂k,

b̂′k and α̂k are listed as follows:

1. For k 6 0, all the variables are set to zero. Let k = 1, and set the initial values: ϑ̂0 = 1na+nc+m/p0,

b̂′0 = 1nb−1/p0, p0 = 106 and α̂0 to be a random number, the parameter estimation accuracy ϵ.

2. Collect the input and output data u(l) and y(l), set the data length L.

3. Calculate êk(l) according to (53), form the information vectors ϕ̂a,k(l), ϕ̂f,k(l), φ̂c,k(l) and ϕ̂k(l) using

(49), (50), (51) and (48).

4. Construct the stacked information matrices Φ̂k(l), Φ̂z,k(l) and ẑk(l) by (46), (47) and (52), select a large

ρ1,k(l), ρ2,k(l) and ρ3,k(l) according to (41), (43) and (45).

5. Update the parameter estimation vectors ϑ̂k and b̂′k using (40) and (42), update the order estimate α̂k

using (44).

6. If ∥ϑ̂k − ϑ̂k−1∥ + ∥b̂′k − b̂′k−1∥ + ∥α̂k − α̂k−1∥ > ε, increase k by 1 and go to Step 3; otherwise, obtain

the parameter estimation vectors ϑ̂k and b̂′k, and the order α̂k and terminate the process.

5. The comparison of the computational efficiency

The following discusses the computational efficiency of the 2S-OP-GI algorithm and the KT-2S-GI algo-

rithm. The flop (floating point operation) counting is a simple approach to the measuring of program efficiency

since it ignores subscripting, memory traffic, and the countless other overheads associated with program execu-

tion, the flop counting is just a quick accounting method that captures only one of the several dimensions of the

efficiency issue although multiplication (division) and addition (subtraction) with different lengths are different.

The computational efficiency of the 2S-OP-GI algorithm and the KT-2S-GI algorithm is shown in Tables 1 and

2, where n1 := na + nc + nbm and n2 := na + nc +m + nb − 1. By comparing the calculation amount of the

two algorithms, we have

N1 −N2 = (4k + 2)(n1 − n2)L+ (nbm− nb + 1)2L− (n1 − n2)k

= (4k + 2)(nbm−m− nb + 1)L+ (nbm− nb + 1)2L− (nbm−m− nb + 1)k > 0.
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Table 1: The computational efficiency of the 2S-OP-GI algorithm

Variables Expressions Multiplications Additions

ϑ̂k ϑ̂k = ϑ̂k−1 + µ1,kΦ̂
T

k (L)Êk (L+ 1)(na + nc)k (na + nc)Lk

µ1,k µ1,k = argmin
µ1,k≥0

J1
(
ϑ̂k−1 − µ1,k

∂J1(ϑ̂k−1,α̂k−1)

∂ϑ

)
(na + nc)L+ 1 (na + nc)L− 1

θ̂k θ̂k = θ̂k−1 + µ2,kΦ̂
T

F,k(L)Êk (L+ 1)nbmk nbmLk

µ2,k µ2,k = argmin
µ2,k≥0

J2
(
θ̂k−1 − µ2,k

∂J1(θ̂k−1,α̂k−1)

∂θ

)
nbmL+ 1 nbmL− 1

Êk Êk = Y (L)− Φ̂k(l)ϑ̂k−1 − Φ̂F,k(l)θ̂k−1 n1Lk n1kL

α̂k α̂k = α̂k−1 + µ3,k

[
∂(Φ̂k(L)ϑ̂k−1+Φ̂F,k(L)θ̂k−1)

∂α

]T

Êk (L+ 1)k Lk

µ3,k µ3,k = argmin
µ3,k≥0

J2
(
α̂k−1 − µ3,k

∂J2(θ̂k−1,α̂k−1)

∂α

)
nbmL+ 1 nbmL− 1

Sum (2L+ 1)n1k + (n1 + nbm)L (2n1 + 1)kL

+(L+ 1)k + 3 +(n1 + nbm)L− 3

Total flops N1 := (4k + 2)n1L+ 2L(nbm+ k) + n1k + k

Table 2: The computational efficiency of the KT-2S-GI algorithm

Variables Expressions Multiplications Additions

ϑ̂k ϑ̂k = ϑ̂k−1 + ρ1,kΦ̂
T

k (L)Êk (L+ 1)(na + nc +m)k (na + nc +m)Lk

ρ1,k ρ1,k = argmin
ρ1,k≥0

J1
(
ϑ̂k−1 − ρ1,k

∂J1(ϑ̂k−1,α̂k−1)

∂ϑ

)
(na + nc +m)L+ 1 (na + nc +m)L− 1

b̂′k b̂′k = b̂′k−1 + ρ2,kΦ̂
T

z,k(L)Êk (L+ 1)(nb − 1)k (nb − 1)Lk

ρ2,k ρ2,k = argmin
ρ2,k≥0

J2
(
b̂′k−1 − ρ2,k

∂J1(b̂′k−1,α̂k−1)

∂b′
)

(nb − 1)L+ 1 (nb − 1)L− 1

Êk Êk = Y (L)− Φ̂k(l)ϑ̂k−1 − Φ̂F,k(l)θ̂k−1 n2Lk n2kL

α̂k α̂k = α̂k−1 + ρ3,k

[
∂(Φ̂k(L)ϑ̂k−1+Φ̂z,k(L)b̂′k−1)

∂α

]T

Êk (L+ 1)k Lk

ρ3,k ρ3,k = argmin
ρ3,k≥0

J2
(
α̂k−1 − ρ3,k

∂J2(b̂′k−1,α̂k−1)

∂α

)
(nb − 1)L+ 1 (nb − 1)L− 1

Sum (2L+ 1)n2k + (n2 + nb − 1)L (2n2 + 1)kL

+(L+ 1)k + 3 +(n2 + nb − 1)L− 3

Total flops N2 := (4k + 2)n2L+ 2L(nb − 1 + k) + n2k + k

We can clearly see that the calculation amount of the KT-2S-GI algorithm is less than that of the 2S-

OP-GI algorithm. For example, when na = 10, nb = 10, nc = 10, m = 10, L = 1000 and k = 30, we have

N1 −N2 > 1.0× 107.

6. Examples

6.1. A fractional-order block-oriented nonlinear system

Consider the following nonlinear system,

y(l) =
B(z)

A(z)
x(l) +

1

C(z)
v(l),

x(l) = γ1f(u(l)) + γ2f
2(u(l)),
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-u(l) f(u(l)) x(l)- B(z)
A(z)

r(l)-
�
�	+
?

- 1
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-y(l)

Figure 1: The fractional-order block-oriented nonlinear system

B(z) = b1z
−α + b2z

−2α + b3z
−3α,

A(z) = a1z
−α + a2z

−2α,

C(z) = c1z
−α + c2z

−2α.

In simulation, the input {u(l)} is taken as a persistent excitation signal sequence with zero mean and unit

variance, and {v(l)} is taken as a white noise sequence with zero mean and variance σ2. Taking the data length

L = 1000, we collect the data u(l) and y(l), and use the 2S-OP-GI algorithm to estimate the parameters of

the example system, the parameter estimates and their errors with variances σ2 = 0.502 and σ2 = 1.002 are

shown in Tables 3–4. The relative parameter estimation errors δ := ∥ϑ̂k − ϑ∥/∥ϑ∥ are shown in Figures 2–3

with different variances.

Table 3: The 2S-OP-GI estimates and their errors with σ2 = 0.502

k a1 a2 c1 c2 b1 b2 b3 γ1 γ2 α δ
1 -0.03188 -0.01594 -0.00329 0.01433 0.02488 -0.02612 0.05862 0.00367 0.01513 0.45000 0.73129
10 -0.03692 -0.01478 -0.00652 0.01819 0.03182 -0.08995 -0.06937 0.00853 0.02198 0.48998 0.53138
20 -0.03733 -0.01450 -0.00667 0.01891 0.07537 -0.15564 -0.22203 0.00988 0.02290 0.48565 0.29156
30 -0.03741 -0.01442 -0.00672 0.01928 0.11750 -0.17444 -0.30365 0.01127 0.02319 0.48870 0.15689
40 -0.03745 -0.01438 -0.00675 0.01951 0.14423 -0.17938 -0.34389 0.01236 0.02336 0.49099 0.08679
50 -0.03747 -0.01436 -0.00678 0.01965 0.16042 -0.18077 -0.36530 0.01312 0.02347 0.49283 0.04830
60 -0.03749 -0.01434 -0.00679 0.01975 0.17039 -0.18115 -0.37752 0.01363 0.02353 0.49438 0.02647
70 -0.03750 -0.01433 -0.00680 0.01981 0.17668 -0.18125 -0.38486 0.01397 0.02357 0.49573 0.01485
80 -0.03751 -0.01433 -0.00681 0.01988 0.18419 -0.18130 -0.39317 0.01438 0.02361 0.49848 0.01274
90 -0.03751 -0.01433 -0.00681 0.01988 0.18454 -0.18130 -0.39354 0.01440 0.02361 0.49869 0.01315
100 -0.03751 -0.01433 -0.00681 0.01989 0.18518 -0.18131 -0.39420 0.01444 0.02361 0.49910 0.01397

True values -0.03800 -0.01400 -0.00800 0.02000 0.18000 -0.17500 -0.39000 0.01650 0.02400 0.50000

Table 4: The 2S-OP-GI estimates and their errors with σ2 = 1.002

k a1 a2 c1 c2 b1 b2 b3 γ1 γ2 α δ
1 -0.03207 -0.01602 -0.00341 0.01471 0.04442 -0.03795 0.10556 0.00420 0.01600 0.45000 0.78106
10 -0.03709 -0.01445 -0.00649 0.01838 0.07044 -0.13368 -0.08875 0.01114 0.02444 0.48314 0.47314
20 -0.03739 -0.01418 -0.00662 0.01907 0.11046 -0.18239 -0.24993 0.01351 0.02526 0.48231 0.23035
30 -0.03746 -0.01409 -0.00667 0.01942 0.13976 -0.18651 -0.32964 0.01568 0.02554 0.48298 0.11026
40 -0.03749 -0.01405 -0.00670 0.01964 0.15701 -0.18381 -0.36794 0.01729 0.02571 0.48372 0.05398
50 -0.03752 -0.01402 -0.00672 0.01979 0.16714 -0.18109 -0.38812 0.01838 0.02581 0.48447 0.03121
60 -0.03753 -0.01400 -0.00673 0.01988 0.17328 -0.17913 -0.39956 0.01910 0.02587 0.48523 0.02864
70 -0.03754 -0.01399 -0.00674 0.01993 0.17710 -0.17784 -0.40637 0.01957 0.02591 0.48600 0.03253
80 -0.03754 -0.01398 -0.00674 0.01997 0.17955 -0.17700 -0.41056 0.01988 0.02593 0.48677 0.03637
90 -0.03754 -0.01398 -0.00675 0.01999 0.18115 -0.17646 -0.41321 0.02008 0.02594 0.48754 0.03911
100 -0.03754 -0.01398 -0.00675 0.02001 0.18224 -0.17612 -0.41493 0.02021 0.02594 0.48831 0.04092

True values -0.03800 -0.01400 -0.00800 0.02000 0.18000 -0.17500 -0.39000 0.01650 0.02400 0.50000
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Figure 2: The 2S-OP-GI parameter estimation errors δ versus k with variances σ2 = 0.502 and σ2 = 1.002
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Figure 3: The 2S-OP-GI order estimate α̂k versus k with variances σ2 = 0.502 and σ2 = 1.002

Applying the KT-2S-GI algorithm to estimate parameters of the example system, the parameter estimates

and their errors with variance σ2 = 0.502 and σ2 = 1.002 are shown in Tables 5–6. The relative parameter

estimation errors δ := ∥ϑ̂k − ϑ∥/∥ϑ∥ are shown in Figures 4–5 with different variances.

Table 5: The KT-2S-GI estimates and their errors with σ2 = 0.502

k a1 a2 c1 c2 b2 b3 γ1 γ2 α δ
1 0.25876 -0.23522 0.09220 -0.33735 0.00296 -0.05155 6.37678 -0.52996 0.30010 4.34842
10 -0.01683 -0.00092 0.33804 -0.61127 -0.01335 -0.04716 -1.75176 -0.03598 0.30014 0.04750
20 -0.02004 -0.00602 0.34128 -0.60673 -0.01045 -0.01517 -1.75761 -0.03841 0.30014 0.03744
30 -0.02029 -0.00621 0.34109 -0.60661 -0.00917 0.00233 -1.75842 -0.03859 0.30014 0.03364
40 -0.02036 -0.00629 0.34101 -0.60659 -0.00866 0.01187 -1.75861 -0.03869 0.30014 0.03242
50 -0.02039 -0.00633 0.34096 -0.60659 -0.00847 0.01706 -1.75870 -0.03874 0.30014 0.03207
60 -0.02041 -0.00635 0.34093 -0.60659 -0.00842 0.01989 -1.75875 -0.03877 0.30014 0.03199
70 -0.02042 -0.00636 0.34092 -0.60658 -0.00842 0.02144 -1.75878 -0.03879 0.30014 0.03197
80 -0.02042 -0.00637 0.34091 -0.60658 -0.00844 0.02228 -1.75880 -0.03879 0.30014 0.03197
90 -0.02043 -0.00637 0.34090 -0.60658 -0.00846 0.02274 -1.75881 -0.03880 0.30014 0.03198
100 -0.02043 -0.00638 0.34090 -0.60658 -0.00847 0.02299 -1.75881 -0.03880 0.30014 0.03198

True values -0.02100 -0.00700 0.35000 -0.61000 -0.00800 0.02300 -1.70000 -0.04000 0.30000 0.00000
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Table 6: The KT-2S-GI estimates and their errors with σ2 = 1.002

k a1 a2 c1 c2 b2 b3 γ1 γ2 α δ
1 0.19260 -0.22320 0.08830 -0.32386 0.00379 -0.05052 7.23389 -0.57125 0.30009 4.80684
10 -0.02236 -0.00452 0.33273 -0.60215 -0.01058 -0.02240 -1.78762 -0.04101 0.30012 0.05393
20 -0.02266 -0.00832 0.33721 -0.59947 -0.00878 0.00912 -1.78298 -0.04324 0.30012 0.04603
30 -0.02272 -0.00844 0.33710 -0.59946 -0.00840 0.01886 -1.78318 -0.04339 0.30012 0.04560
40 -0.02275 -0.00847 0.33705 -0.59945 -0.00835 0.02187 -1.78329 -0.04343 0.30012 0.04561
50 -0.02276 -0.00848 0.33704 -0.59945 -0.00837 0.02281 -1.78333 -0.04344 0.30012 0.04563
60 -0.02276 -0.00849 0.33703 -0.59945 -0.00838 0.02310 -1.78334 -0.04345 0.30012 0.04564
70 -0.02276 -0.00849 0.33703 -0.59945 -0.00838 0.02319 -1.78334 -0.04345 0.30012 0.04564
80 -0.02276 -0.00849 0.33703 -0.59945 -0.00839 0.02322 -1.78334 -0.04345 0.30012 0.04564
90 -0.02276 -0.00849 0.33703 -0.59945 -0.00839 0.02322 -1.78334 -0.04345 0.30012 0.04564
100 -0.02276 -0.00849 0.33703 -0.59945 -0.00839 0.02323 -1.78334 -0.04345 0.30012 0.04564

True values -0.02100 -0.00700 0.35000 -0.61000 -0.00800 0.02300 -1.70000 -0.04000 0.30000 0.00000
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Figure 4: The KT-2S-GI parameter estimation errors δ versus k with variances σ2 = 0.502 and σ2 = 1.002
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Figure 5: The KT-2S-GI order estimation errors α̂k versus k with variances σ2 = 0.502 and σ2 = 1.002

From Tables 3–6 and Figures 2–5, we can draw the following conclusions.

• Both algorithms can produce mire accurate parameter estimates under lower noise variances.
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• With the iterative variable k increasing, the parameter estimation errors given by the 2S-OP-GI and

KT-2S-GI algorithms become smaller as shown in Tables 3–6 and Figures 2 and 4.

6.2. A battery model

+-

+

-

I

Uoc

Ri
Rct

CPE

Uc

Ut

Figure 6: The battery model

Take a battery model as an example. Tian et al. researched a fractional-order battery model [35], as

follows:

Ut(l) =
(Ri +Rct)I(l) +Riτ△αI(l)− τ△(α)Ut(l) + (1 + τ△α)Uoc(l)

1 + τ
,

where △(α) = △αUt(l) − Ut(l), τ = RctQ. Obviously, the battery model has strong nonlinearity. The corre-

sponding information vector and parameter vector of this example are given by

θ :=
[Ri +Rct

1 + τ
,
Riτ

1 + τ
,

τ

1 + τ
,
(1 + τ△α)Uoc(l)

1 + τ

]
,

ϕ := [I(l),△αI(l),−△(α)Ut(l), 1],

Ri = 0.001(Ω), Rct = 0.002(Ω), α = 0.7, Q = 320, Uoc = 4(V).

The parameters in the battery model may be influenced by many factors, such as temperature, battery state

of charge (SOC), capacity degradation, and others. In the process of the experiment, we added a white noise

sequence with zero mean and variance σ2. Figure 7 shows the current and voltage, and use the 2S-OP-GI

algorithm to estimate parameters of the example system. From Table 7 and Figures 8–11, we can draw the

following conclusions.

• Figure 8 shows a better the voltage fitting effect, and the voltage fitting error is shown in Figure 9.

• It can be seen from Figure 10 that the power of the battery has a better fitting effect and the corresponding

error is small.

• The parameter estimates and their errors with variance σ2 = 0.102 are shown in Table 7 and Figure 11.

With the iterative variable k increasing, the parameter estimation errors become smaller.
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Figure 7: The current and voltage profiles used for simulation

0 100 200 300 400 500 600 700 800 900 1000

Times

3.5

4

4.5

V
ol

ta
ge

(V
)

100 110 120 130 140 150 160 170 180 190 200

Times

3.5

4

4.5

V
ol

ta
ge

(V
)

estimated

simulated

Figure 8: The estimated voltage and simulated voltage profiles
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Figure 10: The estimated power and simulated power profiles and power error profiles
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Figure 11: The estimation errors δ versus k with variances σ2 = 0.102

Table 7: The estimates and their errors with σ2 = 0.102

k Ri Rct Q Uoc δ
1 0.00264 0.00522 153.20650 4.09963 0.51205
5 0.00200 0.00430 185.32437 4.09812 0.40989
10 0.00150 0.00359 221.68104 4.09624 0.29475
15 0.00120 0.00316 250.90263 4.09440 0.20349
20 0.00102 0.00290 272.36504 4.09258 0.13887
25 0.00091 0.00274 287.21689 4.09079 0.09794
30 0.00084 0.00265 297.18491 4.08903 0.07529
35 0.00080 0.00258 303.84385 4.08731 0.06480
40 0.00077 0.00254 308.37487 4.08562 0.06100
45 0.00075 0.00251 311.57917 4.08396 0.06029
50 0.00074 0.00248 313.97059 4.08233 0.06085

True values 0.00100 0.00200 320.00000 4.00000 0.00000

7. Conclusions

This paper studies two algorithms, namely a 2S-OP-GI algorithm and a KT-2S-GI algorithm, for identifying

the fractional-order block-oriented nonlinear systems based on the hierarchical identification principle. The

results of example 1 show that both algorithms are effective. In terms of the computational analysis, the

dimension of the matrix involved in the KT-2S-GI algorithm is smaller than that of the 2S-OP-GI algorithm, so

the computational efficiency of the KT-2S-GI algorithm is higher. In example 2, a good model fitting is obtained

by applying the battery, which further verified the effectiveness of the proposed method. Further research will

focus on exploring new identification methods for fractional-order nonlinear systems in combination with other

techniques and strategies.
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