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Abstract: Defective rotating machinery usually exhibits complex dynamic behavior. Therefore, 

feature representation of machinery vibration signals is always critical for condition monitoring of 

rotating machinery. Permutation entropy (PeEn), an adaptive symbolic description, can measure 

complexities of signals. However, PeEn may lack the capability to fully describe dynamics of 

complex signals since compressing all the information into a single parameter. Afterwards, mul-

tiscale PeEn (MPeEn) is put forward for coping with nonstationarity, outliers and artifacts emerg-

ing in complex signals. In MPeEn, a set of parameters serve to describe dynamics of a complex 

signal in different time scales. Nonetheless, an average procedure in MPeEn may withhold local 

information of a complex signal. To overcome deficiencies of PeEn and MPeEn, this paper pro-

poses generalized PeEn (GPeEn) by introducing different time lags and orders into PeEn. In 

GPeEn, a complex signal is compressed into one matrix rather than a single parameter. Moreover, 

minimal, maximal and average values of a matrix obtained by GPeEn serve to briefly describe 

conditions of rotating machinery. Next, a numerical experiment proves that GPeEn outperforms 

PeEn and MPeEn in characterizing conditions of a Lorenz model. Subsequently, the performance 

of GPeEn is benchmarked against that of PeEn and MPeEn by investigating gear and roll-bearing 

vibration signals containing different types and severity of faults. The results show that the pro-

posed method has a clear advantage over PeEn and MPeEn in condition monitoring of rotating 

machinery.  

Keywords: Feature extraction, permutation entropy, multiscale permutation en-

tropy, generalized permutation entropy, condition monitoring, rotating machinery 

1. Introduction  

Defective rotating machinery usually displays complex nonstationarity and non-

linearity[1-3]. As a result, feature representation of machinery vibration signals is 

always a central problem for condition monitoring of rotating machinery[2-4]. 

Currently, some methods for time-frequency analysis, such as wavelet transform 
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(WT) and empirical mode decomposition (EMD), have been exploited for feature 

extraction of machinery vibration signals[5-8]. However, either of WT and EMD 

seemingly encounters some difficulties in analyzing complex machinery vibration 

signals[9-12]. A lot of references have indicated that vibration signals from defec-

tive rotating machinery display obvious fractal and chaotic properties[1,13-17]. 

Consequently, extraction of nonlinear features from vibration signals is critically 

important for gaining an insight into dynamics of machinery. Then, phase space 

reconstruction (PSR) has been adopted to reveal nature of complex machinery 

vibration signals[18,19]. Nevertheless, it seems difficult for PSR to determine two 

important parameters, i.e. the embedding dimension and the time delay[20]. Next, 

mutifractal detrended fluctuation analysis (MFDFA) was applied to examine dy-

namics of complex machinery vibration signals[1,14,16,17]. Nonetheless, MFD-

FA needs refining further since suffering from some shortages[1,17]. Hence, ex-

traction of nonlinear features for condition monitoring of rotating machinery 

leaves much to be desired[21].  

Symbolic dynamics, a coarse-graining or description-reduction method, can 

remain chaotic properties of complex signals but discards considerable de-

tails[22]. Therefore, a symbolic description is effective for demonstrating nature 

of complex signals[13,15]. Currently, symbolic dynamics has been employed to 

capture essence of machinery vibration signals[13,15]. Traditionally, a symbolic 

description converts an original signal into several symbols in terms of a preset 

threshold[22]. As a result, the threshold-based symbolic method is rather short of 

adaptation. Next, permutation entropy (PeEn), an adaptive symbolic description, 

was proposed for measuring complexities of signals[23]. After presetting a per-

mutation order and a time lag, PeEn can adaptively transform an original signal 

into a set of symbols by comparing neighboring values of a signal. Currently, 

PeEn has found its application in various research fields[24-26]. However, PeEn 

may lack the capability to fully describe dynamics of complex signals since com-

pressing all the information into a single parameter[27]. Afterwards, multiscale 

PeEn (MPeEn) was put forward for coping with nonstationarity, outliers and arti-

facts emerging in complex signals[28]. In MPeEn, a set of parameters serve to 

describe dynamics of complex signals in different time scales. Nonetheless, an 

average procedure in MPeEn may withhold local information of complex signals. 

In fact, a complex dynamic system may display different dynamic behavior in 
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different permutation orders and time lags[29]. To relieve shortages of PeEn and 

MPeEn, this paper broads the definition of PeEn by introducing different permuta-

tion orders and time lags into PeEn. Thus, this paper proposes generalized PeEn 

(GPeEn) for characterizing dynamics of complex signals. Next, the performance 

of GPeEn was benchmarked against that of PeEn and MPeEn by analyzing time 

series generated in a Lorenz model. In addition, GPeEn was compared with PeEn 

and MPeEn by investigating gear and rolling-bearing vibration signal containing 

different types and severity of faults. The results show that GPeEn is clearly supe-

rior to PeEn and MPeEn in condition monitoring of rotating machinery.  

This paper is structured as follows. Section II formulates PeEn and MPeEn, 

proposes GPeEn and develops feature extraction based on GPeEn. In Section III, 

the performance of the proposed method is benchmarked numerically against 

that of PeEn and MPeEn by examining a Lorenz model. In Section IV, the pro-

posed method is compared experimentally with PeEn and MPeEn by investigat-

ing gear and bearing vibration signals containing different types and severity of 

faults. Finally, Section V concludes this paper.   

2. Generalized Permutation Entropy (GPeEn) 

2.1 PeEn 

For a time series tx   1,2, ,t T L , there are n! possible permutations   for 

order n . The relative frequency  p   for each permutation   is given as fol-

lows.  
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The permutation entropy nh  for order 2n   is defined as follows. 
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2.2 GPeEn 

In GPeEn, different orders and time lags are considered. Suppose that GPeEn has 

lag size L  and order size N . Also, ,l n
  represents a permutation with lag l
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 1 l L   and order n  1 n N  . As such, the relative frequency  ,l np   for 

each permutation ,l n
  is given as follows.  
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The permutation entropy ,l n
h  for order 2n   is defined as follows. 
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As given in Eq. (4), GPeEn, as opposed to PeEn, converts a time series to a matrix 

whose sizes are L N .  

2.3 Feature extraction based on GPeEn 

GPeEn seems largely redundant in describing properties of complex signals. Af-

terwards, this paper exploits minimal, maximal and average values of GPeEn to 

briefly describe dynamics of complex signals. Consequently, this paper proposes a 

novel method for feature extraction based on GPeEn.  

3. Application of GPeEn to Lorenz chaotic series 

The feasibility of the proposed method was evaluated by examining time series 

generated in a Lorenz model, which is formulized as follows.  

 

 x y x

y rx y xz

z xy bz

 
   
  

&

&

&

                              (5) 

In the Lorenz model, 10   and 8 3b  . As known well, the Lorenz model 

demonstrates different dynamics for different Rayleigh numbers r [30]. When 

0 13.9656r  , the Lorenz model does not contain chaos[30]. When 

13.9656 24.06r  , the Lorenz model contains transient chaos[30]. When 

24.06r  , the Lorenz model contains chaos[30]. In this paper, r  takes a value at 

a time from [0.7 1.2 10 19 21 24.5 30 40]. Then, the Lorenz model is solved using 

the 4-order Runge-Kutta algorithm. First, PeEn was applied to examine the solu-

tions of x  for different r  and the results are demonstrated in Fig. 1. As demon-

strated in Fig. 1, PeEn remains constant for r=0.7, 1.2 and 10 and does the same 

for r=24.5, 30 and 40. Although successful in distinguishing between non-chaos, 

transient chaos and chaos, PeEn fails to distinguish between conditions for r=0.7, 
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1.2 and between those for r=24.5, 30 and 40. In the following, MPeEn was em-

ployed to decode the solutions of x  for different r  and the results are demon-

strated in Fig. 2. As demonstrated in Fig. 2, although capable of distinguishing 

chaos from the other conditions, MPeEn can not distinguish between non-chaos 

and transient chaos. Next, GPeEn was employed to analyze the solutions of x  

for different r  and the results are shown in Fig. 3. As shown in Fig. 3, time lags 

and orders exert a considerable impact on PeEn of the solutions of x  in the Lo-

renz model. Thus, GPeEn greatly varies with changes of time lags and orders. As 

a result, non-chaos, transient chaos and chaos can be clearly identified by GPeEn. 

Afterwards, the feature extraction method proposed in this paper was used to ex-

tract features from matrixes acquired by GPeEn and the results are displayed in 

Fig. 4. As displayed in Fig. 4, the proposed method in this paper can exactly de-

scribe conditions of the Lorenz model. In addition, Fig.4 illustrates that the time 

lag and the order both in PeEn and in MPeEn are hard to choose since valid for all 

the conditions.  

 

Fig. 1 PeEn of the solutions of x in the Lorenz model for different Rayleigh numbers r. 
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Fig. 2 MPeEn of the solutions of x in the Lorenz model for different time scales. 

 

 

 

Fig. 3 GPeEn of the solutions of x in the Lorenz model for 0.7,1.2,10,19,21, 24.5, 30,40r  .  
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Fig. 4 Minimal, maximal and average values of GPeEn of the solutions of x  in the Lorenz model 

for 0.7,1.2,10,19,21, 24.5, 30,40r  .  

4. Condition monitoring of rotating machinery 

4.1 Condition monitoring of gears 

This subsection conducted a gear experiment for modelling gear faults. In the gear 

experiment described in Fig 5, a driving motor has a constant speed of 1600 revo-

lutions per minute (RPM). The gear experiment comprises four different types of 

gear condition: normal, slight-scratch, severe-scratch and broken-tooth. Sixteen 

pieces of vibration signals with a sample frequency of 16384 Hz and a size of 

10000 points were captured from the driving end for each gear condition in the 

gear experiment. These four types of gear vibration signal are demonstrated in 

Fig. 6.  

To begin with, PeEn was applied to investigate these gear vibration signals 

and the results are demonstrated in Fig. 7. As demonstrated in Fig. 7, PeEn can 

serve to distinguish between these four types of gear condition. However, PeEn 

for severe-scratch and broken-tooth fluctuates considerably over times. Next, 

MPeEn was adopted to examine these gear vibration signals and the results are 

illustrated in Fig. 8. As illustrated in Fig. 8, MPeEn for these four types of gear 

condition overlap greatly. In addition, MPeEn for these four types of gear vibra-

tion signal fluctuates widely over time. Thus, MPeEn seemingly demonstrates 

little feasibility for discriminating between these four types of gear condition. In 

the following, GPeEn was made use of analyzing these gear vibration signals. 



8 

Moreover, minimal, maximal and average values of GPeEn served to distinguish 

between these four types of gear condition and the results are indicated in Fig. 9. 

As indicated in Fig. 9, these four types of gear condition can be clearly separated 

by the proposed method in this paper.  

 

Fig. 5 A gear experiment for modelling gear faults. 

 

Fig. 6 Four types of gear vibration signal, (a)~(d) for normal, slight-scratch, severe-scratch and 

broken-tooth, respectively.  
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Fig. 7 PeEn for four types of gear vibration signal. 

 

Fig. 8 MPeEn for four types of gear vibration signal. 

Fig. 9 Separation of four types of gear condition by the proposed method in this paper. 
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4.2. Condition monitoring of rolling bearings 

This subsection employed rolling-bearing vibration signals from Bearing Data 

Center of Case Western Reserve University to further measure the performance of 

the proposed method in this paper. In the bearing experiment described in Fig. 10, 

the revolving speed of a driving motor fluctuated between 1720 RPM and 1797 

RPM. The bearing experiment included twelve different types of bearing condi-

tion: normal, an inner raceway fault with a fault diameter of 0.007 inches and a 

depth of 0.011 inches (IR007), an inner raceway fault with a fault diameter of 

0.014 inches and a depth of 0.011 inches (IR014), an inner raceway fault with a 

fault diameter of 0.021 inches and a depth of 0.011 inches (IR021), an inner race-

way fault with a fault diameter of 0.028 inches and a depth of 0.050 inches 

(IR028), a ball fault with a fault diameter of 0.007 inches and a depth of 0.011 

inches (B007), a ball fault with a fault diameter of 0.014 inches and a depth of 

0.011 inches (B014), a ball fault with a fault diameter of 0.021 inches and a depth 

of 0.011 inches (B021), a ball fault with a fault diameter of 0.028 inches and a 

depth of 0.150 inches (B028), an outer raceway fault with a fault diameter of 

0.007 inches and a depth of 0.011 inches (OR007), an outer raceway fault with a 

fault diameter of 0.014 inches and a depth of 0.011 inches (OR014) and an outer 

raceway fault with a fault diameter of 0.021 inches and a depth of 0.011 inches 

(OR021). Six pieces of vibration signals with a sample frequency of 12000 Hz 

and a size of 20000 points were collected from the driving end for each bearing 

condition in the bearing experiment. These twelve types of bearing vibration sig-

nal are displayed in Fig. 11.  

To start with, PeEn was utilized to explore these bearing vibration signals 

and the results are given in Fig. 12. As given in Fig. 12, except normal, IR028 and 

OR014, the remaining nine types of bearing condition are hard to separate. After 

this, MPeEn was used to study these bearing vibration signals and the results are 

depicted in Fig. 13. As depicted in Fig. 13, there is considerable overlap between 

MPeEn of these twelve types of bearing vibration signal. Furthermore, GPeEn 

was adopted to probe these bearing vibration signals and the results are illustrated 

in Fig. 14. As illustrated in Fig. 14, GPeEn has the capability to distinguish be-

tween these twelve types of bearing condition.  
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Fig. 10 A rolling-bearing experiment for modelling bearing faults. 

 

Fig. 11 Twelve types of bearing vibration signal in the rolling-bearing experiment, (a)~(l) for nor-

mal, IR007, IR014, IR021, IR028, B007, B014, B021, B028, OR007, OR014 and OR021, respec-

tively. 
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Fig. 12 PeEn for twelve types of bearing vibration signal. 

 

Fig. 13 MPeEn for twelve types of bearing vibration signal. 

 

Fig. 14 Separation of twelve types of bearing condition by the proposed method in this paper. 
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4.3. Discussions 

This paper compares the performance of PeEn, MPeEn and GPeEn numerically 

and experimentally. Consequently, PeEn frequently undergoes a small change 

over time for a single machinery condition. This means that PeEn may not be 

highly reliable for characterizing conditions of machinery. In addition, MPeEn 

illustrates a considerable change over time for a single machinery condition due to 

an average procedure. This means that MPeEn may lack reliability for characteriz-

ing conditions of machinery. Thus, these comparisons show that GPeEn has a 

clear advantage over PeEn and MPeEn in describing conditions of machinery. 

Additionally, the proposed method in this paper delivers an excellent performance 

in distinguishing between different types and severity of machinery faults.  

This paper makes two main contributions. First, this paper generalizes PeEn 

to GPeEn by introducing different time lags and orders into PeEn. Indeed, time 

lags and orders make a considerable impact on PeEn, as demonstrated in this pa-

per. Accordingly, it is really necessary to consider time lags and orders for com-

puting PeEn. As a consequence, GPeEn can more fully reflect nature of machin-

ery vibration signals than PeEn. Second, minimal, maximal and average values of 

GPeEn are exploited to describe conditions of machinery. Consequently, this ena-

bles application of GPeEn in describing conditions of machinery. Both numerical 

and experimental examples prove that the proposed method in this paper can ef-

fectively characterize conditions of a complex dynamic system.  

Although performing well in characterizing conditions of complex dynamic 

systems, the proposed method in this paper still run into some difficulties. For one 

thing, GPeEn has a higher time cost than PeEn. Thus, it seems slightly difficult 

for GPeEn as an online algorithm. For another, properties of a matrix obtained by 

GPeEn needs investigating further. These problems will be solved in the further.  

5. Conclusions 

This paper proposes GPeEn by introducing different time lags and orders into 

PeEn for relieving deficiencies of PeEn and MPeEn. Furthermore, a simulation 

proves that GPeEn performs better than PeEn and MPeEn in describing conditions 

of a Lorenz model. Afterwards, the performance of GPeEn was compared with 

that of PeEn and MPeEn by examining machinery vibration signals containing 

different types and severity of machinery faults. The results indicate that GPeEn 
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delivers a better performance than PeEn and MPeEn in describing conditions of 

machinery. This paper seems to develop a powerful method for condition moni-

toring of rotating machinery.  
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