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We introduce the idea of a squeezed laser, in which a squeezed cavity mode develops a macroscopic photonic

occupation powered by stimulated emission. Above the lasing threshold, the emitted light retains both the

spectral purity inherent of a laser and the photon correlations characteristic of a photonic mode with squeezed

quadratures. Our proposal, which can be implemented in optical setups, relies on the parametric driving of the

cavity and dissipative stabilization by a broadband squeezed vacuum. We show that the squeezed laser can find

applications going beyond those of standard lasers thanks to the squeezed character, such as enhanced operation

in multi-photon microscopy or Heisenberg scaling of the Fisher information in quantum parameter estimation.

I. INTRODUCTION

The paradigm of a coherent squeezed state, consisting of a

displaced squeezed vacuum, is routinely implemented in the

laboratory by mixing laser light and squeezed vacua on a beam

splitter. This approach has been used, for instance, to enhance

the sensitivity of gravitational wave detectors beyond the shot-

noise limit [1]. However, imperfect mode matching between

the squeezed vacuum and the laser light limits the metrolog-

ical applications of this method, and it represents one of the

major challenges to overcome in order to reach the full poten-

tial for enhanced sensitivity provided by quadrature squeezing

[2].

The origin of this problem lies in the fact that lasing and

squeezing are taking place in different modes that need to be

mixed a posteriori. The challenge posed by mode-matching

could be overcome by a novel paradigm of lasing, in which

the coherent squeezed state would be generated through the

buildup of a macroscopic photon population by stimulated

emission directly into a squeezed mode. This device, that we

term here “squeezed laser”, would yield a coherent squeezed

state with the added characteristic features of a laser.

In this work, we propose an implementation of an optical

squeezed laser and show that the squeezed lasing mechanism

yields a coherent squeezed state retaining both the linewidth

and coherence time characteristic of a laser, and the pho-

ton correlation properties of squeezed states. Our results can

be understood from the perspective of the physics of driven-

dissipative systems, where the extraordinary spectral purity

of a laser emerges as the result of a second-order driven dis-

sipative transition above which the Liouvillian gap is closed

and coherence times diverge [3–5]. The squeezed laser opens

the possibility to extend the range of applicability of narrow-

band non-classical states of light for bandwith-limited atom

optics [6–9] and metrology [10–12], by capitalizing on the

progress in the development of ultra-narrowband atom op-

tics and lasers [3, 13, 14]. The quest for light-sources with

narrow frequency spectra is motivated by applications such

as quantum computing with trapped ions [15, 16], optical
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atomic clocks [17, 18], ground-state cooling of nanomechan-

ical systems [19, 20], gravitational-wave detection [21, 22]

geosciences [23] and tests of fundamental physics [24]. In

this paper, we discuss potential applications of the squeezed

laser for multi-photon microscopy and quantum parameter es-

timation.

Typically, squeezing is generated as a result of down-

conversion in an optical parametric oscillator (OPO), in

which a second-order dissipative phase transition also takes

place [25]. Above the critical point, stimulated emission

in the OPO yields a stationary state consisting of a mix-

ture of macroscopic coherent states with opposing phases,

and similarly to lasing, the Liouvillian gap closes, provid-

ing small narrow linewidth and long coherence times. How-

ever, squeezing in the OPO occurs below the phase transi-

tion. As one approaches the critical point from below, squeez-

ing increases, but is also degraded by stimulated emission.

Therefore, squeezing generation must occur below threshold

and does not benefit from “lasing-like” properties, such as

line-narrowing, that one can find well within the macroscopic

phase above the transition point. Crucially, this is not the case

in the mechanism of squeezed lasing that we propose here, in

which squeezing takes place well within a macroscopic, las-

ing phase with the corresponding, divergent coherence times

of a laser.

II. MODEL AND RESULTS

The mechanism that we propose requires driving the cav-

ity that contains the gain medium by i) a detuned parametric

drive, which modifies the nature of the photonic eigenstates,

and ii) a resonant, broadband squeezed vacuum, which stabi-

lizes the fluctuations (see Fig. 1).

Our model consists of a single cavity mode of frequency ωc

with bosonic annihilation operator a, interacting with N two-

level atoms with ground and excited energy levels {|g〉i, |e〉i},

lowering operators σi ≡ |g〉i〈e|i, and transition frequency

ωσ . The cavity is parametrically driven by a detuned drive

of amplitude Ωp, achieved through the down-conversion of

a coherent drive of frequency 2ωp into photon pairs at fre-

quency ωp (slightly detuned from the cavity frequency ωc)

mailto:carlossmwolff@gmail.com
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FIG. 1. Sketch of the proposed setup: a single cavity mode of frequency ωc = ωp + ∆c (with ∆c ≪ ωp) is parametrically driven through

the down-conversion of pump photons of frequency 2ωp by a non-linear crystal χ(2). The cavity includes a gain medium (e.g. an ensemble of

two-level atoms) and is driven by a broadband squeezed vacuum centred at the frequency ωp to stabilize lasing action. If the laser is imposed

with a well-defined phase, the output emission corresponds to a coherent squeezed state of frequency ωs = ωp +∆s.

by means of a non-linear χ(2) crystal inside the cavity (see

Fig. 1). A resonant version of this type of parametric drive

is the typical mechanism to generate a squeezed vacuum just

below the OPO threshold. Here, the coupling to the atoms

will provide a gain mechanism, amplifying the vacuum of this

squeezed mode into a coherent squeezed state by stimulated

emission, and yielding laser-like coherence times. Contrary to

the case of stimulated emission in the OPO phase transition,

this macroscopic population buildup occurs into a squeezed

mode and preserves the squeezing properties rather than de-

grading them. As we prove later, the pump intensities required

to turn normal lasing action into lasing into a squeezed mode

are well within reach in current experimental platforms.

In a frame rotating at a frequency ωp, the total Hamiltonian

reads (~ = 1)

H = ∆ca
†a+

Ωp

2
(eiθa†

2
+H.c)+

N
∑

i=1

∆σσ
†
iσi+g(a†σi+aσ†

i ),

(1)

with ∆i ≡ ωi − ωp, and θ the phase of the coherent drive.

We have assumed a Jaynes-Cummings type of light-matter

coupling, requiring the rotating-wave approximation (RWA)

g ≪ ωc, ωσ . The purely photonic part of the Hamilto-

nian can be diagonalized by a Bogoliouvov transformation

corresponding to a unitary squeezing operator S(re−iθ) =

exp
[

r(eiθa2 − e−iθa†
2
)/2

]

, with r ≡ ln[(1+α)/(1−α)]/4,

and α ≡ Ωp/∆c, so that a → as cosh r−a†se
−iθ sinh r, where

as denotes the annihilation operator in the new, squeezed ba-

sis. The Hamiltonian then approximately becomes

H ≈ ∆sa
†
sas +

N
∑

i=1

∆σσ
†
iσi + g̃(a†sσi + asσ

†
i ), (2)

where ∆s ≡ ∆c

√
1− α2 and g̃ ≡ g cosh r. In the last

step we have performed a new RWA under the requirement

that the collective coupling remains small compared to the ef-

fective free frequencies,
√
Ng sinh r ≪ ∆s,∆σ . Although

this requirement can in principle always be satisfied for any

r by increasing both ∆c and Ωp so that the ratio α remains

constant, it will ultimately be limited by the realistic imposi-

tions on the driving amplitude, Ωp, and by the condition that

∆c remains smaller than the free spectral range of the cavity,

ωFSR. The resulting light-matter coupling rate g̃ is exponen-

tially enhanced with respect to the bare coupling by the factor

cosh r: this enhancement and its implications in different se-

tups have been proposed and discussed in several works in

recent years [26–29]. Here, we explore another consequence

of this type of coupling: the possibility of developing a macro-

scopic photonic phase in the squeezed cavity mode as through

a lasing mechanism.

To consider the possibility of squeezed lasing, we introduce

a driven-dissipative model in which the previous Hamiltonian

is supplemented by Lindblad operators that describe incoher-

ent driving of the atoms and dissipative decay of cavity pho-

tons and atomic excitations. As has been discussed in previous

works [26, 29], in order to avoid undesired noise when mov-

ing to the squeezed basis and achieve a decay that brings the

system into the vacuum of the squeezed mode, an extra driv-

ing by a broadband squeezed vacuum is necessary. This can

be achieved by driving the system with the output of an opti-

cal parametric oscillator of frequency ωp and with a linewidth

κs much larger than the cavity decay rate κ [30]. As we will

see, the output will, in turn, provide coherent squeezed states

with a linewidth that can be orders of magnitude smaller than

κ.

As was discussed in [29], by tuning the squeezing param-

eter of the squeezed vacuum to re = r and its phase to

θe = π − θ, dissipation in the squeezed mode as turns into

a normal decay term, and the resulting master equation for the

atoms-cavity system reads

ρ̇ = −i[H, ρ]+
κ

2
Das

[ρ]+

N
∑

i=1

[

P

2
Dσ†

i

[ρ] +
γ

2
Dσi

[ρ]

]

, (3)

where H is given by Eq. (2), and P and γ are, respectively,

the incoherent pumping and spontaneous emission rates of the

atoms.

The master equation (3) describes a basic model of a laser,

which has been studied extensively [30]. Let us define the

atom decay γ̃ ≡ (P + γ)/2, the squeezed cooperativity Cs =
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FIG. 2. (a) Lasing phase transition in terms of photon number ver-

sus cooperativity, for different values of the squeezing parameter r.

Saturation photon number set as nq = 50. Vertical lines mark the

critical points, which are reduced for increasing r. Solid lines: exact

numerical result. Dashed lines: mean field prediction. (b) Wigner

function of the steady state corresponding to points (I) and (II) in

panel (a), with r = 0 and 1 respectively, and θ = π.

2g2s/(γ̃κ), the pump parameter ps = NCs(P − γ)/(P + γ)
and the saturation parameter n0 = γ̃2/2g2s . A mean-field

description of the Heisenberg equations of motion given by

the ansatz 〈a†sσ〉 = 〈a†s〉〈σ〉 predicts a photon population

ns ≡ 〈a†sas〉 featuring a dissipative phase transition at ps = 1,

ns = n0(ps − 1)H(ps − 1), (4)

were H(x) denotes the Heaviside step function. Let us now

consider this expression in terms of both the “bare” cooper-

ativity C = 2g2/κγ̃ and pumping parameter p = psC/Cs.

Given that Cs = C cosh2 r, the threshold condition ps = 1
can be written as p = 1/ cosh2 r. Therefore, one of the conse-

quences of the parametric driving of the system is a reduction

of the lasing pumping threshold by a factor 1/ cosh2 r.

Although many practical situations will require to consider

a finite atomic decay γ 6= 0, for the sake of simplicity we will

take the limit of a long-lived atomic transition γ → 0, since

the essential physics that we will discuss remains unchanged.

By doing so the parameters above reduce to ps = NCs and

n0 = nq/NCs, where nq = NP/2κ is the photon saturation

number. The mean-field result thus predicts a phase transition

at ps = 1, with a photon population

ns = nq

(

1− 1

ps

)

H(ps − 1). (5)

The photonic population in the bare cavity mode na ≡ 〈a†a〉
can be expressed in terms of ns by undoing the squeezing

transformation, which gives:

na = ns cosh(2r) + sinh2 r. (6)

These results can be taken to the limit of the one-atom laser

N = 1, where ps = Cs. This limit is of practical and funda-

mental interest [31–36], particularly due to the thresholdless

behaviour around the phase transition. From now on, we will

consider this limit in all our calculations for the sake of con-

venience, since it will allow us to provide numerically exact

results for the macroscopic cavity field. We will, however,

be concerned with the deep-lasing regime, where the results

are expected to be similar to the N ≫ 1 case, converging to

the mean-field prediction. There will be therefore no loss of

generality.

Figure 2(a) depicts exact result for the stationary photon

number na of the one-atom squeezed laser versus the cooper-

ativity C for various values of r, together with the prediction

of the mean-field ansatz. The exact solution depicts the well-

known thresholdless behaviour of the one-atom laser [31], and

it converges to the mean-field prediction at large values of the

cooperativity. Despite the fact that the gain consists of a sin-

gle atom, the system still features a notion of thermodynamic

limit, which is reached when the photon saturation number,

set by the ratio between P and κ, tends to infinity, nq → ∞.

The photon number then approaches non-analytical behaviour

of the mean-field prediction around the critical point.

Figure 2(b) shows the Wigner function of the lasing states

corresponding to r = 0 and r = 1, at the points I and II

marked in Fig. 2(a). These stationary states display a char-

acteristic, non-gaussian annular shape due to phase diffusion.

Well within the lasing phase, a lasing state is well approxi-

mated by a mixture of coherent states |√nse
iϕ〉 with a fixed

amplitude
√
ns, mixed over all possible phases,

ρs =
1

2π

∫ 2π

0

dϕ |√nse
iϕ〉〈√nse

iϕ|. (7)

In our system, this stationary state is developed in the

squeezed basis. To recover the stationary photonic state of

cavity mode in the original basis, ρa, we must apply a squeez-

ing transformation, giving

ρa =
1

2π

∫ 2π

0

dϕS(reiθ)|√nse
iϕ〉〈√nse

iϕ|S(reiθ)†. (8)

This mixture of displaced-squeezed states gives the squeezed

annular shape in phase space displayed at the bottom panel of
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Fig. 2(b). To the best of our knowledge, a similar squeezed-

lasing state has only been considered in a previous proposal in

the microwave domain Ref. [36], which required a fast mod-

ulation of qubit energies in circuit quantum electrodynamics.

Our proposal allows to implement this novel type of lasing in

the optical domain, or any other system where a broadband

squeezed vacuum and efficient down-conversion mechanisms

are available.

III. EMISSION PROPERTIES

Having discussed the implementation, we now analyse the

quantum-optical properties of the squeezed laser, with the aim

of determining whether essential properties from both lasing

and squeezing are unified in this light source. We therefore

turn our attention to two fundamental characteristics that de-

fine both lasers and squeezed states: the spectral properties of

the emission, and the fluctuation properties encoded in pho-

tonic correlations.

A. Spectrum of emission

Let us assume that the linewidth κs of the squeezed vacuum

drive is κ ≪ κs ≪ ∆s, so that the input field at the emission

frequency ωp + ∆s can be considered to be vacuum. The

spectrum of emission in the stationary limit t → ∞ is then

defined in terms of the Wiener-Khintchine formula [37]

S(ω) = lim
t→∞

1

πna
Re

∫ ∞

0

dτ eiωτ 〈a†(t)a(t+ τ)〉. (9)

To relate the spectrum of the squeezed laser to that of a nor-

mal laser, it is convenient to rewrite the correlation function

in terms of those of the squeezed mode. Writing c ≡ cosh r,

s ≡ sinh r, we obtain:

〈a†(t)a(t+ τ)〉 = c2〈a†s(t)as(t+ τ)〉+ s2〈as(t)a†s(t+ τ)〉
+ cs

[

eiθ〈a†s(t)a†s(t+ τ)〉+ e−iθ〈as(t)as(t+ τ)〉
]

. (10)

From the master equation (3), one can find that, in the sta-

tionary regime, any observable carrying phase information,

such as 〈a2s〉, vanishes due to phase diffusion. This allows us

to disregard the term proportional to cs in Eq. (10). Since the

first two terms give similar contributions to the spectrum, we

obtain S(ω) ∝ Ss(ω), where Ss(ω) is given by Eq. (9) with a
substituted by as. Since the dynamics of the squeezed mode

as, given by Eq. (3), is that of a standard laser, Ss(ω)—and

subsequently S(ω)—corresponds to the spectrum of a laser

with photon number ns and cooperativity Cs. We can there-

fore conclude that the squeezed laser will inherit the spectral

properties of a standard laser, including the extreme line nar-

rowing developed in the lasing phase, with a linewidth that in

the thermodynamic limit will be given by Γ = κCs/4ns [30].

The spectrum will be sharply peaked around the frequency of

the squeezed mode ωs ≡ ωp + ∆s. Well within the lasing

regime, this linewidth is inversely proportional to the satura-

tion photon number nq , and therefore will vanish in the ther-

modynamic limit nq → ∞. This trend is confirmed by nu-

merical calculations of the spectrum of the squeezed laser, see

Fig. 3, where we show the values of Γ extracted from the spec-

trum versus the effective cooperativity of the squeezed mode,

Cs, and increasing values of the saturation photon number nq .

Writing the lasing master equation Eq. (3) in terms of the

Liouvillian superoperator, ρ̇ = Lρ, the spectral linewidth Γ
can equivalently be estimated from the Liouvillian gap, e.g.,

the eigenvalue λ1 of the Liouvillian superoperator L with the

second largest real part, so that Γ ≈ −2Re{λ1} (this rela-

tionship is discussed in more detail in [38]). Line-narrowing

in lasing can therefore be understood as the result of a second-

order driven-dissipative phase transition in which the Liouvil-

lian gap is closed [3, 5]. Being so intertwined with the spec-

tral properties of the Liouvillian, it is not surprising that the

linewidth of the spectrum of emission is unchanged by a uni-

tary transformation. As we will see, this is not the case for

observables that quantify the correlation amongst the emitted

photons.

(a)

(b)

FIG. 3. Line narrowing of the emission spectrum in a squeezed laser.

(a) Emission linewidth (related to phase diffusion rate) versus co-

operativity Cs for different values of saturation photon number nq .

This result depends on r only through Cs. (b) Spectrum versus co-

operativity Cs for saturation photon number nq = 100. Frequency

defined with respect to the squeezed mode frequency ωs.
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B. Quadrature squeezing

Most technological applications of squeezed states aim to

exploit the reduced fluctuations in one of the quadratures of

the field for metrological purposes [39–42]. It is therefore per-

tinent to ask whether the squeezed-lasing steady state given by

Eq. (8) shows any degree of quadrature squeezing. Consider-

ing the quadratures Xφ = (ae−iφ + a†eiφ)/2, the squeezed

quadrature with minimal fluctuations is the one with angle

φ = θ/2. Fluctuations along these quadrature are given by

〈∆X2
θ/2〉 = e−2r(2ns + 1)/4. (11)

As a consequence of the phase-diffusion, the exponential

reduction of the quadrature fluctuations typical of a pure

squeezed state is now multiplied by a factor 2ns + 1,

which will yield squeezing, i.e. 〈∆X2
θ/2〉 < 1/4, when-

ever ns < (e2r − 1)/2. While in the deep-lasing regime

ns ≫ 1 this might likely not be the case, we have demon-

strated in the previous section that the characteristic phase-

diffusion timescale, given by τc = 1/Γ, tends to diverge

as the Liouvillian gap closes. Therefore, as it is usually

done in the standard lasing scenario [43], it is meaningful

to consider a transient, metastable symmetry-broken state,

ρϕ = S(reiθ)|√nse
iϕ〉〈√nse

iϕ|S(reiθ)† with a well-defined

phase ϕ. This is simply a coherent squeezed state, as illus-

trated in Fig. 1. It is expected that this phase can be spon-

taneously picked by a system subjected to continuous, ho-

modyne measurement [44] or seeded with a small, external

field [4]. Notably, since the photon number distribution for

this symmetry-broken state state depends on ϕ, we postulate

that even a simple monitoring through photon-counting mea-

surement could enforce the system to select a well-defined

phase ϕ. We therefore assume that this phase can be imposed

or post-selected, and that the corresponding symmetry-broken

state ρϕ is long-lived.

The amount of squeezing along a given quadrature Xφ for

the state ρϕ depends on both θ (fixed by the coherent drive)

and ϕ. The quadrature Xθ/2 remains the one with minimal

fluctuations regardless the value of ϕ, and for an optimum

phase ϕ = (θ ± π)/2, one recovers the degree of squeezing

characteristic of a squeezed vacuum,

〈∆X2
θ/2〉 = e−2r/4. (12)

We can therefore assert that the squeezed laser can operate

as a source of coherent squeezed states. Notably, even the

phase-diffused state given by Eq. (8) features strong photon

correlations with useful properties, as we describe below.

C. Second-order correlation function

A standard quantity to quantify correlations between pho-

tons is the second-order standard correlation function, defined

in the stationary state as

g(2)(τ) = lim
t→∞

〈a†(t)a†(t+ τ)a(t+ τ)a(t)〉
〈a†a(t)〉〈a†a(t+ τ)〉 . (13)

The introduction of this quantity and related ones by

Glauber [45] in the context of the development of the first

lasers established the notions of quantum-optical coherence

and our theoretical understanding of ideal lasers as states that

display coherence to all orders. Coherence to second-order

would translate to g(2)(τ) = 1, as a consequence of photons

in an ideal, standard laser being statistically independent.

The lasing system that we present here extends the defini-

tion of a laser in terms of Glauber’s criterion of coherence.

While the squeezed laser is a source of extremely monochro-

matic light with a characteristic coherence time τc = 1/Γ that

tends to infinity in the thermodynamic limit, photons emit-

ted by the squeezed laser exhibit positive correlations between

each other, characterized by a value of the zero-delay, station-

ary second order correlation function g(2)(0) greater than one.

Considering the steady state given by Eq. (8), in the deep-

lasing regime ns ≫ 1, g(2)(0) reads:

g(2)(0) ≈ 3− sech(2r)
2

2
, (14)

which increases with the squeezing parameter r and saturates

to a value 3/2. For the symmetry-broken states ρϕ consid-

ered above, this value can be made even larger. The good

agreement with exact, numerical results is shown in Fig. 4(a).

FIG. 4. Second-order correlation function. (a) Zero-delay second-

order correlation function versus Cs for three values of squeezing

parameter r and nq = 50. Dashed lines correspond to the limit in

the lasing regime given by Eq. (14). (b) g(2)(τ) of the squeezed

laser displaying positive correlations surviving for extremely long

correlation times ∝ 1/Γ. A thermal state, showed for comparison,

displays a much shorter positive correlation time of the order 1/κ.

Parameters: Cs = 1.5, r = 1, nq = 50.
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Notably, and contrary to the case of e.g. a thermal state, these

positive correlations exhibit an extraordinarily long coherence

time τc, that can be made orders of magnitude longer than

the natural lifetime of the cavity photons, 1/κ, as shown in

Fig . 4(b). These extremely long-lived positive correlations

establish the squeezed laser as a novel source of light set apart

from standard lasers or thermal sources. In the following, we

explore some of the implications that these properties may

have for prospective technological applications.

IV. TECHNOLOGICAL APPLICATIONS

After analysing the quantum optical characteristics of the

squeezed laser, we now consider some of its properties related

to its squeezed character that could be exploited for techno-

logical purposes. We discuss two of its potential applications:

enhancement of multi-photon absorption and phase estimation

in quantum metrology.

A. Multi-photon microscopy

The nonlinear process of multi-photon absorption, and in

particular two-photon absorption (TPA), by an atomic or

molecular system is the central element of key applications

such as multi-photon microscopy or spectroscopy. Multi-

photon microscopy has multiple advantages with respect to

single-photon confocal microscopy [46–49]: for instance it

provides enhanced spatial selectivity due to the quadratic scal-

ing of multi-photon absorption rates with excitation intensity,

which makes TPA only possible at the focal plane, and also al-

lows for deeper penetration lengths in biological samples due

to the longer wavelength of the illuminating field. The use of

non-classical light with entangled or strongly-correlated pho-

tons have been proposed theoretically [50, 51] and confirmed

experimentally [52–55] in order to strongly increase the TPA

probability and reduced the require intensity of the illuminat-

ing field.

A simple expression of the TPA rate w2 based on pertur-

bation theory was derived by Mollow [56] in the late 60’s: it

depends on the linewidth κf of the final state and the second-

order correlation function of the illuminating field, and no-

tably, if the bandwith of this field is small compared to the

width of the final state ∆ω ≪ κf , w2 at the two-photon reso-

nance reduces to:

w2 =
4|g|2
κf

G(2)(0), (15)

where g is the light-matter coupling rate and G(2)(0) =

〈a†2a2〉. The extremely narrow bandwith of the squeezed

laser allows us to work under this assumption. Since for a

classical, coherent field G(2)(0) ∝ n2
a, the factor of improve-

ment of the two-photon rate with respect to a classical field

with the same intensity is given by the normalized, second-

order correlation function f = w2/w2,class = G(2)(0)/n2
a =

g(2)(0). Therefore, the positive correlations g(2)(0) > 1 in
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FIG. 5. (a) Quantum parameter estimation. (b) Fisher information

versus average photon number.

the squeezed laser makes it a possible candidate for TPA mi-

croscopy and spectroscopy with laser light featuring an in-

creased two-photon absorption rate with respect to a standard

laser.

B. Quantum Parameter Estimation

To discuss the possible metrological applications of the

squeezed laser, we consider the paradigm of quantum param-

eter estimation shown in Fig. 5(a). The aim is to measure a

phase ϕ which has been encoded in a state ρϕ. This encoding

takes place through a unitary transformation Ûϕ, dependent on

ϕ, applied onto an initially prepared state ρ0. In our case, the

initial state is the steady state of the squeezed laser, Eq. (8),

and we consider a transformation given by simple phase rota-

tion, Ûϕ = exp
[

iϕa†a
]

.

We then perform a generalized quantum measurement

given by a positive operator-valued measure (POVM). A

POVM consist of a series of operators Λµ, with µ ∈
{1, 2, . . .M} denoting the outcome of the measurement,

whose probability of occurring is pϕ(µ) = Tr[ρϕΛµ]. To en-

sure that pϕ(µ) is a valid probability distribution, the elements

of the POVM must add up to the identity,
∑

µ Λµ = 1. Our

goal is to estimate ϕ from the outcome of the measurements.

For ν measurement outcomes, the classical Cramer-Crao

bound establishes that the minimal mean-square error in our

estimation of ϕ is given by ∆2ϕ ≥ 1/νF (pϕ), where

F (pϕ) = E
[

− d2

dϕ2 log pϕ

]

is the Fisher information of the
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probability distribution [39, 41, 57]. An upper bound of the

Fisher information that is independent of the POVM and that

relies only on the state encoding ρϕ is the quantum Fisher in-

formation FQ, defined as optimum Fisher information over all

possible POVMs, FQ(ρϕ) = maxΛµ
F (ρϕ,Λµ). In the case

in which the estimated parameter is encoded in the state via a

unitary transformation Uϕ = exp[−iHϕ], the quantum Fisher

information can be computed as

FQ =
∑

i,j

2|〈ei|H|ej〉|2(λi − λj)
2

λi + λj
(16)

where |ei〉 and λi are the eigenvalues and eigenvectors of the

initial state ρ0 [39]. In this case, the quantum Fisher informa-

tion is independent of ϕ. If the estimated parameter is encoded

in a photonic state ρϕ with mean photon number na, the limit

for the scaling of the precision of our estimation is set by the

shot-noise limit ∆ϕ ∝ 1/
√
na for a classical state. However,

quantum, entangled states can surpass this limit and reach a

scaling ∆ϕ ∝ 1/na, known as the Heisenberg limit [41].

A key metrological feature of squeezed vacuum is that

it can provide Heisenberg scaling of the Fisher information

when mixed with a coherent state in the input of a Mach-

Zender interferometer [58]. Here, we show that the squeezed

laser can similarly achieve Heisenberg scaling on the even

simpler configuration displayed in Fig. 5(a), e.g. without the

need of signal mixing in an interferometer. To prove this, we

compute the quantum Fisher information using Eq. (16) and

setting ρ0 as ρa in Eq. (8). This state is completely determined

by two variables: the photonic population in the squeezed

mode ns and the squeezing parameter r. The photonic pop-

ulation in the bare cavity mode is given by Eq. (6), and can

be increased by increasing both ns and r. As we show in

Fig. 5(b), we can achieve Heisenberg scaling if the photonic

population na (given by Eq. (6)) is increased by setting ns

constant and increasing r. We have numerically confirmed

that, in that case, the quantum Fisher information is well ap-

proximated by

FQ ≈ 1

ns
(n2

a − n2
s), (17)

displaying Heisenberg scaling FQ ∝ n2
a. In a similar config-

uration, we have also verified that the classical Fisher infor-

mation associated to the measurement of X̂ = a + a† dis-

plays Heisenberg scaling for sufficiently large na. Our re-

sults further confirm that the squeezed laser inherits not only

the properties of linewidth narrowing of a standard laser, but

also the metrological properties of squeezed states. Notably,

and contrary to standard approaches, this does not require the

mixing of two modes (coherent and squeezed) in a beam-

splitter, since this mixed character is an inherent property of

the squeezed laser. This can allow to overcome difficulties as-

sociated to mode mixing, such as losses or the need of exact

mode-matching.

V. EXPERIMENTAL IMPLEMENTATION

There are two main constraints for the experimental imple-

mentation of the squeezed laser. The first one is imposed by

the requirement for a squeezed vacuum with a bandwith much

larger than the cavity linewidth, so that it behaves effectively

as a squeezed white noise. The second one is the condition√
Ng sinh r ≪ ∆s, which is required to apply a rotating-

wave approximation and obtain a Jaynes-Cummings type of

coupling between the atoms and the squeezed cavity mode.

Therefore, if one desires to achieve a specific value of r (de-

termined by the ratio Ωp/∆c), one needs to increase ∆c and

Ωp by the same factor until the condition is fulfilled, which

might be ultimately limited by the maximum possible power

available for the pump and by the free spectral range of the

cavity, which should remain larger than the required detuning.

To address these questions, we will take as a reference

example recent experiments on superradiant lasing in cold

strontium [13, 59]. Here, lasing occurs in a long-lived

(γ = 7.5 kHz) dipole-forbidden 3P1 →1S0 transition in 88Sr,

corresponding to a frequency ωc/2π = 435THz and with an

effective, collective light-matter coupling between atoms and

cavity mode
√
Ng/2π ∼ 1MHz [13]. We consider cavities

with a linewidth going from κ/2π = 160 kHz as reported in

Ref. [13], to the more typical values of κ/2π ∼ 2MHz com-

mon in cavity-QED experiments [60].

The requirement of squeezed noise with a broad enough

bandwith can be met with several, broadband squeezed vacua

with bandwidths much larger than MHz that have been re-

ported experimentally, with examples ranging from 65MHz
in ring optical parametric oscillators [61] to 1.2GHz in mono-

lithic PPKTP cavities [62].

Regarding the RWA condition, consider that we require

a squeezed laser with a value of r = 1, which in the

case of a squeezed vacuum corresponds to a reduction of

quadrature variance of ∼ 8.5 dB. This value of r is ob-

tained by setting α ≈ 0.46. The RWA will only hold if

∆c

√
1− α2 ≈ 0.88∆c ≫

√
Ng sinh(1), which is fulfilled

for ∆c ≫
√
Ng. Assuming ∆c/2π = 20× g/2π ∼ 20MHz,

we would require Ωp ∼ 10MHz. In a doubly-resonant situ-

ation in which the cavity is resonant with both pumping and

signal fields, Ωp is related to the power P of the pump by

P = Ap(Ωp/κ)
2P0 [63], where Ap is the waist area of the

pump beam, and P0 is given by

P0 =
ǫ0c

3n2
0TpT

2
s

32(χlωc)2
, (18)

with n0, l and χ the index of refraction, length and nonlin-

ear susceptibility of the nonlinear crystal, ωc the frequency

of the cavity mode, and Ts(p) the cavity transmission fac-

tor at the signal (pump) frequencies. Using typical parame-

ters for a PPKTP crystal, l = 0.5mm, χ = 14pm/V and

n0 = 1.8 [40], and taking Tp = Ts = T ≈ 1.3 × 10−4 con-

sistent with a free spectral range ωFSR/2π ≈ 2.6GHz and

κ/2π = 160 kHz [13], and a waist radius of the pump beam

of 30 µm, the resulting required power would be P ∼ 1.5 µW.

In a worse scenario in which the cavity had transmissivity
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T ∼ 10−2 and κ/2π ≈ 2MHz (ωFSR/2π ≈ 400MHz), the

required power would raise P ≈ 4.6mW. We see that in any

of these situations, the required pumping power would remain

within reasonable values not above the order of mW, and the

free spectral range of the cavity would remain smaller than the

required detuning ∆c ∼ 20MHz.

VI. CONCLUSIONS

We have introduced the concept of a squeezed laser

that can be implemented in optical setups. In contrast to

the standard definition in terms of Glauber’s criterion of

coherence, the squeezed laser features photon correlations

g(2)(0) > 1 due to the squeezed character, together with

extremely narrow linewidth and long coherence times typical

of a laser. We have shown that this novel source of light

might prove relevant in technological applications where the

spectral purity of a laser is required, but photonic correlations

typical of squeezed states are beneficial, such as multi-photon

microscopy or quantum parameter estimation.
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Figures

Figure 1

Sketch of the proposed setup: a single cavity mode of frequency ωc = ωp + ∆c (with ∆c << ωp) is
parametrically driven through the down-conversion of pump photons of frequency 2ωp by a non-linear
crystal χ(2). The cavity includes a gain medium (e.g. an ensemble of two-level atoms) and is driven by a
broadband squeezed vacuum centred at the frequency ωp to stabilize lasing action. If the laser is
imposed with a well-de�ned phase, the output emission corresponds to a coherent squeezed state of
frequency ωs = ωp + ∆s.



Figure 2

(a) Lasing phase transition in terms of photon number versus cooperativity, for different values of the
squeezing parameter r. Saturation photon number set as nq = 50. Vertical lines mark the critical points,
which are reduced for increasing r. Solid lines: exact numerical result. Dashed lines: mean �eld prediction.
(b) Wigner function of the steady state corresponding to points (I) and (II) in panel (a), with r = 0 and 1
respectively, and θ = π.



Figure 3

Line narrowing of the emission spectrum in a squeezed laser. (a) Emission linewidth (related to phase
diffusion rate) versus cooperativity Cs for different values of saturation photon number nq. This result
depends on r only through Cs. (b) Spectrum versus cooperativity Cs for saturation photon number nq =
100. Frequency de�ned with respect to the squeezed mode frequency ωs.



Figure 4

Second-order correlation function. (a) Zero-delay second-order correlation function versus Cs for three
values of squeezing parameter r and nq = 50. Dashed lines correspond to the limit in the lasing regime
given by Eq. (14). (b) g(2)(τ ) of the squeezed laser displaying positive correlations surviving for
extremely long correlation times  1/Γ. A thermal state, showed for comparison, displays a much shorter
positive correlation time of the order 1/κ. Parameters: Cs = 1.5, r = 1, nq = 50.



Figure 5

(a) Quantum parameter estimation. (b) Fisher information versus average photon number.
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