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Abstract  29 

In the magnetotelluric (MT) method, the responses of the natural electromagnetic fields 30 

are evaluated by transforming time-series data into spectral data and calculating the 31 

apparent resistivity and phase. The continuous wavelet transform (CWT) can be an 32 

alternative to the short-time Fourier transform, and the applicability of CWT to MT data 33 

has been reported. There are, however, few cases of considering the effect of numerical 34 

errors derived from spectral transform on MT data processing. In general, it is desirable 35 

to adopt a window function narrow in the time domain for higher-frequency 36 

components and one in the frequency domain for lower-frequency components. In 37 

conducting the short-time Fourier transform, because the size of the window function is 38 

fixed unless the time-series data are decimated, there might be difference between the 39 

calculated MT responses and the true ones due to the numerical errors. Meanwhile, 40 

CWT can strike a balance between the resolution of the time and frequency domains by 41 

magnifying or reducing the wavelet, according to the value of frequency. Although the 42 

types of wavelet functions and their parameters influence the resolution of time and 43 

frequency, those calculation settings of CWT are often determined empirically. In this 44 
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study, focusing on the frequency band between 0.001 Hz and 10 Hz, we demonstrated 45 

the superiority of utilizing CWT in MT data processing and determined its proper 46 

calculation settings in terms of restraining the numerical errors caused by the spectral 47 

transform of time-series data. The results obtained with the short-time Fourier transform 48 

accompanied with gradual decimation of the time-series data, called cascade 49 

decimation, were compared with those of CWT. The shape of the wavelet was changed 50 

by using different types of wavelet functions or their parameters, and the respective 51 

results of data processing were compared. Through these experiments, this study 52 

indicates that CWT with the complex Morlet function with its wavelet parameter k set 53 

to 6 ≤ k < 10 will be effective in restraining the numerical errors caused by the spectral 54 

transform. 55 

 56 

Keywords 57 

magnetotelluric, time series, continuous wavelet transform, short-time Fourier 58 

transform, signal processing 59 

 60 
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Introduction 61 

The magnetotelluric (MT) method is an effective geophysical tool for investigating the 62 

resistivity structure of the subsurface (e.g., Chave and Thomson, 2004). It is usual to 63 

evaluate the responses of the natural electromagnetic fields by transforming observed 64 

time-series data into spectral data and obtaining the apparent resistivity and phase 65 

profiles (Vozoff, 1990). The short-time Fourier transform (STFT) has been widely used 66 

to divide the time-series data into several small segments and calculate the spectral data 67 

in individual segments (e.g., Chave and Thomson, 1987). As the natural MT signal can 68 

be assumed to be non-stationary (Escalas et al., 2013), the time-varying frequency 69 

components are evaluated by means of STFT. Meanwhile, the continuous wavelet 70 

transform (CWT) can be an alternative method of time-frequency analysis for non-71 

stationary signals. The applicability of CWT to MT data has been reported since the 72 

theory of CWT was devised. Zhang and Paulson (1997) focused on the frequency band 73 

(approximately 10 Hz – 10 kHz) where lightning activity is dominant and were the first 74 

to use CWT for audiomagnetotellurics (AMT) data processing. They proposed a 75 

technique that applied CWT to calculating the spectra in each segment and selected 76 
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those showing a high signal-to-noise ratio. They reported the effectiveness of their 77 

proposed technique in obtaining AMT responses. Garcia and Jones (2008) utilized 78 

CWT to precisely detect AMT responses in the band of 1 kHz through 5 kHz, called the 79 

AMT dead band, where the natural signal significantly attenuates. They proposed a 80 

method that contained both CWT and robust estimation algorithm. Larnier et al. (2016) 81 

processed time-series data by applying different types of wavelet functions to the higher 82 

band (above about 7 Hz) and the lower band (below 0.1 Hz) respectively. They showed 83 

improvement in the quality of the spectral data by comparing the results of their 84 

proposed method with those of the BIRRP algorithm (Chave and Thomson, 2004). 85 

 There are, however, few cases in which the effect of numerical errors derived from the 86 

spectral transform on MT data processing has been examined. It is desirable to adopt a 87 

window function narrow in the time domain for higher-frequency components that have 88 

short periods so that the electromagnetic signal can be observed to oscillate fractionally. 89 

Whereas, a window function narrow in the frequency domain should be adopted for 90 

lower-frequency components that oscillate smoothly, which enables us to accurately 91 

differentiate the frequency values. However, owing to the uncertainty principle, the 92 
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resolution of time and frequency cannot be enhanced simultaneously (Cohen, 1995). 93 

Thus, there might be difference between the calculated MT responses and the true 94 

responses due to the numerical errors caused by transforming time-domain data into 95 

frequency-domain data. When using STFT, processing is conducted with a window of 96 

constant size unless the time-series data are decimated (Farge, 1992). CWT is intended 97 

to strike a balance between the resolution of time and frequency by magnifying or 98 

reducing its wavelet, according to the value of frequency (Farge, 1992). In addition, the 99 

types of the wavelet functions and their parameters are often determined empirically. 100 

The shape of the wavelet determined by such calculation settings influences the time 101 

and frequency resolution (De Moortel et al., 2004). In this study, we proposed the 102 

superiority of CWT in MT data processing and its proper calculation settings in terms of 103 

restraining the numerical errors caused by the spectral transform of time-series data. 104 

This study focused on the frequency band approximately between 0.001 Hz and 10 Hz, 105 

which corresponds to the ultra-low frequency (ULF) band originating from pulsations. 106 

 107 

Theoretical estimation 108 
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 Let us consider a Gaussian function 𝑔(𝑡) that vanishes fast at positive and negative 109 

infinity as follows: 110 

𝑔(𝑡) = 1√2𝜋𝜎2 𝑒− 𝑡22𝜎2                                       (1) 111 

The STFT coefficient of a time-series function 𝑓(𝑡), denoted by 𝐺(𝜏, 𝜔), is defined as 112 

the convolution of 𝑓(𝑡) with 𝑔(𝑡) (Ishikawa and Arai, 2014):  113 

𝐺(𝜏, 𝜔) = ∫ 𝑓(𝑡) 1√2𝜋𝜎2 𝑒−−(𝑡−𝜏)22𝜎2 𝑒−𝑖𝜔𝑡𝑑𝑡.∞−∞                            (2) 114 

The width of 𝑔(𝑡) is determined by the standard deviation 𝜎, which is independent of 115 

the frequency value 𝜔. In conducting STFT, therefore, the size of the window function 116 

is constantly fixed regardless of the frequency value, and the resolution of time Δ𝑡 and 117 

that of frequency Δ𝜔 should be invariant.  118 

 Among the methods of the wavelet transform which balances the resolution of the time 119 

and frequency domains, CWT is generally superior in detecting time variation of 120 

individual frequency components (Rhif et al., 2019). Thus, CWT is highly compatible 121 

with the non-stationary MT signal. A function 𝜓(𝑡) called “wavelet”, which 122 

corresponds to the window function 𝑔(𝑡) in Equation (1), is introduced in Equation 123 

(3), 124 
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𝜓(𝑡) = 1√2𝜋𝜎2 𝑒− 𝑡22𝜎2𝑒𝑖𝑘𝑡 ,                                  (3) 125 

where 𝑘 controls the number of oscillations present in the wavelet and defines the 126 

shape of the wavelet being used. Though 𝜓(𝑡) is independent of the frequency, the 127 

function derived by translating 𝜓(𝑡) along the time axis or dilating 𝜓(𝑡) can be 128 

expressed as follows: 129 

𝜓𝑏,𝑠 = 𝑠−1/2𝜓 (𝑡−𝑏𝑠 ),                                    (4) 130 

where 𝑠 is a dilation parameter, which is inversely proportional to the frequency value, 131 

and 𝑏 denotes the central position of the wavelet along the time axis. As the value of 𝑠 132 

increases, the wavelet is magnified in the time domain. To normalize the wavelet 133 

function at each frequency, the translated and dilated function is divided by the square 134 

root of 𝑠 (Torrence and Compo, 1998). Using these equations, the CWT coefficient is 135 

expressed as: 136 

𝑊𝑓(𝑏, 𝑠) = ∫ 𝑓(𝑡)𝑠−1/2𝜓∗ (𝑡−𝑏𝑠 ) 𝑑𝑡∞−∞         137 

                   = 𝑠−1/2 ∫ 𝑓(𝑡) 1√2𝜋𝜎2 𝑒−−(𝑡−𝑏)22𝜎2𝑠2 𝑒−𝑖𝑘(𝑡−𝑏𝑠 )𝑑𝑡.∞−∞                         138 

(5) 139 

Note that * denotes a complex conjugate. Both Δ𝑡 and Δ𝜔 change depending on the 140 
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frequency value because the size of the wavelet is variable. Figure 1 shows the 141 

conceptual diagrams of time-series processing using STFT and CWT.  142 

The remote reference method (Gamble et al., 1979a) is often used to reduce noise 143 

included in the magnetotelluric impedance tensors by calculating the cross-correlation 144 

between the electromagnetic components at a local site and those at a reference site. 145 

Suppose that the electric field or the magnetic field at each site can be classified into the 146 

natural signal 𝐹𝑆 and the noise 𝐹𝑁 and be represented by 𝐹𝑖 = 𝐹𝑆𝑖 + 𝐹𝑁𝑖 (i=1: the 147 

local site i=2: the reference site). Considering the numerical errors caused by the 148 

transformation from the time domain to the frequency domain, each electromagnetic 149 

component can be expressed as follows:  150 

𝐹𝑖 = (𝐹𝑆𝑖𝑇 + 𝐹𝑆𝑖𝐸) + (𝐹𝑁𝑖𝑇 + 𝐹𝑁𝑖𝐸),                                (6) 151 

where subscript T denotes the true value and subscript E denotes the numerical error. 152 

The cross-power spectrum between the electromagnetic components at the local site and 153 

at the reference site is represented as: 154 

〈𝐹1𝐹2∗〉 = 〈[(𝐹𝑆1𝑇 + 𝐹𝑆1𝐸) + (𝐹𝑁1𝑇 + 𝐹𝑁1𝐸)] ∙ [(𝐹𝑆2𝑇∗ + 𝐹𝑆2𝐸∗ ) + (𝐹𝑁2𝑇∗ + 𝐹𝑁2𝐸∗ )]〉 155 

= 〈[𝐹𝑆1𝑇 ∙ 𝐹𝑆2𝑇∗ + 𝐹𝑆1𝑇 ∙ 𝐹𝑆2𝐸∗ + 𝐹𝑆1𝐸 ∙ 𝐹𝑆2𝑇∗ + 𝐹𝑆1𝐸 ∙ 𝐹𝑆2𝐸∗ ] + ⋯ ⋯ 〉.      (7) 156 
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In the case where the numerical errors (underlined terms with subscript E in Equation 157 

(7)) included in FS are not negligible or where they have a high correlation with the true 158 

value of the natural signal, the calculated MT responses might be different from the true 159 

responses that reflect the correct information on the subsurface structure. In the 160 

frequency domain, error 𝛿𝜔 occurred by obtaining the frequency components is given 161 

uniquely once the width of the time window is determined as 𝑇. Lower-frequency 162 

components are subject to the effect of 𝛿𝜔, and it becomes difficult to distinguish the 163 

value of 𝜔 correctly. In the time domain, meanwhile, the width of the time window 164 

should be smaller as the frequency being analyzed increases; otherwise, the shorter-165 

period signal that oscillates fractionally might be difficult to detect accurately.  166 

 Based on the above, we conducted several numerical experiments on MT data 167 

processing, considering the effect of the numerical errors caused by the spectral 168 

transform on the results such as the apparent resistivity and the phase. 169 

 170 

Data processing using CWT for ULF signal 171 

 Based on Equation (5), we applied CWT to processing of MT time series to derive the 172 
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spectra in the ULF band. Equation (5) can be written in the frequency domain as 173 

follows: 174 

𝑊𝑓(𝑏, 𝑠) = 12𝜋 ∫ 𝐹(𝜔)Ψ𝑏,𝑠∗ (𝜔)𝑒𝑖𝑏𝑤𝑑𝜔∞−∞ .                        (8) 175 

In practice, the convolution of 𝑓(𝑡) with 𝜓(𝑡) was accelerated by discretizing 176 

Equation (5) and utilizing both the fast Fourier transform (FFT) and the inverse fast 177 

Fourier transform (IFFT), following the technique of Torrence and Compo (1998). Note 178 

that 𝐹(𝜔) and Ψ(𝜔) represent 𝑓(𝑡) and 𝜓(𝑡) in the frequency domain, 179 

respectively.  180 

MT data at site 001 and site 002 (Figure 2), both of which were in Kirishima City, 181 

Kagoshima Prefecture, were acquired in January 2015. As each site was located in a 182 

forest zone where there was hardly any electromagnetic noise source, their sufficiently 183 

high signal-to-noise ratios enabled us to estimate the true MT responses easily. The 184 

remote reference method was applied to calculation of the spectra using horizontal 185 

magnetic components acquired at a reference site. The reference site where 186 

geomagnetic data were constantly observed was located in Nishiwaga Town, Iwate 187 

Prefecture, approximately 1250 km away from Kirishima City. All measurements were 188 
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conducted with an MTU system built by Phoenix Geophysics Ltd. Two horizontal 189 

electric components (Ex, Ey) were measured using Pb-PbCl2 non-polarizing electrodes, 190 

and two horizontal magnetic components (Hx, Hy) were measured using MTC 191 

induction coil sensors. The specifications of the observations at three MT sites used in 192 

this chapter are presented in Table 1. Figure 3 illustrates the examples of the time series 193 

of the horizontal electromagnetic components at both site 001 and site 002. 194 

 195 

Comparison with STFT 196 

In conducting CWT, a wavelet that corresponds to a window function can 197 

continuously expand its width in the time domain as the frequency being analyzed 198 

decreases. 𝑇 is the double of the time span from a time when the wavelet indicates a 199 

maximum value until it becomes 0 by attenuating in the positive (or negative) direction. 200 

Once the convolution of the wavelet with the time series within the range of 𝑇 was 201 

computed, the wavelet was translated along the time axis. These operations were 202 

repeated throughout the observation period to derive the wavelet coefficients. The 203 

wavelet function used in this section was the complex Morlet function (Torrence and 204 
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Compo, 1998), which is defined as follows: 205 

𝜓(𝑡) = 𝜋−1/4𝑒−𝑡2/2𝑒𝑖𝑘𝑡                                  (9) 206 

 We compared the results of CWT with those of STFT accompanied by the gradual 207 

decimation of the time-series data, called cascade decimation (Wight and Bostick, 208 

1980). It is a mathematical technique used to obtain the components of wideband 209 

frequencies by gradually reducing the value of the sampling frequency, which leads to 210 

the decimation of the time-series data. Desired frequencies were classified into several 211 

octaves in advance. The frequency components were calculated from the convolution of 212 

the window function with the time series within the range that differs according to the 213 

octaves. To obtain lower-frequency components, the sampling frequency was reduced 214 

by half, and the above operations were repeated. A simple method of dividing the time-215 

series data into several segments and computing FFT within each segment needs to 216 

increase the width of each segment in order to obtain lower-frequency components. 217 

However, this causes the number of segments in all observation times to decrease, 218 

making it difficult to obtain a sufficient number of stacks for calculating MT impedance 219 

tensors (Miura and Takasugi, 1991). To overcome this drawback, cascade decimation 220 
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has been introduced to computations of STFT. This technique is effective in wideband 221 

analyses because it enables us to obtain components in the lower band and computes 222 

faster than the simple STFT method (Miura and Takasugi, 1991). Appendix 1 illustrates 223 

the decimation level used in this section and the corresponding values of the frequencies 224 

obtained. As all the time-series data were discretized as well as the method of CWT, 225 

FFT was computed within the range of the convolution 𝐿. Let 𝑛 be the sample number 226 

along the time axis, and the Hamming window function (Neska, 2006) is expressed as: 227 

𝐻𝑤(𝑛) = 0.54 − 0.46 cos (2𝜋𝑛𝐿−1).                               (10) 228 

MT data processing using CWT was compared with that of STFT with cascade 229 

decimation by calculating the magnetotelluric impedance tensors at each site under the 230 

calculation settings illustrated in Table 2. Figure 4 shows the comparison between the 231 

apparent resistivity and phase profiles using CWT and STFT. High-quality MT 232 

responses were also calculated by multi-day stacking and editing with the software 233 

“SSMT2000” and “MTEditor” made by Phoenix Geophysics Ltd., which helped to 234 

estimate the shapes of the true curves derived from the natural signal. As a result, the 235 

method using CWT yielded higher-quality MT responses that were close to the multi-236 
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day responses throughout all the ULF band, in comparison with the method using 237 

STFT. Regarding site 001, the responses obtained with STFT contain more scatter 238 

below 0.1 Hz than those obtained with CWT. At site 002, the results of CWT show MT 239 

responses that smoothly vary with frequency in the bands below 0.01 Hz and between 240 

0.1 Hz and 1.0 Hz where energy of the natural signal attenuates. As the sampling 241 

frequency of 15 Hz was common between CWT and STFT at frequencies more than 0.3 242 

Hz, it was a type of window function that differed between the two methods. The effect 243 

of the numerical errors including 𝐹𝑆1𝐸 and 𝐹𝑆2𝐸 in Equation (7) is almost the same,  244 

considering that there is little difference in the quality of MT responses between the two 245 

methods. However, below 0.3 Hz, the time-series data were downsampled in the case 246 

where STFT were used, which resulted in more significant difference in the apparent 247 

resistivity and phase profiles between CWT and STFT. These results indicate that STFT 248 

increases the effect of the numerical errors by downsampling the time-series data below 249 

a certain frequency to obtain the components of wideband frequencies. In contrast, it is 250 

suggested that CWT, which dilates the wavelet without decimation of the time-series 251 

data, can restrain the numerical errors more easily in the time and frequency domains 252 
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throughout the ULF band. 253 

 254 

Proper calculation settings 255 

Basis function 256 

When a wavelet vanishes quickly in positive and negative directions, i.e., when a 257 

wavelet attenuates sufficiently and its time mean value is zero, there can be the 258 

invertibility, and thus the time series can be recovered from the wavelet coefficients. 259 

This characteristic is generally called “the admissibility condition” (Farge, 1992). 260 

However, the Morlet function satisfies this condition for only 𝑘 ≥ 6. Meanwhile, the 261 

complex Paul function (De Moortel et al., 2004), in Equation (11), can be considered a 262 

complex wavelet that is generally utilized as well as the Morlet function.  263 

𝜓(𝑡) = 2𝑘𝑖𝑘𝑘!√𝜋(2𝑘)! (1 − 𝑖𝑡)−(𝑘+1).                           (11) 264 

As shown in Figure 5, the Paul function, whose width along the time axis is narrower 265 

than that of the Morlet function, satisfies the admissibility condition for any value of 𝑘 266 

(De Moortel et al., 2004). Larnier et al.(2016) reported that CWT with a wavelet with a 267 

high time resolution, such as the Paul function, can accurately detect the pulsive and 268 
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transient signal, at frequencies above 7 Hz, where lightning activity is dominant. Thus, 269 

we investigated the effect of using the Paul function on the quality of MT responses 270 

obtained in the ULF band. 271 

In Figure 6, we plotted the apparent resistivity and phase profiles of both site 001 and 272 

site 002 calculated using the Morlet function with 𝑘 = 6 and the Paul function with 273 

𝑘 = 6  and 𝑘 = 4. In addition, “standard curves” were calculated by applying a 274 

smoothing spline (Garcia, 2014) with its parameter set to 5 to the multi-day responses 275 

shown in the previous section. The results obtained by using the Paul function display 276 

substantially smaller error bars than those obtained by using the Morlet function. Phase 277 

values calculated from the Paul function are almost equal to those of the “standard 278 

curves” and the Morlet function. Meanwhile, the shapes of the apparent resistivity 279 

profiles obtained with the Paul function appear to be distorted so greatly that they differ 280 

from any other profile. However, it is difficult to evaluate the quality of such distorted 281 

apparent resistivity profiles because the true values derived from the natural signal are 282 

unknown in actual observations.  283 

Additionally, we attempted to recover the time-series data from the wavelet 284 
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coefficients of each frequency by means of the inverse continuous wavelet transform 285 

(ICWT). In contrast to CWT in Equation (5), ICWT is defined as follows (Meyers et al., 286 

1993): 287 

𝑓(𝑡) = 𝐶−1 ∫ ∫ 𝑠−2𝑊𝑓(𝑏, 𝑠) (𝑠−12𝜓 (𝑡−𝑏𝑠 )) 𝑑𝑏𝑑𝑠,∞−∞∞0+              (12) 288 

with 289 

𝐶−1 = ∫ |Ψ(𝜔)|2𝜔 𝑑𝜔,∞0+                                        (13) 290 

where ^ denotes an estimated value. Note that 𝐶 is independent of frequency and is a 291 

constant for each wavelet function. In practice, Equations (12) and (13) were discretized 292 

to reconstruct the time-series data quickly and approximately. Using the sum of the real 293 

part of the wavelet coefficients R{𝑊𝑓(𝑏, 𝑠)} over frequencies below the Nyquist 294 

frequency (Torrence and Compo, 1998), we computed ICWT as follows: 295 

𝑓(𝑡) = 𝑑𝑗𝑑𝑡1/2𝐶𝛿𝜓(0) ∑ R{𝑊𝑓(𝑏,𝑠𝑗)}𝑠𝑗1/2 ,𝐽𝑗=0                                 (14) 296 

where 𝑑𝑡 is a time spacing that equals the inverse of the sampling frequency, and 𝑑𝑗 297 

determines the spacing of the scale (i.e., the inverse of the frequency) being considered. 298 

Here, we chose a value of 𝑑𝑗 = 0.25. A constant 𝐶𝛿 was derived from the technique of 299 

the delta function (Torrence and Compo, 1998). The root mean square error (RMSE) 300 
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between the time series 𝑓(𝑡) reconstructed by ICWT and the original 𝑓(𝑡) is defined 301 

as follows: 302 

RMSE = √∑ (𝑓(𝑡𝑖)−�̂�(𝑡𝑖))𝑁𝑖=1 𝑁 ,                               (15) 303 

Figure 7 illustrates an example of the comparison of the original time-series data to 304 

those reconstructed by ICWT using the Morlet function and the Paul function. Table 3 305 

lists the RMSE values generated by the processing of the 15-hour magnetic data at sites 306 

001 and 002. The results obtained using the Morlet function corresponded well with the 307 

original time-series data, whereas those obtained using the Paul function generated 308 

significant errors at many time points.  309 

 310 

Wavelet parameter 311 

 As shown in Figure 8, a wavelet becomes narrower in the frequency axis as its wavelet 312 

parameter 𝑘 becomes larger (De Moortel et al., 2004). A better frequency resolution 313 

enables us to distinguish frequency components more finely. We have examined the 314 

range of the value of 𝑘 which should be appropriate for MT data processing for the 315 

ULF band. 316 
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The time-series data observed at sites 001 and 002 were additionally processed using 317 

CWT with the Morlet function. Figure 9 illustrates the comparison of the apparent 318 

resistivity and phase profiles by increasing the value of 𝑘. Note that 𝑘 ranges from 6 319 

to 16. If 𝑘 ≥ 10, each profile gradually deviates from the “standard curves” below 0.3 320 

Hz. Consequently, there appears to be slightly more scatter and larger error bars 321 

included in each response. To confirm these findings quantitatively, we defined the 322 

deviation of the apparent resistivity and phase profiles from the “standard curves” as the 323 

root mean square deviation (RMSD): 324 

RMSD=√ 12J ∑ {(log10 ρjρSDj)2 + ((ϕj − ϕSDj)65.96 )2}Jj=1 ,                       (16) 325 

where 𝐽 denotes the number of data points in the frequency domain, log10 ρ is the 326 

logarithm of the apparent resistivity, and ϕ is the phase. Subscript SD is added to 327 

each data point of the “standard curves”. Note that 65.96 in Equation (16) is a 328 

coefficient that relates the apparent resistivity and phase, the basis of which is described 329 

in Appendix 2. The change in RMSD with 𝑘 is shown in Figure 10, which illustrates 330 

that RMSD increases significantly when 𝑘 at site 001 exceeds 12, or when 𝑘 at site 331 

002 exceeds 8. 332 
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 333 

Discussion 334 

As a result of applying CWT using the Paul function to the time-series data, the shapes 335 

of the calculated apparent resistivity profiles were significantly distorted such that they 336 

differed from those of the “standard curves”. The time-series data reconstructed by 337 

ICWT using the Paul function contained large errors; i.e., large RMSE. Based on the 338 

results of both the apparent resistivity profiles given by CWT and the time series 339 

recovered by ICWT, numerical experiments demonstrated that MT data processing 340 

using the Paul function can be so unreliable that it can lead to incorrect MT responses 341 

that deviate from the true values in the ULF band. Though the natural signal caused by 342 

lightning activity at frequencies more than 10 Hz is often transient (Zhang and Paulson, 343 

1997), the signal originating from pulsations in the ULF band assumes gentle time 344 

variations defined as 𝑒𝑖𝜔𝑡 (Fowler et al.,1967). Therefore, the results of this numerical 345 

experiment suggest that the wavelet including a sine wave component, such as the 346 

Morlet function generates more reliable solutions. Regarding the wavelet parameter 𝑘, 347 

the quality of the calculated MT responses began to deteriorate when 𝑘 became 348 
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approximately 10 or more. Scatter found in the apparent resistivity and phase profiles 349 

reflects the effect of the numerical errors derived from the spectral transform. This 350 

indicates that a value of 𝑘 ≥ 10 makes the wavelet so wide in the time domain that its 351 

time resolution becomes significantly low.  352 

Here we also discuss the error bars, namely, the standard error σ/√Nstk , where σ is 353 

the standard deviation and Nstk is the number of stacks. Large error bars are attributed 354 

to both (i) a decrease in Nstk caused by an increase in the width of the wavelet in the 355 

time domain and (ii) an increase in the effect of the numerical errors derived from the 356 

spectral transform. As for (i), because the Paul wavelet is narrower than the Morlet 357 

wavelet in the time domain, the time span within which we compute the convolution of 358 

the Paul wavelet with the time-series data is shorter. This should lead to an increase in 359 

Nstk and, simultaneously, a decrease in the error bars. Furthermore, a wavelet becomes 360 

larger in the time domain with the use of a larger value of 𝑘, which should result in a 361 

decrease in Nstk and an increase in the error bars. Regarding (ii), the observed electric 362 

fields 𝐸 and electric fields estimated from observed magnetic fields 𝐻 are necessary 363 

to derive the variance (i.e. the square of the standard deviation) of each spectral data 364 
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(Gamble et al., 1979b). Let us consider the difference 𝜂𝑝 between these two types of 365 

electric fields as follows: 366 

  𝜂𝑝 = 𝐸 − 𝑍𝑅𝐻 = (𝐸𝑇 + 𝐸𝐸) − 𝑍𝑅(𝐻𝑇 + 𝐻𝐸) 367 

      = (𝐸𝑇 − 𝑍𝑅𝐻𝑇) + (𝐸𝐸 − 𝑍𝑅𝐻𝐸)                                      368 

(17) 369 

where 𝑍𝑅 denotes the impedance tensor estimated from the remote reference method. 370 

If the numerical errors derived from the spectral transform are small, (𝐸𝐸 − 𝑍𝑅𝐻𝐸) in 371 

Equation (17) is also small. Thus, 𝜂𝑝 will be small because 𝑍𝑅 is sufficiently close to 372 

𝑍𝑇, the true value of the impedance tensor. In the case where 𝐸𝐸 and 𝐻𝐸 are not 373 

negligible due to the increase in 𝑘 included in the Morlet function, on the contrary, the 374 

increase in (𝐸𝐸 − 𝑍𝑅𝐻𝐸) will make 𝜂𝑝 larger. On the other hand, if calculated 𝐸 and 375 

𝐻 are significantly different from the respective true values, as is the case when the 376 

Paul function is used, the effect of the numerical errors on 𝐸 and 𝐻 will be dominant. 377 

Once the impedance tensor 𝑍𝐸 that assumes a correlation between 𝐸𝐸 and 𝐻𝐸 is 378 

calculated, 𝜂𝑝 will inevitably be small, making the error bar apparently small. These 379 

suggest that the error bar does not necessarily indicate the degree of the effect of the 380 
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numerical errors derived from the spectral transform. However, proper calculation 381 

settings will make 𝐸, 𝐻 and 𝑍𝑅 close to their respective true values, which will 382 

consequently prevent the error bar from becoming excessively large.  383 

 384 

Conclusion 385 

In this study, we performed several numerical experiments on MT data processing 386 

focusing on numerical errors caused by the spectral transform of time-series data. We 387 

evaluated MT responses at frequencies of approximately 0.001 Hz through 10 Hz, 388 

which corresponds to the ultra-low frequency (ULF) band originating from pulsations. 389 

The first experiment supports that CWT yields higher-quality MT responses that can be 390 

used to estimate the true responses of the natural signal than STFT accompanied by 391 

cascade decimation. In addition, this study proposes the use of the complex Morlet 392 

function with its wavelet parameter 𝑘 set to approximately 6 ≤ 𝑘 < 10 as the proper 393 

calculation settings of CWT. These settings were confirmed to balance between the 394 

resolution of the time and frequency domains well and therefore effectively restrain the 395 

numerical errors that may be caused by the spectral transform. However, there is still 396 
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room for improvement in the technique of MT data processing using CWT to reduce 397 

computational steps more effectively and sufficiently restrain the effect of strong 398 

artificial noises. 399 
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Appendix 1 438 

 The settings utilized in conducting STFT accompanied by cascade decimation are 439 

described in this Appendix. Table 1 shows the relationship between the width of the 440 

window function in the time domain L and the values of frequencies obtained by L.  441 

 442 

Appendix 2 443 

 Here we derive the coefficient 65.96, which relates the apparent resistivity and the 444 



29 

 

phase. Equations (1) and (2) represent the method of converting the variance of the 445 

impedance tensor described by Gamble et al. (1979b) to the variance of the logarithm of 446 

the apparent resistivity and that of the phase, respectively. 447 

𝑉𝑎𝑟(log10 𝜌) ≅ 0.3772 × 𝑉𝑎𝑟(𝑍) |𝑍|2⁄ ,                         (1) 448 

𝑉𝑎𝑟(𝜙) ≅ 0.5 × 𝑉𝑎𝑟(𝑍) |𝑍|2⁄ ,                                 (2) 449 

where 𝑉𝑎𝑟() denotes the variance and 𝑍 denotes the impedance tensor. Based on 450 

these equations, Negi et al. (2010) correlated the standard error (i.e. the square of the 451 

variance) of the logarithm of the apparent resistivity and that of the phase as follows: 452 

𝑆𝑡𝑑(𝜙) ∕ 𝑆𝑡𝑑(log10 𝜌) ≅ 65.96                                 (3) 453 

Thus, we can examine the deviations of both apparent resistivity and the phase in the 454 

same dimension by adopting a value of 65.96 in Equation (3). 455 

  456 
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Figures 521 

 522 

Figure 1  (a) A conceptual diagram of time-series processing using short-time Fourier 523 

transform (STFT). Convolution of time-series data with window functions (top), and the 524 

resolution of time and frequency (bottom) are illustrated. (b) A conceptual diagram of 525 

time-series processing using continuous wavelet transform (CWT). Convolution of 526 

time-series data with wavelets (top), and the resolution of time and frequency (bottom) 527 

are illustrated.  528 
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Figure 2  (a) An index map. (b) A location map for site 001 and site 002.  529 
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Figure 3  Examples of the electromagnetic time series at each MT site. They display 530 

13 hours of the total time series. Note that the system responses included in the raw data 531 

were corrected.   532 
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Figure 4  Comparison of MT responses obtained with CWT to those obtained with 533 

STFT. Results of multi-day stacking and editing are also shown. Navy inverted triangles 534 

and red circles represent the spectral data of XY and YX modes, respectively. The 535 

impedance error bars were calculated using the technique of Gamble et al. (1979b) and 536 

Stodt (1983). 537 

  538 
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Figure 5  Real parts of the Morlet wavelet and the Paul wavelet. 539 

  540 
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Figure 6  Comparison of MT responses by altering the function. The “standard 541 

curves” are also shown. Navy inverted triangles and cyan lines represent the spectral 542 

data of XY modes, whereas red circles and magenta dotted lines represent those of YX 543 

modes. The impedance error bars were calculated using the technique of Gamble et al. 544 

(1979b) and Stodt (1983). 545 

  546 



40 

 

Figure 7  An example of comparison of the Hx at site 001 to those reconstructed by 547 

ICWT. Note that the raw magnetic data prior to correction of the system response were 548 

used as the original time-series data. 549 

  550 
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Figure 8  The Morlet wavelet for different values of wavelet parameter 𝑘 in the 551 

frequency domain. 552 

  553 
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Figure 9  Comparison of MT responses by increasing the value of wavelet parameter 554 

𝑘. The “standard curves” are also shown. Navy inverted triangles and cyan lines 555 

represent the spectral data of XY modes, whereas red circles and magenta dotted lines 556 

represent those of YX modes. The impedance error bars were calculated using the 557 

technique of Gamble et al. (1979b) and Stodt (1983).  558 
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Figure 10  RMSD between the “standard curves” and the calculated MT responses for 559 

each wavelet parameter 𝑘. 560 

  561 
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Table 1  Outline of specification of the observation at three MT sites. 562 

  563 
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Table 2  Outline of specification of the time-series processing. 564 

 565 
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Table 3  Comparison of RMSE between the original time-series data and those 567 

reconstructed by ICWT. 568 

  569 
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Appendix 570 

Table 1  Decimation level of STFT and the corresponding values of frequencies 571 

obtained with cascade decimation. 572 

 573 



Figures

Figure 1

(a) A conceptual diagram of time-series processing using short-time Fourier transform (STFT).
Convolution of time-series data with window functions (top), and the resolution of time and frequency
(bottom) are illustrated. (b) A conceptual diagram of time-series processing using continuous wavelet
transform (CWT). Convolution of time-series data with wavelets (top), and the resolution of time and
frequency (bottom) are illustrated.



Figure 2

(a) An index map. (b) A location map for site 001 and site 002.

Figure 3

Examples of the electromagnetic time series at each MT site. They display 13 hours of the total time
series. Note that the system responses included in the raw data were corrected.



Figure 4

Comparison of MT responses obtained with CWT to those obtained with STFT. Results of multi-day
stacking and editing are also shown. Navy inverted triangles and red circles represent the spectral data of
XY and YX modes, respectively. The impedance error bars were calculated using the technique of Gamble
et al. (1979b) and Stodt (1983).



Figure 5

Real parts of the Morlet wavelet and the Paul wavelet.



Figure 6

Comparison of MT responses by altering the function. The “standard curves” are also shown. Navy
inverted triangles and cyan lines represent the spectral data of XY modes, whereas red circles and
magenta dotted lines represent those of YX modes. The impedance error bars were calculated using the
technique of Gamble et al. (1979b) and Stodt (1983).



Figure 7

An example of comparison of the Hx at site 001 to those reconstructed by ICWT. Note that the raw
magnetic data prior to correction of the system response were used as the original time-series data.

Figure 8



The Morlet wavelet for different values of wavelet parameter k in the frequency domain.

Figure 9

Comparison of MT responses by increasing the value of wavelet parameter k. The “standard curves” are
also shown. Navy inverted triangles and cyan lines represent the spectral data of XY modes, whereas red
circles and magenta dotted lines represent those of YX modes. The impedance error bars were calculated
using the technique of Gamble et al. (1979b) and Stodt (1983).



Figure 10

RMSD between the “standard curves” and the calculated MT responses for each wavelet parameter k.
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