
Physical Nature of The Density Maximum for Water
at 4°C
Vladimir Y. Gotsulsky 

Odessa I. I. Mechnikov National University
Salvatore Magazù  (  smagazu@unime.it )

Dipartimento di Scienze Matematiche e Informatiche, Scienze Fisiche e Scienze della Terra Università di
Messina
Nikolay P. Malomuzh 

Odessa I. I. Mechnikov National University

Research Article

Keywords: water density, ordinary and heavy water, role of H-bonds (D-bonds).

Posted Date: July 29th, 2021

DOI: https://doi.org/10.21203/rs.3.rs-729447/v1

License:   This work is licensed under a Creative Commons Attribution 4.0 International License.  
Read Full License

https://doi.org/10.21203/rs.3.rs-729447/v1
mailto:smagazu@unime.it
https://doi.org/10.21203/rs.3.rs-729447/v1
https://creativecommons.org/licenses/by/4.0/


Physical nature of the density maximum for water at 4
◦
C

Vladimir Ya. Gotsulsky1, Salvatore Magazu2, Nikolay P. Malomuzh3

1Dept.ofGeneralPhysics

Odessa I.I. Mechnikov National University, 2 Dvoryaskaja Street, 65082 Odessa, Ukraine, vygot@onu.edu.ua
2DipartimentodiF isicadell′UniversitadegliStudidiMessina

Viale S. D’Alcontres 31, 98166, Messina, Italy, smagazu@unime.it∗

3Dept.ofTheoreticalPhysicsandAstronomy and

Odessa I.I. Mechnikov National University, 2 Dvoryaskaja Street, 65082 Odessa, Ukrain, mnp@onu.edu.ua

(Dated: June 25, 2021)

A new approach to the physical nature of the water density maximum at 4◦C is proposed. The
main attention is focused on the role of H-bonds in the formation of the specific volume and thermal
expansion coefficients for ordinary and heavy water. It is shown that the minimum of the specific
volume for water is connected with the amplification of H-bonds (D-bonds) role at approaching
their triple points.
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I. INTRODUCTION

There are many attempts to explain the appearance of
the density maximum for ordinary water at Tm = 4◦C
and for heavy water at Tm = 11◦C (Fig.1). Practically
all of them are based either on peculiarities of the water
structure (see [4-10]) or the argon-like basis for water
perturbed by H-bonds [11-13].

FIG. 1. Normalized specific volumes ṽ per molecule for or-
dinary and heavy water vs. dimensionless temperature (solid
lines) according to [1-3]. The dashed lines, v̄ = h+a(t− ttr)

2,
present the parabolic extrapolations of ṽ(t) starting from the
conjugation point t0 (see below).

Here we use the dimensionless variables determined by
the similarity principle [14,15]: t = T/Tc, ttr = Ttr/Tc,
where Ttr is the triple point temperature, and Tc is
the critical temperature. Similarly, ṽ = v/vR, where
vR = v(TG) is the regularized value of the specific volume
at the Ginsburg temperature TG [16]. The coefficient a
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and values h, t0, where t0 is the conjugation point for
curves v̄(t) and ṽ(t), are determined from the conditions:
v̄(t0) = ṽ(t0), v̄

′(t0) = ṽ′(t0), and v̄′′(t0) = ṽ′′(t0). They
lead to the explicit equations

t0 −
ṽ′(t0)

ṽ′′(t0)
= ttr, a =

1

2
ṽ′′(t0), h = ṽ(t0)− a(t− t0)

2,

which allow us to determine consecutively all parameters:

H2O : t0 = 0.456, a = 1.159, h = 0.5385;

D2O : t0 = 0.480, a = 1.114, h = 0.5402.

FIG. 2. Normalized specific volumes ṽ per molecule for ordi-
nary and heavy water vs. dimensionless temperature on two
different scales.

The minimum of v̄(t) = h−a(t0−ttr)
2 is located at ttr,

so v̄(t) takes the meaning of separatrix for extrapolation
curves conjugating with curve ṽ(t) at temperatures i)t <
t0 and ii)t > t0. In the first case, all possible extrapolated
curves have minima before the triple temperature (tm >
ttr), in the second one a similar minima take place to
the left of ttr. Thus, the appearance of minima for ṽw(t)
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and ṽhw(t) are caused by interactions different from those
determining the behavior of ṽw(t) and ṽhw(t) for t > t0.

The curves ṽ(t) take also the parabolic shape near their
minima: Tm = 4◦C for ordinary water and Tm = 11.2◦C
for heavy water. Fig.2 gives us the more full representa-
tion of the relative disposition of the coexistence curves
(CCs) for ordinary and heavy water. Here we only note,
that the noticeable division of the confluent CC into two
curves is observed for t < td ≈ 0.55. Since the con-
fluent CC takes the argon-like shape (see below), more
essential deviation of ṽD2O from argon-like dependence
compared with ṽH2O testiies that D−bonds are stronger
than H−bonds. This conclusion is consistent with the
spectroscopic data [1].

For t < t0 and t > t0 the real behavior of ṽ(t) de-
viates upward from the separatrix v̄(t), i.e. ∆(t) ≥ 0.
∆(t) = ṽ(t) − v̄(t). We show below, that the analysis
of difference ∆(t) gives us a deeper understanding of the
H− and D−bonds role in the formation of temperature
dependences of ṽ(t) near their minima for ordinary and
heavy water.

In order to explain the appearance of minimum for
ṽ at 4◦C, many attempts (see [4-8]), carried out in the
last decades, were focused on the specific structure of liq-
uid water. It is assumed that near the triple point and
in supercooled states, the determinative role belongs to
clusters of two types: similar to those in hexagonal ice
and ice II, arising only for pressures p < 103atm. The
inter-particle spacing in the hexagonal ice and ice II is
equal to 4.5Å and 3.4Å correspondingly. The positions
of first two peaks for the radial distribution function in
water are in quite satisfactory agreement with this as-
sumption. Following [4-8], clusters of the first type dom-
inate in supercooled states. The role of clusters of the
second type is assumed to be noticeable only at the tem-
perature higher than the triple point. Unfortunately, the
carrying out of the last assumption raises doubts, since
the formation of these clusters is improbable at atmo-
spheric pressure and should diminish as the temperature
increases. Moreover, the cogent explanation of the water
density maximum requires knowledge of the temperature
dependences of density and clusters’ size.

The approach presented in [9], rests upon the assump-
tion that water molecules can fill up “voids” of the wa-
ter structure close to one in hexagonal ice. However,
these “voids” have too small volume and displacement of
molecules in them is impossible (see some details in [17]).

In [9], thermodynamic properties of water are de-
scribed within the approach remiding the Landau theory
[14,16] with two order parameters ϕp and ϕs, identified
with density and energy density correspondingly. The
last one is lated to the number of H−bonds per molecule.
Unusual properties of water – maximum of density and
minimum of isothermal compressibility as well as its heat
capacity – are explained with the help of some assump-
tions about the temperature dependence of coefficients
entering to the free energy modeling. However, the last
step is not reliably substantiated and it, in reality, depre-

ciates this approach.
The present work is devoted to the careful analysis of

the H− and D−bonds influence on the temperature de-
pendences of the specific volumes and thermal expansion
coefficients

γ(t) =
1

v(t)

∂v(t)

Tc∂t

∣∣∣∣
CC

=
∂ ln v(t)

Tc∂t

∣∣∣∣
CC

(1)

near tm. We show that values of γ(t) for hexagonal ice
and liquid water for ttr < t < 2tm − ttr have the same
order of magnitude and they both are one order less than
values of γ(t) far away from tm. Thus, we conclude that
the volume minimum for water is caused by H−bond
influence.

II. THE TEMPERATURE DEPENDENCE FOR

THE THERMAL EXPANSION COEFFICIENT

The temperature dependences of γ̃(t) = Tcγ(t) for ar-
gon, hydrogen sulphide, as well as water, methanol and
ethanol on their coexistence curves are presented in Fig.3.

FIG. 3. Temperature dependences for the thermal expan-
sion coefficients γ̃(t) for ordinary and heavy water, hydro-
gen sulfide, methanol, ethanol, and argon according to [13].
The dashed line presents the quadratic extrapolation of ar-

gon curve on the interval:0.3 < t < 0.56 : γ̃
(extr)
Ar (t) =

1.226− 2.978t+ 3.467t2.

From the Fig.3, it follows that the temperature depen-
dence of the thermal expansion coefficient is the most
characteristic peculiarity of water near its triple point.
If t → ttr, the coefficient γ̃w(t) demonstrates the follow-
ing surprising properties: γ̃w(t) deviates from γ̃Ar(t) the
most essentially;
i)γ̃w(t) becomes negative in the narrow temperature in-

terval near t
(w)
tr ,

ii)with in the temperature interval ttr < t < t0, γ̃w(t)
have the order of magnitude 10−4, which is characteris-
tic for the hexagonal ice (γ̃I(t)). The thermal expansion
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coefficients for other liquids are more than one order of
magnitude.
The behavior of ṽhw(t) and γ̃hw(t) practically coin-

cides with one for ordinary water within the temperature
interval:0.55 < t < 0.95. At the same time, the curves
ṽhw(t), γ̃hw(t) and ṽw(t), γ̃w(t) noticeably diverge from
each other for ttr < 0.55.
Surprisingly, the values of γ̃w(t) and γ̃I(t) near the

triple point are equal to γ̃I(t
(−)
tr ) = 0.046 and γ̃w(t

(+)
tr ) =

−0.046 (see [17, 18]), i.e. i)they have the same numer-
ical values (!) but different signs, and ii)γ̃w(t) becomes
comparable with γ̃Ar(t) and γ̃H2S(t) only starting from
t ≈ 0.6 (see Fig.3).
In order to understand such a considerable distinction

of γ̃w(t) and γ̃hw(t) from γ̃i(t), i = Ar,H2S, et,met in the
temperature interval: 0.42 ≤ t ≤ 0.6, let us consider the
specificity of molecular rotations as a function of temper-
ature. Such information can be taken from the behavior
of the dipole relaxation time.

A. Dipole relaxation time for water

We consider the temperature dependence of the dimen-
sionless dipole relaxation time τ̃d = τd/τr, where τr is
the characteristic time for a full turn of an isolated water
molecule, that is τr = 2π/(kBT/I)

1/2 ∼ 5 · 10−13 s. Its
behavior in accordance with [19] is presented in Fig.4.

FIG. 4. Temperature dependence of the dimensionless dipole
relaxation time τ̃d(t). Dots present extrapolation values of
τ̃d(t).

As we can see from Fig.4, the behavior of is essentially
different within the temperature intervals i)0.42 < t <
0.6 where τ̃d(t) > (>>)1, and ii)0.6 < t < 0.95, where
τ̃d(t) ≈ 1. For the first one, the behavior of τ̃d(t) is
satisfactorily described by the exponential function:

τ̃d = τ̃
(0)
d exp(εH/t), τ

(0)
d = 5.1 ∗ 10−4, εH = 4.71, (2)

where εH = EH/kBTc, and the activation energy EH

practically coincides with the H-bonding energy [1, 19,

20] (this contribution is presented by the dashed line in
the Fig.4).
Thus, temperature dependence of τ̃d(t) allows us to

conclude that i)the rotation of water molecules is quasi-
free within the temperature interval 0.6 < t < 0.97
and ii)their rotation essentially decelerates within the
temperature interval 0.42 < t < 0.6 and especially for
0.42 < t < 0.46. Accordingly, the equation of state
(EoS) of water and its thermal expansion within the
temperature interval 0.6 < t < 0.97 - are determined
by the averaged interparticle potentials [22]. At the
same time, their behavior within the temperature interval
0.42 < t < 0.46 is mainly determined by the long-living
H−bonds exactly as it takes place in hexagonal ice.
It is necessary to note that the shear viscosity of water

also changes its behavior near t ∼ 0.6 (see [23]).
The degree of similarity in the behavior of specific vol-

umes and thermal expansion coefficients for ordinary and
heavy water is expressed considerably stronger. Dis-
crepancies between their CCs become noticeable only
approaching their triple points. Evidently, these dis-
crepancies are caused by slower rotation of heavy water
molecules, i.e. by the stronger influence of D−bonds on
the EoS of a system.

B. Temperature interval: 0.6 ≤ t < 0.97

Within this interval, the period of quasi-free rotation
of molecules is essentially less than the life time for typ-
ical molecular configurations determining the EoS for
water. Therefore, the last one is mainly determined by
the averaged interparticle potentials having the argon-
like structure [19]. This fact, in particular, explains the
possibility to apply the Van der Waals equation for de-
scription of the EoS and in particular its vapor-liquid
coexistence curve.
This reasoning remain correct for hydrogen sulfide as

well as for methanol and ethanol. In correspondence with
[11,13,21], the specific volumes ṽi(t) for water within the
interval: 0.6 < t < 0.97 as well as for methanol and
ethanol can be approximated by the expression:

ṽ(t) = kiṽAr(t) + ṽ
(i)
H n

(i)
H (t), i = w,met, et, (3)

where n
(i)
H (t) is the averaged value of H-bonds per

molecule, ṽ
(i)
H is the increment of ṽi(t) caused by H-

bond formation. The contribution ṽH(t)n
(i)
H (t) reflects

the weak influence of H−bonds on the EoS correspond-
ing to the argon-like potential. In [13,21] it has been

shown that kw ≈ 0.82 and ṽ
(i)
H < 0.05ṽAr(t) .

In the case of water, the temperature dependence

of n
(i)
H (t) is determined by the simplest polynomial

[11,13,21]:

ñ
(i)
H (t) = 4 (1− λwt+ . . .) , λw = 0.85. (4)
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The thermal expansion coefficient can be approxi-
mated by the expression

γ̃w(t) = γ̃Ar(t)

[
1− ñ

(w)
H (t)

v
(w)
H

v0(t)
+ . . .

]
−4λw

v
(w)
H

v0(t)
. (5)

where v0(t) = kArvAr(t). Fig. 5 presents the compara-
tive behavior of γ̃w(t), calculated according to (5), and
γ̃w(t)

(exp), obtained from the experimental data. As we
can see, the agreement between experimental and pre-
dicted curves is quite satisfactory, which argues for our
approach.

FIG. 5. Temperature dependence of γ̃w(t) calculated accord-

ing to (5) and γ̃(exp)(t).

As we can see from Fig.3, the thermal expansion co-
efficients for ordinary and heavy water are practically
coinciding in the temperature interval 0.6 < t < 0.97.
The similar behavior is also characteristic for their spe-
cific volumes (Fig.2 and [25]). In this work it had been
also shown that the influence of the D−bonds differs in-
significantly from those for the H−bonds only near triple
points of water isotopes. This fact is naturally explained
by lesser velocity of the molecular rotation, in conse-
quence of D−bonds influence on the EoS of heavy water
more strongly in comparison with corresponding influ-
ence of H−bonds on the EoS of ordinary water.

C. Temperature interval: 0.42 ≤ t < 0.6

Within the first temperature interval 0.42 < t < 0.6,
the thermal expansion coefficient of water demonstrates
the most surprising properties: i)γ̃w(t) deviates essen-
tially stronger from those for argon and other liquids
ii)γ̃w(t) becomes negative in the narrow temperature in-

terval near t
(w)
tr .

The temperature dependence of the dimensionless
thermal expansion coefficient near the triple point is de-
scribed by the polynomials with respect to u = t− ttr:

γ̃w(t) =

{
0.114 + 2.357u, 0.08 < u < 0.2,
−0.046 + 5.897u− 20.11u2, 0 < u < 0.08.

(6)

The second thempolynomial leads to the non-
monotonic temperature dependence of the specific vol-
ume near its minimum at Tm = 277K.
Now we will present some arguments showing that the

fall of γ̃w(t) from 0.046 at t
(−)
tr to −0.046 at t

(+)
tr is re-

lated with the suitable change of H−bond network at the
hexagonal ice fusion. During this change, the number of

H−bonds per molecule remains constant, n
(I)
H = 4, for

all ice states.

FIG. 6. The schematic behavior of ṽ, nH , γ̃w(t) nrar tm.

The number n
(w)
H for t > t0 satisfies the inequality

n
(w)
H < 2.7, and for t > 0.55 it is practically a linear

function of temperature (see (3) and (4)). The specific
volume for these temperatures as well as the thermal ex-
pansion coefficient increase similarly to the case of argon.
This suggests that ṽw(t) and γ̃w(t) are mainly caused by
the averaged intermolecular potential having for these
temperatures the argon-like structure.
To the left of tm, the situation is different: the spe-

cific volume also increases when temperature tends to
ttr, while the thermal expansion coefficient continues to
decrease monotonously. It means that ṽw(t) and γ̃w(t)
have not the argon-like nature and we can assume that
H−bond interactions start playing the crucial role. The
increase of ∆(t) for t → ttr indicates that the charac-
ter of H−bonds influence on the EoS differs from one
for t > 0.55 (see the formulas (3) and (4)). Here, some

increase of n
(w)
H (t) provokes the increase of the specific

volume similarly to one for the hexagonal ice. For t ≤ t0,
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the influence of H−bonds becomes more and more weak
and the argon-like effects begin to dominate. As a re-
sult, the thermal expansion coefficient becomes positive.
These facts are schematically reflected in Fig.6 too.
It is very important to stress that the curves ṽH2O(t)

and ṽD2O(t) are practically identical for 0.6 < t < 0.97,
which leads to the conclusion that their behavior is de-
termined by the same averaged interparticle potentials.
Different angular velocities of their molecular rotations
are only manifested near their triple points, where their
rotations decelerate considerably.
Let us complete our qualitative arguments by the esti-

mate of ∆(t) for ordinary water. We assume that the
deviation of ṽ(t) from the corresponding separatrix is
caused byH−bonds analogously to that for ṽ(t)−kṽAr(t)
far away from the triple point. In accordance with this
(see the subsection B)), we can write:

∆H2O(t) ≈ ṽ
(tr)
H (t)

(
n
(w)
H (ttr)− n

(w)
H (t0/2)

)
.

Estimating n
(w)
H (t) similarly to (4) we obtain:

∆H2O(t) ≈ −4λwṽ
(w)
H (ttr − t0/2) .

where we had additionally put:ṽ
(tr)
H ≈ ṽ

(w)
H = 0.008 [12].

As a result, ∆H2O(ttr) = 0.0005. From Fig.1 it fol-
lows that the experimental value of ∆H2O(ttr) is quite
close,∆H2O(ttr) = 0.00035. The analogous agreement
takes the place for heavy water too.

III. DISCUSSION

The argon-like behavior of specific volumes and ther-
mal expansion coefficients outside of the terminate points
– triple and critical ones - for all considered liquids on
their coexistence curves is naturally explained by sim-
ilar form of their averaged interparticle potentials [22].

This circumstance explains also the applicability of the
Van der Waals EoS for low molecular liquids, including
water.
Although the main contribution to the EoS for wa-

ter is caused by the averaged interparticle potentials, the
small deviations of its specific volume from that one for
argon are caused by H−bonds or D−bonds. These de-
viations can be expended in a series with respect to all
thermodynamic characteristics of H−bond or D−bond
networks (see [11-13]), first of all to the average num-
ber of H−bonds per molecule. In our work, we restrict
ourselves by that particular approximation.
Such approach is not applicable only near the termi-

nal points: triple and critical ones. In the narrow vicin-
ity of the critical point, the considerable expansion of
a system provokes the dimerization of water molecules
[26]. Near the triple point (0.42 < t < 0.6), the life-time
of H−bonds increases similarly to the dipole relaxation
time. In this situation, the thermal expansion of a sys-
tem is determined by H−bonds exactly as it is for the
case of hexagonal ice.
The thermal expansion coefficient at Tm = 4◦C, cor-

responding to the maximal density of water, is charac-
terized by quasi-linear temperature dependence chang-
ing its sign at Tm = 277K. For higher temperatures, one
observes the smooth transition to the argon-like region
0.6 < t < 1.
The thermal expansion coefficient for ethanol has an-

other peculiarity: it takes the minimal value at Tet =
269K [13]. Assuming that it is connected with the influ-
ence of H−bonds, we should conclude that the closeness
of Tm and Tet cannot be occasional.
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