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ABSTRACT: 

Rough set theory approximates a concept by the three regions, namely positive, negative and boundary 

regions. The three regions enable us to derive three types of decisions, namely acceptance, rejection 

and deferment. The deferment decision gives us the flexibility to further examine suspicious objects 

and reduce misclassification. The main objective of this paper is to provide a cost effective treatment 

of a patient suspect to COVID-19 positive by using multiclass three-way decision making with the help 

of Rough set theory. The cost-based analysis of three-way decisions brings the theory closer to real-

world applications where costs play an indispensable role. In our approach, we extend the three-way 

decision to three-way multiclass decision, offering a new framework of multiple classes. Different types 

of misclassification errors are treated separately based on the notation of loss function from Bayesian 

decision theory. In our cost sensitive classification approach, the cost caused by a different kind of error 

are not assumed to be equal. Finally, a numerical example for a cost effective treatment of a patient 

with COVID-19 disease is considered to demonstrate the practicability and efficacy of the developed 

idea in real-life applications.  

KEYWORDS: COVID-19, rough membership function, probabilistic rough set, decision-theoretic 

rough, Three-way decision, Bayesian decision procedure

1. Introduction 

The theory of three-way decision has received much attention in recent years [41, 42, 43]. The theory 
of three-way decision concerns thinking in threes, working with threes, and processing through threes. 
It explores the effective uses of triads of three things, for example, three elements, three parts, three 
perspectives, and so on. 

From a new semantic interpretation of the positive, boundary and negative regions, Yao [33] first 
introduce and study the notion of three-way decisions, consisting of positive, boundary and negative 
rules. The notion of three-way decisions represents a close relationship between rough set analysis, 
Bayesian decision analysis, and hypothesis testing in statistics [5, 9, 30, 31]. In a paper “The geometry 
of three-way decision” by Yao, in a nutshell, he very nicely shown that the three-way decision is about 
thinking, problem solving, and information processing based on a triad of three things. 

The three-way decision rules come closer to the philosophy of the rough set theory, namely, 
representing a concept using three regions instead of two [19]. By considering three-way decision rules, 
one may appreciate the true and unique contributions of rough set theory to machine learning and rule 
induction. With the introduction of the notion of three-way decision, there is a new avenue of research 
for rough set theory.  
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The cost-based analysis of three-way decisions brings the theory closer to real-world applications where 
costs play an indispensable role. In this paper, we extended cost-based analysis of three-way decisions 
to three-way multiclass decisions to provide a cost effective treatment of a patient suspect to COVID-
19 positive. Before going to the main theme of our paper, we take a look at the present scenario of 
COVID-19. 

In late 2019, the world observed the outbreak of the novel coronavirus at Wuhan, China [44], and since 
then, it has had a rapid spread all over the world from the beginning of the following year. The COVID-
19 is a highly infectious disease. After overcoming the first wave, we entered into the second wave. The 
number of vaccination is quite a few in comparison to their requirement. As the virus mutates 
continuously, such an available vaccine does not work correctly against some newly upcoming strain. 
The second wave of covid-19 is affecting most of the world. The scenario is very grim in India, where 
the daily count on April 15, 2021, itself is double the first peak. India leads the world in the daily average 
number of new infections reported, accounting for one in every two infections reported worldwide each 
day. Alarm bells ring as COVID-19 shifts base to villages. A large number of patients in the smaller 
centers could overwhelm the healthcare facilities, leading to an increase in deaths. The different 
graphical representations depicted in Fig. 1 – Fig. 2 shows that the present situation is horrible.  

Researchers are continuously working to find the possible solutions for this epidemic problem to come 
out from this unprecedented situation. They are trying to dominate the virus in many ways, like 
inventing effective treatment, destroying the virus, or protecting it. Majumder et al. [15] describe a 
decision-making technique for identifying the infected population of COVID-19. Si et al. [29] proposed 
a decision-making method for selecting preferable medicine for the appropriate treatment of COVID-
19 patients in a picture fuzzy environment through the hybrid approach of grey relational analysis and 
Dempster-Shafer theory. Mishra et al. [14] proposed an extended fuzzy decision-making framework 
using hesitant fuzzy sets for the drug selection to treat the mild symptoms of COVID-19. 



One of the major confusion is that some of the symptoms of flu and COVID-19 are similar; it may be 
hard to tell the difference between them based on symptoms alone. Both COVID-19 and flu can have 
varying degrees of signs and symptoms, ranging from no symptoms (asymptomatic) to severe 
symptoms. Only testing may be needed to help confirm a diagnosis. But diagnostic firms testing for 
coronavirus are nearing breaking point in the metro cities like New Delhi, Kolkata, Bangalore, Chennai 
and Mumbai as India battles its biggest surge in COVID-19, which may worsen the crisis as many sick 
people can’t get tested fast enough to isolate themselves. Many complaints shows that the test report is 
negative, but a few days later, the patient condition becomes serious due to covid-19. But we believe 
that our awareness and proper treatment at the right time can save our life from this pandemic. In the 
present scenario, our approach provides a cost-sensitive solution to multiclass decision-making for the 
treatment of covid-19 suspected people.  

 The new interpretation of a three-way decision is not so critical in the classical rough set model since 
both positive and negative rules do not involve any uncertainty. It is essential in the probabilistic rough 
set models, where acceptance and rejection decisions are made with certain levels of tolerance for errors. 
The probabilistic rough set, which is a generalization of Pawlak’s rough set, the same pair of thresholds 
determine the three regions, namely, positive, negative and boundary regions. Different pairs of 
thresholds have been discussed in several kinds of literature. However, it is difficult to relate these 
thresholds with practical notations of real-world applications, such as cost, risk, benefit etc. The 
required parameters of probabilistic rough set approximations can be systematically determined based 
on costs of various decisions. The incurred costs of decision rules can be analyzed. Moreover, the 
Bayesian decision procedure can be used to develop a decision-theoretic rough set model [32, 36, 37, 
39, 40]. Based on the decision-theoretic rough set framework, Yao and Zhao [38] suggest changing a 𝑚 ×  𝑚 classification problem into 𝑚 × 2 classification problem. Liu et al. [12] further discussed some 

practical issues applying Yoa’s idea to classify new objects. Their work assumes that the loss incurred 
for misclassification of an object into any class is the same. This assumption doesn’t always hold in real 
world applications. For example, they are misclassifying a patient with COVID-19 positive to 
pneumonia costs more than misclassifying this patient to have a general flu. 

Instead of making an immediate acceptance or rejection in a three-way decision, a third option is 
deferment to each class. The deferment decision gives users flexibility for further examination of 
suspicious objects and reduces misclassification, which is cost effective. For example, if the doctor 



cannot diagnose a few different types of flu based on a patient’s symptoms, a series of medical tests can 
be performed to gather more information to help the doctor make the decision. Moreover, the losses 
incurred for misclassifying an object into any classes are treated differently, and the losses incurred for 
making deferred and rejective decisions to different classes are considered. 

In this paper, our main objective is to provide a cost-sensitive solution to multiclass three-way decision-
making, which may be difficult to achieve in binary classifications because a forced definite decision 
may come with a higher cost.  

The rest of the paper is organized as follows: The basic concepts of rough sets and related properties 
are discussed in Section 2. The motivation for three-way decision-making is discussed in Section 3. The 

Bayesian decision procedure is described in detail in section 4. The proposed classification techniques 
based on a decision-theoretic rough set is presented in Section 5. In Section 6, an illustrative 

example of the treatment of a patient suspect to COVID-19 positive is provided to show the 
effectiveness of the proposed method. Section 7 provides the concluding remarks with future research 
directions of this study. 

2. Background, motivation and research issues

In this section, we review the related knowledge about classical rough set, probabilistic rough set, three-
way decision based on probabilistic rough set and decision theoretic rough set model based on Bayesian 
decision making process [33, 34, 35, 36].  

2.1 Classical rough set theory 

The theory of rough sets was introduced by Pawlak [18, 19]. In this theory, an approximation space (𝑋, 𝑅) is developed given a datum in terms of the attribute-value table. 𝑋 is the universal set of objects and 𝑅 is the equivalence relation generated out of the data-table. The relation 𝑅, obviously, partitions 𝑋 into 

the equivalence classes [1, 2, 3]. The equivalence classes are also called blocks and if 𝑅 is understood 

from the context they may be written simply as [∙]. Given this perspective, for any subset 𝐴 of 𝑋 two 

other subsets of 𝑋 are defined by 𝐴 = {𝑥 ∈ 𝑋 | [𝑥]𝑅 ⊆ 𝐴} and 𝐴 = {𝑥 ∈ 𝑋 | [𝑥]𝑅 ∩ 𝐴 ≠ 𝜙}.                                                                                                     (1) 𝐴 and 𝐴 are called the lower and upper approximations of 𝐴 respectively. The set 𝐴 ∖ 𝐴 is called the 

boundary of 𝐴. Elements of 𝐴 and 𝐴 may be interpreted respectively as the objects that are ‘definitely’ 

included in 𝐴 and ‘possibly’ included in 𝐴. 

Based on the rough set approximations of 𝐴, one can divide the universe 𝑋 into three pair-wise disjoint 

regions: the positive region 𝑃𝑂𝑆(𝐴) is the union of all the equivalence classes that are included in 𝐴; 

the negative region 𝑁𝐸𝐺(𝐴) is the union of all equivalence classes that have an empty intersection with 𝐴, and the boundary region 𝐵𝑁𝐷(𝐴) is the difference between the upper and lower approximations: 𝑃𝑂𝑆(𝐴) =  𝐴𝑁𝐸𝐺(𝐴) = 𝑋 − 𝐴𝐵𝑁𝐷(𝐴) = 𝐴 − 𝐴                                                                                                                        (2) 

Hence, if 𝑥 ∈ 𝑃𝑂𝑆(𝐴), then 𝑥 surely belongs to the concept 𝐴. If 𝑥 ∈ 𝑁𝐸𝐺(𝐴), then 𝑥 certainly does 

not belong to target set 𝐴. If an object 𝑥 ∈ 𝐵𝑁𝐷(𝐴), then it may or may not belong to 𝐴.  

Afterwords, in 1994, Skowron and Pawlak [20, 21]  introduced the notion of rough membership 

function. Given an approximation space (𝑋, 𝑅), for any subset 𝐴 ⊆ 𝑋, a rough membership function 



[4] 𝑓𝐴 is defined by 𝑓𝐴 ∶ 𝑋 → [0, 1] such that 𝑓𝐴 (𝑥) =
|𝐴∩[𝑥]|

|[𝑥]|
, |𝑆| being the cardinality of the subset 𝑆

of 𝑋. Although in [20], the universe was taken to be finite, the above definition is extended to the case 

when all the equivalence classes are finite. The following consequences of the above definition are 
immediate.  

(i) There can be two sets 𝐴, 𝐵; 𝐴 ≠ 𝐵 but 𝑓𝐴 = 𝑓𝐵.  

(ii)  Any element of a block [∙] receives the same value under each rough membership function 𝑓𝐴. The value that every element of a block receives is called the block-value and denoted 

by 𝑓𝐴[∙].  
(iii) 𝑓𝐴(𝑥) = { 1               𝑖𝑓𝑓 [𝑥] ⊆ 𝐴, 𝑖. 𝑒, 𝑥 ∈ 𝐴

0               𝑖𝑓𝑓 [𝑥] ∩ 𝐴 = 𝜙, 𝑖. 𝑒., 𝑥 ∈  𝐴𝑐
0 < 𝑓𝐴(𝑥) < 1  𝑖𝑓𝑓 [𝑥] ∩ 𝐴 ≠ 𝜙, [𝑥] ⊈ 𝐴, 𝑖. 𝑒. , 𝑥 ∈ (𝐴)

2.2 Probabilistic rough set  

The positive region, negative region and boundary region defined by Pawlak (1982) are perfect. But the 
main drawback is that it cannot make decisions for most of the object. With this knowledge, the 

probabilistic rough set model [10, 11, 20, 36, 37, 46] .was proposed. The main intuition of the 

probabilistic rough set model is to expand the decision region, i.e., to expand positive and negative 

regions using two parameters 𝛼  and 𝛽 . Let (𝑋, 𝐸) be the approximation space, then (𝑋, 𝐸, 𝑃) is a 

probabilistic approximation space (Yao 2008), where 𝑃 is a probability measure defined on a subset of 

universe 𝑋 . For any 𝐴 ⊆  𝑋 , containing instances of a concept, 𝑃(𝐴|[𝑥])  denotes the conditional 

probability of an object in 𝐴 given that the object in [𝑥]. 𝑃(𝐴|[𝑥]) =
card (A ∩ [x])card ([x])

=
|A ∩ [x]|  

|[x]|     
                                                                                         (3)  

where |. | denotes the cardinality.  

According to the above definitions, the three regions defined in Eq. (2) can be equivalently defined by: 𝑃𝑂𝑆(𝐴) = {𝑥 ∈ 𝑋 | 𝑃(𝐴|[𝑥]) ≥ 1},  𝐵𝑁𝐷(𝐴) = {𝑥 ∈ 𝑋 | 0 < 𝑃(𝐴|[𝑥]) < 1},  𝑁𝐸𝐺(𝐴) = {𝑥 ∈ 𝑋 | 𝑃(𝐴|[𝑥]) ≤ 0}. 

2.3 Decision-theoretic rough set model 

The decision theoretic rough set (DTRS) model first introduced by Yao et al. [32, 36, 37]. It is a more 

general probabilistic model in which a threshold pair (𝛼, 𝛽) with 0 ≤ 𝛽 < 𝛼 ≤ 1 is used to define three 

probabilistic regions. Now for 0 ≤ 𝛽 < 𝛼 ≤ 1, upper and lower approximation of 𝐴 ⊆ 𝑋 are given by 𝑎𝑝𝑟𝛼 (𝐴) =  {𝑥 ∈ 𝑋 | 𝑃(𝐴|[𝑥]) ≥ 𝛼}  and 𝑎𝑝𝑟𝛽(𝐴) = {𝑥 ∈ 𝑋 | 𝑃(𝐴|[𝑥]) > 𝛽}

Using the above two approximation the three probabilistic regions are define by 

{ 𝑃𝑂𝑆(𝛼,𝛽)(𝐴) = {𝑥 ∈ 𝑋 | 𝑃(𝐴|[𝑥]) ≥ 𝛼}𝑁𝐸𝐺(𝛼,𝛽)(𝐴) = {𝑥 ∈ 𝑋 |𝑃(𝐴|[𝑥]) ≤ 𝛽}𝐵𝑁𝐷(𝛼,𝛽)(𝐴) = {𝑥 ∈ 𝑋 | 𝛽 < 𝑃(𝐴|[𝑥]) < 𝛼}

                                                                 (4) 

The 0.5-probabilistic rough set model is a special case of the decision-theoretic rough set model, which 

is formulated based on a particular choice of 𝛼 and 𝛽 values, namely, 𝛼 = 𝛽 = 0.5. 



Probabilistic three regions may be interpreted in terms of the costs of different types of classification 

decisions [33, 34]. One can obtain larger positive and negative regions by introducing classification 

errors in the trade of a smaller boundary region so that the total classification cost is minimum [35]. 

Considering the errors introduced, the three regions are semantically interpreted as the following three-

way decisions [33, 34, 35]. We accept an object 𝑥 to be a member of 𝐴 if the conditional probability is 

greater than or equal to α, with an understanding that it comes with an (1 − 𝛼)-level acceptance error 

and associated cost. We reject 𝑥 to be a member of ‘𝐴’ if the conditional probability is less than or equal 

to 𝛽, with an understanding that it comes with an 𝛽-level of rejection error and associated cost. We 

neither accept nor reject 𝑥 to be a member of ‘𝐴’ if the conditional probability is between of 𝛼 and 𝛽, 

instead, we make a decision of deferment. The boundary region does not involve acceptance and 
rejection errors, but it is associated with the cost of deferment. The three probabilistic regions are 
obtained by considering a trade-off between various classification costs. 

3. Motivation of three way Decision 

Binary classification gives two decisions, namely yes or no, acceptance or rejection. In many real-world 
tasks, it is not easy to make definite decisions. For instance, when a patient’s symptoms are not 
sufficient to support a particular disease, the doctor may not be able to make a correct / positive 
diagnosis right away. Then instead of making a decision that could give wrong results, a better way to 
perform diagnostic tests is to collect more evidence. This kind of option we termed as “deferment” 
decision. Many real-world decision-making problems become more efficient and easier by adding this 
third option. 

 One of the other issues is to minimize the number of misclassification examples [16, 22, 23]. Different 

types of misclassification errors are treated separately based on the notation of loss function from 
Bayesian decision theory. In the cost-sensitive classification approach, the cost caused by a different 
kind of error is not assumed to be equal. Cost-sensitive learning is one of the challenging issues in real- 
life problems. As an example, in medical diagnosis, not treating a blood cancer patient could cause 
death or injury. On the other hand, unnecessarily treating a patient who doesn’t have blood cancer will 
waste resources and harm the patient. 

Three-way decision making has been studied and applied in many fields [13, 25, 26, 30], but our main 

objective in this study is to provide a cost-sensitive solution to multiclass /three-way decision making, 
which may be difficult to achieve in binary classifications because forced definite decision may come 
with a higher cost. 

The following example explains the main advantages of adding the third option i.e. deferment decision. 

Example 1. Consider a story given in the book by Savage [24]. “Your wife has just broken five good 

eggs into a bowl when you come in and volunteer to finish making the omelette. A sixth egg, which for 
some reason must either be used for the omelette or wasted altogether, lies unbroken beside the bowl. 
You must decide what to do with this unbroken egg.” 

 Consider first a binary-decision scenario, namely, to break it into the bowl containing the other five or 
to throw it away without inspection. Depending on the state of the egg, each of these two actions will 
have some consequences and they are given by the following 2 × 2 pay off matrix: 

               Good                    Rotten 

Break into bowl  Six-egg omelette No omelette and five good egg 
destroyed 

Thrown away Five-egg omelette and one good egg  
Destroyed 

Five-egg omelette 



If the sixth egg is good and you made the right decision by breaking it into the bowl, your wife will be 
happy to see a finished six-egg omelette. If the sixth egg is bad and you made the right decision of 
throwing it away, your wife will still be happy to see a finished five-egg omelette. Wrong decisions 
cost much more. In one case, if the sixth egg is good, but you throw it away, one good egg will be 
wasted. In the worst case, the sixth egg is bad, but you break into the bowl, five good eggs will be 
destroyed, and you had better think about how to explain your decision to your wife. In binary decision-
making, each action comes with the cost of ruining some good eggs. 

 Is there a better way of doing this? A better choice would be not to break the sixth egg into the bowl 
or throw it away but to break it into a saucer for inspection. By adding this third action, the consequence 
changed to the following 3 × 2 pay off matrix: 

                       Good                 Rotten 

Break into bowl           Six-egg omelette No omelette and five good egg 
destroyed 

Thrown away Five-egg omelette and one good egg  
Destroyed 

Five-egg omelette 

Break into 
saucer 

Six-egg omelette, and a saucer to wash Five-egg omelette, and a saucer to wash

By further examining the state of the sixth egg, the cost is reduced from ruining good eggs to washing 
a saucer. A similar three-way decision-making process is used in both the above examples, where the 
doctor needed to decide whether to treat the patient, not treat the patient, or perform diagnostic tests to 

collect more information [17].  

4. The Bayesian decision procedure 

In decision-theoretic rough set model, a pair of threshold (𝛼, 𝛽) determined three probabilistic regions. 

The selection of threshold is a major issue. Based on the Bayesian decision procedure, values of 𝛼 and 𝛽  are calculated [6, 7, 8, 27] . For a given object let 𝑋  be the description of the object, 𝛺 =

{𝑠1, 𝑠2, 𝑠3, . . . , 𝑠𝑚} be a finite set of m possible states that x is possibly in and 𝐴 = {𝑎1, 𝑎2, . . . . , 𝑎𝑛} be a 

finite set of 𝑛 possible action. Let 𝑃(𝑠𝑗|𝑋) be the conditional probability of 𝑥 being in state 𝑠𝑗 and the 

loss function 𝜆(𝑎𝑖| 𝑠𝑗) 𝑑enote the loss (or cost) for taking the action 𝑎𝑖 when the state is 𝑠𝑗. Hence, we 

can construct an 𝑚 × 𝑛 matrix which represents all possible loss function. Table 1, expressed all the 

values of the loss function where the columns denoting the set 𝛺 of 𝑚 states and the rows the set 𝐴 of 𝑛 actions. Each cell denotes the cost λ(𝑎𝑖|𝑠𝑗) for taking the action 𝑎𝑖 in the state 𝑠𝑗. For simplicity, the 

cost 𝜆(𝑎𝑖| 𝑠𝑗) can be written as 𝜆𝑖𝑗. 

Table 1 (Loss function for 𝑚 state and 𝑛 actions): 𝑠1 𝑠2 ...... 𝑠𝑗 …… 𝑠𝑚𝑎1 𝜆(𝑎1|𝑠1) = 𝜆11 𝜆 (𝑎1|𝑠2) = 𝜆12 …… 𝜆(𝑎1|𝑠𝑗) = 𝜆1𝑗 …… 𝜆(𝑎1|𝑠𝑚) = 𝜆1𝑚𝑎2 𝜆(𝑎2|𝑠1) = 𝜆21 𝜆(𝑎2|𝑠2) = 𝜆22 …… 𝜆(𝑎2|𝑠𝑗) = 𝜆2𝑗 …… 𝜆 (𝑎2|𝑠𝑚) = 𝜆2𝑚
:                       :           :    :            :    :             : 𝑎𝑖 𝜆(𝑎𝑖| 𝑠1) = 𝜆𝑖1 𝜆(𝑎𝑖|𝑠2) = 𝜆𝑖2 …… 𝜆(𝑎𝑖|𝑠𝑗) = 𝜆𝑖𝑗 …… 𝜆(𝑎𝑖|𝑠𝑚) = 𝜆𝑖𝑚

     :            :           :    :           :    :            : 𝑎𝑛 𝜆(𝑎𝑛|𝑠1) = 𝜆𝑛1 𝜆(𝑎𝑛|𝑠2) = 𝜆𝑛2 …… λ(𝑎𝑛|𝑠𝑗) = 𝜆𝑛𝑗 …… 𝜆(𝑎𝑛|𝑠𝑚) = 𝜆𝑛𝑚



In general, the selection of the values of the loss function can be represented as: 𝜆(𝑎𝑖|𝑠𝑗) = { 0      𝑖𝑓 𝑖 = 𝑗𝜆𝑖𝑗 𝑖𝑓 𝑖 ≠ 𝑗
Where 𝜆𝑖𝑗 (𝑖 =  1, 2 … 𝑛;  𝑗 =  1, 2 … . . 𝑚) denotes the loss incurred for deciding class 𝑠𝑖 when the true 

class is 𝑠𝑗. There is no cost for making a correct decision, i.e., when 𝑖 = 𝑗. 

For an object 𝑥 with description 𝑋, suppose action 𝑎𝑖 is taken. The expected cost associated with action 𝑎𝑖 is given by:  𝑅(𝑎𝑖|𝑋) = ∑ 𝜆 (𝑎𝑖| 𝑠𝑗) P (𝑠𝑗|𝑋 ) 𝑚𝑗=1                                                                                          (5)

The 𝑛 × 𝑚 matrix in table-1 has two important applications. First, given the loss functions and the 

probabilities, one can compute the expected cost of a certain action. Furthermore, by comparing the 
expected costs of all the actions, one can decide on a particular action with the minimum cost. Second, 
according to the loss functions, one can determine the condition or probability for taking a particular 
action. 

Example 2. The idea of the Bayesian decision procedure can be demonstrated by the following 

example. Suppose there are two states: 𝑠1 indicates that a meeting will be over in less than or equal to 

4 hours, and 𝑠2 indicates that the meeting will be over in more than 4 hours. Two states are complement 

to each other. Suppose, the probability for having the state 𝑠1 is 0.70, then the probability for having 

the state 𝑠2  is 0.30 , i.e.,  P(𝑠1|𝑋) = 0.70  and P(𝑠2|𝑋) = 1 − 0.70 = 0.30 . There are two actions: 𝑎1 means to park the car on meter, and 𝑎2 means to park the car in the parking lot. The loss functions 
for taking different actions in different states can be expressed as the following matrix: 𝑎1 (Parking on meter) 𝑎2 (parking in a parking lot) 

(𝑠1 ≤ 4 ℎ𝑟) Rs. 40 Rs. 90

(𝑠2 > 4 ℎ𝑟) Rs. 160 Rs. 90

In this case, the cost for each action can be calculated as follows: 𝑅(𝑎1|𝑋) = 40 × 0.70 + 160 × 0.30 = 76𝑅(𝑎2|𝑋) = 90 × 0.70 + 90 × 0.30 = 90

As, Rs. 76 < Rs. 90, according to the minimum cost, one may decide to park the car on meter, instead 

of in a parking lot. Suppose, a person wants to decide where to park the car. It is interesting to know if 
parking on meter is more suitable. According to Eq. (5), one can obtain: 

40 × 𝑃(𝑠1|𝑋) + 160 × (1 − 𝑃 (𝑠1|𝑋)) ≤ 90 
That is, P(𝑠1|𝑋)  ≥ 0.50. Thus, if the probability that the meeting is over within 4 hours is greater than 

or equal to 0.50, then it is more profitable to park the car on meter, otherwise, park in a parking lot. 

From equation (5) the classifier is said to assign an object to the class 𝑠𝑖 if the expected cost of making 

action 𝑎𝑖, is less than the cost of making action 𝑎𝑗 i.e. 𝑅(𝑎𝑖|[𝑥]) < 𝑅(𝑎𝑗|[𝑥]),   for all 𝑖 ≠ 𝑗. 

One has the option of assigning the object to one of the classes. In other words, each class 𝑠𝑗  is 

associated with an action 𝑎𝑖  of accepting the object to be a member of that class. However, an 



immediate decision has to be made to either accept or reject the object to be a member of one of the 
classes. 

Yao and Zhao [38] suggested a change in this class-classification problem and made a three-way 

decision for each class. For the finite set of 𝑚  classes 𝛺 = {𝑠1, 𝑠2, 𝑠3, . . . , 𝑠𝑚} the𝑠𝑗’s form a family of pairwise disjoint subsets of 𝑋, namely, 𝑠𝑖 ∩ 𝑠𝑗 = ∅ for 𝑖 ≠ 𝑗, and ∪ 𝑠𝑗 = 𝑋. For 

each 𝑠𝑗, a two-class classification {𝑠𝑗, 𝑠𝑗𝑐} can be defined. The loss function for each 𝑠𝑖 is given by the 

following table. 

Table 2: (Loss function for 𝑚 state and 3 actions): 𝑠1 𝑠2 ... 𝑠𝑗 … 𝑠𝑚𝑎𝑃𝑖 𝜆(𝑎𝑃𝑖|𝑠1) = 𝜆𝑃1 𝜆(𝑎𝑃𝑖| 𝑠2) = 𝜆𝑃2 … 𝜆(𝑎𝑃𝑖|𝑠𝑗) = 𝜆𝑃𝑗 … 𝜆(𝑎𝑃𝑖|𝑠𝑚) = 𝜆𝑃𝑚𝑎𝑁𝑖 𝜆(𝑎𝑁𝑖|𝑠1) = 𝜆𝑁1 𝜆(𝑎𝑁𝑖|𝑠2) = 𝜆𝑁2 … 𝜆(𝑎𝑁𝑖|𝑠𝑗) = 𝜆𝑁𝑗 … 𝜆(𝑎𝑁𝑖|𝑠𝑚) = 𝜆𝑁𝑚𝑎𝐵𝑖 𝜆(𝑎𝐵𝑖|𝑠1) = 𝜆𝐵1 𝜆(𝑎𝐵𝑖|𝑠2) = 𝜆𝐵2 … 𝜆(𝑎𝐵𝑖|𝑠𝑗) = 𝜆𝐵𝑗 … 𝜆(𝑎𝐵𝑖|𝑠𝑚) = 𝜆𝐵𝑚
The 𝑚 pairs of thresholds can be systematically calculated based on the given loss functions. The results 

from DTRS can be immediately applied. However, the losses incurred for making any wrong decisions 
are considered as the same, that is: 𝜆(𝑎𝑃𝑖|𝑠𝑗) = 𝜆𝑃1 = 𝜆𝑃2 =  … … …  = 𝜆𝑃𝑚, for all 𝑖 ≠ 𝑗, 𝜆(𝑎𝑁𝑖|𝑠𝑗) =  𝜆𝑁1 = 𝜆𝑁2 = ⋯ ⋯ ⋯  = 𝜆𝑁𝑚, for all 𝑖 ≠ 𝑗, 𝜆(𝑎𝐵𝑖|𝑠𝑗) =  𝜆𝐵1 = 𝜆𝐵2 = ⋯ ⋯ ⋯  = 𝜆𝐵𝑚, for all 𝑖 ≠ 𝑗                                                                     (6) 

This assumption does not always hold in many real world scenario, which makes it impractical for real 
applications. 

5. Class classification based on decision-theoretic rough set 

Here we proposed a new formulation of decision-theoretic rough set model. Let 𝛺 = {𝑠1,𝑠2 , 𝑠3. . . . , 𝑠𝑚} be a given set of 𝑚 class. Each class is associated with three action 𝐴 = {𝑎𝑃𝑖 , 𝑎𝐵𝑖 , 𝑎𝑁𝑖}. 

where 𝑎𝑃𝑖is the action for deciding an object 𝑥 belongs to positive region of the 𝑖𝑡ℎ class. Similarly, 𝑎𝐵𝑖 , 𝑎𝑁𝑖are action for deciding an object 𝑥 belongs to boundary and negative region of the 𝑖𝑡ℎ class 

respectively. Now similar to table 2, here we also get a loss function table. We define 𝜆(𝑎𝑃𝑖|𝑠𝑗) as the 

loss incurred for accepting an object 𝑥 as a member of 𝑠𝑖 when it’s real class is 𝑠𝑗, 𝜆(𝑎𝑁𝑖|𝑠𝑗) represent 

as the loss incurred for rejecting an object 𝑥 as a member of  𝑠𝑖 when it’s real class is 𝑠𝑗, and 𝜆(𝑎𝐵𝑖 |𝑠𝑗) 

is defined as the loss incurred for neither accepting nor rejecting an object 𝑥 as a member of 𝑠𝑖 when 

it’s real class is 𝑠𝑗.  

The main distinction between Yao’s approach and our approach is that in Yao assumed the losses 
incurred for making any wrong decisions are the same. This assumption is not true for a lot of real world 
situations.  

Consider an example where we only have three types of disease where 𝑠1 = covid-19, 𝑠2 = cancer, and 𝑠3 = pneumonia. 𝜆(𝑎𝑃1|𝑠2) represents the loss function of treating a cancer patient as he/she has covid-

19, 𝜆(𝑎𝑁3|𝑠3) represents the loss function of not treating a pneumonia patient, and  𝜆(𝑎𝐵3|𝑠2) represents 

the loss function of not making an immediate diagnosis to a cancer patient, i.e., further tests are needed 
(e.g., perform a CT scan). As we know that not treating a cancer patient could cause death or injury. On 
the other hand, resources will be wasted for unnecessary treatment to a patient who does not have 



cancer. These two types of loss functions are not equal and should be treated differently. One can easily 
relate these loss functions with the actual cost of making a different diagnosis.  

Hence in our approach, the losses incurred for making different wrong decisions are considered 
differently.  

The expected losses for taking different actions namely acceptance, rejection and deferment for an 

objects 𝑥 ∈ [𝑥] can be expressed by equation (5) as: 

{𝑅(𝑎𝑃𝑖|[𝑥]) = ∑ 𝜆(𝑎𝑃𝑖|𝑠𝑗)P(𝑠𝑗|[𝑥]),𝑚𝑗=1𝑅(𝑎𝑁𝑖|[𝑥]) = ∑ 𝜆(𝑎𝑁𝑖|𝑠𝑗)P(𝑠𝑗|[𝑥]),𝑚𝑗=1𝑅(𝑎𝐵𝑖|[𝑥]) = ∑ 𝜆(𝑎𝐵𝑖|𝑠𝑗)P(𝑠𝑗|[𝑥])𝑚𝑗=1  (7)   

The Bayesian decision procedure leads to the following minimum-risk decision rules: 

(𝑃) If 𝑅(𝑎𝑃𝑖|[𝑥]) ≤ 𝑅(𝑎𝐵𝑖|[𝑥]) and 𝑅(𝑎𝑃𝑖|[𝑥]) ≤ 𝑅(𝑎𝑁𝑖|[𝑥]), decide 𝑥 ∈ 𝑃𝑂𝑆(𝑠𝑖); 

(𝑁) If 𝑅(𝑎𝑁𝑖|[𝑥]) ≤ 𝑅(𝑎𝐵𝑖|[𝑥]) and 𝑅(𝑎𝑁𝑖|[𝑥]) ≤ 𝑅(𝑎𝑃𝑖|[𝑥]), decide 𝑥 ∈ 𝑁𝐸𝐺(𝑠𝑖); 

(𝐵) If 𝑅(𝑎𝐵𝑖|[𝑥]) ≤ 𝑅(𝑎𝑃𝑖|[𝑥]) and 𝑅(𝑎𝐵𝑖|[𝑥]) ≤ 𝑅(𝑎𝑁𝑖|[𝑥]), decide 𝑥 ∈ 𝐵𝑁𝐷(𝑠𝑖);    (8)                          

Now consider a special kind of loss function where 

{ 𝜆(𝑎𝑃𝑖|𝑠𝑖) ≤ 𝜆(𝑎𝐵𝑖|𝑠𝑖)  < 𝜆(𝑎𝑁𝑖|𝑠𝑖)𝜆(𝑎𝑁𝑖|𝑠𝑗) ≤ 𝜆(𝑎𝐵𝑖|𝑠𝑗) < 𝜆(𝑎𝑃𝑖|𝑠𝑗) for all 𝑗 where 𝑗 ≠ 𝑖   (9)

That is, the loss of classifying an object 𝑥 belonging to 𝑠𝑖 into the positive region 𝑃𝑂𝑆(𝑠𝑖) is less than 

or equal to the loss of classifying 𝑥 into the boundary region 𝐵𝑁𝐷(𝑠𝑖), and both of these losses are 

strictly less than the loss of classifying 𝑥 into the negative region 𝑁𝐸𝐺(𝑠𝑖). The reverse order of losses 

is used for classifying an object not in 𝑠𝑖. Under these special kind of loss function we can simplify 

decision rules (𝑃), (𝑁) and (𝐵) are as follows.  

For rule (𝑃), 𝑅(𝑎𝑃𝑖|[𝑥]) ≤ 𝑅(𝑎𝐵𝑖|[𝑥]) and 𝑅(𝑎𝑃𝑖|[𝑥]) ≤ 𝑅(𝑎𝑁𝑖|[𝑥]), 

Now, 𝑅(𝑎𝑃𝑖|[𝑥]) ≤ 𝑅(𝑎𝐵𝑖|[𝑥])⟺ ∑ 𝜆(𝑎𝑃𝑖| 𝑠𝑗)P(𝑠𝑗|[𝑥])𝑚𝑗=1 ≤ ∑ 𝜆(𝑎𝐵𝑖|𝑠𝑗)P(𝑠𝑗|[𝑥]).𝑚𝑗=1⟺ 𝜆(𝑎𝑃𝑖|𝑠𝑖)P(𝑠𝑖|[𝑥]) + ∑ 𝜆(𝑎𝑃𝑖|𝑠𝑗)P(𝑠𝑗|[𝑥])𝑚𝑗=1,𝑗≠𝑖 ≤ 𝜆(𝑎𝐵𝑖|𝑠𝑖)P(𝑠𝑖|[𝑥])

                                                                                                                       + ∑ 𝜆(𝑎𝐵𝑖|𝑠𝑗)P(𝑠𝑗|[𝑥]).𝑚𝑗=1,𝑗≠𝑖⟺ P(𝑠𝑖|[𝑥]) ≥ ∑ P (𝑠𝑗|[𝑥])𝑚𝑗=1,𝑗≠𝑖 {𝜆 (𝑎𝑃𝑖| 𝑠𝑗) – 𝜆 (𝑎𝐵𝑖| 𝑠𝑗)}

{ 𝜆 (𝑎𝐵𝑖| 𝑠𝑖)− 𝜆 (𝑎𝑃𝑖| 𝑠𝑖)}

And 𝑅(𝑎𝑃𝑖|[𝑥]) ≤ 𝑅(𝑎𝑁𝑖|[𝑥])

⟺ P(𝑠𝑖|[𝑥]) ≥ ∑ P (𝑠𝑗|[𝑥])𝑚𝑗=1,𝑗≠𝑖 {𝜆 (𝑎𝑃𝑖| 𝑠𝑗) – 𝜆 (𝑎𝑁𝑖| 𝑠𝑗)}

{ 𝜆 (𝑎𝑁𝑖| 𝑠𝑖)− 𝜆 (𝑎𝑃𝑖| 𝑠𝑖)}
. 

Similarly, for rule (𝑁)𝑅(𝑎𝑁𝑖|[𝑥]) ≤ 𝑅(𝑎𝐵𝑖|[𝑥])

⟺ P(𝑠𝑖|[𝑥]) ≥ ∑ P (𝑠𝑗|[𝑥])𝑚𝑗=1,𝑗≠𝑖 {𝜆 (𝑎𝐵𝑖| 𝑠𝑗) – 𝜆 (𝑎𝑁𝑖| 𝑠𝑗)}

{ 𝜆 (𝑎𝑁𝑖| 𝑠𝑖)− 𝜆 (𝑎𝐵𝑖| 𝑠𝑖)}



And 𝑅(𝑎𝑁𝑖|[𝑥]) ≤ 𝑅(𝑎𝑃𝑖|[𝑥])

⟺ P(𝑠𝑖|[𝑥]) ≥ ∑ P (𝑠𝑗|[𝑥])𝑚𝑗=1,𝑗≠𝑖 {𝜆 (𝑎𝑃𝑖| 𝑠𝑗) – 𝜆 (𝑎𝑁𝑖| 𝑠𝑗)}

{ 𝜆 (𝑎𝑁𝑖| 𝑠𝑖)− 𝜆 (𝑎𝑃𝑖| 𝑠𝑖)}

Likewise for rule (𝐵)𝑅(𝑎𝐵𝑖|[𝑥]) ≤ 𝑅(𝑎𝑃𝑖|[𝑥])

⟺ P(𝑠𝑖|[𝑥]) ≥ ∑ P (𝑠𝑗|[𝑥])𝑚𝑗=1,𝑗≠𝑖 {𝜆 (𝑎𝑃𝑖| 𝑠𝑗) – 𝜆 (𝑎𝐵𝑖| 𝑠𝑗)}

{ 𝜆 (𝑎𝐵𝑖| 𝑠𝑖)− 𝜆 (𝑎𝑃𝑖| 𝑠𝑖)}

And 𝑅(𝑎𝐵𝑖|[𝑥]) ≤ 𝑅(𝑎𝑁𝑖|[𝑥])

⟺ P(𝑠𝑖|[𝑥]) ≥ ∑ P (𝑠𝑗|[𝑥])𝑚𝑗=1,𝑗≠𝑖 {𝜆 (𝑎𝐵𝑖| 𝑠𝑗) – 𝜆 (𝑎𝑁𝑖| 𝑠𝑗)}

{ 𝜆 (𝑎𝑁𝑖| 𝑠𝑖)− 𝜆 (𝑎𝐵𝑖| 𝑠𝑖)}

Now introducing parameter as  

⎩⎪⎪⎨
⎪⎪⎧𝛼𝑖 =

∑ P (𝑠𝑗|[𝑥])𝑚𝑗=1,𝑗≠𝑖 {𝜆 (𝑎𝑃𝑖| 𝑠𝑗) – 𝜆 (𝑎𝐵𝑖| 𝑠𝑗)}

{ 𝜆 (𝑎𝐵𝑖| 𝑠𝑖)− 𝜆 (𝑎𝑃𝑖| 𝑠𝑖)}𝛽𝑖 =
∑ P (𝑠𝑗|[𝑥])𝑚𝑗=1,𝑗≠𝑖 {𝜆 (𝑎𝐵𝑖| 𝑠𝑗) – 𝜆 (𝑎𝑁𝑖| 𝑠𝑗)}

                      { 𝜆 (𝑎𝑁𝑖| 𝑠𝑖)− 𝜆 (𝑎𝐵𝑖| 𝑠𝑖)}𝛾𝑖 =
∑ P (𝑠𝑗|[𝑥])𝑚𝑗=1,𝑗≠𝑖 {𝜆 (𝑎𝑃𝑖| 𝑠𝑗) – 𝜆 (𝑎𝑁𝑖| 𝑠𝑗)}

                      { 𝜆 (𝑎𝑁𝑖| 𝑠𝑖)− 𝜆 (𝑎𝑃𝑖| 𝑠𝑖)}

(10)

If we impose              ∑ P (𝑠𝑗|[𝑥])𝑚𝑗=1,𝑗≠𝑖 {𝜆 (𝑎𝑃𝑖| 𝑠𝑗) – 𝜆 (𝑎𝐵𝑖| 𝑠𝑗)}

{ 𝜆 (𝑎𝐵𝑖| 𝑠𝑖)− 𝜆 (𝑎𝑃𝑖| 𝑠𝑖)}
>

∑ P (𝑠𝑗|[𝑥])𝑚𝑗=1,𝑗≠𝑖 {𝜆 (𝑎𝐵𝑖| 𝑠𝑗) – 𝜆 (𝑎𝑁𝑖| 𝑠𝑗)}

                      { 𝜆 (𝑎𝑁𝑖| 𝑠𝑖)− 𝜆 (𝑎𝐵𝑖| 𝑠𝑖)}⟹  {𝜆 (𝑎𝑃𝑖| 𝑠𝑗) – 𝜆 (𝑎𝐵𝑖| 𝑠𝑗)}

{ 𝜆 (𝑎𝐵𝑖| 𝑠𝑖)− 𝜆 (𝑎𝑃𝑖| 𝑠𝑖)}
 >  

 {𝜆 (𝑎𝐵𝑖| 𝑠𝑗) – 𝜆 (𝑎𝑁𝑖| 𝑠𝑗)}

{ 𝜆 (𝑎𝑁𝑖| 𝑠𝑖)− 𝜆 (𝑎𝐵𝑖| 𝑠𝑖)}

i.e.                              𝛼𝑖  > 𝛽𝑖 (11) 

From (9) and (11) its implies that   𝛼𝑖 > 𝛾𝑖 > 𝛽𝑖 and we get simplified rule as follows: 

(𝑃) 𝑃(𝑠𝑖|[𝑥]) ≥ 𝛼𝑖, decide 𝑥 ∈ 𝑃𝑂𝑆(𝑠𝑖); 

(𝑁) 𝑃(𝑠𝑖|[𝑥]) ≤ 𝛽𝑖, decide 𝑥 ∈ 𝑁𝐸𝐺(𝑠𝑖); 

(𝐵) 𝛽𝑖 < 𝑃 (𝑠𝑖|[𝑥]) < 𝛼𝑖, decide 𝑥 ∈ 𝐵𝑁𝐷(𝑠𝑖)                                                                          (12)

With this simplified (P)-(B) rule, the three probabilistic region for any class 𝑠𝑖 can be derived from the 
equation (3) as: 

{ 𝑃𝑂𝑆( 𝛼𝑖 ,𝛽𝑖)(𝑠𝑖) = {𝑥 ∈ 𝑋|𝑃(𝑠𝑖|[𝑥]) ≥ 𝛼𝑖}𝑁𝐸𝐺( 𝛼𝑖 ,𝛽𝑖)(𝑠𝑖) = {𝑥 ∈ 𝑋|𝑃(𝑠𝑖|[𝑥]) ≤ 𝛽𝑖}𝐵𝑁𝐷( 𝛼𝑖 ,𝛽𝑖)(𝑠𝑖) = {𝑥 ∈ 𝑋|𝛽𝑖 < 𝑃(𝑠𝑖|[𝑥]) < 𝛼𝑖}

                                                                      (13) 

Definition 1:

Let 𝛺 = {𝑠1, 𝑠2, 𝑠3, . . . . , 𝑠𝑚} be a partition of the universe 𝑋, Then three regions of partition are given 

by  



{ 𝑃𝑂𝑆( 𝛼𝑖 ,𝛽𝑖)(𝛺) = ⋃ 𝑃𝑂𝑆( 𝛼𝑖 ,𝛽𝑖)(𝑠𝑖) 𝑚𝑖=1𝐵𝑁𝐷( 𝛼𝑖 ,𝛽𝑖)(𝛺) = ⋃ 𝐵𝑁𝐷( 𝛼𝑖 ,𝛽𝑖)(𝑠𝑖) 𝑚𝑖=1𝑁𝐸𝐺( 𝛼𝑖 ,𝛽𝑖)(𝛺) = 𝑋– {𝑃𝑂𝑆( 𝛼𝑖 ,𝛽𝑖)(𝛺) ∪ 𝐵𝑁𝐷( 𝛼𝑖 ,𝛽𝑖)(𝛺)} (14) 

Where 𝑠𝑖 class represents an arbitrary class from the set of decision classes 𝛺. It is necessary to have a 

further study on the probabilistic three regions of a classification, as well as the associated rules. In 
general, one has to consider the problem of rule conflict resolution in order to make effective 
acceptance, rejection, and abstaining decisions. 

Furthermore, for an object 𝑥 ∈ 𝑋, it is desirable that the decision made with more attributes should stay 

the same as the decision made with fewer attributes. The decision-monotonicity properties for DTRS 
are discussed by Yao and Zhao [38]. Slezak and Ziarko [28] and Zhang et al. [45] also introduced 
criteria of decision-monotonicity for their generalized rough set models. 

6. Numerical Illustration 

Here, we incorporated cost into the classification process and vary costs for different types of 
misclassification errors. The following medical diagnostic example illustrates how our approach works 
and shows that the classification results based on the same training set could be different based on the 
different loss functions provided. 

Let us consider four types of diseases 𝐷 = { 𝑠1 , 𝑠2 , 𝑠3 , 𝑠4 } .Three actions 𝐴 = {𝑎𝑃𝑖 , 𝑎𝐵𝑖 , 𝑎𝑁𝑖}  are 

associated with corresponding to each disease. Where 𝑎𝑃𝑖 indicates that the doctor decides to treat the 𝑖𝑡ℎ patient 𝑎𝑁𝑖 indicates that the doctor decides not to treat the 𝑖𝑡ℎ patient and 𝑎𝐵𝑖  indicates that the 

doctor neither treats nor not treats the patient, further tests are needed. The loss function of the two 
medical centres is given in table 3 and 4 respectively. As the two tables provide the loss function of two 
different medical centres, so they are significantly different. Also, it is clear that the cost for medical 
centre -1 is more than medical centre -2 for neglecting a sick patient, i.e. for delayed treatment and cost 
of unnecessary treatment, i.e. misdiagnosing a healthy patient. Our approach gives the flexibility of 
tailoring the classification results to meet individual requirements in terms of the minimum overall cost.  

A part of the training set acquired from statistical data of a medical journal that shows the relationships 
between patients’ symptoms to a certain disease is represented by table-5.where the rows represent the 
patients {𝑃1, 𝑃2, 𝑃3, 𝑃4, … … . }  and columns represent the symptoms {𝑂1, 𝑂2, 𝑂3, 𝑂4, … … . } . We use 

binary values for the sake of simplicity where “𝑌” indicate symptoms is present and “𝑁” denotes 
symptoms not present.   

Now for a new patient 𝑃𝑛, let probabilities of having each disease be calculated from the training set 
using the equation (3) as  

P(𝑠1|[𝑥]) = 0.38, P(𝑠2|[𝑥]) = 0.22, P(𝑠3|[𝑥]) = 0.14, P(𝑠4|[𝑥]) = 0.26. 



Table 3 (Loss function of Medical centre-1): 𝑠1 𝑠2 𝑠3 𝑠4𝑎𝑃1𝑎𝐵1𝑎𝑁1
0

5

18

5

3

0

6

3

0

           10 
             7 
             0 𝑎𝑃2𝑎𝐵2𝑎𝑁2

18

9

0

0

14

35

36

20

0

            46 
            30 
             0 𝑎𝑃3𝑎𝐵3𝑎𝑁3

55

24

0

50

22

0

0

30

70

            65 
            26 
             0 𝑎𝑃4𝑎𝐵4𝑎𝑁4

16

10

0

10

3

0

8

2

0

              0 
             15 
             55 

Table 4 (Loss function of Medical centre-2): 𝑠1 𝑠2 𝑠3 𝑠4𝑎𝑃1𝑎𝐵1𝑎𝑁1
0

4

10

4

2

0

3

2

0

6

3

0𝑎𝑃2𝑎𝐵2𝑎𝑁2
8

6

0

0

6

18

16

12

0

26

15

0𝑎𝑃3𝑎𝐵3𝑎𝑁3
20

10

0

20

9

0

0

12

25

25

12

0𝑎𝑃4𝑎𝐵4𝑎𝑁4
8

3

0

4

2

0

2

1

0

0

12

25

Table 5 (statistical data): 𝑂1 𝑂2 𝑂3 𝑂4 𝑂5 ……………………………………. 𝐷𝑃1 𝑌 𝑌 𝑁 𝑁 𝑌 …………………………………….. 𝑠2𝑃2 𝑌 𝑁 𝑌 𝑌 𝑁 ……………………………………… 𝑠3𝑃3 𝑁 𝑌 𝑌 𝑌 𝑌 ……………………………………… 𝑠4𝑃4 𝑌 𝑁 𝑁 𝑁 𝑁 ……………………………………… 𝑠1𝑃5 𝑁 𝑌 𝑁 𝑁 𝑌 ……………………………………… 𝑠3
     : 
     : 
     : 

     : 
     : 
     : 

     : 
     : 
     : 

     : 
     : 
     : 

     : 
     : 
     : 

     : 
     : 
     : 

……………………………………...      : 
     : 
     : …………………………………….. 



Table 6 (Testing set): 𝑂1 𝑂2 𝑂3 𝑂4 𝑂5 …………….. 𝐷𝑃𝑛 𝑌 𝑁 𝑌 𝑁 𝑌 ……………..          ? 

Now Based on Eq. (10) and Table-3, we can compute the pairs of thresholds (𝛼1, 𝛽1) for diseases 𝑆1 of 
medical centre-1 as: 𝛼1 =

∑ P(𝑠𝑗|[𝑥])𝑚𝑗=1,𝑗≠1 {𝜆(𝑎𝑃1|𝑠𝑗) – 𝜆(𝑎𝐵1| 𝑠𝑗)}
{𝜆(𝑎𝐵1|𝑠1)− 𝜆(𝑎𝑃1|𝑠1)}

 =
P (𝑠2|[𝑥]) {𝜆 (𝑎𝑃1| 𝑠2) – 𝜆 (𝑎𝐵1| 𝑠2)}+P (𝑠3|[𝑥]) {𝜆 (𝑎𝑃1| 𝑠3) – 𝜆 (𝑎𝐵1| 𝑠3)}+ P (𝑠4|[𝑥]) {𝜆 (𝑎𝑃1| 𝑠4) – 𝜆 (𝑎𝐵1| 𝑠4)}

{ 𝜆 (𝑎𝐵1| 𝑠1)− 𝜆 (𝑎𝑃1| 𝑠1)}

=
0.22 (5−3)+0.14 (6−3)+0.26 (10−7)5−0 =

1.645 =  0.32. 

𝛽1 =
∑ P(𝑠𝑗|[𝑥])𝑚𝑗=1,𝑗≠1 {𝜆(𝑎𝐵1|𝑠𝑗) – 𝜆(𝑎𝑁1|𝑠𝑗)}{𝜆(𝑎𝑁1|𝑠1) − 𝜆(𝑎𝐵1|𝑠1)}

=
P(𝑠2|[𝑥]) {𝜆(𝑎𝐵1|𝑠2) – 𝜆(𝑎𝑁1|𝑠2)}+P(𝑠3|[𝑥]) {𝜆(𝑎𝐵1|𝑠3) – 𝜆(𝑎𝑁1|𝑠3)}+ P(𝑠4|[𝑥]) {𝜆(𝑎𝐵1|𝑠4) – 𝜆(𝑎𝑁1|𝑠4)}

{𝜆(𝑎𝑁1|𝑠1)− 𝜆(𝑎𝐵1|𝑠1)}

=
0.22 (3−0)+0.14 (3−0)+0.26 (7−0)18−5 =

2.913 =  0.22. 

Similarly, for the disease 𝑆2, 𝑆3, 𝑆4 we can get 𝛼2 = 0.70 , 𝛽2 = 0.66 ; 𝛼3 = 0.93 , 𝛽3 = 0.52  and 𝛼4 = 0.31, 𝛽4 = 0.11 respectively. Also thresholds pair for table-2 (medical centre-2) corresponding 

to the diseases𝑆1, 𝑆2, 𝑆3, 𝑆4 are 𝛼1 = 0.34, 𝛽1 = 0.25, 𝛼2 = 0.69, 𝛽2 = 0.65; 𝛼3 = 0.80, 𝛽3 = 0.68

and 𝛼4 = 0.22, 𝛽4 = 0.13 respectively. 

Comparison of thresholds values: 

For medical centre -1. 

 P(𝑠1|[𝑥]) = 0.38 > 𝛼1 = 0.32, so class 𝑆1 is in the positive region. The resulting diagnosis is that the 

new patient has disease 𝑆1. 

P(𝑠2|[𝑥]) = 0.22 < 𝛽2=0.66, so class 𝑆2 is in the negative region. The resulting diagnosis is that the 

new patient has no disease 𝑆2. 

P(𝑠3|[𝑥]) = 0.14 < 𝛽3 = 0.52, so class 𝑆3 is in the negative region. The resulting diagnosis is that the 

new patient has no disease 𝑆3. 𝛽4 = 0.11 < P(𝑠4|[𝑥]) = 0.26 <  𝛼4 = 0.31.

So class 𝑆4 is in the boundary region. The resulting diagnosis is that the new patient need further test 

regarding the disease 𝑆4. 

For medical centre-2. 

P(𝑠1|[𝑥]) = 0.38 > 𝛼1 = 0.34, hence class 𝑆1 is in the positive region. The resulting diagnosis is that 

the new patient has disease 𝑆1. 



P(𝑠2|[𝑥]) = 0.22 < 𝛽2 = 0.65, so class 𝑆2 is in the negative region. The resulting diagnosis is that the 

new patient has no disease 𝑆2
P(𝑠3|[𝑥]) = 0.14 < 𝛽3 = 0.68, so class 𝑆3 is in the negative region. The resulting diagnosis is that the 

new patient has no disease 𝑆3. 

P(𝑠4|[𝑥]) = 0.26 > 𝛼4 = 0.22, hence class 𝑆4 is in the positive region. The resulting diagnosis is that 

the new patient has disease 𝑆4. 

As for the medical centre-2, class 𝑆1 and 𝑆4 are both in the positive region. The new patient could have 

both disease 𝑆1 and 𝑆4, and either one of them. Rule conflict resolution should be added to further 
distinguish which disease the patient is more likely to have. 

From the above example, we can see that different cost setting could lead to different decisions. 
Therefore, instead of classifying objects based on misclassification error rate, in our approach, 
classification decisions are made based on minimum overall cost. 

7. Concluding Remarks: 

There are so many techniques for medical or clinical decision making under uncertainty. We mainly 
consider a rough set based decision-making technique which typically involves evaluation criteria to 
construct a decision region. This paper aims to provide a cost-sensitive solution of a COVID-19 
suspected people to multi-class decision making. Instead of pair of lower and upper approximation in 
this paper, we use three pair-wise disjoint positive, negative and boundary regions. This approach can 
be considered a straightforward generalization of the three-way classification introduced in decision-
theoretic rough set models. One may further study three-way decision rules generated from different 
classes and the associated rule conflict resolutions for real classification applications.
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