
A novel approach to sample size determination of
clinical trials for rare diseases assuming symmetry
Emma Wang  (  e.y.wang@qmul.ac.uk )

Wolfson Institute of Preventive Medicine https://orcid.org/0000-0002-5200-1043
Bernard North 

Exploristics
Peter Sasieni 

King's College London

Research article

Keywords: Rare diseases, non-inferiority, simulations, survival, Poisson

Posted Date: November 5th, 2019

DOI: https://doi.org/10.21203/rs.2.16784/v1

License:   This work is licensed under a Creative Commons Attribution 4.0 International License.  
Read Full License

https://doi.org/10.21203/rs.2.16784/v1
mailto:e.y.wang@qmul.ac.uk
https://orcid.org/0000-0002-5200-1043
https://doi.org/10.21203/rs.2.16784/v1
https://creativecommons.org/licenses/by/4.0/


A novel approach to sample size determination of clinical trials for rare diseases assuming 

symmetry  

Emma Yu Wanga*, Bernard Northb and Peter Sasienic 

a. Centre for Cancer Prevention, Queen Mary University London. Wolfson Institute, 

Charterhouse Square, London EC1M 6BQ 

b. Exploristics Ltd, Floor 4, 24 Linenhall Street, Belfast BT2 8BG 

c. Innovation Hub, Cancer Centre, King's College London, Great Maze Pond, London SE1 

9RT  

*Author for correspondence: Emma Yu Wang, email: e.y.wang@qmul.ac.uk 

 

 

 

  



P a g e  | 2 

 

Abstract 

Background 

Rare and uncommon diseases are difficult to study in clinical trials due to limited recruitment. 

If the incidence of the disease is very low, international collaboration can only solve the 

problem to a certain extent. A consequence is a disproportionately high number of deaths from 

rare diseases, due to unclear knowledge of the best way to treat patients suffering from these 

diseases. Hypothesis testing using the conventional Type I error in conjunction with the number 

of patients who can realistically be enrolled for a rare disease, would cause the trial to be 

severely underpowered.  

Methods 

Our proposed method recognises these pragmatic limitations and suggests a new testing 

procedure, wherein conclusion of efficacy of one arm is grounded in robust evidence of non-

inferiority in the endpoint of interest, and reasonable evidence of superiority, over the other 

arm.  

Results 

Simulations were conducted to illustrate the gains in statistical power compared with 

conventional hypothesis testing in several statistical settings as well as the example of clinical 

trials for Merkel cell carcinoma, a rare skin tumour.  

Conclusions 

Our proposed analysis method enables conducting clinical trials for rare diseases, potentially 

leading to better standard of care for patients suffering from rare diseases. 

 

Key words: Rare diseases, non-inferiority, simulations, survival, Poisson 
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1. Background 

A cancer is defined as rare by Surveillance of Rare Cancers (RARECARE) if its incidence is 

less than 6 cases per 100,000 per year1. Gatta et al. found that collectively, rare cancers 

comprised of 22% cancer cases in Europe.  

Patients with rare cancers have worse survival than patients with non-rare cancers: the 5-year-

relative survival of patients diagnosed with a rare cancer in 1995-1999 was 47%, compared to 

65% in patients diagnosed with common cancers2. It is suggested that this difference is due to 

uncommon cancers being understudied3.  

Clinical trials in the field of rare tumours are limited, and those that do exist are often 

imperfectly conducted, single-arm trials from which it is difficult to make satisfactory 

inferences. Recruitment is lower, and attrition is higher in trials of rare diseases, compared to 

common ones4. 

Often, patients with rare cancers are assigned similar treatment to patients of more common 

tumours at a proximous site. However, the optimal treatment for most rare diseases is still 

unclear.  

There is clearly a need for more scientific exploration to discern which therapy, out of those 

currently used for treating patients with a particular rare cancer, is optimal. To provide a means 

of resolving the problem of clinical trials with low recruitment, we propose a novel method of 

comparing two treatments that will allow progress despite the limited numbers. 

We will describe the motivation for the paper and briefly summarise some pre-existing 

solutions in Section 2. In Section 3 we will describe the proposed testing procedure. 

Calculations illustrating the reduction in sample size by using our method in the case of a 

specific rare cancer are presented in Section 4, and results from simulating clinical trials for 

this rare disease are presented in Section 5. In Section 6, we discuss the quantitative results 

before concluding the paper. 

2 The Rare Disease Problem 

2.1 Low power of clinical trials for rare diseases using conventional hypothesis testing 

Randomised Phase III trials are the optimal method for establishing best patient care. Using 

levels of Type I (𝛼𝛼) and Type II (𝛽𝛽) error that are common to Phase III trials (two-sided 𝛼𝛼 =

 5% and 𝛽𝛽 =  20%4F

5), it would not be possible to conduct a randomised controlled trial for a 
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rare disease as there would be insufficient numbers of patients. If the trial were to go ahead 

using the conventional Type I error, the power would be very low. 

If the comparison of efficacy is between two treatments that are already used in patients with 

a given disease, then the clinical trial would require prohibitively high numbers of patients in 

order to conclude which is better, given that both have already demonstrated they are superior 

to placebo by a reasonable margin. 

Scientists might consider it unethical to conduct small clinical trials6, as one should only expose 

patients to a new regimen if the trial is sufficiently powered to answer the scientific question 

at hand. However, the focus of this paper is comparing therapies already used on patients, and 

thus, they are not untested treatments. This argument is given further support considering that 

even information from a modestly-powered clinical trial is better than no information at all, 

and it can be used to contribute knowledge in the field via a meta-analysis.  

2.2 Alternative methods proposed for dealing with rare diseases 

Some alternative methods of analysis to solve the problem of low occurrence of an endpoint of 

interest in rare diseases have been explored in the past. Suggested solutions include: conducting 

a one-arm trial using a historical control; use of a surrogate endpoint; conducting 1-sided 

hypothesis testing; accepting lower power; and incorporating Bayesian inference into the trial7. 

The benefits and shortcomings of each method are discussed by Billingham et al.7 

As this paper concerns the comparison of two treatments already in routine use, a solution 

might be to conduct a non-inferiority trial comparing one treatment against the other. In non-

inferiority trials, a novel treatment is examined against an active treatment to show it is not 

worse by a given margin, ∆. Non-inferiority tests are carried out in instances where the control 

treatment has already been proved to be efficacious8. In most cases there would be some other 

advantage, such as cost, side-effects or convenience, of the new treatment. 

Whilst non-inferiority trials can substantially reduce the necessary sample size, there is a 

concern of bio-creep associated with them9. By accepting new treatments that are slightly 

worse (by 
∆2  say), over several successive clinical trials in the disease of interest, the bar is set 

so low that the experimental treatment that is eventually accepted using non-inferiority rules 

ends up being ineffective or even harmful for the patient, compared to no treatment. 
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Furthermore, unless a treatment is substantially less toxic or cheaper, we are not setting out 

merely to conclude one arm is not worse than the other arm. Rather, we wish to obtain a 

reasonable idea of which arm leads to better outcomes, or, if we fail to conclude either arm is 

better than the other, for this to be grounded in reasonable evidence. That is to say, conclusion 

of efficacy using our proposed testing procedure means we are reasonably happy the proposed 

arm is better, or at the very least, equal to the arm with which it is being compared10, and more 

likely than not, given the evidence from the trial, it is better. 

In the next section we will propose two changes to conventional hypothesis testing in order to 

achieve required sample sizes for trials for rare diseases that are pragmatic yet can achieve the 

aims outlined above. 

3. Methods 

3.1 New solution: theoretical explanation of proposed testing procedure 

In a conventional superiority trial, the null hypothesis is that the new treatment and the control 

have the same effect on the primary outcome9. In order to accept the new treatment, the clinical 

trial must demonstrate that it is highly likely to be better than the control. Consider the null and 

alternative hypotheses: 𝐻𝐻𝑜𝑜: 𝜇𝜇𝑡𝑡 =  𝜇𝜇𝑐𝑐 The two treatments are the same with respect to the mean response 𝐻𝐻1: 𝜇𝜇𝑡𝑡 ≠  𝜇𝜇𝑐𝑐 The two treatments are different with respect to the mean response 

where 𝜇𝜇𝑐𝑐, 𝜇𝜇𝑡𝑡  represent the mean outcomes for the control and treatment groups, respectively. 

If the outcome is negative, for example death, then we seek 𝜇𝜇𝑡𝑡 <  𝜇𝜇𝑐𝑐 and efficacy is declared 

only when the two-sided p-value is less than the pre-set Type I error level. 

Our aim is to explore how to compare two treatment regimens already in use. Thus, in 

comparison to conventional hypothesis testing, there is no “control” as such, as neither 

treatment is the accepted standard of care. Hence, we are assuming symmetry of efficacy 

regarding the treatments. The two different treatments will be subscripted in the paper as A and 

B.  

In our paper, we therefore propose a testing procedure that produces more achievable sample 

sizes. The testing procedure involves two parts: non-inferiority at the two-sided Type I error 

level of 5%, and superiority at the two-sided Type I error level of 50%. 
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Since there is no substantial loss of choosing A over B, or vice versa, when they are equally 

efficacious, there does not exist an ethical imperative to control Type I error under the null 

hypothesis of equality, μA = μB, so stringently. We propose using a much larger value for the 

two-sided Type I error, 50% rather than 5%.  

We also want the trial to be sufficiently well-powered to be confident that the arm that is being 

declared more efficacious is non-inferior to the other arm. We allow a threshold of 

indifference, ∆, and determine the required sample size using conventional levels of Type I 

error and power when this threshold is included. This modification requires an alteration of the 

conventional null hypothesis, to assume the two treatments are symmetric. Note that this 

implies that we are not considering non-inferiority when the two treatments are equally 

effective, but when one is superior to the other. 

The symmetry element of the trial means we are interested in showing either that A is non-

inferior to B (when in fact A is slightly better) or that B is non-inferior to A (when in fact B is 

slightly better). Consider two non-inferiority tests: 

H0: 𝜇𝜇𝐴𝐴 −  𝜇𝜇𝐵𝐵  ≥ ∆              [𝐴𝐴 𝑖𝑖𝑖𝑖 𝑤𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑤𝑤 𝑡𝑡ℎ𝑎𝑎𝑎𝑎 𝐵𝐵] 

H1: 𝜇𝜇𝐴𝐴 −  𝜇𝜇𝐵𝐵 < ∆               [𝐴𝐴 𝑖𝑖𝑖𝑖 𝑎𝑎𝑤𝑤𝑡𝑡 𝑤𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑤𝑤 𝑡𝑡ℎ𝑎𝑎𝑎𝑎 𝐵𝐵]  

and 

H0∗: 𝜇𝜇𝐴𝐴 −  𝜇𝜇𝐵𝐵 ≤ −∆      [𝐵𝐵 𝑖𝑖𝑖𝑖 𝑤𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑤𝑤 𝑡𝑡ℎ𝑎𝑎𝑎𝑎 𝐴𝐴] 

H1∗: 𝜇𝜇𝐴𝐴 −  𝜇𝜇𝐵𝐵 > −∆       [𝐵𝐵 𝑖𝑖𝑖𝑖 𝑎𝑎𝑤𝑤𝑡𝑡 𝑤𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑤𝑤 𝑡𝑡ℎ𝑎𝑎𝑎𝑎 𝐴𝐴] 

where ∆ is the maximum level of difference one would be willing to accept before concluding 

inferiority. We set the Type I error so that the probability of rejecting H0 when 𝜇𝜇𝐵𝐵 −  𝜇𝜇𝐴𝐴 = ∆ 

is 
𝛼𝛼2 and by symmetry, the probability of rejecting H0

* when 𝜇𝜇𝐴𝐴 −  𝜇𝜇𝐵𝐵 = ∆ is also 
𝛼𝛼2. 

3.2 Derivation of the sample size required under our testing procedure for a normally 

distributed endpoint 

We will now demonstrate how these adaptations translate to changes in required sample sizes. 

The generic equation for number of patients in each arm, for a two-arm trial, of a standard 

superiority test for normally distributed endpoints, when the null hypothesis assumes equal 

means, is: 
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𝑎𝑎 =  
�𝑍𝑍1−𝛼𝛼 2� �𝜎𝜎𝐴𝐴02 + 𝜎𝜎𝐵𝐵02 �1 2� + 𝑍𝑍1−𝛽𝛽�𝜎𝜎𝐴𝐴12 + 𝜎𝜎𝐵𝐵12 �1 2� �2�𝜇𝜇𝐴𝐴1− 𝜇𝜇𝐴𝐴0− 𝜇𝜇𝐵𝐵1 + 𝜇𝜇𝐵𝐵0�2                       (1) 

where 𝑍𝑍𝑍𝑍 is the standard normal deviate such that if 𝑍𝑍~ 𝑁𝑁 (0, 1), 𝑃𝑃(𝑍𝑍 ≤  𝑍𝑍𝛾𝛾)  =  𝑍𝑍, 𝛼𝛼 and 𝛽𝛽 

are the Type I and II errors for the trial, 𝜎𝜎𝑟𝑟𝑖𝑖2  is the variance in arm 𝑤𝑤 under hypothesis 𝐻𝐻𝑖𝑖 and 𝜇𝜇𝑟𝑟𝑖𝑖 is the mean in arm 𝑤𝑤 under hypothesis 𝐻𝐻𝑖𝑖. 
Under the null hypothesis of equal means (which we use for superiority testing), 𝜇𝜇𝐴𝐴 = 𝜇𝜇𝐵𝐵 = �̅�𝜇. 

If the variance depends only on the means, then the two treatment arms have a common 

variance, 𝜎𝜎𝐴𝐴02 =  𝜎𝜎𝐵𝐵02 = 𝜎𝜎02 under the null.  

Let 𝛿𝛿 represent the difference in endpoint of interest between A and B under the alternative 

hypothesis that the study is powered to detect (𝛿𝛿 = 𝜇𝜇𝐴𝐴1 − 𝜇𝜇𝐵𝐵1). Substituting these values, the 

denominator of (1) becomes 𝛿𝛿2. 

Increasing the one-sided Type I error from 𝛼𝛼 2� =  0.025 to 𝛼𝛼∗ 2� = 0.25 when conducting the 

superiority test reduces the required sample size substantially. 𝑍𝑍1−𝛼𝛼 2� , conventionally taken to 

be 1.96, is replaced with 0.6745 to give the required number of patients per arm as:  

𝑎𝑎 =  
(𝟎𝟎.𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔(2𝜎𝜎02)

1 2� + 𝑍𝑍1−𝛽𝛽�𝜎𝜎𝐴𝐴12 + 𝜎𝜎𝐵𝐵12 �1 2� )2𝛿𝛿2                       (2) 

Equation (2) is the minimum sample size for superiority at 𝛼𝛼∗ = 0.50 with power 1 − 𝛽𝛽. 

For the non-inferiority test (Section 3.1), 𝜇𝜇𝐴𝐴0− 𝜇𝜇𝐵𝐵0 = Δ, (i.e., under the null hypothesis, the 

mean in arm A is greater than that in arm B by Δ) and 𝜇𝜇𝐵𝐵1− 𝜇𝜇𝐴𝐴1 = Δ (i.e., under the alternative 

hypothesis, the mean in arm A is smaller than that in arm B by Δ). Thus, the value in the 

denominator of equation (1) is (2∆)2 = 4∆2. Note that the sample size for requirements for H0 

and H1 is the same as for H0* and H1*. 

The sample size for our second criterion is thus: 

𝑎𝑎 =  
�1.96(2𝜎𝜎02)

1 2� + 𝑍𝑍1−𝛽𝛽�𝜎𝜎𝐴𝐴12 + 𝜎𝜎𝐵𝐵12 �1 2� �2𝟔𝟔∆2                                   (3) 

For moderate treatment effect sizes, our recommendation is to take ∆ =  𝛿𝛿 in equation (3). We 

also only consider using the same power for the non-inferiority and superiority tests. 
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Equation (3) yields a sample size that would generate reasonable evidence that A is not 

clinically worse than B. Both requirements (2) and (3) must be met to satisfy our definition of 

A being ‘better’ than B.  

Thus, the bigger 𝑎𝑎 from the two equations is taken. The adaptations to the conventional formula 

are highlighted in bold: 𝑎𝑎
= max⎝⎛

�𝒁𝒁𝟎𝟎.𝟔𝟔𝟔𝟔(2𝜎𝜎02)
1 2� + 𝑍𝑍1−𝛽𝛽�𝜎𝜎𝐴𝐴12 + 𝜎𝜎𝐵𝐵12 �1 2� �2𝛿𝛿2  ,

�1.96(2𝜎𝜎02)
1 2� + 𝑍𝑍1−𝛽𝛽�𝜎𝜎𝐴𝐴12 + 𝜎𝜎𝐵𝐵12 �1 2� �2𝟔𝟔𝛿𝛿2  ⎠⎞   (4) 

In order to compare the two criteria, we apply the simplifying assumption 𝜎𝜎2 =  𝜎𝜎𝐴𝐴2 = 𝜎𝜎𝐵𝐵2, 

where 𝜎𝜎2 is the variance of the mean amount of deaths across the entire trial and consider only 

80% power. The required sample size is: 

𝑎𝑎 = max�4𝜎𝜎2𝛿𝛿2 (𝟎𝟎.𝟔𝟔𝟔𝟔𝟔𝟔𝟔𝟔+  𝟎𝟎.𝟖𝟖𝟔𝟔𝟖𝟖𝟔𝟔)𝟐𝟐,
4𝜎𝜎2𝛿𝛿2 (𝟖𝟖.𝟗𝟗𝟔𝟔 +  𝟎𝟎.𝟖𝟖𝟔𝟔𝟖𝟖𝟔𝟔)𝟐𝟐𝟔𝟔  �                          (5) 

Comparing the two values emboldened, the superiority criterion (2) leads to the greater sample 

size, so for 80% power in this example, this rule dominates. It is only when power below 73% 

is sought, that the non-inferiority criteria (3) dominates when ∆ =  𝛿𝛿. 

3.3 Adapting the normal formula to non-normally distributed endpoints 

We will now apply discuss how to apply the formulae in Sections 3.1 to 3.3 to the asymptotic 

distribution of test statistics derived from endpoints with different underlying statistical 

distributions.  

3.3.1 Binomially-distributed endpoints when the focus is on the difference in proportions 

If the endpoint is binary we can use the normal approximation to the binomial to adapt the 

formulae. Here, 𝜇𝜇𝑖𝑖 =  𝑝𝑝𝑖𝑖 , where 𝑝𝑝𝑖𝑖 is the probability of the outcome event in treatment group 𝑖𝑖.  
The hypothesis test now pertains to the difference in proportion of occurrence of the endpoint. 

The treatment effect under exploration changes from 𝜇𝜇𝐴𝐴 −  𝜇𝜇𝐵𝐵 to 𝑝𝑝𝐴𝐴 −  𝑝𝑝𝐵𝐵, with the hypotheses 

outlined in 3.1 altered accordingly. 
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Under the null hypothesis, the proportion of events in the two arms are equal. We use �̅�𝑝 =𝑝𝑝𝐴𝐴1+ 𝑝𝑝𝐵𝐵12  as the common proportion. Following this, the variances of arm A and arm B are equal: 𝜎𝜎2 =  �̅�𝑝(1 − �̅�𝑝). Under the alternative hypothesis of differing proportions by group, the 

variance in arm 𝑖𝑖 is 𝜎𝜎𝑖𝑖2 = 𝑝𝑝𝑖𝑖1�1 − 𝑝𝑝𝑖𝑖1�. 
3.3.2 Binomially-distributed endpoints when the focus is on the log odds ratio 

The problem with using the normal distribution to approximate the difference in two binomial 

proportions is that the difference is constrained to be on the interval [-1,1] (and more so once 

one of the proportions is set). Approximating the log-odds by the normal distribution bypasses 

this problem. 

Under the binomial log-odds, the statistic under exploration is 𝜇𝜇𝑖𝑖 =  log � 𝑝𝑝𝑖𝑖1−𝑝𝑝𝑖𝑖� and hypotheses 

testing explores the log-odds of proportions of event in the two treatment groups. The variance 

is calculated using the asymptotic variance 𝜎𝜎𝑖𝑖2 =  
1𝑝𝑝𝑖𝑖 +

11−𝑝𝑝𝑖𝑖 and 𝛿𝛿 =  log �𝑝𝑝𝐴𝐴1�1−𝑝𝑝𝐵𝐵1�𝑝𝑝𝐵𝐵1(1−𝑝𝑝𝐴𝐴1)
�. 

3.3.3 Poisson-distributed endpoints 

In the Poisson distribution, the statistic of interest is 𝜇𝜇 =  𝑙𝑙𝑎𝑎(𝜆𝜆𝑖𝑖), where 𝜆𝜆𝑖𝑖 is the rate the event 

occurs on arm 𝑖𝑖. Note that 𝜎𝜎2 = 𝑉𝑉𝑎𝑎𝑤𝑤(𝜆𝜆𝑖𝑖) =  
1𝜆𝜆𝑖𝑖 and 𝛿𝛿 = log �λ𝐴𝐴λ𝐵𝐵�. 

3.3.4 Survival endpoints using the log-rank test 

In this section, we will assume proportional hazards: 𝐻𝐻𝐵𝐵(𝑢𝑢) =  𝜃𝜃𝐻𝐻𝐴𝐴(𝑢𝑢),     ∀𝑢𝑢 

where 𝐻𝐻𝐴𝐴(𝑢𝑢) is the cumulative hazard at time 𝑢𝑢 in arm A.  

The hypotheses now compare survival of the two arms at all times t: 

H0 : 
𝐻𝐻𝐴𝐴(𝑡𝑡)𝐻𝐻𝐵𝐵(𝑡𝑡)  ≥ ∆              [𝐴𝐴 𝑖𝑖𝑖𝑖 𝑤𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑤𝑤 𝑡𝑡ℎ𝑎𝑎𝑎𝑎 𝐵𝐵] 

H1:
𝐻𝐻𝐴𝐴(𝑡𝑡)𝐻𝐻𝐵𝐵(𝑡𝑡) < ∆               [𝐴𝐴 𝑖𝑖𝑖𝑖 𝑎𝑎𝑤𝑤𝑡𝑡 𝑤𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑤𝑤 𝑡𝑡ℎ𝑎𝑎𝑎𝑎 𝐵𝐵]  

and 

H0∗ : 
𝐻𝐻𝐵𝐵(𝑡𝑡)𝐻𝐻𝐴𝐴(𝑡𝑡) ≥ ∆      [𝐵𝐵 𝑖𝑖𝑖𝑖 𝑤𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑤𝑤 𝑡𝑡ℎ𝑎𝑎𝑎𝑎 𝐴𝐴] 
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H1∗ : 
𝐻𝐻𝐵𝐵(𝑡𝑡)𝐻𝐻𝐴𝐴(𝑡𝑡) < ∆       [𝐵𝐵 𝑖𝑖𝑖𝑖 𝑎𝑎𝑤𝑤𝑡𝑡 𝑤𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑤𝑤 𝑡𝑡ℎ𝑎𝑎𝑎𝑎 𝐴𝐴] 

Applying our adaptations to the formula for comparison of survival using the log-rank test 

given by Freedman (1982)11 for the superiority component, gives: 

𝑑𝑑𝑠𝑠  = (𝑍𝑍𝛼𝛼∗ 2� + 𝑍𝑍1−𝛽𝛽)2 �1 + 𝜃𝜃
1 − 𝜃𝜃�2  (6) 

Where 𝑑𝑑𝑠𝑠 is the number of events required and 𝜃𝜃 is the postulated hazard ratio, when the 

superiority component of the proposed testing method entails increasing the value of the Type 

I error from 𝛼𝛼 2� = 1.96 to 𝛼𝛼∗ 2� = 0.6745. 

From this, the total required number of patients is calculated as: 

𝑁𝑁𝑠𝑠 =  
2 × 𝑑𝑑𝑠𝑠

2 − 𝑆𝑆𝐴𝐴(𝜏𝜏) −  𝑆𝑆𝐵𝐵(𝜏𝜏)
            (7) 

where 1 − 𝑆𝑆𝑖𝑖(𝜏𝜏) is the probability of having an event (being observed to die) in arm 𝑖𝑖 by the 

end of the study as before. 

To satisfy the non-inferiority part of the testing procedure, two changes are implemented to 

Freedman’s formulae. First, 𝜃𝜃∗ = 𝜃𝜃 ×  
1∆, to account for the altered null hypotheses, where ∆ 

is the maximum harmful treatment effect that would be accepted. In this case where ∆ =
1𝜃𝜃 , 

disproving the null hypothesis would entail two magnitudes of the proposed hazard ratio being 

observed relative to an assumed level of inferiority. Throughout this paper, ∆ = 1.25 was used. 

The survival corresponding to the treatment effect when including the non-inferiority criterion 

is then substituted for 𝑆𝑆𝐴𝐴(𝜏𝜏) in (7). 

Thus, for the non-inferiority criteria: 

𝑑𝑑𝑛𝑛−𝑖𝑖 = �𝑧𝑧𝛼𝛼 2� + 𝑧𝑧1−𝛽𝛽�2 �1 + 𝜃𝜃∗
1 − 𝜃𝜃∗�2 

𝑁𝑁𝑛𝑛−𝑖𝑖 =  
2 × 𝑑𝑑𝑛𝑛−𝑖𝑖

2 − 𝑆𝑆𝐴𝐴𝑊𝑊(𝜏𝜏) − 𝑆𝑆𝐵𝐵(𝜏𝜏)
                        (8) 

𝑆𝑆𝐴𝐴𝑊𝑊(𝜏𝜏) is the survival that would be observed in arm A if the hazard ratio of A:B were ∆ (i.e., 

A was worse than B rather than better). As before, the required sample size is chosen from the 

larger of the two required: 
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 𝑁𝑁 = max (𝑁𝑁𝑠𝑠,𝑁𝑁𝑛𝑛−𝑖𝑖) 

 

4 Application of Proposed Testing Procedure to a Real Example of a Rare Cancer: 

Merkel Cell Carcinoma 

4.1 Background: Merkel cell carcinoma 

The method of analysis highlighted in the preceding section will now be applied to a trial of 

patients with Merkel cell carcinoma (MCC) to explore the gains in power, or reduction in 

sample size from adopting our proposed testing procedure. 

MCC is a rare skin tumour that mainly occurs on the head and neck of Caucasians and is caused 

by exposure to sunlight12. It is less common than melanoma, but has much higher rates of 

metastasis and recurrence, and hence is much more fatal. In the United Kingdom between 1999 

and 2008, only 1515 cases of MCC were diagnosed13, rendering it a rare disease. By virtue of 

being a rare disease, the best treatment is unknown, and choice of treatment is often at the 

discretion of doctors (in consultation with the patient). 

Currently, the most commonly used treatment for MCC is surgery followed by radiotherapy to 

kill off any remaining cancer cells14. It has been postulated that neoadjuvant radiotherapy (to 

reduce the size of the tumour to make it easier to remove during surgery) would be as effective, 

or better, for the survival of MCC patients. Indeed, this is the focus of the Rational MCC 

clinical trial14, which is currently underway.  

The scientific question of Rational MCC is analogous to comparing two existing treatments 

because the scientific question is not which treatment is better for the patient, but which order 

of the treatment is better. All patients are offered both treatments, but one arm receives 

radiotherapy before surgery and the other receives radiotherapy after surgery. There are 

therefore arguably no losses from recommending one treatment sequence above the other if the 

true differential treatment effect is small.  

4.2. Application of proposed testing procedure using MCC 

4.2.1.1. Illustration of new testing procedure using the example of MCC in a binomial 

setting 
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Death within 2 years of diagnosis can be considered as a binomial event, with patients either 

dying or being “cured”. Thus, by following all patients for two years, we could estimate the 

proportion cured in each arm. 

The Rational MCC brief suggested comparing these two treatments aimed to detect a treatment 

effect of a hazard ratio of 0.814. An average event rate under the alternative hypothesis of 20% 

was assumed. 

Translating this to absolute values gives 𝑝𝑝𝐴𝐴1= 0.18026 and 𝑝𝑝𝐵𝐵1 = 0.22 (with these values −𝑙𝑙𝑜𝑜𝑙𝑙(1−𝑝𝑝𝐴𝐴1)−𝑙𝑙𝑜𝑜𝑙𝑙(1−𝑝𝑝𝐴𝐴2)
 = 0.80). The difference in the proportion of deaths is thus 3.974%.  

In the Type I error component of the sample size equation, we are assuming a common variance 

in the two arms, calculated by using the average proportion, �̅�𝑝 =
𝑝𝑝𝐴𝐴+𝑝𝑝𝐵𝐵2 =  

0.18026+0.222 =

 0.20013.   

In order to have 80% power to conduct a 5% two-sided hypothesis test of a difference of 

3.974% between arms using equation (7) would yield:  

2 ×  �1.96 √2 × 0.20013 × 0.79987 + 0.8416�0.18026(0.81974) + 0.22(0.78)

0.03974
�2

= 3180 

A total sample size of 3180 patients would be required. Over a ten-year-period in the UK, less 

than half this amount of MCC diagnoses occurred. Aiming to recruit this magnitude of patients 

would make the trial unfeasible, even internationally. Using our proposal, this large sample 

size is substantially reduced.  

In order to fulfil the superiority criteria, which dominates here, the upper 50% confidence 

interval of the difference, 𝛿𝛿 must fall below 0. This translates to a sample size calculation of: 

2 × �0.6745 √2 × 0.20013 × 0.79987 + 0.8416�0.18026(0.81974) + 0.22(0.78)

0.03974
�2

= 932 

It is noted that the sample size requirements when assuming symmetry on the log-odds scale 

rather than in the difference in proportions are almost identical to those derived here. 

4.2.1.2. Simulations of differences in proportions 
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The accuracy of the sample size equations derived for the various statistical distributions were 

assessed using simulations in R version 3.0.0 (https://cran.r-project.org/src/base/R-3/).  

Simulations of numbers of events of deaths were made for arms A and B, where the average 

proportion of death in each arm were 𝑝𝑝𝐴𝐴 and 𝑝𝑝𝐵𝐵. Hypothesis testing was then conducted on the 

difference in proportions, 𝑝𝑝𝐵𝐵 −  𝑝𝑝𝐴𝐴. We present the results for the binomial setting below. 

 [insert Table 1] 

Under the null scenario of equal 𝑝𝑝𝑖𝑖 in both arms under the binomial distribution, the total Type 

I error was indeed 50% (i.e., the probability of concluding that either A is better or that B is 

better) when the sample size was 932 or greater.  

As shown by the values in bold, 80% power to satisfy the non-inferiority criterion is reached 

with 800 patients when 𝛿𝛿 = 0.03974. However, as stipulated, both the superiority and the non-

inferiority criterions must be fulfilled for the results of a trial to count as ‘efficacy’ using our 

rules, and 80% for both these rules are met once the sample size reaches of 932. 

Depending on the sample size, different rules dominate. When 𝑎𝑎 ≤  600 in the alternative 

scenario, the non-inferiority criterion dominated. When 𝑎𝑎 =  670, there were a small 

proportion (0.1%) of simulations which fulfilled non-inferiority criteria but not the superiority 

rule. This was because, when solving equation (6) when ∆ =  𝛿𝛿, the point at which superiority 

dominates non-inferiority was for powers of 72.9% or higher, which is exactly that at 𝑎𝑎 =

 670. 

Intuitively, the smaller the treatment difference observed, the higher the probability of 

incorrectly concluding that the less effective treatment B is better than A, as shown in the case 

when the difference is 1%. However, if all clinicians believe the difference in event proportion 

between the two arms is in the vicinity of 𝛿𝛿 = 1%, conducting a clinical trial for such a 

clinically insignificant difference arguably represents a misuse of resources. 

Table 1 shows that the normal approximation provides an excellent estimate of sample sizes 

required under the binomial distribution for our testing procedure. This was also true for 

simulations of the Poisson distribution (not presented). 

4.2.2 Illustration of new testing procedure using the example of MCC in a survival data 

setting 
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Having demonstrated the reduction in sample size from using the new method in binomial 

setting theoretically and using simulations, we will now model the aforementioned MCC trial 

by comparing survival times between two treatment arms using the log-rank test.  

In our simulated clinical trial, the endpoint of interest was death. The trial was powered based 

on expected number of deaths in an average follow-up of two years, but not every patient was 

to be followed up for the full two years. 

To reflect a steady accrual over time, a recruitment period of two years was modelled, where 

patients were equally likely to be recruited at the start of the trial (year 0), 6 months, 1 year, 18 

months or 2 years. All patients were then followed up for an additional year, meaning that the 

distribution of follow-up times was split into fifths between 3 years, 2.5 years, 2 years, 1.5 

years and 1 year. This gave an average follow-up for two years. For simplicity, we assumed no 

drop-outs. 

The theoretical sample size for superiority with α = 0.025 and β = 0.2 is 3178. This is very 

similar to that estimated for the binary endpoint. 

When implementing our proposed testing procedure under the assumption that ∆ = 𝛿𝛿, the 

superiority criteria (which translates to the requirement that the upper 50% CI of 𝜃𝜃� < 1) 

dominates, with a sample size of 𝑎𝑎 =  930, so this is the sample size that is used. 

Again, there is a notable reduction from the sample sizes required by conventional hypothesis 

testing. We demonstrate the gains in power from using our method diagrammatically: 

 [insert Figure 1] 

In the case of an observed 𝜃𝜃� = 0.6 for the MCC example (with harm defined as ∆ = 1.25), the 

required sample size when seeking 80% for the non-inferiority component yields a greater 

sample size, 314, than the superiority criterion of 206, so that takes precedence.  

By using the new rule, recruiting 314 patients can achieve 80% power when the observed 

treatment effect 𝜃𝜃� = 0.6. In conventional hypothesis testing (Figure 1, left-hand plot), the 

power is much lower under a sample size of 314, 47.9%.  

 

5 Simulations and Results 

5.1 Details of clinical trial simulations 
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Simulations of the survival of MCC patients were carried out in R. The steps of the simulations 

were: 

1) Two separate arms (A and B) were simulated. In each arm, patients had exponentially 

distributed survival times which were independent and identically distributed. 

Treatment arm B had an annual rate of 0.12423, whereas treatment arm A had a rate 

of 0.12423𝜃𝜃. These values correspond to an average event rate at two years across the 

two arms of 20% when 𝜃𝜃 = 0.8. 

2) Uniform recruitment was assumed in both arms, with the distribution of follow-up 

outlined in 4.2.2. 

3) The two sets of survival and censoring times were combined, with a binary indicator to 

indicate the treatment groups. 

4) The log-rank test was applied to the simulated datasets to conduct survival analysis, 

with treatment as the sole covariate. 

5) Steps (1)-(4) were repeated 10,000 times, in order to ascertain median values of θ�  and  𝑆𝑆𝑆𝑆(ln�𝜃𝜃��). Power under the testing procedure outlined in Section 3.1, as well as power 

using conventional hypothesis testing at a 2-tailed 𝛼𝛼-level of 5%, were explored for 

each sample size and true hazard ratio combination. 

 

5.2 Results 

Table 2 summarises the proportion of the 10,000 simulations in which treatment A is selected 

using the conventional and new measures of efficacy for different combinations of true hazard 

ratios and sample sizes. The maximum margin of inferiority (for the hazard ratio) was given as ∆ = 1.25 in all cases. 

[insert Table 2] 

As Table 2 demonstrates, when the treatment effect is modest (HR = 0.8), 𝑎𝑎 =  932 would 

give 80% power using our measure, whereas it would only yield 32.7% using conventional 

hypothesis testing. 

When the treatment A is substantially worse than its competitor (HR = 
53, 1.5, 

107 ), conventional 

hypothesis testing produced none or next-to-no simulations which concluded efficacy of this 

treatment arm for all sample sizes presented. Under HR = 
107 , our proposed testing procedure 
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did yield small probabilities of drawing the wrong conclusion for the smallest sample sizes 

(<1%), but very few or no erroneous conclusions where made when the hazard ratio was 
53. 

5.3 Comparison with proposed analysis method of Rational MCC 

The proposed method of analysis for Rational MCC was to use Bayesian posterior probabilities 

to guide decision-making. This method facilitates even smaller sample sizes than from using 

our proposed testing procedure. 

The investigator’s calculations were replicated using an uninformative prior for the treatment 

effect (𝑙𝑙𝑎𝑎(𝐻𝐻𝐻𝐻) ~ 𝑁𝑁(0, 1002)) for the same range of sample sizes they presented in their 

statistical analysis plan, to explore the posterior probabilities under a range of treatment effects.   

[insert Table 3a] 

As the simulations show, the Type I error control is poor when making inferences using just 

the point estimates of the Bayesian posterior probabilities. When the sample size is 𝑎𝑎 =  100 

and the average treatment effect in the trial is a hazard ratio of 1.25, the posterior probability 

of the hazard ratio being less than 0.8 is 14.3%. Conventional hypothesis testing and our testing 

procedure yields probabilities of just 0.6% and 1.9%, respectively, of making such incorrect 

decisions based on the data observed. 

Even when the sample size increases to 𝑎𝑎 =  300 and there is a harmful effect of HR = 1.25, 

16.5% of the simulated posterior distributions are 𝐻𝐻𝐻𝐻�  < 1, where 𝐻𝐻𝐻𝐻�  is the median observed 

posterior HR. Using our testing procedure, the probability of drawing an incorrect conclusion 

of efficacy is 2.0%. Using just the point estimate of the Bayesian posterior probabilities give a 

large variability of outcomes, from which it is difficult to make robust inferences. 

Therefore, whilst the method proposed by the investigators of Rational MCC does facilitate 

magnitudes of sample sizes that would be easier to recruit for given the low incidence of MCC, 

the risk of making incorrect inferences when using the point estimate of Bayesian posterior 

probabilities is large.  

Bayesian analysis produces a posterior distribution of 𝑙𝑙𝑎𝑎(𝐻𝐻𝐻𝐻). Thus, a more reliable way of 

making inferences is to consider the overall posterior distribution, and to use a threshold for 

which the proportion of posterior densities falls below 𝐻𝐻𝐻𝐻� < 1 to define whether the treatment 

has satisfied efficacy as a result of the trial. To further concretise the validity of the inference, 

there existed the requirement that less than a given proportion (for example, 2.5%) of the 
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posterior distribution must fall in the area of harm, 𝐻𝐻𝐻𝐻�  > 1.25. Figure 2 demonstrates these two 

criteria. Both the pink area of the diagram must be greater than a given value, 𝑍𝑍, and the purple 

part less than another value, 𝜏𝜏, in order to conclude the trial has demonstrated efficacy. 

The investigators of Rational MCC stated that they expected the trial to recruit between 150 to 

250 patients. Table 3b presents a comparison of the powers (the proportion of simulations 

which fulfil the outlined criterion) under these two sample sizes for the following testing 

procedures. The third criterion is the ‘Bayesian power’ in these scenarios, where frequentist 

power is applied to the values from Bayesian posterior probability. 

Thus, the power for these three were recorded: 

1) Conventional hypothesis testing at the two-sided 5% level: 𝐻𝐻𝐻𝐻�  < 1 and p-value < 0.05 

2) The testing procedure outlined in this paper, where the upper 50% CI of 𝐻𝐻𝐻𝐻�  < 1 and 

upper 95% CI of 𝐻𝐻𝐻𝐻�  < 1.25 

3) The Bayesian posterior mean 𝑃𝑃𝑤𝑤(𝐻𝐻𝐻𝐻 <  1 | 𝒟𝒟) >  𝑍𝑍, where 𝑍𝑍 = 80%, 95% and a low 

proportion of the posterior density falling in the region of harm, 𝑃𝑃𝑤𝑤(𝐻𝐻𝐻𝐻 >

 1.25 | 𝒟𝒟)  <  0.025. 

[insert Table 3b] 

When the more stringent requirement of 𝑍𝑍 = 0.95 is used, this controls the probability of the 

yielding incorrect inferences from the posterior distribution much better than by merely 

inspecting the point estimate of the posterior probabilities. For example, when 𝑎𝑎 =  150 and 

HR = 1.25, the proportion of simulations where 𝑃𝑃𝑤𝑤(𝐻𝐻𝐻𝐻 <  1) >  0.95 is just 1.2%. This 

compares favourably to our testing procedure which gives 2.2% probability of incorrectly 

concluding the treatment is efficacious. 

This increased robustness of decision-making with 𝑍𝑍 = 0.95 comes at the cost of reduced 

power when the treatment is truly efficacious. When 𝑎𝑎 =  250 and the true HR (or likelihood) 

= 0.8, the percentage of simulations 𝑃𝑃𝑤𝑤(𝐻𝐻𝐻𝐻 <  1) >  0.95 is just 20.0%. By comparison, our 

proposed testing procedure produces 34.7% of simulations that conclude efficacy. 

A higher “Bayesian power” is obtained using the more lenient requirement of 𝑍𝑍 = 0.8, with 

powers observed when the treatment is efficacious that are higher than all the other testing 

procedures presented. However, this comes at a cost of the increased chance of concluding 

efficacy (4.7% under n = 150 and 4.2% under n = 250) when the treatment is harmful.  
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As the powers yielded using our testing procedure lie between the powers observed under the 

Bayesian method when the value of 𝑍𝑍 = 0.8, 0.95, it follows that a value of 𝑍𝑍 between 0.8 - 

0.95 will result in power very similar to those observed using our testing procedure. We 

explored the power when 𝑍𝑍 was calibrated to the value that was the complement of the power 

observed under our testing procedure, when there was no treatment effect (HR = 1). This was 𝑍𝑍 = 0.9142 for n = 150 and 𝑍𝑍 = 0.8746 for n = 250. 

As can be seen, by calibrating a value of 𝑍𝑍, decision-making using Bayesian posterior ln(HR)s 

performs better than our testing procedure at both restricting the probability of making incorrect 

inferences when the treatment is harmful and concluding efficacy when there is a beneficial 

treatment effect.  

Thus, a potential extension to our proposed testing procedure is using it in conjunction with 

Bayesian hypothesis testing using an uninformative prior. 

Simulations were conducted under HR = 0.37 for a sample size of 150 and HR of = 0.53 for a 

sample size of 250. In both instances, these are the treatment effects that would theoretically 

yield 80% power using the formulae presented in Appendix I. The observed power was in the 

vicinity of 78%, showing that the sample size formulae fares less well for the smallest sample 

sizes, something which will be explored next. 

5.4 Accuracy of the Sample Size Calculator 

In Table 4, we briefly digress from MCC and present results from simulations of various 

clinical trials of different underlying event rates, conducted with differing powers to assess 

how accurately the sample size equation presented in the appendix works. In all of the examples 

presented, ∆ =  1.25. 

The difference in power from using the new rule and conventional hypothesis testing is 

presented a percentage.  

[insert Table 4] 

As Table 4 demonstrates, the gains in power for survival data are considerable compared to 

from using conventional hypothesis testing, with the increase in power as high as 47.3% in 

some examples. Encouragingly, the modifications to the well-known sample size formulae for 

survival data approximates the required sample size well for our test procedure, with powers 

observed in simulations closely matching the theoretical power using the formulae. 
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The largest differences between theoretical and observed power occur under the most 

prominent treatment effects, for the smallest sample sizes. This is because the more extreme 

treatment effects are more likely to yield data that is non-normal, and disobey asymptotic 

theory. However, the magnitude of treatment effects that are expected to be observed using our 

testing procedure are unlikely to be in the vicinity of HR < 0.6. Were the one treatment that 

much better than the other, it is probable that clinicians would have already noticed and altered 

policy already. 

Depending on the underlying event rate, treatment effect and power sought, different rules 

dominate. This can be explained by investigating equation (6), and which values yield a larger 

sample size, depending on the postulated treatment effect. 

6 Discussion 

6.1 Minimum sample size required for a clinical trial analysed using our proposed testing 

procedure 

We saw that the Bayesian design for the MCC Rational trial results in a very small sample size. 

From a frequentist perspective, we are worried that at the end of the trial, someone might 

believe that treatment A was clinically superior to treatment B when in fact it is clinically 

inferior, thus making a poor decision. We suggest that, power aside, we should always require 

that the sample size is sufficient so that the probability of such an error is no more than 2.5%. 

We restrict the probability of concluding an efficacious effect in arm B (𝜇𝜇𝐴𝐴 − 𝜇𝜇𝐵𝐵 ≥  𝛿𝛿) when 

the true effect is the other way around (𝜇𝜇𝐵𝐵 − 𝜇𝜇𝐴𝐴 ≥  𝛿𝛿) to ≤ 2.5%. This is defined as the 

probability of making an incorrect decision in favour of B.  

The sample size required to ensure the probability of making an incorrect decision is below 

2.5% is: 

2(𝜎𝜎𝐴𝐴02 + 𝜎𝜎𝐵𝐵02)

(2𝛿𝛿)2 (𝑍𝑍0.975)2                      (8) 

A simplifying approximation of 𝜎𝜎� =  𝜎𝜎𝐴𝐴0 =  𝜎𝜎𝐵𝐵0 changes the formula to: 

4𝜎𝜎�2
(2𝛿𝛿)2 (𝑍𝑍0.975)2                              (9) 

Negligible differences arising from averaging variances aside, (9) will always be less than or 

equal to the second part of (5) when the Type I error is 0.025, which the trial will be powered 
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to be. This means the minimum sample size is implicitly covered by fulfilling the non-

inferiority component of the two criteria. Equation (9) ensures a Type 1 error of 2.5% (one 

sided) (i.e. the error of selecting B) when the null hypothesis is that B is worse by an amount 

2𝛿𝛿. 

Under 𝑎𝑎 =  200, which is less than the minimum sample size (Table 1) in the binomial setting, 

the probability of incorrectly concluding B is better than A is 2.7%, illustrating the need for a 

minimum sample size. The observed probability of drawing an incorrect conclusion that B is 

better than A under the minimum required sample size of 352 is 2.5%, showing that formula 

(8) (and its variations in other settings) is accurate at limiting the probability of drawing an 

incorrect decision.  

However, merely using the minimum sample size does not yield high enough power to 

confidently make inferences from. Thus, if the trial is powered reasonably, the minimum 

sample size will be subsumed in the power calculation. 

As demonstrated in Tables 1 to 3, the minimum sample size required will automatically be 

fulfilled by recruiting for reasonable levels of power to detect a moderate treatment effect 

(power > 50%, HR ≈ 0.8). It is nonetheless recommended to state a minimum value in the 

statistical analysis plan, below which a clinical trial would be unethical to conduct. This is due 

to the elevated probability of making incorrect conclusions under small sample sizes, and 

making the wrong conclusion due to small sample sizes is a scenario we strongly wish to avoid. 

In Table 2, the results of simulations of survival data, sample sizes below the minimum sample 

size, n = 200 and n = 250 yield incorrect conclusions of 2.7% and 2.6%, demonstrating that, as 

in the binomial example, it is important to control in the sample size calculation for the 

possibility of drawing a false conclusion. Under the minimum sample size for survival-

distributed endpoints, 𝑎𝑎 =  350, a 2.5% probability of drawing the incorrect conclusions in 

simulations is observed. This shows the minimum sample size controls this error reasonably 

well.  

If the calculated number of patients for 80% power using our measure are recruited, the 

probability of making a wrong decision falls to 1.0%, confirming that the probability of making 

a wrong decision will be subsumed in the overall sample size calculation. 

6.2 Evaluation of using our proposed testing procedure 
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By imposing some constraints on the sample size, the sample size generated is attainable and 

pragmatic given the rarity of the disease, whilst being large enough so that if one treatment was 

truly worse, the probability of declaring it is superior to the other arm is restricted to be below 

2.5%. The rules to conclude efficacy are considerably stricter than non-inferiority trials, and 

thus conclusion that one arm is ‘better’ than the other is more robust.  

Intuitively, and as Tables 1 to 4 demonstrate, using our easier to obtain measure of efficacy 

yields much greater power in all combinations of underlying event rate and hazard ratios. 

Depending on the occurrence of the endpoint in interest, gains in power ranged from 23.0% to 

47.3% in the examples presented. The gains in power were most pronounced in examples 

where there were subtle treatment effects, which are the kinds of magnitude of effect to 

realistically expect, or hope for, when comparing treatments currently in use for rare diseases. 

If the treatment effect was more prominent than this, it is probable that clinicians would have 

noticed in previous observational studies and altered policy already. 

By assuming symmetry between treatments, a difference about this manner of determining 

efficacy from clinical trial data is that rather than having two outcomes at the end of the trial, 

there are three. But failing to conclude either A or B are better than each other using our testing 

procedure need not be regarded as a “failed” clinical trial, rather, a conclusion that there was 

reasonable evidence that neither treatment was substantially better or worse than the other, and 

whichever selected could be left up to the doctor or patients’ discretion. 

Overall, Table 4 illustrates good concordance between the theoretical sample sizes for a given 

power desired from the equation and the power observed for that given sample size in 10,000 

simulations, showing that the adapted formulae for sample size under the log-rank test can be 

used to approximate the number of events when calculating sample sizes for survival data when 

the ratio is equal between treatment groups.  

MCC occurs when several specific mutations are present13. Thus, the analysis method proposed 

by this paper has potential applications in the field of stratified medicine using treatments 

targeting pathways affected by specific mutations. Even common cancers have stratum that are 

rare such as basal-type and papillary breast cancer15. The increasing volume of common 

cancers being sub-classified as rarer ones by molecular markers means that our novel measure 

can be easily extrapolated in the setting of common cancers by mutation status. 

Our method of comparing the efficacy of two active treatments against each other is attractive 

to the patient for two reasons. Firstly, they are guaranteed to be randomised to a therapy in 
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existing use, rather than a placebo. By offering two active treatments, recruitment should be 

higher, which increases the numbers of patients willing to enter the clinical trial. This is crucial 

in diseases where the absolute number of patients suffering from it are low. 

Furthermore, the unambiguous rules for concluding efficacy lead to straightforward, easy to 

understand, interpretation. If A has been shown to be better than B using our proposed testing 

procedure, a clinician can prescribe A to the patient, saying ‘on the balance of probability, 

Treatment A is better’. For patients who may not have the grasp of Type I and Type II error, 

and simply wish to receive the treatment which will not harm them and might be better than 

the other, this could be recommendation enough. 

The main limitation of this new method is that it cannot be used to test the efficacy of new 

treatments. Our rule can only be used to compare treatments whose safety profiles have been 

well-demonstrated in the past, or have been used historically with acceptable safety profiles, 

thus justifying the permissive hypotheses testing. If a completely experimental treatment is 

being assessed, it would be prudent to use conventional rules for hypothesis testing, so a trial 

rigorously demonstrates the treatment is better than placebo, before introducing it to the general 

patient population. 

7. Conclusion 

By assuming symmetry of the efficacy of treatments, our measure yields pragmatic sample 

sizes.  

For exploration of comparison of two active treatments, we strongly recommend the use of this 

novel measure proposed in order to reach a fairly robust conclusion about the best method of 

treating patients with rare tumours. Used in tandem with ever-increasing research in the field 

of rare cancers, this analysis method will help expedite the process of increasing quality of 

treatment for patients of rare cancers.  
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Tables 

Table 1. Results of 10,000 simulations of binomially-distributed occurrences of death and 

the power to conclude A, B, and individual components of A’s power using the proposed 

testing procedure (Δ = 𝛿𝛿 = 0.03974) 

n  pA pB 

 𝜹𝜹 

Probability 

of 

concluding 

A better 

Probability 

of 

concluding 

B better 

% that 

fulfil A 

superiority 

% that 

fulfil A 

non-

inferiority 

200 0.18026 0.22 0.03974 30.2% 2.7% 52.2% 30.2% 

300 0.18026 0.22 0.03974 41.4% 2.3% 58.4% 41.4% 

352 0.18026 0.22 0.03974 46.0% 2.5% 59.2% 46.0% 

400 0.18026 0.22 0.03974 51.8% 2.5% 62.4% 51.8% 

502 0.18026 0.22 0.03974 61.0% 2.5% 67.1% 61.0% 

600 0.18026 0.22 0.03974 69.5% 2.4% 71.9% 69.6% 

670 0.18026 0.22 0.03974 73.4% 2.4% 73.4% 74.4% 

800 0.18026 0.22 0.03974 77.2% 2.2% 77.2% 80.4% 

872 0.18026 0.22 0.03974 78.6% 1.5% 78.6% 83.7% 

932 0.18026 0.22 0.03974 79.6% 1.4% 79.6% 86.1% 

3180 0.18026 0.22 0.03974 98.3% 0.0% 98.3% 100.0% 

200 0.18026 0.2 0.01974 19.8% 5.7% 38.5% 19.8% 

400 0.18026 0.2 0.01974 33.4% 7.7% 43.3% 33.4% 

600 0.18026 0.2 0.01974 47.5% 8.9% 49.0% 47.5% 

800 0.18026 0.2 0.01974 51.7% 8.1% 51.7% 57.7% 

1000 0.18026 0.2 0.01974 54.3% 7.2% 54.3% 67.1% 

3180 0.18026 0.2 0.01974 77.4% 1.7% 77.4% 99.0% 

200 0.19 0.2 0.01 15.2% 8.0% 32.0% 15.2% 

400 0.19 0.2 0.01 24.1% 11.8% 33.6% 24.1% 

600 0.19 0.2 0.01 34.9% 14.8% 37.0% 34.9% 

800 0.19 0.2 0.01 38.7% 15.0% 38.7% 43.5% 

1000 0.19 0.2 0.01 39.2% 13.9% 39.2% 50.9% 

1500 0.19 0.2 0.01 41.9% 12.4% 41.9% 67.6% 

3180 0.19 0.2 0.01 51.4% 8.1% 51.4% 94.3% 

400 0.22 0.22 0 16.1% 16.2% 25.5% 16.1% 

600 0.22 0.22 0 22.8% 21.5% 26.5% 22.8% 

796 0.22 0.22 0 25.4% 25.5% 25.4% 27.4% 

932 0.22 0.22 0 24.9% 25.1% 24.9% 31.0% 

1500 0.22 0.22 0 25.1%. 25.0% 25.1% 46.0% 

352 0.25974 0.22 -0.03974 2.4% 42.2% 5.6% 2.4% 
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Table 2. Power from 10,000 clinical trials to declare efficacy of A using new and 

conventional testing procedures against eight different true hazard ratios of A vs B 

      Sample size 

     Power using 200 250 350 500 932 

True 

HR of 

A:B 

5

3
 

New measure 0.1% 0.1% 0.1% 0.0% 0.0% 

Conventional 0.0% 0.0% 0.0% 0.0% 0.0% 

1.5 
New measure 0.4% 0.4% 0.3% 0.1% 0.0% 

Conventional 0.0% 0.0% 0.0% 0.0% 0.0% 
10

7
 

New measure 0.7% 0.7% 0.6% 0.3% 0.0% 

Conventional 0.1% 0.1% 0.0% 0.0% 0.0% 

 1.25 
New measure 2.7% 2.6% 2.6% 2.5% 1.0% 

Conventional 0.2% 0.3% 0.2% 0.1% 0.0% 

 1 
New measure 11.7% 12.7% 16.3% 20.9% 24.6% 

Conventional 2.4% 2.6% 2.6% 2.5% 2.5% 

 0.8 
New measure 29.1% 34.2% 46.0% 60.2% 80.4% 

Conventional 10.5% 11.9% 15.2% 19.7% 32.7% 

0.7 
New measure 43.2% 50.5% 65.6% 79.9% 95.2% 

Conventional 19.3% 22.2% 29.9% 40.1% 65.4% 

0.6 
New measure 59.0% 68.4% 82.1% 92.7% 99.6% 

Conventional 32.2% 38.3% 51.3% 66.6% 90.2% 
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Table 3a. Comparison between inferences from Bayesian posterior probabilities, 

conventional hypothesis testing and our proposed testing procedure 

    Posterior probability that HR is Power to conclude efficacy 

n True HR < 0.80 < 1.00 > 1.20 > 1.25 Conventional 

New 

method 

100 

1.5 5.3% 14.5% 72.7% 69.4% 0.1% 1.0% 

1.25 14.3% 29.6% 54.0% 50.0% 0.6% 1.9% 

1 30.7% 49.9% 34.1% 30.9% 2.5% 7.6% 

0.8 50.6% 70.1% 17.8% 15.7% 7.0% 17.2% 

0.6 75.3% 87.1% 6.6% 5.6% 17.0% 32.3% 

    Posterior probability that HR is Power to conclude efficacy 

n True HR < 0.80 < 1.00 > 1.20 > 1.25 Conventional 

New 

method 

150 

1.5 2.5% 10.4% 75.5% 71.2% 0.1% 0.5% 

1.25 8.9% 24.9% 55.4% 50.2% 0.4% 2.0% 

1 26.8% 50.4% 29.9% 26.1% 2.0% 8.8% 

0.8 50.4% 73.6% 13.0% 10.8% 7.3% 21.8% 

0.6 78.1% 91.0% 3.5% 2.8% 22.8% 43.7% 

    Posterior probability that HR is Power to conclude efficacy 

n True HR < 0.80 < 1.00 > 1.20 > 1.25 Conventional 

New 

method 

200 

1.5 1.2% 7.1% 79.0% 74.4% 0.0% 0.3% 

1.25 5.8% 21.2% 56.5% 50.2% 0.4% 2.5% 

1 23.8% 50.3% 27.1% 22.8% 2.6% 10.4% 

0.8 50.8% 76.4% 10.0% 7.9% 9.9% 28.8% 

0.6 80.7% 93.7% 1.9% 1.4% 31.1% 57.9% 

    Posterior probability that HR is Power to conclude efficacy 

n 
True HR < 0.80 < 1.00 > 1.20 > 1.25 Conventional 

New 

method 

250 

1.5 0.5% 5.0% 82.0% 77.3% 0.0% 0.5% 

1.25 4.1% 19.0% 56.8% 50.1% 0.2% 2.3% 

1 20.9% 50.2% 25.2% 20.7% 2.6% 12.7% 

0.8 49.8% 78.2% 7.6% 5.8% 11.0% 33.4% 

0.6 83.9% 95.7% 1.0% 0.7% 37.9% 67.4% 

    Posterior probability that HR is Power to conclude efficacy 

n 
True HR < 0.80 < 1.00 > 1.20 > 1.25 Conventional 

New 

method 

300 

1.5 0.3% 3.5% 84.3% 79.4% 0.0% 0.2% 

1.25 2.8% 16.5% 58.2% 50.0% 0.2% 2.0% 

1 18.4% 50.0% 23.1% 18.3% 2.4% 13.5% 

0.8 50.2% 80.5% 5.9% 4.3% 14.2% 41.4% 

0.6 85.7% 96.9% 0.6% 0.4% 45.0% 76.0% 
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Table 3b: Bayesian posterior probabilities and frequentist powers using Bayesian 

decision rules under 𝒏𝒏 =  𝟖𝟖𝟔𝟔𝟎𝟎 and 𝒏𝒏 =  𝟐𝟐𝟔𝟔𝟎𝟎 using an uninformative prior for the 

treatment effect 

Note that in the following two tables, a frequentist power is observed, using decision rules 

based on Bayesian posterior probabilities. ‘Power’ refers to the percentage of simulations 

which fulfil 𝑃𝑃(𝐻𝐻𝐻𝐻 <  1) > 𝑍𝑍. In the HR = 1.5 and 1.25 scenarios, the ‘power’ is thus the 

probability of drawing an incorrect inference. 

n = 150 

  Power under testing procedure 

      Bayesian: Prob (HR < 1 ) > 𝜸𝜸* 

HR  𝑯𝑯𝑯𝑯�  < 1 and p-value < 0.05 New 𝜸𝜸 = 80% 𝜸𝜸 = 95% 

𝜸𝜸  = 
91.42% 

1.5 0.1% 0.6% 1.3% 0.2% 0.4% 

1.25 0.4% 2.2% 4.7% 1.2% 1.9% 

1 2.1% 8.6% 15.8% 5.1% 8.5% 

0.8 7.8% 21.6% 33.0% 15.4% 22.1% 

0.6 23.3% 45.5% 61.1% 37.5% 47.5% 

0.4 54.1% 74.4% 86.1% 70.6% 77.3% 

0.37 59.9% 78.2% 88.1% 75.3% 80.6% 

 

n = 250 

  Power under testing procedure 

      Bayesian: Prob (HR < 1 ) > 𝜸𝜸* 

HR  𝑯𝑯𝑯𝑯�  < 1 and p-value < 0.05 New 𝜸𝜸 = 80% 𝜸𝜸 = 95% 𝜸𝜸 = 87.46% 

1.5 0.0% 0.2% 0.6% 0.0% 0.2% 

1.25 0.2% 2.5% 4.2% 0.6% 2.1% 

1 2.6% 12.5% 20.0% 5.1% 12.2% 

0.8 11.3% 34.7% 46.5% 20.0% 35.3% 

0.6 38.0% 68.0% 79.1% 53.3% 69.2% 

0.53 51.4% 78.4% 86.5% 66.4% 79.2% 

 

*In addition to the posterior probability outlined, Prob (HR > 1.25) < 0.025 needs to be fulfilled 

to conclude efficacy. 

Table 4. Comparison between theoretical power and observed power in 10,000 

simulations 
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Event 

rate  

True 

hazard 

ratio of 

A:B 

Power 

sought 

Theoretical 

sample size 

Power 

attained 

Sample size 

needed for 

required 

% 

difference 

% 

overpowered 

𝑺𝑺𝑺𝑺(𝒍𝒍𝒏𝒏�𝜽𝜽��) 

model 

𝑺𝑺𝑺𝑺(𝒍𝒍𝒏𝒏�𝜽𝜽��) 

actual 

Power 

conventional 

Gain 

in 

power 

0.1 0.5 90% 656 89.5% 666 -1.5% -0.6% 0.300 0.283 66.5% 23.0% 

0.1 0.6 80% 728 80.3% 726 0.3% 0.3% 0.269 0.260 48.5% 31.8% 

0.1 0.65 90% 1206 89.6% 1208 -0.2% -0.4% 0.204 0.200 56.6% 33.1% 

0.1 0.7 80% 1130 80.4% 1118 1.1% 0.4% 0.206 0.204 40.7% 39.7% 

0.2 0.5 90% 328 89.5% 334 -1.8% -0.5% 0.297 0.283 67.1% 22.4% 

0.2 0.6 80% 346 78.1% 356 -2.9% -2.4% 0.274 0.267 46.9% 31.2% 

0.2 0.6 90% 462 88.6% 480 -3.9% -1.6% 0.237 0.231 59.0% 29.6% 

0.2 0.8 80% 1026 79.6% 1032 -0.6% -0.5% 0.147 0.147 32.5% 47.1% 

0.2 0.8 90% 1706 90.0% 1706 0.0% 0.0% 0.114 0.114 49.5% 40.5% 

0.2 0.9 90% 7234 90.1% 7234 0.0% 0.1% 0.054 0.054 49.9% 40.1% 

0.3 0.5 70% 130 70.3% 130 0.0% 0.4% 0.381 0.365 46.3% 24.0% 

0.3 0.65 90% 396 90.4% 394 0.5% 0.5% 0.203 0.200 56.3% 34.2% 

0.3 0.8 80% 680 80.4% 680 0.0% 0.5% 0.147 0.146 33.1% 47.3% 

0.4 0.6 90% 232 89.4% 238 -2.6% -0.7% 0.233 0.228 60.2% 29.3% 

0.4 0.7 90% 352 89.7% 360 -2.3% -0.3% 0.182 0.180 51.5% 38.2% 

0.4 0.8 90% 844 90.4% 840 0.5% 0.5% 0.114 0.114 50.1% 40.3% 

0.4 0.9 90% 3596 90.4% 3596 0.0% 0.5% 0.054 0.054 49.9% 40.6% 

0.5 0.5 80% 98 81.0% 98 0.0% 1.2% 0.332 0.322 56.9% 24.1% 

0.5 0.8 80% 404 80.1% 404 0.0% 0.1% 0.147 0.146 32.5% 47.6% 

0.5 0.8 90% 670 89.5% 672 -0.3% -0.6% 0.114 0.114 49.7% 39.8% 

0.5 0.9 80% 1722 79.7% 1728 -0.3% -0.4% 0.069 0.069 32.6% 47.1% 

0.5 0.9 90% 2866 90.2% 2860 0.2% 0.3% 0.054 0.054 49.7% 40.6% 

0.6 0.7 80% 172 79.4% 174 -1.2% -0.8% 0.210 0.209 39.5% 39.9% 

0.6 0.8 80% 334 79.7% 336 -0.6% -0.3% 0.147 0.146 33.6% 46.1% 
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Figures 

Figure 1. Graphical illustration of efficacy as defined using conventional and new 

definitions   

Left graph: Graphical illustration of power using conventional measure 

Right graph: Graphical illustration of power using new measure 

 

 

 

 

 

 

 

Power: green and yellow area; Type I error: yellow and blue areas. 

 

Figure 2. Graphical demonstration of posterior probability requirements using when 

conducting hypothesis testing using Bayesian analysis 
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