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Hyperinvariant tensor networks (hyMERA) were introduced as a way to combine the successes of perfect

tensor networks (HaPPY) and the multiscale entanglement renormalization ansatz (MERA) in simulations of the

AdS/CFT correspondence. Although this new class of network shows much potential for simulating conformal

field theories on hyperbolic bulk manifolds with quasiperiodic boundaries, many issues must still be solved.

In this manuscript we analyze the challenges related to optimizing tensors in a hyMERA with respect to some

critical spin chain, and compare with standard approaches in MERA. Additionally, we show two new sets of

tensor decompositions which exhibit different properties from the original construction, and imply that the

multitensor constraints are more general than previously suggested. Lastly, we provide numerical evidence that

the constraints imposed on the spectra of local descending superoperators in hyMERA are compatible with the

operator spectra for many minimial model CFTs.

I. INTRODUCTION

Tensor networks have proven to be excellent theoretical

tools for investigating different aspects of many-body quan-

tum entanglement at low energies for local Hamiltonians. Due

to their success, tensor networks have found applications in

many different fields, some of which may not be obvious from

the original motivation of tensor-network theory [1–4]. Al-

though many different models have emerged over the years

(with such notable examples as MPS, PEPS, and TTN) prov-

ing to be very useful for the parameterization of local, gapped

Hamiltonians [5, 6]), tensor networks such as the multiscale

entanglement renormalization ansatz (or MERA) have also

proven to be useful in the simulation of quantum critical lat-

tice models [7]; such work also concerns the study of confor-

mal field theory (or CFT) [7–13] and the AdS/CFT correspon-

dence [14–16].

Although many of the details of these tensor networks are

quite distinct, the fundamentals remain the same: a tensor

network is an efficient parameterization of certain classes of

states, determined in turn by the geometry evoked in the net-

work, which takes the form of a diagrammatic representation

of the entanglement degrees of freedom for a quantum state.

The actual network consists of a series of tensors that are re-

lated via interconnected contractions and open indices. The

open indices of the tensor network are attributed to the physi-

cal degrees of freedom of the system in question. Contractions

between these tensors in a tensor-network geometry help to

define the particular auxiliary degrees of freedom of a quan-

tum system in the form of quantum entanglement. It is us-

ing this method that very large Hilbert spaces can be broken

down into parameterizations for only very specific parts of this

large Hilbert space. Such quantum states generally obey an

area law, in which the entanglement entropy of a subsystem

scales with its associated boundary area, and not like its vol-

ume. However, it is well-known that quantum critical systems

violate the area law of entanglement entropy [1, 17] by way

of introducing a logarithmic correction term; the MERA has

been used to great effect in this area of active theoretical re-

search [2, 7–12, 18]. A brief review of MERA is given in

Appendix A, with examples shown in Figure 8.

It was first noted in [19, 20] that MERA exhibits some sim-

ilarities with the AdS/CFT correspondence [14–16], as it was

already used successfully for extracting conformal data from

a quantum critical lattice system. However, it has been shown

by the work of [21–25] that MERA exhibits preferred direc-

tionality due to requirements imposed on isometric and uni-

tary tensors in the tensor network; these arguments rely on

the fact that the tensor network can be viewed as a toy-model

analog to a hyperbolic-bulk discretization of AdS space. Pre-

ferred directionality is generally not a feature of uniform bulk

AdS space. Additionally, other research works have suggested

that tensor-network analogs that exhibit a holographic duality

can be better studied in systems with impurities or disorder

[23, 25–27].

A few years later, following the work of Harlow et al. [28],

a new proposal for a toy model of holography was published

[29], as shown in Figure 9 of Appendix B. Perfect tensor net-

works were developed in part due to observations that bulk-

local operators act on particular subspaces of the boundary

CFT, much in the same way that a quantum error correc-

tion code utilizes local-logical operators to project and encode

onto subspaces of a quantum system. Perfect tensor networks

realize many aspects of the AdS/CFT correspondence, such

as an exact, discretized version of the Ryu-Takayanagi for-

mula [30–32]. However, perfect tensor networks inscribed on

periodic boundaries become problematic when calculating n-

point correlation functions. Due in part to the ease of describ-

ing stabilizer states in a perfect tensor network, any 2-point

correlation function will result in a trivial phase. This behav-

ior is not typically seen in a CFT-groundstate, which generally

exhibits long-range quantum entanglement. The existence of

algebraically decaying correlation functions [33] are a nece-

sary condition for simulation of CFT-groundstates. Jahn et

al. found that quasiperiodic boundaries of regular hyperbolic

tilings can, on average, give rise to correlation function decays

and average entanglement entropy scaling that are similar to

those observed in CFTs. As a result of their efforts, perfect
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tensor networks can be associated to the so-called Majorana

dimer states in the bulk, giving rise to strongly-disordered crit-

ical spin chains on the boundary [23, 34–36].

In spite of the successes of both of the MERA and per-

fect tensor networks, one may ask whether a class of tensor-

network ansätze exists which generalizes the desired prop-

erties of both models nontrivially. An answer was given

with hyperinvariant tensor networks (or hyMERA) [37],

which proposed relaxed constraints on the bulk tensors of

MERA; such conditions come in the form of the multiten-

sor constraints. hyMERA networks possess an interesting

array of features in their own right: algebraically decaying

correlation functions; nontrivial entanglement spectra; bulk

uniform-symmetry characteristics; analytical descriptions of

constituent bulk isometries and unitaries; and the preservation

of local, real-space renormalization-group steps via unitary

and isometric tensors (as in MERA). Although a hyMERA

network seems to capture many of the novel characteristics

of a tessellated slice of AdS spacetime in principle, there are

still many technical questions to be answered that impede its

utilization as a practical tensor-network ansatz for simulating

CFTs in the setting of holography.

The structure of the article is as follows: Section II pro-

vides an introduction to the structure of hyperinvariant tensor

networks and the originally-proposed tensor decompositions.

Section III explains the difficulties associated with quasiperi-

odicity on the hyMERA boundary. In Section IV we propose

two new example tensor decompositions, and provide numeri-

cal evidence that the multitensor constraints allow for the scal-

ing dimensions of several minimal model CFTs to be repro-

duced. In Section V, we discuss these results and propose

future research directions.

II. HYPERINVARIANT TENSOR NETWORKS

Hyperinvariant tensor networks (or hyMERA) have been

proposed as a way to combine the most desired characteris-

tics of MERA and perfect tensor networks, with the goal of

modeling the symmetry and entanglement characteristics of a

timeslice of AdS spacetime in a discretized, toy-model setting.

A hyMERA network is constructed from a hyperbolic tes-

sellation; examples of these tessellations can be seen in Fig-

ure 1 . Each hyperbolic tessellation is defined by a Schläfli

number {p, q} in the bulk manifold (p represents the num-

ber of edges per polygon in the bulk manifold, and q is the

number of edges meeting at each vertex), with the require-

ment that 1

p
+ 1

q
< 1

2
for hyperbolic manifolds. Each of these

{p, q}-structured manifolds we will call parameterizations of

hyMERA. The network can be arranged into concentric layers

of tensors with which one can perform entanglement renor-

malization. Every concentric layer L of the hyMERA net-

work’s bulk can be described as realizing a step in the scale-

invariant, realspace RG-flow of a typical MERA network; in

the thermodynamic limit, the scale factors s of the network

differ significantly from MERA, depending on the parameter-

ization employed. For example, {7, 3}-hyMERA and {5, 4}-

hyMERA both exhibit irrational scale factors s = 2.618 and

FIG. 1. The {5, 4} and {7, 3} tilings of a hyMERA network, respec-

tively. Every hyMERA network is comprised of a Schläfli number

{p, q} tiling that describes the geometric relationship of the bulk to

its boundary.

3.732, respectively.

Figure 2 describes how to build a parameterization of

hyMERA, using a set of example unitaries and isometries

{U(A,B),W (A,B)}, which are needed in order to realize

entanglement renormalization on the {p, q}-manifold.

Every vertex and edge in a hyMERA nework consists of

a set of tensors which we shall call {A,B}, where A cor-

responds to tensors with q indices, and B represents rank-2
tensors on every edge of the tessellation. How to decom-

pose the set {A,B} depends on the particular tensor decom-

position that is chosen; at present, the best-known tensor de-

composition has been introduced in [37]. For our work, we

implemented the same tensor decomposition in the {7, 3}
and {5, 4} versions of hyMERA, which are described in de-

tail in Figure 2. In the solution provided, tensors {A,B}
are constructed from a set of smaller tensors {Y,Q,R} for

the {7, 3} parameterization and from the set {Q,R} for the

{5, 4}-parameterization. These constituent tensors take the

explicit forms

Yabcd =







cos θ1 0 0 i sin θ1
0 sin θ1 i cos θ1 0
0 i cos θ1 sin θ1 0

i sin θ1 0 0 cos θ1






, (1)

Refgh =







cos θ2 0 0 i sin θ2
0 cos θ2 i sin θ2 0
0 i sin θ2 cos θ2 0

i sin θ2 0 0 cos θ2






, (2)

Qijkl =









cos θ3 0 0 (sin θ3)e
iθ4

0 cos θ5 i sin θ5 0
0 i sin θ5 cos θ5 0

(sin θ3)e
iθ4 0 0 −(cos θ3)e

2iθ4









.

(3)

The set of tensors {Y,Q,R} are governed by five free parame-

ters {θi}
5
i=1; moreover, the bond dimension of each hyMERA

parameterization can be broken down into smaller constituent

indices, each with a bond dimension that recombines in such

a way so as to recover the original bond dimension seen in

the tessellation [37]. The solution to the multitensor con-
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straints that we used takes this form due to the fact that the

set {Y,Q,R} must adhere to what are known as the multiten-

sor constraints, which are intended to provide more symme-

try in the bulk of a hyMERA network, but at the same time to

be compatible with notions of entanglement renormalization.

Every solution to the multitensor constraints must satisfy cer-

tain general properties:

1. The multitensor constraints must be parameterized by

some set of so-called free-parameters {θi}
n
i=1.

2. These free parameters {θi}
n
i=1 must increase as the

bond dimension χ of the network increases.

3. Finally, networks must be generated which have non-

trivial entanglement spectra and correlation functions.

More succinctly, the entanglement spectra must de-

pend on the free parameters, and for some n-site

reduced-density matrix, the spectra must not be pro-

portional to the (n× n) identity matrix In. Similarly,

the correlation-function scaling must be algebraically-

decaying.

In our tensor decomposition solution, tensors Y and R are

restricted to being doubly-unitary; that is, they are unitary

with respect to both vertical and horizontal contractions of

each tensor and their Hermitian adjoint. Q, on the other hand,

is restricted to being only unitary in nature; these relations can

be explicitly written in the form

∑

cd

YacbdY
†
cdgh = δagδbh (4)

for the vertically-contracted Y tensors,

∑

bd

YacbdY
†
bdeh = δaeδch, (5)

for the horizontally-contracted Y tensors,

∑

kl

RikljR
†
kpql = δipδjq (6)

for the vertically-contracted R tensors,

∑

jl

RikljR
†
jlqn = δinδkq (7)

for our horizontally-contracted R tensors, and

∑

su

QrtusQ
†
suvw = δrwδtv, (8)

for the only possible unitary contraction of the Q tensors.

These tensor-diagrammatic relations can be visualized as fol-

lows in Figure 2 . In addition, we demand that any reduced-

density matrix that is defined in the bulk of a hyMERA net-

work to have a nontrivial entanglement spectrum; in other

words, the eigenvalues of a reduced-density matrix must not

be proportional to the identity matrix In for some causal cone

FIG. 2. Subfigure a) shows the example particular tensor decom-

position solution applied to the set {A,B} for each of the two pa-

rameterizations of hyMERA considered in this article. The requisite

relations that the set {Y,Q,R} for multitensor-constraint adherence

in a hyMERA network are displayed; We additionally require that

the finite set of reduced-density matrices ρ(Rn) must also exhibit

nontrivial entanglement spectra. Subfigure b) shows the construc-

tion of the sets of tensors {A,B} and {U,W} from consituent ten-

sors {Y,Q,R} in the {7, 3} parameterization. Finally, Subfigure c)
displays the construction of the sets of tensors {A,B} and {U,W}
from consituent tensors {Q,R} in the {5, 4} version.

C(Rn). This extra condition ensures the polynomial-like de-

cay of correlations functions in a hyMERA network param-

eterization; more information on hyMERA can be found in

[37].

Contraction and calculation of scaling superoperators in

hyMERA is simpler than in MERA, due mainly in part to

the unique holographic causal cone properties of the network

[37]. Some of the descending superoperators in the {5, 4}-

version of hyMERA have been shown in Figure 3.

Many of the standard procedures applied to the study of

MERA-style tensor networks cannot be used currently in the

context of a hyMERA network; the reasons for this difficulty

lie in three different and related complications: 1) a suitable

boundary lattice (with a Hamiltonian comprised of localized,

nearest-neighbor terms, as in MERA) that can be fed into the

scale-invariant portion of the hyMERA network has not been
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FIG. 3. Contraction of the descending superoperators in hyMERA

are not as computationally costly as in MERA, due in large part to the

holographic causal cone structure of hyMERA. More details can be

found in [37]. Some of the descending superoperators in the {5, 4}-

version of hyMERA are shown above.

introduced, and 2) no efficient methods currently exist for re-

lating a given tensor decomposition (in given {p, q} parame-

terization) to the primaries and descendants of an RCFT.

III. QUASIPERIODIC BOUNDARIES AND VARIATIONAL

OPTIMIZATION

The Poincaré disk model is a 2D model, inscribed in the hy-

perbolic plane H2, in which all points inside the boundary are

inside the unit disk and circular arcs inside of the plane lead

to orthogonal intersections at the boundary [38]. Like with

the Euclidean plane, it is possible to embed regular polygons

into the Poincaré disk model, covering all of the 2D hyper-

bolic plane. As noted in Section II , a Poincaré disk can be

parameterized with Schläfli symbols {p, q} and fulfills the re-

lation 1

p
+ 1

q
< 1

2
. As such, a tessellated Poincaré-disk model

exhibits several differences from the non-tessellated version;

perhaps the most interesting of which is that the boundary

of such a tessellated space does not exhibit periodic bound-

ary conditions [26] , provided that the tilings themselves are

regular. The Poincaré disk model also features the Möbius

transformations, which are formed from the Möbius group

PSL(2,C) and leave the manifold invariant.

In the AdS3/CFT2 correspondence with global AdS coor-

dinates, a timeslice of AdS space can be projected onto a

Poincaré disk, with metric [39]:

ds2 = 4α2 dρ
2 + ρ2dφ2

(1− ρ2)2
. (9)

Here, α is the AdS radius, and the coordinates on the Poincaré

disk take the form ρ ∈ [0, 1]. φ is an angle that is related to

the transformations under which a field theory defined on the

disk is invariant. A transformation of complex coordinate z =
eiφ of the form z 7→ z′ = eiθ z+w

w∗z+1
effectively defines the

Möbius transformations. This subgroup of the Möbius group

finds utility in defining the global conformal transformations

for 2D CFTs [40–44], restricted to a timeslice.

Just as in the original Poincaré disk model, one can tes-

sellate a timeslice of AdS3 spacetime; the resulting fractal

pattern in the bulk of AdS3 breaks the continuous symme-

tries of the global conformal group [23, 34–36] on the bound-

ary. In [45], it was shown that the holographic dictionary sur-

vives the truncation associated with approximating a continu-

ous Poincaré disk model of AdS3 with a regular tessellation;

moreover, as described in [26], a tensor-network realization

that imitates a tessellated Poincaré disk can be described us-

ing tensors at every vertex of the bulk. Conversely, edge ten-

sors can be added to a tensor-network manifold that mimics

the tessellated Poincaré disk, as in hyMERA.

In the paradigm of scale-invariant MERA-family tensor

networks, preservation of translational invariance is a useful

simplification that can aid in the creation of computationally-

scalable numerical optimization algorithms in tensor net-

works, as in general, the cost of representing a local operator

grows exponentially with the size of its support [8, 18]. The

use of translation-invariant Hamiltonians is exemplified in a

MERA-style tensor network, where a Hamiltonian is usually

of the form

H =
∑

i

h(i, i+ 1), (10)
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where h(i, i + 1) = h is taken to be a nearest-neighbor, lo-

cal term [9]; such a Hamiltonian exhibit periodic boundary

conditions, and an effective Hamiltonian H ′ of the same gen-

eral form should be located in the same localized region after

the application of a realspace RG step [10]. The expectation

value 〈ψ|H |ψ〉 is then calculated by numerically descending

a reduced-density matrix ρ down through the MERA network,

with sequential optimization of the tensor environment within

the causal cone [10–12]. Please note here that although the

Hamiltonian defined on a layer of the scale-invariant MERA

network may be comprised of only localized nearest-neighbor

terms as in the form above (and is hence translation invariant),

this does not imply that the actual MERA network exhibits ex-

act translation-invariant symmetry as well. Indeed, it is still

an open problem for MERA tensor networks as to whether

or not exact translational invariance can be reproduced [11].

However, it is known that scale-invariant MERA tensor net-

works exhibit near translational invariance, in that they ap-

proximately preserve the symmetry. As hyMERA exhibits a

highly symmetric bulk and a quasiperiodic structure on the

boundary, an appropriately optimized hyMERA would yield

emergent translation invariance, but only for a disordered crit-

ical Hamiltonian, and not for a periodic critical spin chain,

like in the case of MERA.

In a hyMERA, the regular tiling of the Poincaré disk man-

ifold enforces the loss of translational invariance and period-

icity on the boundary of the network. One may still be able

to implement variational optimization using a scheme such as

the one that we describe below, which uses conformal qua-

sicrystals to represent scale steps in the realspace RG trans-

formation. Starting from one of the central pentagons in the

{5, 4} version of hyMERA (shown in Figure 4), we utilize the

vertex inflation technique introduced in [23, 26, 35, 36] to it-

eratively ”grow” a regular tessellation on the Poincaré disk.

The inflation rules for a {5, 4}-regular tessellation are
{

a 7→ abaab,

b 7→ ab.
(11)

We begin by labeling the lower-right central pentagon, and la-

bel all of the vertices ”A”, which possess four neighbors each;

these are shown in blue-lettered vertices in Figure 4 . The in-

flation rules are subsequently applied to the following layer

surrounding the original pentagon; the vertices are labeled ac-

cordingly, as depicted by the green layer of vertex inflation.

Finally, the magenta-lettered vertices are assigned letters; this

procedure can be carried on until a network of the desired size

is constructed.

Let us now examine the calculation of an expectation value

of the Hamiltonian shown below; namely, an expectation

value of a Hamiltonian composed of only local, nearest-

neighbor terms. Select a string sequence of vertices for a

Hamiltonian of the form

H =
∑

i

Jih(i, i+ 1), (12)

where Ji cycles through different coupling constants Jb >
Ja > 0, depending on the vertex designation; the con-

stants themselves can vary widely in value, as is expected

FIG. 4. A vertex inflation of a {5, 4} hyperbolic bulk tessellation,

which shows how to ”grow” a regular tessellation on a hyperbolic

manifold in 2D. Blue As represent the first layer of vertex inflation,

as shown in the starting pentagon’s vertices. Subsequent layers are

tiled around the central polygon by applying the necessary inflation

rules, as depicted in the green- and magenta-lettered layers of the re-

sulting bulk tessellation. This procedure is described in more detail

by [23, 26, 34–36]. We add tensors to the vertices and edges to the

entire bullk of the resultant hyMERA network. If we trace the defla-

tion steps from the boundary toward the center, a string sequence of

the form {ABABAAB . . . } is observed to renormalize into effec-

tive couplings {B′A′ . . . } as we scale up the network. This effect

can be verified by inscribing a causal cone, as the red-dotted lines in

the upper-right quadrant show. Subfigures a)-d) show the successive

tiling of the Poincaré disk by applying the inflation rules in a {5, 4}
regular hyperbolic tiling; Subfigure a) begins with the first layering,

and subsequent layerings are added as the thermodynamic limit is

reached.

for strongly-disordered systems [46, 47]. This Hamiltonian

is defined for some layer L′. We can define an effective local

Hamiltonian as a substring for a layer L of the network; such

a Hamiltonian is composed of a finite sequence of nearest-

neighbor pairs, as in the upper-righthand portion of Figure

4 . Upon application of an RG step, the new effective local

Hamiltonian that we find inside the causal cone will be renor-

malized to new effective couplings {Ja′ , Jb′}, which corre-

spond to effective lattice points A′, B′, respectively. The new

effective Hamiltonian would be written down as

H ′ =
∑

i

Ji′h
′(i′, i′ + 1), (13)

where i′ represents the distance between two nearest neigh-

bors on the layer L′. In this way, it may be possible to imple-

ment a realspace RG flow similar to the one in typical MERA-
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style tensor networks as

Heff(a, b) 7→ H′
eff(a

′, b′) 7→ H′′
eff(a

′′, b′′) 7→ . . . , (14)

where the boundary-layer Hamiltonian Heff(a, b) is renormal-

ized into the sequential effective lattice with a new Hamilto-

nian H′
eff(a

′, b′); as described above, the tricky part for such

an implementation would be to correctly match renormaliza-

tion steps to the vertex-inflation rules in the RG step sequence.

One may be able to directly implement such a strategy simi-

lar to the general outline above, as in [10, 12]; however, it is

unclear whether further complications may arise. These is-

sues are not insurmountable, as it is in general easier to com-

pute expectation values in hyMERA than in a standard MERA

tensor network (this simplification is due to the multitensor

constraints); however, specific methods have not yet been ex-

plored in detail for the context of hierarchical tensor networks

built from regular tessellations of bulk hyperbolic manifolds.

In addition to the complication described above, there are a

few more issues with local Hamiltonian-based variational ap-

proaches in hyMERA that also require attention.

Firstly, renormalizing a lattice with an appropriate Hamil-

tonian defined on it may be complicated to implement in a

hyMERA network. A typical scale-invariant MERA tensor

network requires in practice several transitional layers before

incorporating the renormalized lattice into the scale-invariant

portion of the network. These layers consist of a small set M
of {(U0,W0) . . . (UM−1,WM−1)} tensors which are chosen

to be different, in a unique and independent characterization

of each layer [11]. The purpose of these layers is twofold:

first, we wish to decouple the bond dimension χ of the net-

work from the local Hilbert-space dimension d of sites re-

lated to the original lattice on which our Hamiltonian is de-

fined; furthermore, we wish to minimize the effect of irrele-

vant operators in the RG flow once the original lattice has been

renormalized into the scale-invariant version of the MERA

network. An important question arises, though: given the re-

stricted analytical forms of the tensors in a hyMERA network,

how can one devise non-scale-invariant layers of varying bond

dimension, in order to study the relevant RG operators in the

holographic bulk? This initial step is beneficial in MERA for

describing a quantum system by using only the relevant RG

operators from its pertinent universality class, and it is unclear

how such a procedure would be realized in a hyMERA tensor

network.

Secondly, although it may be possible to realize a

variational-optimization method in the same vein as in [11,

12], it is known that local subsections of quasiperiodic lattices

do not encapsulate the global properties of the entire system.

This observation further complicates the case for utilizing a

local Hamiltonian-based variational scheme, as only the ten-

sors related to the localized boundary region and the causal

cone of the hyMERA tensor network will be directly opti-

mized, and the groundstate minimization obtained may not

pertain to the entire lattice. We subsequently do not expect

non-local quantities such as n-point correlation functions to

yield the expected results, since at least one of the observables

in the n-point function would lie on a subregion of the bound-

ary layer where a differing subsequence of coupling constants

FIG. 5. Subfigure b) displays the causal-cone setup that one would

use in order to minimize for the groundstate expectation value of

a local Hamiltonian Hlocal; tensors inside of the causal cone can

be iteratively optimized by applying the vertex-inflation strategy as

described above. However, the same sequence of coupling con-

stants that appear in the local Hamiltonian used for the iterative-

optimization procedure is not guaranteed to be found on another sub-

region of the hyMERA boundary; therefore, one can expect widely

varying subsequences of couplings constants (and thus varying lo-

cal Hamiltonians). As shown in Subfigure c), One may attribute the

optimized portion of the network with containing a local Hamilto-

nian Hlocal, as in Subfigure b). As such, n-point function calcula-

tions may not yield the expected results pertaining to the localized

groundstate optimization, since at least one of the observables in the

calculation may be located in a subsection of the boundary with a

non-matching local Hamiltonian H ′

local. This different local Hamil-

tonian is comprised of a different subsequence of coupling constants,

and thus may not exhibit the same groundstate characteristics as the

original boundary subregion.

is present. For example, consider the problem of calculat-

ing a 2-point correlation function in hyMERA after optimiz-

ing for some local Hamiltonian Hlocal; performing a localized

groundstate optimization as discussed before will not ensure

that other portions of the boundary will be optimized for the

groundstate of a similar Hamiltonian. In fact, if we try to

calculate the 2-point function between two non-local points

which are associated to local Hamiltonians Hlocal and H ′
local,
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we find immediately that it is not clear whether or not the cal-

culated 2-point function results will be associated with either

Hamiltonian, as the localized optimization did not encompass

a sufficiently large area for the correlator in question. If we

attempt to compensate for this by increasing the size the lo-

cal Hamiltonian, the computational complexity of optimizing

such a region will increase exponentially with the bond di-

mension [10–12]. In any case, such a calculation is irrele-

vant, because two critical local Hamiltonians with differing

quasiperiodic coupling constants cannot share the same n-

point correlation structure, as this would imply that the same

CFT would arise in the continuum limit of both models [48].

A diagram of this issue is shown in Figure 5. A solution may

be possible by incorporating techniques from the strongly dis-

ordered renormalization group literature [49, 50], although

this will need to be investigated in more detail.

IV. ALTERNATIVE TENSOR DECOMPOSITIONS &

CFT-REPRODUCIBILITY

In [37], only one possible example set of tensors was uti-

lized in order to present hyMERA. In reality, many such so-

lutions can be obtained, implying that a generalization to the

multitensor constraints exists. Two examples of distinct ten-

sor decompositions are shown in Equations 15 and 16 ; the

usual forms of {Q, Y } are kept as those shown in Section

II, but the tensors T and S now are antisymmetric (the orig-

inal R were symmetric and doubly-unitary), and lack free-

parameters along the diagonal and anti-diagonal. The previ-

ous set {Y,Q,R} contains tensors which are also each en-

dowed with Z2 symmetry, whereas tensors T and S break with

this trend. Tensor decomposition sets {Y,Q, T} or {Y,Q, S}
adhere to the same set of multitensor constraints as described

before (up to a normalizable constant); moreover, the result-

ing correlation functions, entanglement spectra of reduced-

density matrices, and scaling dimensions of the descending

superoperators yield nontrivial relations for both the {7, 3}
and {5, 4} variants [37], in agreement with the constraints

needed. These tensor decompositions, as well as a few others

which were found during the course of this work, are depicted

in Figure 7. In addition, more free parameters have been in-

cluded (i.e., T (θ6, θ7), S(θ8, θ9), whereas R(θ2) in Section

II), showing that new tensor decompositions can be formed

which are not necessarily linear transformations of tensors

from the original tensor set {Y,Q,R}. This change brings

the total number of free parameters in the {7, 3} version of

hyMERA with sets {Y,Q, T}, {Y,Q, S} to six parameters,

and five in the {5, 4} variant.

Tefgh =







0 − tan−1(θ6) − cos(θ7) 0
tan−1(θ6) 0 0 − cos(θ7)
cos(θ7) 0 0 tan−1(θ6)

0 cos(θ7) − tan−1(θ6) 0






,

(15)

Sefgh =







0 −cosh(θ8) −cosh(θ9) 0
cosh(−θ8) 0 0 −cosh(θ9)
cosh(−θ9) 0 0 cosh(−θ8)

0 cosh(−θ9) −cosh(θ8) 0






.

(16)

Figure 6 shows the spectra obtained for all three of the ten-

sor decompositions of {5, 4}-hyMERA after 1000 trials of

randomized diagonalizations for the two-site descending su-

peroperator from Subfigure a) in Figure 3. We subsequently

extracted the spectrum of scaling dimensions ∆i. By iterating

random values of the free parameters {θi}, one can approxi-

mately sample the space of scaling dimensions ∆i as a func-

tion of the eigenvalues λi for the two-site descending super-

operator D(R2). The sampling was employed for the original

tensor decomposition in [37] (wherein the set {Y,Q,R} is uti-

lized). Minima and maxima for the first two nontrivial scaling

dimensions in Subfigures a), b), and c) in Figure 6 demon-

strate that the parameter space of possible scaling dimensions

can be altered, depending on the decomposition set utilized in

the multitensor constraints.

Analysis of the average scaling dimensions as a function

of their eigenvalues for both tensor decomposition sets shows

the scaling dimension values tend to level off, on average. the

tensor decompositions {Y,Q,R}, {Y,Q, T}, and {Y,Q, S}
are shown diagrammatically in Figure 7. Our results from in-

dividual trials show a considerably larger difference between

scaling dimensions, similar to the spectra reported in [37]. We

note that, although it may not be possible to simultaneously

extract all of the conformal data using the current tensor de-

compositions, the maximal and minimal values encapsulate

the known primary values for the Ising CFT, as well as several

other minimal model RCFTs [48]. This observation suggests

that it is in principle possible that a tensor decomposition ex-

ists which may be able to be optimized for an RCFT’s confor-

mal data, and that imposing the multitensor constraints does

not appear to limit the space of possible scaling-dimension

values to the exclusion of certain minimal model CFTs.

There are several open questions related to tensor decompo-

sitions in a hyMERA network: a) what types of limitations ex-

ist for a given tensor decomposition {T1 . . . Tn} ∈ {A,B}; b)

how to generalize the multitensor constraints; c) what charac-

teristics of tensor decompositions are amenable for simulating

the entanglement properties of CFTs; and d) how to character-

ize the quality of CFT simulations as a function of some tensor

decomposition {A,B}, in comparison to another decomposi-

tion {A′, B′}. Answering these questions may help to un-

derstand better the relationship between the distinct physical

properties of a CFT and a tensor network that simulates it.

V. DISCUSSION

In this work we have examined several aspects of hyper-

invariant tensor networks, and our results help to frame the

problem of implementing a bonafide variational optimization

in hyMERA in appropriate context, such that solutions can

be found. We have analyzed the standard Hamiltonian-based
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FIG. 6. Scaling-dimension spectra {∆i} obtained after 1000 trial runs of diagonalizing the average two-site descending superoperator D̄(R2)
in the {5, 4}-parameterization. We apply the relation ∆i = log

s
(λi) for the tensor decompositions {Y,Q,R}, {Y,Q, T}, and {Y,Q, S}, as

shown in Subfigures a), b), and c), respectively. These decompositions are described in Section II and [37]. The results shown suggest that

the multitensor constraints themselves do not seem to limit the space of possible scaling dimensions to such an extent that a minimal model

CFT would not be simulable, and that proper selection of the tensors in the tensor decomposition set may yield the commensurate scaling

dimensions.

FIG. 7. a) shows a diagrammatic representation of the two newly-

introduced tensors, S and T . In b)-d), several variants of hyper-

invariant tensor networks are displayed using these antisymmetric

variants; in particular, variants b) and c) were subjected to numerical

studies as shown in Figure 6. These variants point to a form of the

multitensor constraints which may be more general than previously

discussed in [37].

variational algorithms from MERA [10–12] and have dis-

cussed how modifications are required in order to account

for the boundary quasiperiodicity inherent to regular tessel-

lations of hyperbolic bulk manifolds. We discussed the major

issues with transitional layers in hyMERA, and how a local-

Hamiltonian-based variational method could be adapted for

hyMERA. Moreover, we have provided two more examples

of tensor decompositions, and have shown that permutations

of the sets of included tensors can give rise to varying scaling-

dimension spectra; more succintly, we provided the new ten-

sors T (θ6, θ7) and S(θ8, θ9), which are antisymmetric and

cannot be generated from a linear transformation of the orig-

inal tensor R(θ1). These examples suggest strongly that the

original multitensor constraints, as proposed in [37], may be

more general than was mentioned previously [37].

As an aside, although we have uncovered the potential

for generalizing the sets of tensor decompositions used in

hyMERA, we do not know what physical interpretation our

new proposed tensor sets exhibit in terms of CFT repro-

ducibility, if any. We observed that the space of allowable

scaling dimensions does change significantly upon permuting

the various tensors into different sets; however, it is unclear

how the strict analytical forms of a tensor decomposition set

relate to the spectra of minimal model CFTs. We leave the

investigation of how to associate sets of tensors with the spec-

trum of a minimal model CFT for future work.

Of the still many open questions related to understanding

hyperinvariant tensor networks, the interpretation of hyMERA

as a holographic quantum error correction code is certainly

very intriguing. Some recent work [51, 52] has suggested as-

sociating hyMERA to codes derived from perfect tensor net-

works, although a more precise formulation is needed in or-

der to properly characterize hyMERA as an error-correcting

code. An interesting avenue may be to examine multitensor-

constraint generalizations (and implications for quantum error

correction in hyMERA) using the tools from recent work con-

necting Majorana dimer fermions, AME states, and the holo-

graphic pentagon code (HyPec) [29, 34–36, 53–57].
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Finally, one may be able to utilize alternative methods from

high-energy physics in order to realize and implement a varia-

tional optimization scheme in hyMERA, if a more general de-

scription of the multitensor constraints described in [37] can

be formulated. One such possibility could be seen in the con-

formal bootstrap technique [42–44, 58].
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