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Abstract
A key to understand how electrons behave in crystalline solids is the band structure that connects the
energy of electron waves to their wavenumber (k). Even in the phase of matter with only short-range order
(liquid), the coherent part of electron waves still possesses a band structure. Theoretical models for the
band structure of liquid metals were formulated more than 5 decades ago1-15, but so far, it has remained
unobserved experimentally. Here, we reveal the band structure of liquid metals using the interface
between liquid dopants (alkali metals) and a crystalline insulator (black phosphorus). We �nd that the
conventional parabolic band structure of free electrons bends back towards zero k with the isotropic
pseudogap of 30-240 meV from the Fermi level. This is the k renormalization caused by resonance
scattering that leads to the formation of quasi-bound states in the scattering potential of liquid alkali-
metal ions. The depth of this potential tuned by different kinds of alkali metal (Na, K, Rb, and Cs) allows
us to classify the pseudogap of p-wave and d-wave resonance. Our results provide a key clue to the
pseudogap phase of various materials16-20, a common aspect of which is the crystalline insulator doped
by disordered (liquid) dopants.

Main Text
In 1960s, there was a series of pioneering theoretical works for the band structure of liquid metals1-9. Like
glassy materials have a well-de�ned complex refractive index, electron waves under the in�uence of
multiple scattering acquire a complex wavenumber shift Dk whose magnitude is sizable at resonance. As
shown in Fig. 1a, the band structure of free electrons (E ~ k2) is distorted by the real part of Dk [Re(Dk)] in
an unusual sinusoidal form that has no counterpart in crystalline solids. The corresponding imaginary
part of Dk [Im(Dk)] represents a spread of k related to the formation of quasi-bound states (QBS) around
liquid ions. In the density of states (inset in Fig. 1a), a local minimum is formed at a resonance energy
(Er)5,9-12, which is the “pseudogap” coined by Mott13,14. This backward-bending band dispersion with
pseudogap should be observable by means of angle-resolved photoemission spectroscopy (ARPES).
Although ARPES was used to study the melting transition of a metal monolayer21,22, the characteristic
band structure depicted in Fig. 1a has not been observed.

A key idea in our experiments is to study the interface between liquid dopants (alkali metals) and a
crystalline insulator (black phosphorus)23-26. Black phosphorus is a stack of van-der-Waals layers, in
which the honeycomb lattice of P atoms is regularly modulated to form a one-dimensional array of
atomic-scale zigzag ridges and valleys (Fig. 1b). The alkali-metal atoms are adsorbed in the valley along
which they are nearly free to move with the diffusion barrier as low as 25 meV26. The distribution of
alkali-metal atoms on black phosphorus is known to show the oval-shape structure factor (Fig. 1c) at low
temperature (above 10 K)25. This is the de�ning characteristic of liquid (disordered) phases with short-
range order27,28, which is clearly distinct from both crystalline and fully random cases (Extended Data
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Fig. 1). Given the situation (Fig. 1b), the metallic (doped) electrons in black phosphorus are subject to
multiple scattering by the potential of liquid dopants, which is the focus of our study.

In the simple picture of surface doping that has been widely accepted so far, the conduction bands in the
surface layer of black phosphorus adjacent to alkali-metal dopants shift below the Fermi energy EF.

Figure 1d shows constant-energy contours at EF (the Fermi surface)23,24 expected for surface-doped

black phosphorus at the electron density ne of 1.0 ´ 1014 cm-2. There is a large oval-shape contour centred
at the G point (labelled C1) with a pair of small pockets separated along the y axis (labelled C2). The
energy dispersion of C1 and C2 bands is shown in Fig. 2a-c along 3 high-symmetry directions (ky, ks, and
kx as indicated in Fig. 1d), respectively. Owing to the crystal symmetry of black phosphorus, the band

dispersion of C1 changes from quadratic in ky (Fig. 2a) to linear in kx (Fig. 2c)23. A set of k at EF (or kF) in
every in-plain direction constitutes the oval-shape Fermi contour of C1 in Fig. 1d.

Figure 2d-o displays a series of ARPES data taken from bulk black phosphorus whose surface is doped
by different kinds of alkali metal (Na, K, Rb, and Cs), as marked at the bottom right of each panel. In data
for Na taken along ky (Fig. 2d), there is a clear signature of C2 bands at ±0.6 Å-1, as expected in Fig. 2a. In
contrast, a striking deviation from the expected in Fig. 2a is observed for the C1 band. Unlike the sharp
Fermi-Dirac cut-off of C2 bands that can be used as an internal reference of EF, the C1 band shows a
gaplike feature with the magnitude of at least 0.2 eV from EF. More noteworthy is that the band
dispersion of C1 bends back at around -0.2 eV towards k = 0 or the G point with a weak intensity. This
backward-bending dispersion of the C1 band can be seen more clearly in ks (Fig. 2e) with a diminishing
intensity towards EF, and intriguingly even reaches close to k = 0 in kx (Fig. 2f).

On the other hand, a difference from the Na case is observed for black phosphorus doped by K, Rb, and
Cs. In data taken along ky (Fig. 2g,j,m), there is commonly a pair of C2 bands crossing EF, as observed in
Fig. 2d. However, the C1 band shows a well-de�ned energy gap with no sign of the backward-bending
band dispersion, as the ARPES intensity diminishes more abruptly towards EF. The magnitude of energy
gaps is about 65-70 meV for K and Rb, and about 30 meV for Cs, which are clearly smaller than 200 meV
in the Na case (Fig. 2d). A series of ARPES data taken along ks (Fig. 2h,k,n) and along kx (Fig. 2i,l,o)
consistently shows the well-de�ned energy gap with nearly the same magnitudes within the range of ±10
meV, which indicates the isotropy of energy gap (Extended Data Fig. 2 for constant-energy maps).

The key feature of these �ndings (backward-bending band dispersion and gaplike features) can be
naturally explained by the characteristic band structure of liquid metals predicted in theory1-12. We
employ a single-site (structure-independent) model12 for multiple scattering (Methods), in which each ion
is assumed to be a spherical step potential Us whose depth is V0 and radius is rs (Fig. 3a). This may be a
crude approximation, but as will be shown below, even this simple model is able to capture the essential
feature in the band structure of liquid metals. For the partial wave of l ¹ 09, the sum of ionic Us and
centrifugal Ul forms a potential well around each ion. Electron waves scattered by this effective potential
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acquire a phase shift dl as a function of k, as shown in Fig. 3b. If dl rises through p/2 in the lth partial
wave, the magnitude of scattering amplitude fl is peaked at kr, which is the characteristic feature of

resonance9 (Fig. 3c). The phase difference between incoming and outgoing waves outside of rs is 2dl that
is p at kr. Their destructive interference spatially localizes the electron waves in the potential well around
each ion, which is the formation of QBS (Fig. 3d).

The variation of complex kfl with dl is restricted by the unitary relation29 that can be readily understood by
drawing the unitary circle in Fig. 3e. This explains that Re(kfl) and Im(kfl) take the simple form of sin(2dl)

and sin2(dl), respectively (Fig. 3f). In the theory of liquid metals1-9 (Methods), a complex Dk of electron
waves acquired by the effect of multiple scattering can be approximately written in terms of the
predominant fl of the partial wave at resonance as:

It follows that Re(Dk) and Im(Dk) should be directly proportional to sin(2dl)/k2 and sin2(dl)/k2,
respectively. As depicted in Fig. 3g, the typical quadratic band dispersion of free electrons (dotted line) is
distorted by Re(Dk) in the sinusoidal form (bold line). The Fourier transform of electrons with complex Dk
is peaked at k + Re(Dk), but spreads over the range of ±Im(Dk) (grey area in Fig. 3g). This spread of k
corresponds to the spatial localization of electrons or QBS in the potential well around each ion (Fig.
3a,d). This is accompanied by changes in the density of states5,9-12 that is roughly proportional to the
energy derivative of Re(Dk) (Fig. 3h). The negative slope of band dispersion near Er (shown in red) forms

a local minimum in the density of states, which is the pseudogap13,14. If a residual density of states in the
pseudogap is below about 1/3 of that of free electrons14, electronic states in the pseudogap are localized
as shown in Fig. 3d, so that conductivity vanishes in the sense of Anderson localization15.

The resonance scattering, which is characterized by dl that rises through p/2 (Fig. 3b), occurs in one of

the partial waves (l ¹ 0) for a given kr (Extended Data Fig. 3)9. Which partial wave is at resonance depends
on the depth of scattering potential V0 (Fig. 3a). As shown in Fig. 4a, there are three distinct V0 ranges to
have the partial wave of l = 1 (p-wave), l = 2 (d-wave), and l = 3 (f-wave) at resonance, respectively. The
variation of dl with k is calculated for 3 different V0‘s to have p-wave, d-wave, and f-wave resonance at the
same kr (dotted line in Fig. 4a), as compared in Fig. 4b. The rise of dl at d-wave resonance is steeper
(narrower in k) than that at p-wave resonance. The corresponding density of states is calculated based on
thin-slab approximations (Methods)12, which is shown in Fig. 4c. Indeed, p-wave pseudogap is greater in
magnitude than d-wave pseudogap. Another remarkable difference in Fig. 4b is that dl at p-wave
resonance rises through p/2 but turns back without reaching close to p (incomplete resonance, Extended
Data Fig. 4). This makes p-wave pseudogap less clear with a residual density of states, as compared to d-
wave pseudogap (Fig. 4c).
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The renormalized band structure of liquid metals (Fig. 3g) with its density of states (Fig. 4c) is taken into
account to simulate a series of ARPES spectra (Methods) displayed in Fig. 4e-j. The simulated APRES
spectra for p-wave resonance in Fig. 4e-g reproduce the backward-bending dispersion of Na-doped black
phosphorus with a diminishing intensity towards EF (Fig. 2d-f). This could have been observed owing to
the �nite density of states in p-wave pseudogap (red curve in Fig. 4c). On the other hand, the sharp dip of
d-wave pseudogap (yellow curve in Fig. 4c) renders the simulated ARPES spectra in Fig. 4h-j to exhibit a
clear gaplike feature with little spectral weight on the backward-bending part of band dispersion, as
observed for K, Rb, and Cs in Fig. 2g-o (Extended Data Fig. 5 for a fuller set of simulations). Therefore, our
spectral simulations (Fig. 4e-j) not only collectively reproduce key aspects of experimental observations
(Fig. 2d-o), but also naturally explain the difference between the Na case and K, Rb, Cs cases by the
orbital character of pseudogap, p-wave or d-wave.

For the quantitative analysis on the magnitude of pseudogap, the ARPES spectral weight, which is
proportional to the density of states, is plotted as a function of energy in Fig. 4d for Na and K (Methods).
They commonly show the diminishing spectral weight towards EF over different energy scales. The
magnitude of pseudogap is de�ned by the energy at which the spectral weight drops by half relative to
EF. A �t to data with the calculated density of states (Fig. 4c) multiplied by the Fermi-Dirac distribution
function yields the pseudogap of 235±53 meV for Na, 65±23 meV for K, 65±17 meV for Rb, and 33±12
meV for Cs. They are in the range of p-wave (200-250 meV) and d-wave (30-80 meV) pseudogaps at their
corresponding kr, respectively (Fig. 5a). This can be explained by resonance states (or QBS) that are
bound to different kinds of alkali metal and should thus follow their respective orbital character. Since Na
is a period-3 element with no d block, the resonance states of Na ions are compelled to have the p-wave
character. On the other hand, K and Rb in periods 4 and 5 have the d block between s and p blocks, and
their QBS are naturally expected to have the d-wave character. The resonance of Cs in period 6 with a f
block prior to the d block can have either d-wave or f-wave character, but the experimental magnitude of
pseudogap seems to favour d-wave resonance (20-50 meV) rather than f-wave resonance (less than 10
meV).

The magnitude of pseudogap is plotted in Fig. 5b as a function of the dopant density nd for different
kinds of alkali metal (Extended Data Fig. 6 for a doping series of raw ARPES data). In the wide range of
nd shown in grey, pseudogap is persistently observed at EF with a nearly isotropic magnitude. Since kr is
inversely proportional to the average interatomic distance of constituent alkali-metal dopants, their
spatial distribution should be made to locate a set of kr shown by the blue oval in Fig. 1c at the Fermi
contour of C1 in Fig. 1d. This implies that the liquid phase of dopants may be energetically favoured to
stabilize doped electrons in the adjacent crystalline insulator by the formation of pseudogap in the whole
Fermi surface, which is connected to glassy charge-density waves30. For an insulator doped by
monovalent dopants, nd (~kr

2) equals to ne (~kF
2), so that kr should follow kF with increasing nd.

However, once the C2 band starts crossing EF, nd is no longer equivalent to the ne of the C1 band, and the
magnitude of pseudogap progressively reduces as observed in Fig. 5b.
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It would be di�cult to distinguish the ARPES spectra of d-wave pseudogap (Fig. 4h-j) from those of
actual energy gaps caused by any kind of symmetry breaking in crystalline solids. Our systematic
observation of both p-wave and d-wave pseudogap allows to clearly identify their origin as a
characteristic feature in the band structure of liquid metals. This provides a key clue to the pseudogap
phase of various materials16-20, a common aspect of which is the crystalline insulator doped by
disordered (liquid-like) dopants in the charge-reservoir layers. It should be noted again that the backward-
bending band dispersion of Na-doped black phosphorus in Fig. 2f even reaches close to k = 0 (|Dk| is
comparable to the magnitude of k), as predicted in the self-consistent model proposed by Anderson and
McMillan5. A potential pairing instability in this band structure might be an interesting topic for future
works.

Methods
ARPES experiments and analysis. We conducted ARPES measurements at the Beamline 7.0.2
(MAESTRO), the Advanced Light Source. The microARPES end-station is equipped with a hemispherical
spectrometer. We collected the data at the sample temperature of 15-35 K with the photon energy of 104
eV that corresponds to the Z point in the bulk Brillouin zone of black phosphorus23. At these settings,
energy and k resolutions are better than 20 meV and 0.01 Å−1, respectively. We carefully aligned the in-
plane orientation of black phosphorus along the ky, ks, or kx direction with respect to the analyser slit
within the accuracy of ±0.5°. Then, we repeated the cycle of in situ deposition and data acquisition to
take a doping series of ARPES data shown in Fig. 2d-o and Extended Data Fig. 6. After converting the
emission angle to k, a series of k distribution curves at a constant energy was �t with the standard
Lorentzian function. The peak area, which is proportional to the spectral weight, is plotted as a function
of energy in Fig. 4d. The energy at which the spectral weight drops by half relative to EF is taken as the
magnitude of pseudogap in Fig 5b.

Sample preparation and surface doping. The single-crystal samples of black phosphorus (99.995%, HQ
graphene) were glued on sample holders by conductive epoxy. The sample holders were transferred in the
ARPES chamber through a semi-automated sample highway system. The black phosphorus samples
were cleaved in the ultrahigh vacuum chamber with the base pressure better than 5 ´ 10-11 torr. We
scanned over the surface with the photon beam of 80 mm in diameter to carefully optimize the sharpness
of ARPES spectra (Fig. 2d-o). The in situ deposition of alkali metals (Na, K, Rb, and Cs) was carried out
using commercial dispensers (SAES) at the adsorption rate of over 3.6 ´ 1011 cm-2/s. nd is assumed

equivalent to ne estimated from the density of surface unit cells (6.9 ´ 1014 cm-2) multiplied by the ratio of
area enclosed by constant-energy contours at EF (Fig. 1d) to that of the surface Brillouin zone. We
extrapolate kF in x (kF,x) and kF in y (kF,y) from the band dispersion of C1, and estimate the area of Fermi

contours as pkF,xkF,y. The unit of ML in Fig. 5b is de�ned as 4.3 ´ 1014 cm-2, which is the density of closely
packed K atoms in two dimensions.
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Theoretical model for liquid metals. We employ the theory of multiple scattering1-12 by each ion assumed
as a spherical step potential whose depth is V0 and radius is rs (Fig. 3a). This boundary-condition
problem is solved based on spherical wavefunctions and partial-wave expansion to obtain the phase
shift of partial waves dl (Fig. 3b). Then, the scattering amplitude of partial waves fl can be simply written
in terms of dl as:

Re(kfl) and Im(kfl) take the simple mathematical form of sin(2dl) and sin2(dl) (Fig. 3f), and their relation

can be straightforwardly shown by the unitary circle in the complex plane (Fig. 3e)29. The magnitude of fl

in Fig. 3c is given by sin(dl)/k with its maximum possible value of 1/kr at resonance. By taking the square
of spherical wavefunctions at a constant k, the probability density is calculated and plotted as a function
of r and k in Fig. 3d after the normalization of the �rst peaks outside of rs. In the thin-slab approximation

(k ≫ Dk, forward scattering)9,12, Dk can be written in terms of the predominant fl of the partial wave at
resonance as:

It follows that Re(Dk) and Im(Dk) are directly proportional to sin(2dl)/k2 and sin2(dl)/k2 with respect to kr,

respectively. The quadratic band structure of E ~ k2 is renormalized by Re(Dk) as k’ = k + Re(Dk) with the
spread of k’ over the range of ±Im(Dk), which is the band structure of liquid metals depicted in Fig. 3g.

The resonance scattering, which is characterized by dl that passes through p/2, occurs in one of the
partial waves for a given kr. Which partial wave is at resonance scattering depends on the depth of
scattering potential V0 in Fig. 3a. For a constant V0 (set to 16.4 eV for d-wave resonance), a partial-wave
series of dl and Dk is calculated as described above and displayed in Extended Data Fig. 3. We
systematically calculated p-wave, d-wave, and f-wave resonance as a function of V0 with the constant rs

(set to 2.1 Å for liquid Na31), as shown in Fig. 4a. The representative set of dl at p-wave, d-wave, and f-
wave resonance in Fig. 4b is calculated for V0 = 7.4 eV, 16.4 eV, and 27.8 eV to have the same kr of 0.36

Å−1 (Extended Data Fig. 4 for the fuller set of Ul, dl, and Dk). From those of p-wave and d-wave resonance,

the density of states in Fig. 4c is calculated as described in Ref. 12. The half width at half maximum of
Im(Dk), which corresponds to half the dip width in the energy derivative of Re(Dk) in Fig. 3h, is taken as
the magnitude of pseudogap in Fig. 5a.

Spectral simulations. The experimental band structure of liquid metals is simulated based on the model
of k renormalizations described above. Each k distribution of ARPES intensity IE can be approximately
modelled in the form of the standard Lorentzian function as:
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where kE is the dispersion of non-interacting bands in a form of E ~ kp with kF and the bottom energy
taken from ARPES data. p is set to 1.8-2.0 (quadratic) in y and 1.2-1.4 (nearly linear) in x to re�ect the
well-known armchair-zigzag anisotropy of black phosphorus23. Re(Dk) and Im(Dk) are taken in a form of
sin(2dl)/k2 and sin2(dl)/k2, respectively, with respect to kr located at kF. The magnitude of Re(Dk) and
Im(Dk) is scaled to �t the spectral peak position and width of ARPES spectra. h is the offset k broadening
in the range of 0.03-0.14 Å−1, and fFD is the Fermi-Dirac distribution function. nE is the factor that
accounts for the diminishing density of states towards EF (pseudogap), calculated for p-wave and d-wave
resonance and scaled to the experimental spectral weight (black lines in Fig. 4d). The simulated spectra
in this way are shown in Fig. 4e-j, and directly compared to a fuller set of data in Extended Data Fig. 5.

Structural simulations. The liquid phase of atoms with only short-range order is simulated based on the
hard-sphere model. Each atom is constructed by a two-dimensional Gaussian function with the width of
1.5 Å. The 7200 atoms are randomly distributed over the area of 150 ´ 150 nm2 under the condition that
the interatomic spacing cannot be smaller than d. d is set to 1.9 nm in the x direction and to 0.42 ´ 1.9 nm
in the y direction to take into account the anisotropy of kF,x/kF,y (Fig. 1d), as discussed in Ref. 25,26. The
fast Fourier transform is used to simulate the reciprocal-space lattice structure in Fig. 1c, which is in good
agreement with the previous report25. The simulated lattice structure of liquid phases with short-range
order is compared to the perfect crystal with long-range order and the fully random phase with no short-
range order in Extended Data Fig. 1.

Data availability
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Figure 1

Band structure of liquid metals on a crystalline insulator. a, Electronic band structure predicted in the
theory of liquid metals1-12. The black bold line shows a dispersion relation of energy (E) versus k’
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renormalized by Re(Δk) from the quadratic band structure of free electrons (E ~ k2) shown by the grey
bold line. The grey region represents the spread of k over the range of ±Im(Δk) with respect to Er and kr.
Inset shows the corresponding density of states as a result of k renormalizations. b, Schematics of liquid
dopants (alkali metals) on a crystalline insulator (black phosphorus) with its crystallographic direction
indicated at the bottom left. c, Fourier-transform image taken from the distribution of liquid dopants in b
(Methods) to show their reciprocal lattice. The blue oval is a set of half the reciprocal lattice vectors in
every in-plane k direction, which corresponds to kr in the model of liquid metals. d, Constant-energy
contours at EF expected for black phosphorus whose surface is doped at ne = 1.0 × 1014 cm−2 and
plotted over the surface Brillouin zone. The grey arrows indicate 3 high-symmetry k cuts along which a
series of ARPES data shown in Fig. 2 is taken.

Figure 2

Electronic band structure of black phosphorus doped by liquid alkali metals. a-c, Conduction bands of
black phosphorus doped to locate EF at the bottom of C2 bands (ne = 1.0 × 1014 cm−2), shown along ky
(a), ks (b), and kx (c) indicated by grey arrows in Fig. 1d. d-o, Corresponding experimental band structure
of bulk black phosphorus whose surface is doped by different kinds of alkali metal, Na (d-f), K (g-i), Rb (j-



Page 13/15

l), and Cs (m-o), as marked at the bottom right of each panel. This series of data is measured by ARPES
at 15–35 K with the photon energy of 104 eV along ky (top row), ks (middle row), and kx (bottom row).

Figure 3

Resonance scattering in liquid metals and band renormalizations. a, Effective scattering potential (bold
line) composed of the ionic potential (dotted line marked by Us) and the centrifugal potential (dotted line
marked by Ul). Us is assumed as a step potential whose depth is V0 and width is rs. b, Phase shift δl
simulated in the form of sigmoid that rises from 0 to π through π/2 at kr. c, Magnitude of the scattering
amplitude � calculated from δl in b by sin(δl)/k. The black line is a trace of � at resonance with kr. d, k
series of a probability density calculated for spherical waves in the effective potential in a (Methods). e,
Argand diagram of k� with the argument of 2δl. f, Re(k�) and Im(k�) calculated from δl in b in the form of
sin(2δl) and sin2(δl), respectively. The relation of Re(k�) and Im(k�) can be understood by the unitary
circle with a radius of 1/2 in e. g, Band renormalizations in liquid metals: The quadratic band structure of
free electrons (dotted line) is renormalized by Re(Δk) (bold line) with a spread of k over the range of
±Im(Δk) (grey area). h, Energy derivative of Re(Δk) shown with respect to Er. δl is colour-coded as
indicated at the bottom right of b, which is used to represent the corresponding value of δl in c and e-h.
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Figure 4

Density of states in liquid metals and spectral simulations. a, Potential depth (V0 in Fig. 3a) to have p-
wave, d-wave, and f-wave resonance in the model of liquid metals (Methods). b, Comparison of δl for p-
wave (l = 1), d-wave (l = 2), and f-wave (l = 3) resonance calculated for 3 different V0‘s to have the same
kr indicated by the dotted line in a. c, Density of states calculated for p-wave and d-wave resonance
(Methods) and plotted in E relative to the local minimum (pseudogap). d, Experimental spectral weight
obtained by the curve �t analysis of ARPES data in Fig. 2d,i. The black lines overlaid are a �t to the
experimental data with the calculated density of states in c, multiplied by the Fermi-Dirac distribution
function. The scale bars are the magnitude of pseudogap de�ned by the energy at which the spectral
weight drops by half relative to EF. e-j, Spectral simulation of p-wave (e-g) and d-wave (h-j) resonance
(Methods) shown along ky (top row), ks (middle row), and kx (bottom row).
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Figure 5

Pseudogap of liquid metals and phase diagram. a, Magnitude of pseudogap calculated for p-wave, d-
wave, and f-wave resonance with kr in Fig. 4a. The vertical stripes marked by Na, K, Rb, and Cs are their
respective range of kr, in which a maximal pseudogap is observed in experiments. b, Magnitude of
pseudogap estimated from ARPES data of black phosphorus doped by Na, K, Rb, and Cs (Extended Data
Fig. 6), which is plotted as a function of nd over the range of 0−1 ML. The grey area represents the
pseudogap phase.
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