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Abstract 19 

Chorus waves are well known for their significant roles in the radiation belts of 20 

the Earth and other magnetized planets, including acceleration of electrons to 21 

relativistic energies, and precipitation of energetic electrons into the ionosphere to 22 

produce diffuse and pulsating aurora. They typically occur in the form of discrete and 23 

repetitive quasi-monochromatic emissions with a frequency chirping, which was 24 

discovered more than 50 years ago. However, until now there is still no satisfactory 25 

explanations for repetitive emissions of chorus waves. In this report, chorus emissions 26 

excited by energetic electrons with a temperature anisotropy are studied by both a one-27 

dimensional fδ  simulation and theoretical model in a dipole magnetic field. The two 28 

models have unanimously demonstrated that a continuous injection of energetic 29 

electrons caused by an azimuthal drift is essential for the repetitive emissions of chorus 30 

waves. Consistent with satellite observations, both discrete and continuous spectra can 31 

be reproduced. An intense injection of energetic electrons will lead to a decrease of the 32 

time separation between the chorus elements, and the chorus emissions evolve from a 33 

discrete to a continuous spectrum when the injection is sufficiently strong.  34 

  35 
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 36 

Introduction 37 

Chorus waves are electromagnetic emissions that are commonly observed in 38 

geospace consisting of ionized gas (plasma) embedded with a magnetic field, and 39 

known for an ensemble of distinct elements with each showing frequency chirping1-5. 40 

Such frequency chirping in every element is often featured with a rising frequency (over 41 

~1 kHz) over a short duration of period (~ 0.1 seconds). Chorus waves are so named to 42 

reflect similar frequency-time variation to birds’ dawn chorus in acoustic mode. Such 43 

electromagnetic chorus waves have well-known for their significant roles in geospace 44 

phenomena, to name a few, acceleration of electrons to relativistic energy and thus the 45 

formation of Earth’s radiation belts6-9; precipitation of electrons into the ionosphere, 46 

and thus generation of diffuse and pulsating aurora10-14. The exhibition of a series of 47 

short-living microburst often seen in electron precipitation is generally considered to 48 

be caused by the repetitive emissions of chorus elements15-17. 49 

Rising-tone chorus waves have been successfully reproduced in particle-in-cell 50 

(PIC) simulations, and their formation is considered to be fulfilled through nonlinear 51 

wave-particle interaction18-23. An electromagnetic electron hole in the wave phase space 52 

is formed after resonant electrons have been trapped by whistler-mode waves, and then 53 

a resonant current is generated when the background magnetic field has a spatial 54 

inhomogeneity, which at last results in rising-tone chorus waves19,20,24. However, these 55 

PIC simulations were performed in an isolated system, where electrons are forced to be 56 

bounded along a single field line. Such an isolated system is not realistic in that 57 

electrons are subject to azimuthal drift across the field line where chorus elements are 58 

excited. For these simulations, only one distinct element of rising-tone chorus has been 59 

observed since the free energy stored in the electron distribution is released in a burst 60 

way, and the repetitive feature as typically shown in satellite observations cannot be 61 

reproduced22. In this report, with both a one-dimensional (1-D) fδ  PIC simulation 62 

and theoretical models, where a continuous injection of energetic electrons with a 63 
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temperature anisotropy caused by the azimuthal drift is implemented, we demonstrate 64 

the generation mechanism of repetitive emissions of rising-tone chorus waves.  65 

Results 66 

Measurements of repetitive chorus emissions. Chorus waves in the radiation belt 67 

typically exhibit discrete and repetitive emissions with a rising frequency. Fig. 1 shows 68 

the spectrogram of magnetic power for three typical types of chorus waves observed by 69 

the Van Allen Probes. In Fig 1a, only one element is observed. There is an ensemble of 70 

discrete and repetitive elements in Fig. 1b, and the average time separation between the 71 

elements is about 0.2s. In Fig. 1c the time separation between the elements is very small 72 

(compared with the duration of individual elements), and the spectrogram looks like a 73 

continuous spectrum. The frequencies of these waves range from ~0.2fce to ~0.45fce. In 74 

general, the second and third types of chorus waves are ubiquitously observed in the 75 

radiation, while the first type can also be identified from time to time. 76 

fδ  simulations of repetitive chorus emissions: A one-dimensional (1-D) fδ  77 

simulation model is developed to study the emissions of rising-tone chorus waves in a 78 

dipole magnetic field. In this model, energetic electrons with a temperature anisotropy 79 

are injected continuously into the simulation domain due to the azimuthal drift. The 80 

details of the model and simulation setup can be found in the supplementary 81 

information. 82 

Fig. 2 plots the spectrogram of wave magnetic power at the latitude =λ 150, which 83 

is obtained from the 1-D fδ  simulations. For the case of 0e DτΩ = ∞ , where 84 

energetic electron injection into the system is turned off, only one rising-tone element 85 

forms(Fig. 2a). This case is similar to that of an isolated system, which has been studied 86 

by many previous particle-in-cell (PIC) simulations21-23. In such a situation, the free 87 

energy is provided by the initial anisotropic distribution of energetic electrons, and in 88 

general only one element of chorus waves is generated. When energetic electrons are 89 

injected continuously into the system, the chorus waves exhibit repetitive elements with 90 

a rising frequency. With the intensification of the energetic electron injection (through 91 
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the decrease of 0e DτΩ ), the time separation between the elements become smaller and 92 

smaller. At 0 2000e DτΩ = , the chorus waves display an ensemble of discrete and 93 

repetitive elements as shown in Fig. 2b. The average time separation between the 94 

elements is about 1000 -1

0eΩ . If we use the magnetic field at L=5, the time separation is 95 

estimated to be around 0.05s. When the injection of energetic electrons is sufficiently 96 

intense, the time separation between the elements is even smaller and spectrogram looks 97 

like an almost continuous spectrum. The frequencies of these waves range from ~0.298 

0eΩ  to ~0.75 0eΩ . 99 

Obviously, the spectrogram obtained in our 1-D fδ  simulations is similar to that 100 

of the satellite observations shown in Fig. 1. Our simulations found that the injection 101 

of energetic electrons, which can resonantly interact with the chorus waves, plays an 102 

important role to mediate the repetitive emissions of chorus waves in the radiation belt. 103 

The injection is considered to be caused by the azimuthal drift in the dipole magnetic 104 

field. According to the measured plasma and wave parameters by the Van Allen Probes, 105 

the parallel energy of electrons resonantly interacting with the chorus waves, calculated 106 

as 
2

|| 1/ 2 e RE mV=  (where RV  is the parallel velocity of the resonant electrons) is 107 

about 13.1, 69.1 and 79.8keV, corresponding to those in Fig. 1a-c. Then, for electron 108 

equatorial pitch angle of 45o, their azimuthal drift velocities due to magnetic curvature 109 

and gradient are estimated to be 0.0077, 0.021, 0.033 AV  (where AV  is the Alfven 110 

speed defined by the local magnetic field and plasma density), respectively. Therefore, 111 

we can find that with the increase of the azimuthal drift velocity of the resonant 112 

electrons, the chorus emissions change from a single element (Fig. 1a) to an ensemble 113 

of discrete and repetitive elements (Fig. 1b), and to an almost continuous spectrum (Fig. 114 

1c). Because the increase of the azimuthal drift will lead to the decrease of Dτ  (or 115 

equivalently more intense injection of energetic electrons), our simulations are 116 

consistent with the satellite observations shown in Fig. 1. Please also note, in the 117 

simulations we used a reduced magnetic topology in order to save computational source, 118 
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and nowadays it remains computationally challenging to compare the simulations with 119 

the observations quantitatively. 120 

It is generally accepted that chorus waves are excited as a result of electron holes 121 

in the wave-particle interaction angle (ζ ), which are formed by electrons resonantly 122 

trapped in the waves. Similarly, we can also find such kind of electron holes in our fδ  123 

simulations. A typical electron hole at 0 6700e tΩ =  for the case with 0e DτΩ =2000 is 124 

shown in Fig. 3a by plotting the electron distributions 
|| , )f vδ ζ（  at different values of125 

||/ tev V⊥  (where ζ  is the angle made by electron perpendicular velocity and wave 126 

perpendicular magnetic field vector, and 
||teV  is the thermal velocity of energetic 127 

electrons). The hole only exists in the range 
||/ tev V⊥  from ~0.5 to ~6.5 (Fig. 3a). By 128 

comparing Fig. 2a and Fig. 3b-d, we can find that each chorus element is accompanied 129 

by an electron hole and their duration in time are comparable. 130 

Theoretical model of repetitive chorus emissions: In order to better understand the 131 

repetitive emissions of chorus waves in a dipole magnetic field, we further propose a 132 

modification on the theoretical model developed by Omura et al.19 to account for the 133 

effect of electron injection. The temporal variation for the amplitude and frequency of 134 

chorus waves near the equator is governed by the followed equations 135 

1/2 -1

1 2
w

w

B
c GB c

t
ω∂

= −
∂


 


,                                          (1)   136 

3 wc B
t

ω ω∂
=

∂
 


.                                                        (2) 137 

where 
0= /w wB B B  ( wB  is the amplitude of chorus waves, and 0B  is the amplitude 138 

of the background magnetic field at the equator), 0= eω ω Ω   ( 0 0e eeB mΩ =  ) , and 139 

0et t= Ω . The first term at the right of Eq. (1) corresponds to the nonlinear growth of 140 

the chorus waves, and the second term describes the damping caused due to the 141 

inhomogeneity along the magnetic field line. To account for the effects of electron 142 
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injection and the wave scattering to the electron distribution, we introduced a factor 143 

( )G t , which denotes the resonant electron distribution normalized to that at initial time. 144 

In the theory by Omura et al.19, the electron distribution is assumed to be unchanged, 145 

corresponding to the case when G is a constant of 1. The definition of c1, c2 and c3, 146 

which are functions of ω , can be obtained by comparing Eqs. (1-2) with Eqs. (40-41) 147 

in Omura et al.19.  148 

We propose the following equation to describe the introduced resonant distribution 149 

function G  150 

2 0
4- w

D

G GG
c GB

t τ
−∂

= +
∂


 

.                                               (3) 151 

The first term at the right side of Eq. (3) describes the reduction of resonant electrons 152 

caused by the scattering of chorus waves, which is proportional to wave power 2

wB
 , 153 

and the second term corresponds to the injection of energetic electrons, which leads to 154 

recover the resonant electrons’ initial distribution 0G  (=1) with the time scale Dτ155 

controlling the rate of electron injection. Since the chorus waves are often terminated 156 

at half electron gyrofrequency, we only limit the calculation for ω  up to 1 2 . 157 

From Eq. (1)-(3), we can calculate the time evolution of the amplitude 
wB

  and 158 

frequency of chorus waves ω , as well as the normalized resonant distribution function 159 

G . For illustration purpose, we set a typical value for 1=c 2x10-4, 2c = 1.5x10-7, 3 =c160 

=0.5, 4c = 5x102, with their dependence on wave frequency ignored. Following Omura 161 

et al.19, the initial condition is set as =0.2ω and =wB
 2.5x10-4. The results for Dτ = ∞ , 162 

2000, and 400 are shown in Fig. 4. Consistent with fδ  simulations, we can find that 163 

for 
Dτ = ∞  (no injection) there is only one element of chorus waves. The repetitive 164 

emissions of rising-tone chorus waves are observed when there is an injection of 165 

energetic electrons, and the time separation between the chorus elements decrease with 166 
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the intensification of the injection (decreasing Dτ ). The general characteristics of the 167 

variation of the three variables are as follows. When G  is sufficient large, a nonlinear 168 

wave growth leads to an increasing amplitude (Eq. (1)). Accompanied with it, the 169 

frequency increases (Eq. (2)) and thus a chorus element is formed. During the chorus 170 

element formation, the free energy is released and thus G  is reduced rapidly due to 171 

the wave scattering term (Eq. (3)). As the chorus element is terminated, so does the 172 

wave scattering. The refilling due to electron injection starts to replenish the electron 173 

distribution by recovering G  to the initial value. When G  exceeds the threshold 174 

imposed by Eq. (1), another cycle of chorus electron formation starts. How fast G  175 

exceeds the threshold depends on the refilling rate Dτ , which explains the dependence 176 

of the time separation of chorus elements on Dτ . 177 

Conclusions and Discussion 178 

In this report, we at first developed a 1-D fδ simulation model to study chorus 179 

emissions in a dipole magnetic field, where the injection of anisotropic energetic 180 

electrons is implemented. The injection of energetic electrons through the azimuthal 181 

drift into the field line of chorus excitation is found to play a critical role to generate 182 

the repetitive emissions of rising-tone chorus waves. When the injection is considered, 183 

the chorus waves exhibit an ensemble of discrete and repetitive elements, and each 184 

element is accompanied by an electromagnetic electron holes in the wave-particle 185 

interaction phase space. The time separation between the elements shortens with the 186 

intensification of the injection, which is consistent with satellite observations. The 187 

repetitive emissions of chorus waves are then also reproduced by a proposed theoretical 188 

model.  189 

Discrete and repetitive emissions of chorus waves are ubiquitously observed in the 190 

earth’s radiation belt, and both our theoretical and fδ  simulation models show that 191 

such kind of repetitive emissions is mediated by the injection of energetic electrons 192 

caused by the azimuthal drift in the dipole field. Chorus waves are also observed as a 193 
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hiss-like emission with an apparently continuous spectrum, and do not have discrete 194 

elements25. Such continuous spectrum can also be accounted for by the effect of 195 

electron injection. When the injection is sufficiently strong, the time separation between 196 

elements becomes small in comparison with individual element duration. As a result, 197 

the elements will overlap each other and chorus waves of a continuous spectrum form. 198 

Method 199 

1-D fδ   PIC simulation model with an injection of energetic electrons：One-200 

dimensional (1-D) fδ  particle-in-cell (PIC) simulations are performed in this report to 201 

study chorus emissions in a dipole magnetic field. In the simulations, there are two 202 

electron components: cold and energetic electrons. Both of them are considered as 203 

particles, and are subject to the Lorentz force. Ions are motionless. A continuous 204 

injection of energetic electrons caused by an azimuthal drift in a dipole magnetic field 205 

is considered in the model as schematically shown by Fig. 5. Due to the azimuthal drift, 206 

energetic electrons with a distribution 0f  are injected into the simulation domain, and 207 

energetic electrons leaving the simulation domain have a distribution f .  Therefore, 208 

the evolution of the electron distribution is governed by the following modified Vlasov 209 

equation: 210 

0+
D

f ff f f

t
ξ

ξ τ
−∂ ∂ ∂

+ ⋅ = −
∂ ∂ ∂

u
u

                                     (4) 211 

where ξ  is the coordinate along the magnetic field line, γ=u v  ( v  is the particle 212 

velocity,  and γ  is the Lorentz factor). Dτ  is a time scale related to the injection of 213 

energetic electrons caused due to the azimuthal drift. 214 

We split the electron distribution into a background and perturbed parts,215 

0f f fδ= + , and the evolution of  fδ   is determined by 216 
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0

D

ff f f f

t

δ δ δ δξ
ξ τ

∂∂ ∂ ∂
+ + ⋅ = − ⋅ −

∂ ∂ ∂ ∂1u u
u u

                               (5) 217 

where 1 ( ) / ee mδ δ= + ×u E v B   ( e   and em   are the electron charge and mass). 218 

0-δ =E E E  and 0-δ =B B B  are the perturbed electromagnetic field, where 0E  and 219 

0B  are the equilibrium electromagnetic field. 220 

The equation for the evolution of perturbed particle weighting function, 221 

0( )w f f f f fδ= = − ,  is thus obtained.  222 

2

0
1

ln
(1 )

D D

fdw w w
w

dt τ τ
∂

= − + + − ⋅
∂

u
u

                                (6) 223 

In the δ𝑓𝑓  scheme, the perturbed electromagnetic field are advanced from 224 

Maxwell equations: 225 

0 2

0

-

1
+

=0

t

c t

δδ

δδ µ δ

δρδ
ε

δ

∂
∇× =

∂
∂

∇× =
∂

∇ ⋅ =

∇ ⋅

B
E

E
B J

E

B

                                          (7) 226 

where the perturbed current is 3=-e fdvδ δ∫J v , and the perturbed charge density is 227 

3-e f dvδρ δ= ∫ . 228 

Initially, the distribution of energetic electrons is assumed to satisfy the bi-229 

Maxwellian function at the equator as follows. the ratio of the number density of 230 

energetic electrons to that of cold electrons is 0 0 0.6%h cn n = , the ratio of cold electron 231 

plasma frequency to electron gyrofrequency is 
0 4.97pe eω Ω = （ where 232 

2

0 0pe en e mω ε= is the electron plasma frequency, 0 0 0c hn n n= + , and 233 

0 0 /e eq eeB mΩ =  is the electron gyrofrequency at the equator） , the temperature 234 
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anisotropy of energetic electrons is 
0 ||0 =6T T⊥ , and the parallel plasma beta of 235 

energetic electrons is 
2

|| 0 0 ||0 0 0/ ( / 2 ) 0.01h h eqn T Bβ µ= = . These parameters are typical 236 

values at L=5, and the other values of these parameters off the equator along the 237 

magnetic field can be obtained with the Liouville’s theorem23. In the simulations, there 238 

are 4000 grid number, and grid cell is 0.34 ed  (where 
e ped c ω=  is the electron 239 

inertial length). The topology of the magnetic field in the simulations is roughly equal 240 

to that at L=0.6, and the latitude ranges from about -320 to 320. On average, there are 241 

about 4000 particles per cell, and the time step is 0.03 -1

0eΩ . Absorbing boundary 242 

condition is applied for the electromagnetic field, while reflecting boundary is applied 243 

for particles. 244 

 245 

Data availability 246 

The entire Van Allen Probes dataset is publicly available at 247 

https://spdf.gsfc.nasa.gov/pub/data/rbsp/.  248 
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Figures 348 

Figure 1 The spectrogram of magnetic power for three examples of chorus waves 349 

observed by the Van Allen Probes. All the chorus waves were detected by the Electric 350 

Magnetic Field Instrument Suite and Integrated Science (EMFISIS) on Van Allen Probe 351 

A. a The waves detected from 2014-04-30/19:33:29, in L-shell value=5.38, magnetic 352 

local time (MLT)=9.1hr, and magnetic latitude (MLAT)=-0.7o. There is only one 353 

discrete element. The background magnetic field is about 153.0nT, and the plasma 354 

density is about 9.1cm-3. The wave normal angle of the chorus waves is about 22.10, 355 

and the lowest frequency is about 1000Hz~0.23fce. b The wave detected from 2013-03-356 

01/14:29:28.0, in L=5.06, MLT=2.7hr, and MLAT=-0.9o. There is an ensemble of 357 

discrete and repetitive elements. The background magnetic field is about 144.6nT, and 358 

the plasma density is about 2.0cm-3. The wave normal angle of the chorus waves is 359 

about 11.10, and the lowest frequency is about 800Hz~0.20fce. c The waves detected 360 

from 2013-03-01/14:09:21.0, in L=5.31, MLT=2.4hr, and MLAT=-1.5o. The 361 

spectrogram looks like a continuous spectrum. The background magnetic field is about 362 

124.7nT, and the plasma density is about 2.3cm-3. The wave normal angle of the chorus 363 

waves is about 21.40, and the lowest frequency is about 500Hz~0.14fce. In the figure, 364 

the dotted and dashed lines in black or white represent 0.1fce and 0.5fce, respectively. 365 

Here fce is the electron gyrofrequency at the equator. 366 

Figure 2 The spectrogram of magnetic power for chorus waves obtained at the 367 

latitude =λ 150  from the fδ  simulations. a 0e DτΩ = ∞ . b 0 2000e DτΩ = . c 368 

0 400e DτΩ = . Here, the dotted and dashed lines in black or white represent 0.1 0eΩ  and 369 

0.5 0eΩ , respectively, and 0 2e cefπΩ =（ ） is the electron gyrofrequency at the equator. 370 

The frequencies of these waves range from ~0.2 0eΩ  to ~0.75 0eΩ . 371 

Figure 3 Electron holes associated with chorus waves obtained at the latitude =λ372 

150  from the fδ  simulations. a Electron distributions 
|| , )f vδ ζ（  at different 373 
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values of 
||/ tev V⊥  for the selected hole at 0 6700e tΩ =  for the case with 0e DτΩ =2000. 374 

b-d The time evolution of electron distributions 
||)f vδ（  at =0.8ζ π  and 

||/ tev V⊥375 

=2.25 for the three cases, 0e DτΩ =∞ , 2000, and 400, respectively. 376 

Figure 4 The time evolution for the amplitude (
wB

 ) and frequency (ω ) of chorus 377 

waves, as well as the resonant distribution function ( G ). a 0e DτΩ = ∞ . b 378 

0 2000e DτΩ = . c 0 400e DτΩ = . The calculation is based on Eq. (1)-(3). The blue, red 379 

and black lines represent the amplitude (
wB

 ) , frequency (ω ) and resonant distribution 380 

function (G ), respectively. 381 

Figure 5 The schmetic diagram for the evolution of energetic electrons in a dipole 382 

magnetic field. Due to an azimuthal drift, energetic electrons with a distribution 0f  is 383 

injected into the simulation domain, while particles leaving the domain have a 384 

distribution f . The blue-shaded region is the region of chorus wave excitation. 385 



Figures

Figure 1

The spectrogram of magnetic power for three examples of chorus waves observed by the Van Allen
Probes. All the chorus waves were detected by the Electric Magnetic Field Instrument Suite and Integrated
Science (EMFISIS) on Van Allen Probe A. a The waves detected from 2014-04-30/19:33:29, in L-shell
value=5.38, magnetic local time (MLT)=9.1hr, and magnetic latitude (MLAT)=-0.7o. There is only one
discrete element. The background magnetic �eld is about 153.0nT, and the plasma density is about
9.1cm-3. The wave normal angle of the chorus waves is about 22.10, and the lowest frequency is about
1000Hz~0.23fce. b The wave detected from 2013-03-01/14:29:28.0, in L=5.06, MLT=2.7hr, and



MLAT=-0.9o. There is an ensemble of discrete and repetitive elements. The background magnetic �eld is
about 144.6nT, and the plasma density is about 2.0cm-3. The wave normal angle of the chorus waves is
about 11.10, and the lowest frequency is about 800Hz~0.20fce. c The waves detected from 2013-03-
01/14:09:21.0, in L=5.31, MLT=2.4hr, and MLAT=-1.5o. The spectrogram looks like a continuous
spectrum. The background magnetic �eld is about 124.7nT, and the plasma density is about 2.3cm-3.
The wave normal angle of the chorus waves is about 21.40, and the lowest frequency is about
500Hz~0.14fce. In the �gure, the dotted and dashed lines in black or white represent 0.1fce and 0.5fce,
respectively. Here fce is the electron gyrofrequency at the equator.

Figure 2



The spectrogram of magnetic power for chorus waves obtained at the latitude 150 from the simulations.
a . b . c . Here, the dotted and dashed lines in black or white represent 0.1 and 0.5 , respectively, and is the
electron gyrofrequency at the equator. The frequencies of these waves range from ~0.2 to ~0.75 .

Figure 3

Electron holes associated with chorus waves obtained at the latitude 150 from the simulations. a Electron
distributions at different values of for the selected hole at for the case with =2000. b-d The time evolution



of electron distributions at and =2.25 for the three cases, = , 2000, and 400, respectively.

Figure 4

The time evolution for the amplitude ( ) and frequency ( ) of chorus waves, as well as the resonant
distribution function ( ). a . b . c . The calculation is based on Eq. (1)-(3). The blue, red and black lines
represent the amplitude ( ) , frequency ( ) and resonant distribution function ( ), respectively.



Figure 5

The schmetic diagram for the evolution of energetic electrons in a dipole magnetic �eld. Due to an
azimuthal drift, energetic electrons with a distribution is injected into the simulation domain, while
particles leaving the domain have a distribution . The blue-shaded region is the region of chorus wave
excitation.


