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Abstract: The strain after rolling plays an important role in the prediction of the microstructure 

and properties and plate deformation permeability. So it is necessary to establish a more 

accurate theoretical strain model for the rolling process. This paper studies the modeling method 

of the equivalent strain based on the upper bound principle and stream function method. The 

rolling deformation region is divided into three zones (inlet rigid zone, plastic zone, and outlet 

rigid zone) according to the kinematics. The boundary conditions of adjacent deformation zones 

are modified according to the characteristics of each deformation zone. A near-real kinematics 

admissible velocity field is established by the stream function method on this basis. The 

geometric boundary conditions of the deformation region are obtained. The deformation power, 

friction power and velocity discontinuous power are calculated according to the redefined 

geometric boundary conditions. On this basis, the generalized shear strain rate intensity is 

calculated according to the minimum energy principle. Finally, the equivalent strain model after 

rolling is obtained by integrating the generalized shear strain rate in time. The plate rolling 

experiments of AA1060 and the numerical simulations are carried out with different rolling 

reductions to verify the analytic model precision of the equivalent strain. The results show that 

the minimum and maximum relative equivalent strain deviation between the analytic model and 

the experiment is 0.52% and 9.96%, respectively. The numerical calculation and experimental 

results show that the model can accurately calculate the strain along the plate thickness. This 

model can provide an important reference for the rolling process setup and the microstructure 

and properties prediction. 

Keywords: Stream function; Boundary conditions; Velocity field; Equivalent strain model; 

Plate rolling. 

Nomenclature 



H   Initial plate thickness.  

h  Plate thickness after rolling. 

Δh  Reduction. 

L  Length of the deformation region. 

Г1, Г2  Velocity discontinuities. 

R    Radius of the top and bottom work rolls. 

Φ    Flow in the unit section. 

y1(x)   Geometric equation of rolling contact arc. 

y2(x)   Geometric equation of Г1. 

y3(x)   Geometric equation of Г2. 

σs    Yield strength. 

k    Shear yield strength. 

m    Friction coefficient. 

x, y   Cartesian coordinates. 

a, b   Correction factor of the streamline. 

α  The angle between the tangent of velocity discontinuity (Г1) and horizontal direction. 

β  The angle between the tangent of velocity discontinuity (Г2) and horizontal direction. 

v0    Inlet velocity. 

v1    Outlet velocity. 

vx    Horizontal velocity component. 

vy    Vertical velocity component. 

x
    Strain rate along the x direction. 

y
    Strain rate along the y direction. 

W    Total power.  

WV   Power consumed in deformation region. 

Wf    Power with the friction by the work roll. 

WГ1   Power consumed in inlet velocity discontinuities. 

WГ2   Power consumed in outlet velocity discontinuities.  

Λ  Cumulative shear strain strength. 



   Generalized shear strain rate intensity. 

1. Introduction 

The metal plate which is the basic industrial material has been widely used in plenty fields, 

such as aerospace, bridge, shipping and so on [1-2]. A majority metal plate is produced by the 

rolling method. There is not a reliable method to measure the equivalent strain during rolling 

online, so the strain is unknown during the rolling production process [3]. So the soft measuring 

method can be introduced to predict the strain along the thickness, which is the key to predict 

the microstructure and properties and the reference for the process parameters setup. The soft 

measuring method needs a reliable analytic strain model, so the key problem about how to 

establish a reliable analytic strain model will be solved in this paper. 

As the most convenient method, the numerical method has been widely used in the analysis 

of the metal rolling process. Hacquin et al. [4] simulated thermo-elastic rolling process with a 

steady-state thermo-elastoviscoplastic finite element model, and obtained the stress-strain 

variation law for the strip rolling process. Su et al. [5] developed a Fortran program that 

combined the three-dimensional rigid-plastic finite element method and slab method. This 

program can quickly calculate the strain during the rolling process. Denis pustovoytov et al. [6] 

used rigid plastic finite element method to simulate the asymmetric rolling process of 

magnesium-aluminum alloy, and the relationship between strain gradient and speed ratio was 

obtained. Bian et al. [7] simulated the gradient temperature rolling (GTR) and obtained the 

strain affecting rule. Matthias Schmidtchen et al. [8] established a fast finite element model of 

asymmetric compound rolling based on the improved slab theory and the actual situation of 

non-uniform plane strain deformation. These results can provide a good basis for the analysis 

of the rolling process, especially for the stain calculation.  

Many scholars have also established some analytic models based on slab method, upper 

bound method and energy method, such as the strain, rolling force and so on, to improve the 

calculation speed of rolling process parameters. Jiang et al. [9] modified Von-Mises yield 

criterion and calculated mechanical parameters of the snake rolling process by the slab method. 

The accuracy of the model is in good agreement with the numerical results. Zhao et al. [10] 

established the power consumption model by the upper bound method and the linearized yield 



criterion, the rolling force was calculated with good precision compared to the data measured 

in the factory. Zhang et al. [11] obtained the functional relationship between the stress state 

coefficient and the crack defect by using the upper bound theorem. The shape dependent 

criterion of the closed rectangular defect in the hot rolling process was established on this basis. 

The success of these calculation methods provides an effective and feasible idea for the rolling 

strain calculation.  

The stream function method can be used to analyze the kinematic process of metal plastic 

forming as an upper bound method. S.I. Oh and Kobayashi [12] taken the extremum principle 

to analyze the three-dimensional rolling process for the ideal rigid plastic materials. Bayoumi 

[13] established the metal flow model of the bar during the rolling process by the flowline field 

method. The velocity strain rate and stress components were solved, and the process parameters 

affecting the law were analyzed. Wang et al. [14] built a model to predict the free boundary 

profile for the metal forming based on the stream function method. Maity et al. [15] made an 

upper bound analysis for the billet extrusion. The kinematically admissible velocity field was 

calculated by using the dual stream function (DSF), and the deformation power consumption 

was calculated. Aksakal et al. [16] studied the metal flow in the polygonal block forging process 

by the dual stream function and the upper bound method. The kinematically admissible velocity 

field of incompressible material was established.  

The successful application of the stream function method in the forging and extrusion field 

makes many researchers study its application in the rolling process. Hwang et al. [17] analyzed 

the rolling process of the clad plate by the stream function method. Since then, Hwang et al. 

[18] established the mathematical model to calculate the velocity field for the plate rolling by 

using the double stream function method and cylindrical coordinates. The plastic deformation 

behavior of the sheet in the roll gap was studied. Sezek et al. [19] modified the inlet and outlet 

boundary conditions based on Hwang [17] and calculated the rolling power and rolling force. 

Ali [20] established a kinematically admissible velocity field model and supplied the upper 

bound solution of the model. Liu et al. [21] established the analytic model of the dog bone shape 

after rolling according to the DSF and the energy method. The stream function method plays 

an important role in the theoretic analysis of the rolling process which promotes the progress 

of the rolling industry and the rolling technology. 



The main method to calculate the strain is the finite element method which requires an 

amount of memory and calculating time, and it is unsuitable to be used online with the 

millisecond level of calculating time. The slab method, upper bound method, energy method, 

and the stream function method have been used to analyze the rolling process except for the 

strain calculation. The purpose of this paper is to propose a theoretical model to calculate the 

equivalent strain online for the plate rolling with quick solution time. As a mature and reliable 

method, the stream function method and the energy method have been used to calculate the 

strain after rolling to avoid the complex stress analysis in this study. A kinematically admissible 

velocity field that is closed to reality and flexible enough to facilitate the calculation is 

established. The boundary conditions in the inlet and outlet of the roll gap are modified and 

optimized according to the characteristics of each deformation zone. The model error caused 

by the uniform deformation assumption is avoided by introducing the additional flow field with 

a parabolic line. A high precision linearized integral calculation method is adopted to ensure the 

calculation efficiency of the total consumption power. The equivalent strain after rolling is 

calculated on this basis. The rolling experiments and numerical simulation of AA1060 sheets 

are carried out to verify the validity and accuracy of the model. A reliable strain calculating 

model has been established in this paper and the obtained strain calculating model will provide 

reliable theory and technology support for the rolling production. 

2. Theoretical parametric model 

2.1 Geometric model 

The following assumptions have been made to set up the equivalent strain calculation model 

after rolling. 

1) The width expansion of the rolled plate with a large width to thickness ratio is so little 

after rolling. The three-dimensional plate rolling model can be simplified to be a two-

dimensional planar strain model. 

2) The elastic deformation and the elastic recovery after rolling are so little compared to the 

total deformation, so the rolled plate has been considered to be the ideal rigid-plastic material. 

3) The deformation extent of the work rolls is smaller than the rolled piece, so the work rolls 

are considered as a rigid material. 



4) The friction between the rolled piece and the work rolls conforms to Coulomb's friction 

law. 

5) The deformation region of the rolled piece is divided into inlet rigid-plastic-outlet rigid 

zones according to the kinematics characteristics.  

6) The velocity discontinuity is defined as the thin layer region (the thickness limit to zero) 

where the velocity changes rapidly and continuously at the boundary zone. The region is also 

the maximum shear stress position if the deformed body is in the plastic yield state. So the 

velocity discontinuity is used as the boundary between the rigid zone and the plastic zone in 

this paper. 

y

x

O

Inlet

v0 Outlet

v1

R 

v

Γ1 

Γ2 

 Inlet rigid zone I Plastic zone II Outlet rigid zone III

H

h

 h 

 

Fig. 1 Division of deformation region on the half thickness 

The process parameters, geometric and the material model are symmetrical during the rolling 

process, so the half model can be selected for the strain calculating model establishment. As 

shown in Figure 1, the coordinate origin ‘O’ locates at the central plate in the outlet cross 

section. The x-axis direction points to the opposite of the rolling direction. The y-axis direction 

points to the center of the top work roll.  

2.2 Metal flow model  

The deformation region is divided into three zones according to the deformation state and 

material flow characteristics. They are called the inlet rigid zone I, plastic deformation zone II, 



outlet rigid zone III along the rolling direction as shown in Figure 1. The material flow path in 

the inlet rigid zone I and outlet rigid zone III are obtained according to the mass flow principle 

and material streamline in Figure 2. 

In inlet rigid zone I 
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Fig. 2 Metal streamline 

In outlet rigid zone III 

III 1=
yΦ v y
h

 = . (3) 

where φ is the mass flow in unit cross section, and φ=V0H=V1h. As shown in Figure 2, the 

streamline is closed to be parabolic in the plastic zone II. So the additional parabolic flow 

equation y (ax2 + b) [y-y1(x)] is added to the uniform flow. The y1(x) is the geometric equation 

of rolling contact arc in plastic deformation zone II which can simplify as follows 

( ) 2

1 2y x h x R= + . (4) 

The deformation zones have the following relationship according to the continuous material 

the constant volume 



= =Φ Φ Φ   , (5) 

furthermore 
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The variable y is the only unknown variable in Equation 6 that expresses the coordinates in the 

plastic zone II.  

The velocity discontinuities Γ1 and Γ2 are introduced as the boundary of the plastic zone II 

which can be expressed by Equation 6. Equation 7 can be obtained by shifting and eliminating 

the variable y based on Equation 6. Equation 7 represents the boundary condition of plastic 

deformation zone II. The velocity discontinuities can also be expressed as 

( ) ( ) ( )
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The velocity components in plastic zone II can be derived from hydrodynamics theory. The 

velocity components are determined by the partial derivative function ΦII to x and y  
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On this basis, the strain rate components in plastic zone II can be obtained by the partial 

derivative of Equation 8. Their expressions are as follows  

( )
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The sum of the strain rate component is zero according to the Equation 9 that is derived from 

the Equation 1-3, which is consistent with the constant volume criterion as shown in Equation 
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2.3 Power model 

The unknown variables a and b need to be confirmed by the optimal total power consumption 

model and then the mass flow in plastic zone II can be known. The tension is not existed for 

the plate rolling, so the tension can be ignored during the modeling process. The total power 

Wall in the half model is 

1 2all V Γ f V Γ Γ f
W W W W W W W W= + + = + + + . (11) 

It is difficult to calculate the deformation power WV due to the nonlinear Von-Mises yield 

criterion. The linearized yield criterion proposed by D.W. Zhao et al.[10] can facilitate the 

calculation of the deformation power WV and ensure accuracy at the same time. And the integral 

operation along the y direction with the rotation coordinate system can significantly reduce the 

difficulty of the integral. The calculation model of plastic deformation power for the half rolling 

plate is as follows 

( )
( )

( ) ( )
( )

( )

( )
( )

( )
( ) 

2 2

3 1

2 2

3 1

max min max min
0

0

2 3
[ ]

3

4 3

3

h x y H x y

V s
x y h x y

h H
x y x y

s x xx y x yh

W dxdy dxdy

v dy v dy

    



= − + −

   = +   

   

 
, (12) 

where x2(y) and x3(y) are the inverse functions of geometric boundaries y2(x) and y3(x). It can 

be obtained from Equation (7). The expanded form of the integral term is 

( )
( ) ( ) ( ) ( ) ( ) ( ) ( )2
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2 2 2 2 2 2

2 3 2 3 2 3

1 1
2

2 2

x y

x x y
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H h R R

       = − + − − − − − +        
, 

(13) 

where y2(x) and y3(x) are inversely proportional to x2 in Equation (8). 

It is found that the Equation 12 is still a nonlinear integral equation after taking Equation 13 

into Equation 12. The accuracy of the calculated results can be effectively guaranteed by using 

Gauss integral method with quintic accuracy. 

The power consumed at the boundary of the deformation zone is called the velocity 

discontinuous power, and their expressed are as follows 
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where the dГ1 and dГ2 are unit length on the velocity discontinuity lines, and it can be expressed 

as follows 

( )

( )

2 2

1 2

2 2

2 3

dΓ dx dy x

dΓ dx dy x

 = +


= +
. (14) 

Then Equation 13 becomes 
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. (15) 

It is not difficult to find that the square root of the Equation 15 causes great difficulty in the 

solution. To solve this problem, the dx and dy2(x) (or dy3(x)) which are in Equation 14 have the 

following relationship according to the geometric relation in Figure 1 
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The tanα and tanβ presented in Equation 16 can be solved by the characteristics of the velocity 

discontinuity. Its expression is as follows     

0v n v n =  , (17) 

where n  represents the normal vector at any node on Γ1, Γ2. So it can be known that 
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The angles between the tangent line and the x-axis for any point on Γ1, Γ2 are α and β 

respectively, and tanα=d[y2(x)]/dx, tanβ=d[y3(x)]/dx. So a relationship between the velocity and 



the geometry will be built as follows 
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The simplified power consumption model during the deformation transition process is 

obtained by combining Equation 15 and Equation 20 
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The friction power generated by the contact surface between the plate and the work rolls is 

as follows 

( ) ( )

( )

1

10

2 2 21

cos cos

= 2arctan 1 arctan 1 2

n

n

x l

f x x
x

n

W mk v R dx mk v R dx

x R h l R h
mk R

h R h RRh Rh

   

    

= − − −

       + − + + −              
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The total consumption power in the half thickness model can be obtained by adding 

deformation power, friction power and velocity discontinuities power. The a and b are 

calculated according to the principle of the minimum energy with the optimization theory and 

MATLAB optimization toolbox. 

2.4 Equivalent strain model 

The specific streamline in the plastic zone II can be calculated with the calculated a and b (in 

Equation 3). Then the kinematic parameters in the plastic zone II can be obtained by calculating 

the Equation 8 and Equation 9. The parameters obtained in Equation 9 are strain rates in plastic 

zone II. They cannot characterize the central equivalent strain after rolling. Therefore, it is 

necessary to calculate the generalized shear strain rate intensity to establish the equivalent strain 

calculation model.  

  is the generalized shear strain rate intensity, and it can be expressed as  

2 2

2=2 =2
x xy

I   + .(23) 



On this basis, it is necessary to obtain the strain from the strain rate model. Λ is the 

cumulative value of the generalized shear strain rate intensity ( ), and its calculation model is 

=   dt  . (24)  

Finally, the equivalent strain model is expressed as follow 

=
3

e
 . (25) 

The flowchart of the model is shown in Figure 3. 

 

Fig. 3 Calculation flow chart 

3. Results and discussion 

3.1 Numerical modeling  

Ansys/Ls-dyna software has been widely used in the deformation simulation, and the accuracy 

and reliability have been verified by many scholars according to the experiment. So the 

Ansys/Ls-dyna software was selected to use for the plate rolling process. The main parameters 

and speed parameters of the rolling were shown in Table 1 and the two-dimensional finite 

element model was shown in Figure 4. 
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Fig. 4 The two-dimensional (2D) FEM model 

Table 1 The main parameters used in FEM of plate 

Item Parameters Value 1 Value 2  

Work rolls 

Radius [mm] 160 525 

velocity of the work rolls [m s-1] 0.5 1.5 

Elastic modulus [GPa] 206 206 

Poisson ratio 0.25 0.25 

Plate  

Width [mm] 55 3000 

Length [mm] 100 2000 

Thickness [mm] 10 250 

Density [kg m-3] 2705 7850 

Rolling reduction [mm] 2.5, 3, 3.5, 4, 4.5 50 

Yield stress [MPa] 39 100 

Elastic modulus [GPa] 62 110 

Tangent modulus [MPa] 105 10 

Poisson ratio 0.33 0.29 

Other setting 
Dynamic friction coefficient 0.2 0.35 

Static friction coefficient 0.25 0.40 

As is shown in Figure 4, the geometric model includes the top work roll, bottom work roll, 

pinch rolls and the plate. The top and bottom work rolls are defined as rigid materials, and the 

rolled piece is defined as bilinear isotropic (BISO) material. The element type selected for the 



simulation is 2D solid 162. The grid of rolled piece and the work rolls are 4 nodes elements 

(2D). The work rolls can only rotate about their axis. The rolled piece will be threatened into 

the roll gap by friction. The contact between the work rolls and the rolled piece is defined as 

‘contact-2D-automatic-single-surface’. 

3.2 Experiment preparation 

The plate rolling experiments were carried out in the laboratory by the rolling mill to ensure the 

reliability of numerical and analytical calculated results. The diameter of the work roll is 

320mm which is the same as the ‘value 1’ in Table 1 and the other main process parameters 

were listed in Table 2. The tensile test was conducted for the aluminum alloy1060 plate and the 

stress-strain curves were obtained as shown in Figure 5. 
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Fig. 5 Tensile stress-strain curves of the AA1060 plate 

Table 2 The main parameters used in experiment 

Geometric parameter Plate 1 Plate 2 Plate 3 Plate 4 Plate 5 

Initial thickness (mm) 9.75 9.85 9.87 9.85 9.87 

Reduction     (mm) 2.5 3 3.5 4 4.5 

End thickness  (mm) 7.12 6.61 6.17 5.78 5.4 

The deformation characteristics of rolling materials were obtained by marking grids on the 

side. The grid was marking by laser along the thickness direction of rolled piece as shown in 

Figure 6(a). The length and the height of the grid are 5mm and 1mm respectively on both 

sides, and the length and the height of the grid are all of 1 mm. 
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(a) The grid distribution before the experiment 

 

(b) The grid distribution after the experiments 

 

(c) The microgrid is measured by the microscope 

Figure 6. Deformation of rolled piece  

Figure 6 (b) shows the grid distribution after the experiment. The black deepened part in the 

middle of the picture is the stable rolling stage. The vertical grid line is changing with the 

increase of the rolling reduction. The actual micrograph is shown in Figure 6 (c). 

3.3 Calculated results and discussion 



In order to verify the accuracy of the model established in this paper, the data in 3.1 Numerical 

simulation and 3.2 Experiment were extracted. The strain measured in the experiment is 

calculated as follows  

ε= ln (h / h0). (24) 

Figure 7 (a) shows the strain distribution in the center of the plate with a different calculated method. 

Figure 7 (b) shows the strain distribution at 1/4 thickness of the plate. 
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Fig. 7 Calculated results of equivalent strain in half and quarter thickness 

The equivalent strain at the quarter thickness of the plate is higher than the center when the 

reduction is the same. This result validates the hypothesis of the non-uniform distribution of 

stress distribution in the calculation model. The accurate calculated results of each point in 

Figure 7 were shown in Table 3 and 4.  

Table 3 The equivalent strain in half thickness 

Rolling reduction 2.5 [mm] 3 [mm] 3.5 [mm] 4 [mm] 4.5 [mm] 

Numerical results 0.2790 0.3423 0.3670 0.5013 0.5930 

Experimental results 0.2861 0.3106 0.3555 0.4837 0.5321 

Calculated results 0.2610 0.3122 0.3724 0.4739 0.5664 

Relative error (N-E) +2.54% -9.26% -3.13% -3.51% -10.27% 

Relative error (N-C) -6.45% -8.79% +1.47% -5.47% -4.49% 

Relative error (E-C) -8.77% +0.52% +4.75 -2.03% 6.45% 

 

 



Table 4 The data of equivalent strain at 1/4 thickness 

Rolling reduction 2.5 [mm] 3 [mm] 3.5 [mm] 4 [mm] 4.5 [mm] 

Numerical results 0.3047 0.3570 0.3912 0.5125 0.6131 

Experiment results 0.2692 0.3190 0.3614 0.5150 0.5486 

Calculated results 0.2859 0.3211 0.3800 0.4637 0.5708 

Relative error (N-E) -11.65% -10.64% -7.61% -0.49% -10.52% 

Relative error (N-C) -1.88% -10.06% -2.86% -9.52% -6.90% 

Relative error (E-C) +6.20% +0.66% +5.15% -9.96% +4.04% 

From the above analysis, the accuracy of the analytical model is high. In order to ensure the 

universality of the theoretical model, the material property is replaced by a hot-rolled carbon 

steel plate in the numerical results as shown in Table 1 (value 2). The accuracy of the model is 

verified by comparing the numerical results with the theoretical results. The strain distribution 

along the thickness direction is shown in Figure 8, and the numerical simulation and results are 

listed in Table 5. 

Table 5 The main parameters used in FEM and theoretical calculation of thick plate 

Y - Coordinates 5 [mm] 25 [mm] 45 [mm] 65 [mm] 85 [mm] 105 [mm] 

Numerical results 0.130 0.145 0.186 0.276 0.367 0.386 

Calculated results 0.1274 0.1625 0.1973 0.2838 0.3706 0.4167 

Relative error -2.0% +12.07% +6.08% +2.83% +0.98% +7.95% 
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Fig. 8 Thickness direction strain results of thick plate 



It can be seen that even if the material properties and geometric properties are changed, the 

accuracy of this model is still guaranteed. The maximum relative error of the strain is 12.07%, 

and the minimum relative error is 0.98% along the thickness direction.  

4. Conclusion 

This paper proposes a successful method to calculate the rolling strain after the plate rolling 

based on the stream function and the energy method. The main conclusions are as follows. 

(1) The boundary conditions of adjacent deformation zones have been calculated and 

optimized according to the characteristics of each deformation zone, which makes the boundary 

condition close to the real situation. The kinematics partition method which makes the front 

slip zone and the back slip zone unified in the plastic zone II is adopted to avoid the complex 

stress analysis which will provide an important reference for the strain modeling. 

(2) The rolling deformation region is divided into three zones (inlet rigid zone I, plastic zone 

II and outlet rigid zone III) according to the kinematics. The total power, the velocity field, and 

the shear strain rate were calculated and then the equivalent strain model was established on 

this basis by the minimum energy principle. 

(3) The experiment and numerical simulation of the plate rolling were conducted to verify 

the strain model precision. The experimental and the numerical results showed that the 

minimum and maximum relative equivalent strain deviation between the analytic model and 

the experiment is 0.52% and 9.96% respectively. So the strain model established in this paper 

is reliable and accurate, which can be used for strain prediction online. 
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