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Abstract A capacitive micromachined ultrasonic trans-

ducer (CMUT) due to many benefits is being consid-

ered as an imaging and therapeutic technology recently.

The critical challenge here is to stabilize the system be-

yond the pull-in voltage considering imposed perturba-

tions. The CMUT system, on the other hand, has a low

range of travel and it is intrinsically unstable, which

can result in a pull-in phenomenon. Consequently, in

order to use the CMUT systems in a variety of medical

applications that require high tuning ratio, a closed-

loop control technique has been designed for these sys-

tems aims at increasing the maximum capacitance and

enhancing tunability as well. In this study, using the

closed-loop control, the resistance of micro plate against

the pull-in phenomenon has been examined. Also, in

the description of the system a more accurate nonlin-
ear modeling has been considered in the presence of an

under-actuated sliding model control strategy with fi-

nite convergence time. Beside, adaptive protocols with

unknown upper bounds have been designed to compen-

sate the effects of uncertainty, unmodeled dynamics and

external disturbances. The performance of controller

in terms of improving output pressure, stabilizing the

CMUT and its robustness to imposed perturbations

have been investigated. Finally, numerical simulations
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are presented to verify the usefulness and applicability

of the proposed control strategy.
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1 Introduction

In recent decades, advances in micro electro-mechanical

systems (MEMS) including performance enhancement,

low power consumption and low fabrication cost have

attracted remarkable attention to the use of microde-

vices in various applications such as micromirrors [1],

micro-switches [2], microresonators [3, 4], pressure sen-

sors [5], energy harvesters [6, 7], gas sensors [8] and ca-
pacitive structures [9]. Nevertheless, among various mi-

crodevices, capacitive micromachined ultrasonic trans-

ducers due to their various benefits including reliable

fabrication processes with ease and lower cost, inte-

gration with signal processing electronics, efficient per-

formance, low impedance, higher resolution and high

transduction coefficient became as an effective technol-

ogy to overcome many constraints associated with tra-

ditional transducers and it can be considered as a pri-

mary candidate for next generation of transmitting and

receiving ultrasound waves [10–12].

In general, the output pressure, receive sensitivity,

pull-in voltage and tuning ratio are the key parameters

for designing a CMUT that can be determined by the

geometrical properties of the membrane and the gap

size of the structure [13]. A CMUT consists of a de-

formable plate suspended above a rigid plate with a

dielectric medium between them. Applying a voltage

between the two plates, causes a uniform electric field

will be created within the air gap. Induced electrostatic
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force can be used to compel the deformable plate to

deflect if it succeed in dealing with mechanical stiffness

of the plate. and the upper plate will be compelled to

deflect by electrostatic attraction forces, however, the

mechanical forces exerted from the movable plate can

balance this deflection. An unstable point is where elec-

trostatic force conquer mechanical stiffness of the plate

[9, 14]. This point is named pull-in. After pull-in point,

the upper plate will be collapsed on bottom plate which

can cause damage to device. The range of stable oper-

ational displacement of capacitive structures is consid-

ered as the main distinguishing feature of such struc-

tures, typically is restricted by the pull-in instability in

one-third of the capacitive gap [15]. On the other hand,

increasing the DC bias voltage can improve the output

pressure of transmitted waves. At the pull-in voltage,

the electromechanical coupling coefficient in a CMUT

approaches unity which means that all the energy in one

domain can be converted to the other domains [16]. It

means, the maximum sensitivity is attainable if CMUT

biased at a DC voltage close to its pull-in voltage [17].

Further, tunability is one of the most important char-

acteristics of micro-tunable capacitors and it is mainly

depend on the pull-in instability [18]. Therefore, due to

the pull-in phenomenon, engineering applications have

been challenged by expanding the range of the move-

ment of the upper plate.

There are many control techniques that have been

proposed to improve the performance of a CMUT and

increase its tunability [19–21]. It is well-known that

most of presented solutions are applied to the mechan-

ical part of the CMUT, such as modifications in design

and manufacturing processes which can make serious ef-

fects on the performance and the cost of the system, as

well as creating fabrication challenges like dealing with

residual stress. A contrasting view is to use closed-loop

control strategies, which are preferred nowadays in var-

ious MEMS applications, are considered as one of the

most effective methods for addressing the control issues.

Open-loop techniques are more sensitive than closed-

loop approaches to external perturbations. Therefore,

as open-loop approach is susceptible to external vari-

ations cannot be a suited method for MEMS applica-

tions, particularly CMUT. Moreover, when a MEMS is

controlled by an open-loop system, it can be susceptible

to undesirable behaviors [22], which does not allow the

MEMS system to achieve high performance.

Researchers [23] through improving a boundary ten-

sion constraint technique as well as vibration control

approach proved that the closed loop system can be

stable strategy. Lu and Fedder in [24] proposed a volt-

age control approach based on the closed-loop method

for effective control on top plate which increase its sta-

bility range up to 60% of its initial gap. In Chan and

Dutton [25] work the gap’s travel scope has been raised

from 30% to 90% of the initial gap. By using the pro-

posed strategy in [26] and investigated flatness-based

controller, the top plate’s travel can be extended to

over 90% of its initial gap without overshooting. De-

spite their effectiveness, closed-loop control methods

have obvious disadvantages and they are difficult to

apply in practice. As well, external disturbances and

unmodeled dynamics play crucial roles in the perfor-

mance of a CMUT system. Nonlinear closed-loop con-

trol strategies for the characterization of MEMS devices

have been demonstrated to be successful in reducing

and even compensating the effects of uncertainty and

disturbance [27–29]. The displacement of movable elec-

trode of a CMUT can be controlled by a nonlinear con-

troller so that it can deform closely to the lower fixed

electrode of the CMUT which can enhance the tunabil-

ity of system while preventing the pull-in instability.

In spite of this, since the difference in applied voltage

between moving and fixed plates highly depends on var-

ious factors, such as unpredictability in the design and

imposed disturbances as well as velocity and position

of the moving plate, the Controlling method which has

been noticed in previous part is a challengeable strategy

and not possible as a practical matter.

The sliding mode control strategy which is a robust

way in control of linear and nonlinear systems, avoids

the interference of external disturbances in the conver-

gence performance of system states [30]. So, nonlin-

ear systems have extensively been investigated with the

sliding mode control which provides a suitable method

that represents a highly insensitive control process and

it isn’t influenced by uncertainties and external distur-

bances [31–34]. Even so traditional sliding mode control

lacks satisfactory robustness during the reaching phase,

integral sliding mode (ISM) control can be a promising

solution [35]. According to the control law explanation

considering as the main concept of the ISM control,

continuous nominal control cooperates with the discon-

tinuous control [36]. With the former control law, the

tracking performance of nominal plant can be guaran-

teed, and with the latter, the adverse influence of per-

turbations can be addressed [37]. The advantages of

the two control techniques were combined to yield a

better dynamic performance. It is known that the sys-

tem states will converge to the origin within a certain

time when the stability of the system is guaranteed in

terms of finite-time stability [38–40]. Asymptotic sta-

bility, in contrast to finite-time stability, indicates that

the state of a system remains constant over an infinite

value of setting times. However, as a result of a finite-

time control strategy, the states of the system reach
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equilibrium point in a certain time frame. Additionally,

finite-time stable systems also have excellent robust re-

sponse to unknown parameter changes, external pertur-

bations imposed from outside which can be rejected well

in light of mentioned approach. Based on the defined fi-

nite time integral surfaces, for the designed controller in

the sliding phase it is proved that the proposed strate-

gies in this paper can produce better results than ones

in [22, 41].

This paper proposes an adaptive sliding mode con-

troller based on the Lyapunov theory with finite con-

vergence time, as a method in order to cope with un-

certain parameters, unmodeled dynamics, and external

disturbances, while preventing the pull-in instability in

the CMUT system. It should be notify that the up-

per bounds of imposed perturbations have been con-

sidered to be unknown. This study attempts to reveal

the strength and effectiveness of the suggested nonlin-

ear controller with the aim of increasing the tunabil-

ity as well as maximizing its overall maximum capaci-

tance. Also, some beneficial capabilities of the consid-

ered nonlinear CMUT system, like output pressure with

improved characteristics have been demonstrated with

an accurate model.

The paper is classified as follows: Section 2 a CMUT

model, required preliminaries and problem formulations.

Section 3, presents affine nonlinear mathematical model.

In Section 4 adaptive under-actuated control for a CMUT

with finite convergence time has been designed. Section

5 includes practical example and numerical simulations

to confirm and validate the theoretical results. At the

end, Section 6 concludes the article.

2 Mathematical formulations of CMUT

This section presents an electromechanical model of a

circular microplate. Due to the lack of a sufficient and

an accurate Lumped Element Model (LEM) the be-

haviour of MEMS devices in terms of a continues model

is not studied accurately [22]. Hence, trying to get an

accurate model in this work the mass-spring model is

used accompanying the distributed model based on the

plate theories. Kirchhoff thin plate theory which consid-

ering geometrical nonlinearities is an appropriate the-

ory for analyzing the mechanical behavior of the plates

[42]. A schematic depicting a circular plate actuated by

electrostatics is illustrated in Fig. 1. The plate with ra-

dius R, density ρ and thickness h, is fully clamped in

parallel above a fixed electrode with an effective dis-

tance of g0 [43]. Hamilton’s principle is applied to de-

rive the governing equation and boundary conditions

of the movable plate which can be actuated by elec-

trostatic force. The governing equation for transverse

V

Membrane

𝙜𝟎

𝒉 Top Electrode

Bottom Electrode

𝑹

Input

Signal

𝒉

Fig. 1 schematic of a circular capacitive micromachined ul-
trasonic transducer (CMUT)

deformation of the movable plate, W (r, t) considering

an actuating voltage V (t) written as

D∇4Ŵ + ρh
∂2Ŵ

∂t̂2
+ C ∂Ŵ

∂t̂
=

ε0V
2(t)

2(g0 − Ŵ )2
(1)

with the following boundary conditions:

Ŵ (R, t̂) = 0,
∂

∂r̂
(R, t̂) = 0 (2)

Also, t stands for timeε0 is the permittivity of the air

and D is the bending rigidity of the plate which is de-

fined as follows

D =
Eh3

12(1− ν2)
(3)

where E is modulus of elasticity and ν is Poisson’s ra-

tio.we assumed that there is no initial deflection on the

micro plate due to residual or thermal stresses. Eq. (1)

can be rewritten in a non-dimensional form which is a

convenient form to work with by definition of the fol-

lowing non-dimensional terms:

W =
Ŵ

g0
, r =

r̂

R
, t =

t̂

t∗
, t∗ =

√
ρhR4

D
(4)

By substituting the non-dimensional terms into Eq. (1),

the non-dimensional form of the equation can be ob-

tained as:

∇4W +
∂2W

∂t2
+ β

∂W

∂t
=

λV 2(t)

(1−W )2
(5)

In which the appeared non-dimensional parameters are

expressed as:

β =
CR2

D

√
D
ρh
, λ =

ε0R
4

2D(g0)3
(6)

The Galerkin method can be used to solve the Eq. (6)

. Due to non-linearity of the electrostatic force, direct
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usage of the Galerkin method is complicated. Thus, to

overcome this difficulty, a non-linear term considering

as forcing term in each step of the integration process,

takes the value of the previous step. By selecting a suf-

ficiently small steps, this simplification can give an ac-

curate result. So, a solution of Eq. (1) is approximated

in terms of linear combinations of finite number of suit-

able shape functions with time dependent coefficients

xi(t) as follows:

W (r, t) =

N∑
i=1

xi(t)ϕi(r) (7)

where ϕi(r) are the shape functions that satisfy the

boundary conditions and N stands for finite number of

shape functions. In this study, the shape functions are

considered as:

ϕi(r) = cos2(
Nπr

2
) (8)

After substituting Eq.(7) into Eq.(5), multiplying it by

ϕj(r) considering as a weight function in the Galerkin

method and integrating the results from r = 0 to 1, a

set of algebraic equations will be generated as follows:

N∑
i=1

Mij ẍi(t) +

N∑
i=1

Cij ẋi(t) +

N∑
i=1

Kijxi(t) = Fj (9)

where j = 1, ..., N , M, C, K and F are representing

mass, damping, stiffness matrices and force vector, re-

spectively. Because the first mode is the dominant mode

[44] in vibration behaviour of the studied structure,

only one mode shape, i.e. 1st mode shape is used in

the present study. So, considering first mode (N = 1),

Eq. (9) becomes:

Mẍ(t) + Cẋ(t) +Kx(t) = F (10)

M =

ˆ 1

0

ϕ2(r)dr, C =

ˆ 1

0

βϕ2(r)dr,

K =

ˆ 1

0

∇4ϕ2(r)dr, F =

ˆ 1

0

λV 2(t)ϕ(r)(
1− x(t)ϕ(r)

)2 dr (11)

A CMUT works in two energy domains: mechanical and

electrical. Hence, Considering all aspects of the system

when designing a controller, the equations electrical and

mechanical domains need to be include in our evalua-

tion. The mechanical equation and electrical equivalent

circuit that is obtained based on Kirchhoff’s Law are

written as Eq. (12) and Eq. (13), respectively.

Mẍ(t) + Cẋ(t) +Kx(t)

= (
V 2(t)ε0R

4

2D(g0)3
)

ˆ 1

0

ϕ(r)(
1− x(t)ϕ(r)

)2 dr
(12)

Is(t) =
1

Ωc

(
Us(t)− Uact(t)

)
(13)

where V (t) = Q(t)g0
ε0A

is the voltage between the upper

and bottom electrodes, Is(t), Us(t) and Uact(t) are the

current source, input voltage source and applied voltage

respectively. Also, A is the plate area, and Ωc is the re-

sistor in the external circuit [22]. The relation between

charge Q(t) and current Is(t) is equal to Is(t) = Q̇(t).

Therefore, the Eq. (12) and Eq. (13) is given as:

Mẍ(t) + Cẋ(t) +Kx(t)

=
R4Q2(t)

2Dg0ε0A2

ˆ 1

0

ϕ(r)(
1− x(t)ϕ(r)

)2 dr (14)

Q̇(t) =
1

Ωc

(
Us(t)−

Q(t)(g0 − x(t))

ε0A

)
(15)

To simplify the analysis, the Eq. (14) and Eq. (15) can

be normalized. Normalization of charge Q(t) and Volt-

age Us(t) is performed using charge QP and the pull-in

voltage UP .

q(t) =
Q(t)

QP
, us(t) =

Us(t)

UP
(16)

The charge Qp at pull-in point, the pull-in voltage Up
and the capacitance C0 at initial gap are rewritten as:

QP =
3

2
C0UP , UP =

√
8Kg02

27C0
, C0 =

ε0A

g0
(17)

Inserting Eq. (16) and Eq. (17) into Eq. (14) and Eq.

(15) gives the normalized nominal model as follow:

ẍ(t) + 2%h̃rẋ(t) + h̃2rx(t)=

ˆ 1

0

λ∗q2(t)ϕ(r)(
1− x(t)ϕ(r)

)2 dr (18)

q̇(t) + κ∗
(
1− x(t)

)
q(t) =

2

3
κ∗u(t) (19)

where λ∗ = R4K
3DA , κ∗ = 1

h̃rΩcC0
, % = C

2Mh̃r
, h̃r =

√
K
M

and u(t) is the input voltage. Furthermore, using Eq.

(7),the 1st the dominant mode-shape and defined shape

function in Eq. (8), the integral in Eq. (18) is solved

as follows. Therefore, the following equations can be

achieved.

F(x) =

ˆ 1

0

cos2(πr2 )(
1− x cos2(πr2 )

)2 dr
=

arctan(
tan(πr2 )√
1−x(t)

)

π(1− x(t))
3
2

+
tan(πr2 )

π(1− x(t))(tan2(πr2 ))− x(t) + 1

∣∣∣1
0

⇒ F(x) =
1

2(1− x(t))
3
2

(20)
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Remark 1 According to the investigated strategies and

proposed models in literature such as [22, 41], by ac-

cepting minor errors, the integral in the right hand side

of Eq. (18) considering the model is neglected. However,

in this work, by considering the mentioned integral the

error is eliminated and consequently, a more accurate

modeling is presented.

Now, we can choose the state variables of normalized

model as x(t), ẋ(t) and q(t) for nonlinear state-space

modeling of a CMUT. Let χ1(t) = x(t), χ2(t) = ẋ(t),

and χ3(t) = q(t). The state equations can be normal-

ized as follows:
χ̇1(t) = χ2(t)

χ̇2 = −h̃2rχ1(t)− 2%h̃rχ2(t) + λ∗F(χ1)χ2
3(t)

χ̇3(t) = −κ∗
(
1− χ1(t)

)
χ3(t) + 2

3κ
∗u(t)

Y (t) = χ1(t)

(21)

3 Control strategy design

In order to design a robust under-actuated control strat-

egy and regarding the fact that applying one controller

has superiority, the achieved model is transformed to

an affine nonlinear model. According to the nonlinear

transformation principle, the nonlinear transformation

coordinate can be chosen as follows to obtain an affine

nonlinear mathematical model of a CMUT.

Z = [ψ1(t), ψ2(t), ψ3(t)]T ∈ Φψ, Φψ ∈ R3 (22)

where
ψ1(t) = χ1(t)

ψ2(t) = χ2(t)

ψ3(t) =−h̃2rχ1(t)−2%h̃rχ2(t)+λ∗F(χ1)χ2
3(t)

(23)

Further, it is not difficult to obtain

ψ̇1(t) = ψ2(t)

ψ̇2(t) = ψ3(t)

ψ̇3(t) = −h̃2rψ2(t)− 2%h̃rψ3(t)

+λ∗Ḟ(ψ1)χ2
3(t) + 2λ∗F(ψ1)χ3(t)χ̇3(t)

= −h̃2rψ2(t)− 2%h̃rψ3(t) + λ∗Ḟ(ψ1)G(Z)

−2λ∗κ∗F(ψ1)(1− ψ1(t))G(Z)

+ 4
3λ∗κ∗F(ψ1)

√
G(Z)u(t)

(24)

where G(Z) is defined through the following equation:

G(Z) =
1

λ∗
F−1(ψ1)(h̃2rψ1(t) + 2%h̃rψ2(t) + ψ3(t)) (25)

If F∗(Z) and G∗(Z) are considered as equations bellow,

F∗(Z) = − h̃
2
r

θ
ψ2(t)− 2%h̃r

θ
ψ3(t) +

λ∗

θ
Ḟ(ψ1)G(Z)

− 2λ∗κ∗

θ
F(ψ1)(1− ψ1(t))G(Z)

G∗(Z) =
4

3
λ
∗κ∗F(ψ1)

√
G(Z)

(26)

For a CMUT in the presence of unmodeled dynamics

and external disturbances, the mathematical model is

achieved as follows:
ψ̇1(t) = ψ2(t)

ψ̇2(t) = ψ3(t)

ψ̇3(t) = θF∗(Z) +G∗(Z)u(t) +∆F(Z) +dC(t)

(27)

where θ is defined as a parameter in the system which

represents the effects of existing uncertainties in the

parameters for defined nonlinear transducer. Now, the

CMUT with the model uncertainties, external distur-

bances, and unknown parameters can be stabilized with

an adaptive under-actuated robust controller which is

designed in the following section. The first step is to

develop an estimate law for the unknown parameters.

As result, to obtain convergence of the defined error

e(t) = χ1(t)−χd and system trajectories to zero point,

an adaptive robust control law can be applied. χd is

defined as desired position of micro-plate.

Assumption 1 There are two ways in which imposed

perturbations are generally modeled. The first one can

be considered as unmodeled dynamics in the system, and

the second one as external disturbances which are con-

sidered to be bounded and unknown. The following in-

equalities can be assumed to be valid if both unknown

positive constants ζ and ξ are introduced as follows.

|∆F(Z)| ≤ ζ, |dC(t)| < ξ (28)

Following is a definition of finite time stability.

4 Adaptive under-actuated control for CMUT

with finite convergence time

The proposed adaptive under-actuated controller is de-

scribed in this section for CMUT stabilization. Also,

the performance of sliding mode control strategies is

generally described in this section. An appropriate slid-

ing manifold should first be designed with the suitable

dynamic properties. The second step includes develop-

ing a control signal. By controlling the system with the

help of designed protocols, the states of the system will

be remained on the defined sliding manifold.
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CMUT 

system
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-
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e(t)
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𝜽(𝒕), 𝜻(t), 𝝃(t)

Fig. 2 Block diagram of the under-actuated adaptive integral sliding mode control strategy.

4.1 Finite-time terminal sliding surface

For the proposed of designing adaptive under-actuated

controller, a nonlinear integral sliding manifold is cho-

sen as the first design stage in this work.

S(t) = ψ̈1(t) +

ˆ t

0

(
ρ3sig

γ3
(
ψ̈1(τ)

)
+ ρ2sig

γ2
(
ψ̇1(τ)

)
+ ρ1sig

γ1
(
ψ1(τ)

))
dτ

= ψ3(t) +

ˆ t

0

(
ρ3sig

γ3
(
ψ3(τ)

)
+ ρ2sig

γ2
(
ψ2(τ)

)
+ ρ1sig

γ1
(
ψ1(τ)

))
dτ

(29)

where the constants ρi and γi, (i = 1, 2, 3) are some pos-

itives which will be defined later. sigγ(.) = |.|γsgn(.),

and sgn(.) represents the well-known function of sign.

As the system states attain the sliding manifold, the

following conditions should be satisfied, according to

variable structure control theory.

S(t) = 0, Ṡ(t) = 0 (30)

According to Eq.(29) and Eq. (30), one can obtain

Ṡ(t) = ψ̇3(t) + ρ3sig
γ3
(
ψ3(t)

)
+ ρ2sig

γ2
(
ψ2(t)

)
+ ρ1sig

γ1
(
ψ1(t)

)
= 0

⇒ ψ̇3(t) = −ρ3sigγ3
(
ψ3(t)

)
− ρ2sigγ2

(
ψ2(t)

)
− ρ1sigγ1

(
ψ1(t)

) (31)

As a result, by applying Eq. (31) to the obtained model

Eq. (27), the dynamic of considered system on the de-

fined sliding mode surface is achieved as follows.
ψ̇1(t) = ψ2(t)

ψ̇2(t) = ψ3(t)

ψ̇3(t) = −ρ3sigγ3
(
ψ3(t)

)
−ρ2sigγ2

(
ψ2(t)

)
− ρ1sigγ1

(
ψ1(t)

) (32)

In [45], it has been proved that for achieving the fi-

nite time stability of origin in the defined sliding mode

manifold Eq. (29), the constants ρ1, ρ2, and ρ3 should

be selected such that the eigenvalues of the polyno-

mial Pw : m3 + ρ3m
2 + ρ2m + ρ1 is Hurwitz, and the

constants γ1, γ2, and γ3 should satisfy the equality

ρi−1 = ρiρi+1

2ρi+1−ρi , i = 2, 3 where ρ4 = 1, ρ3 = ρ,

ρ ∈ (1− ρ∗, 1), ρ∗ ∈ (0, 1).

Remark 2 It is observed that since the state trajecto-

ries of the achieved mathematical model of a CMUT

in Eq. (27) converge to the sliding manifold Eq. (29),

the overall dynamical model for the the system is trans-

formed into Eq. (32). Due to this, the CMUT will be-

come insensitive towards all unmodeled dynamics and

disturbances, and it has been proved that the state tra-

jectories of system Eq. (32) converge to zero in terms

of finite time stability analysis.

4.2 Adaptive sliding mode control rules

In the presence of unmodelled dynamics, model uncer-

tainties and external disturbances the sliding mode con-

trol signal forces the state trajectory of electrode posi-

tion toward the sliding manifold defined in Eq. (29)

and remains on it thereafter. Hence, an adaptive ro-

bust sliding control rule is developed to compensate
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for unknown parameters and unknown bounds. Also,

Fig. 2 shows the block diagram of the adaptive under-

actuated sliding mode controller with updating proto-

cols and finite time convergence for a CMUT. As dis-

cussed, the sliding mode control input should include

two parts that are equivalent control ueq(t) and vari-

able structure control uvs(t) in which control signal for

the final stage is generated by:

u(t) = 1/G∗(Z)
(
ueq(t) + uvs(t)

)
(33)

This article proposes an equivalent control as follows:

ueq(t) = −
(
θ̂(t)F∗(Z) + ρ3sig

γ3
(
ψ3(t)

)
+ ρ2sig

γ2
(
ψ2(t)

)
+ ρ1sig

γ1
(
ψ1(t)

)) (34)

where the estimation θ̂(t) is based on the unknown vec-

tor θ that according to this adaptive rule, the value is

updated.

˙̂
θ(t) = F∗(Z)S(t), θ̂(t0) = θ0 (35)

where θ0 is initial condition of the estimated parameter.

Now, the model uncertainties and external disturbances

of the system can be handled by designing of a variable

structure control. So, we have developed the following

vector structure signal as follow:

uvs(t) = −
(
ζ̂(t) + ξ̂(t) + πvs

)
sgn
(
S(t)

)
(36)

where πvs > 0 is a constant gain and ζ̂(t) and ξ̂(t)

are adaptive parameters for dealing with the unknown

values related to the defined upper bounds. They can

be adapted using the following update laws.

˙̂
ζ(t) = ζ∗|S(t)|, ζ̂(t0) = ζ0

˙̂
ξ(t) = ξ

∗|S(t)|, ξ̂(t0) = ξ0

(37)

with ζ∗ > 0 and ξ∗ > 0 as constant values, and ζ0, ξ0 as

initial condition of estimated upper bounds. Therefore,

for achieved affine nonlinear model of CMUT in Eq.

(27), we propose the following control signal.

u(t) =− 1/G∗(Z)
(
θ̂(t)F∗(Z) + ρ3sig

γ3
(
ψ3(t)

)
+ ρ2sig

γ2
(
ψ2(t)

)
+ ρ1sig

γ1
(
ψ1(t)

)
+
(
ζ̂(t) + ξ̂(t) + πvs

)
sgn
(
S(t)

)) (38)

Theorem 1 Consider the achieved model of a CMUT

in the presence of unmodeled dynamics, external dis-

turbances and unknown parameters of upper bounds. If

Assumption 1 is satisfied and the control input is chosen

as Eq. (38) As well as the adaptive laws Eq. (35) and

Eq. (37), Afterwards, the system will reach S(t) = 0

in Eq. (31). Subsequently, as soon as the system states

reaches to the defined manifold, the convergence of the

states to the equilibrium point of origin is obtained in

the sense of finite time stability.

Proof As follows is a selection of Lyapunov function

candidate for the system:

V(t) =
1

2
S2(t) +

1

2
θ̃2(t) +

1

2ζ∗
ζ̃2(t) +

1

2ξ∗
ξ̃(t) (39)

where θ̃(t) = θ̂(t)−θ, ζ̃(t) = ζ̂(t)−ζ, and ξ̃(t) = ξ̂(t)−ξ.

Then, by taking the time derivative of V̇(t), one has

V̇(t) =S(t)Ṡ(t) + (θ̂(t)− θ) ˙̂
θ

+
1

ζ∗
(ζ̂(t)− ζ)

˙̂
ζ(t) +

1

ξ∗
(ξ̂(t)− ξ)

˙̂
ξ(t)

(40)

Introducing Ṡ(t) in Eq. (31) to Eq. (40), one obtains

V̇(t)=S(t)
(
ψ̇3(t)+ρ3sig

γ3
(
ψ3(t)

)
+ρ2sig

γ2
(
ψ2(t)

)
+ ρ1sig

γ1
(
ψ1(t)

))
+ (θ̂(t)− θ) ˙̂

θ

+
1

ζ∗
(ζ̂(t)− ζ)

˙̂
ζ(t) +

1

ξ∗
(ξ̂(t)− ξ)

˙̂
ξ(t)

(41)

Inserting system dynamics Eq. (27) into Eq. (41), one

gets

V̇(t) =S(t)
(
θF∗(Z) + G∗(Z)u(t) +∆F(Z)

+ dC(t) + ρ3sig
γ3
(
ψ3(t)

)
+ ρ2sig

γ2
(
ψ2(t)

)
+ ρ1sig

γ1
(
ψ1(t)

))
+ (θ̂(t)− θ) ˙̂

θ

+
1

ζ∗
(ζ̂(t)− ζ)

˙̂
ζ(t) +

1

ξ∗
(ξ̂(t)− ξ)

˙̂
ξ(t)

(42)

It is clear that

V̇(t) ≤S(t)
(
θF∗(Z) + G∗(Z)u(t) + ρ3sig

γ3
(
ψ3(t)

)
+ ρ2sig

γ2
(
ψ2(t)

)
+ ρ1sig

γ1
(
ψ1(t)

))
+ |S(t)|

(
|∆F(Z)|+ |dC(t)|

)
+ (θ̂(t)− θ) ˙̂

θ

+
1

ζ∗
(ζ̂(t)− ζ)

˙̂
ζ(t) +

1

ξ∗
(ξ̂(t)− ξ)

˙̂
ξ(t)

(43)

According to the assumption 1 of inequality Eq. (28)

and the update rules Eq. (35) and Eq. (37), it is given:

V̇(t) ≤S(t)
(
θF∗(Z) + G∗(Z)u(t) + ρ3sig

γ3
(
ψ3(t)

)
+ ρ2sig

γ2
(
ψ2(t)

)
+ ρ1sig

γ1
(
ψ1(t)

))
+ (θ̂(t)− θ)F∗(Z)S(t) + ζ̂(t)|S(t)|+ ξ̂(t)|S(t)|

(44)
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Table 1 Geometrical and material properties of the movable
plate.

Symbol Quantity Value

R Radius 100 (µm)
h Thickness 1 (µm)
ε0 Permittivity of air 8.8541878 (pF/m)
E Young’s modulus 169 (GPa)
ν Poisson’s ratio 0.3
g0 Initial gap 1 (µm)
ρ Density 2330 (kg/m3)

When Eq. (44) is simplified and the control signal Eq.

(38) is substituted into it, it is obtained as:

V̇(t) ≤S(t)
(
− θ̂(t)F∗(Z)− ρ3sigγ3

(
ψ3(t)

)
− ρ2sigγ2

(
ψ2(t)

)
− ρ1sigγ1

(
ψ1(t)

)
−
(
ζ̂(t) + ξ̂(t) + πvs

)
sgn
(
S(t)

)
+ ρ3sig

γ3
(
ψ3(t)

)
+ ρ2sig

γ2
(
ψ2(t)

)
+ ρ1sig

γ1
(
ψ1(t)

))
+ θ̂(t)F∗(Z)S(t) + ζ̂(t)|S(t)|+ ξ̂(t)|S(t)|
≤ −πvs|S(t)|

(45)

Consequently, the Lyapunov stability ensures that the

system’s states Eq. (27) are converged to S(t) = 0. As a

consequence, the system states converge to the equilib-

rium point of origin along the defined manifold in terms

of finite-time stability. Proof then becomes complete.

5 Simulation results

In this section, the obtained results are presented and

discussed. In the first part, the modeling results of this
study is validated by means of comparing with [46].

In the second part, through considering uncertainties

and external disturbance, the strength and capabilities

of proposed controller is demonstrated for χd = 0.95.

Then, various values for χd are analysed. In the last

part, the Table 1 summarizes the geometric and physi-

cal properties of the modelled CMUT.

In order to validate the result of this study, the pull-

in voltage is compared with [46]. However, there is a

negligible difference between the values of pull-in volt-

age shown in Fig. 3 the results reveal that the applied

numerical method works well for the presented model.

For a tracking value of χd = 0.95, and considering

the control parameters as follows: ρ1 = 6, ρ2 = 12,

ρ3 = 8, γ1 = 7/16, γ2 = 7/13, γ3 = 7/10, πvs = 0.5,

ζ∗ = 1 and ξ∗ = 1, Fig. 4 and Fig. 5 are presented

to demonstrate the potential of the designed controller

for adjusting the dynamic response of the CMUT with

the accurate nonlinear modeling. Hence, considering

χd = 0.95, the time history of the displacement and
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Pull-in voltage in [46]

Pull-in voltage in presented work

132 139

Fig. 3 Pull-in voltage of this study vs [46].

the applied voltage are shown in Fig. 4a and b respec-

tively. In fact, it can be inferred that with a distance

of 0.05 µm between the movable and fixed electrodes,

At steady-state, the corresponding dynamic error will

be zero. According to the CMUT voltage time-history,

the applied voltage decreases from zero to −5 (V), af-

terwards, it increases to 10 (V). A steady-state value

of 0.1 (V) is reached when the function again smoothly

decreases. In addition, the coefficients of adaptation θ,

ζ, ξ and capacitance variation versus time are plotted

in Fig.5a and b respectively. It is clear, with presence of

controller the amount of the capacitance is maximized

to ' 6× 10−12(F ) and all uncertain parameters in the

system are increased with time and attained their re-

spective constant values. As Fig. 4 and 5, showed with

using a controller, the CMUT can follow a given path

0 2 4 6 8 10 12 14 16 18 20
T (non-dimensional)

-0.1

0.1

0.3

0.5

0.7

0.9

1.1
(a)

0 2 4 6 8 10 12 14 16 18 20
T (non-dimensional)

-6

0

6

12
(b)

Fig. 4 The variation of a) displacement and b) control input
versus time considering χd = 0.95.
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with a reasonable level of accuracy. The CMUT may

also lead to premature dynamic pull-in if it overshoots.

However, a designed adaptive under-actuated sliding

mode controller doesn’t exhibit this behavior in the

achieved results for χd = 0.95, in the proposed strategy

to prevent any pull-in effect and considering safe mar-

gin along with robust characteristics of the controller

against parameters variations, the desired path is con-

sidered to have values not exceeding 0.9.

In Fig. 6 and 7 considering the various values of χd
the time history of displacement, error between plate

position and desired value, the applied voltage and slid-

ing surfaces are presented, respectively. In comparison

with previous works [22, 41], the proposed strategy in

this paper is not affected by overshooting problem. As

shown in Fig. 6a and b, this problem is not observed

in the behavior of the plate deflection and presented

error using the designed adaptive controller with finite

time convergence. The applied voltage versus time is

shown in Fig. 7a. The initial voltage levels for all χds

are between −15V to 15V and as time elapses, they

converges to around zero. Also, in 7b time history of

defined finite time sliding surfaces demonstrates that

sliding manifolds are converged to zero.

At the end, its worth to mention that control of a

CMUT is performed in order to guide the upper elec-

trode to be in close proximity to the fixed electrode in

order to enhance Cmax value and thus the tunability
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Fig. 5 The variation of a) capacitance and b) adaptive rules
versus time considering χd = 0.95.
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0.1

E
rr

o
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Fig. 6 The variation of a) displacement and b) error versus
time for various values of χd

Table 2 The values of tuning ratio, maximum capacitance
and tunability through implementing the proposed controller
for various values of χd (Cmin = 2.779 × 10−13F )

Position Cmax(F) Tunability Tuning ratio

χd = 0.3 3.96 × 10−13F 42.96% 142.96%

χd = 0.6 6.94 × 10−13F 149.73% 250.54%

χd = 0.9 27.78 × 10−13F 899.64% 999.64%

of this device. In the following, the tunability of the

system is examined in relation to implementation of a

controller. The tunability and tuning ratio are defined

as follows [41]:

Tunability =
(Cmax − Cmin)

Cmin
× 100

Tuning ratio =
Cmax
Cmin

× 100

(46)

It is obtained that the minimum capacitance for the

proposed CMUT is equal to 2.779×10−13(F ). However,

due to control technique which is proposed in this work,

minimal distance between two electrodes can reach to

value of 0.05 µm and consequently a maximum capaci-

tance of 5.55× 10−12(F ) which is presented in Fig. 5a.

For various values of χd, Table 2 summarizes the

maximum capacitance, tunability, and tuning ratio and

as can be seen that using the proposed adaptive sliding

mode technique, an acceptable range of tunability and

tuning ratio are obtained.
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Furthermore, Fig. 8a and b illustrate the time his-

tory of capacitance and output pressure of the CMUT

for different χd. The time history of different capaci-

tance considering various χd are plotted in Fig. 8a in

which it can be seen that the obtained results are com-

patible with calculated values in Table. 2. Also, it is

known that the output pressure determines the pene-

tration depth in ultrasound applications and it is con-

sidered as a function of time [47]. In this figure it is

shown that a large displacement is desired for increas-

ing output pressure. Thus, increasing the displacement

can have a positive influence on the key features of a

CMUT including output pressure and tunability.

6 Conclusion

A fully clamped micro-scale Kirchhoff plate as a mov-

able plate and main mechanical part of a CMUT is dis-

cussed. To seize a maximum displacement, an adaptive

sliding mode controller is proposed and investigated to

control the CMUT. Using a capacitor control, its aim

is to move the deformable electrode to a closer distance

from fixed electrode and therefore increase the capaci-

tor’s overall maximum capacitance as well as its tuning

capability. Moreover, in order to eliminate the adverse

effects of uncertainties, unmodeled dynamics and ex-

ternal disturbances potential of the designed adaptive

robust sliding mode control strategy was evaluated. Ac-
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Fig. 7 The variation of a) control input and b) sliding surface
versus time for various values of χd
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Fig. 8 The variation of a) capacitance and b) output pres-
sure versus time for various values of χd.

cording to the results of evaluation, the controller pro-

vides a high robustness and stable performance, and

compensates anomalies. The functionality of controller

in terms of improving output pressure, stabilizing the

CMUT and its robustness was investigated. In the last

part, It is shown that a CMUT a with wide displace-

ment ranges can have more desirable characteristics,

such as a higher output pressure and tunability.

Compliance with ethical standards

Funding Not applicable.

Conflict of interest The authors declare that they have no
conflict of interest.

Availability of data and material Data will be made
available on reasonable request.

Code availability Data will be made available on reason-
able request.

Ethics approval Not applicable.

Consent to participate Not applicable.

Consent for publication We, the undersigned, give our
consent for the publication of identifiable details, which can
include photograph(s) and/or details within the text to be
published in the above journal and article.



Adaptive under-actuated control for stabilization of nonlinear capacitive micro-machined ultrasonic transducers 11

References

1. Rembe C, Muller RS (2002) Measurement system

for full three-dimensional motion characterization

of mems. Journal of Microelectromechanical Sys-

tems 11(5):479–488

2. Joshitha C, Sreeja B, Princy SS, Radha S (2017)

Fabrication and investigation of low actuation volt-

age curved beam bistable mems switch. Microsys-

tem Technologies 23(10):4553–4566

3. Ghasemi S, Afrang S, Rezazadeh G, Darbasi S, So-

toudeh B (2020) On the mechanical behavior of a

wide tunable capacitive mems resonator for low fre-

quency energy harvesting applications. Microsys-

tem Technologies pp 1–10

4. Maillard D, De Pastina A, Abazari AM, Villanueva

LG (2021) Avoiding transduction-induced heat-

ing in suspended microchannel resonators using

piezoelectricity. Microsystems & Nanoengineering

7(1):1–7

5. Li Q, Fan S, Tang Z, Xing W (2012) Non-linear

dynamics of an electrothermally excited resonant

pressure sensor. Sensors and Actuators A: Physical

188:19–28

6. Fang S, Wang S, Miao G, Zhou S, Yang Z, Mei

X, Liao WH (2020) Comprehensive theoretical and

experimental investigation of the rotational impact

energy harvester with the centrifugal softening ef-

fect. Nonlinear Dynamics 101(1):123–152

7. Fang S, Wang S, Zhou S, Yang Z, Liao WH (2020)

Analytical and experimental investigation of the

centrifugal softening and stiffening effects in rota-

tional energy harvesting. Journal of Sound and Vi-

bration 488:115643

8. Safavi SM, Rezazadeh G, Fathalilou M,

Abazari AM (2016) Couple stress effect on

micro/nanocantilever-based capacitive gas sensor.

International Journal of Engineering 29(6):852–861

9. Abazari AM, Fotouhi M, Tavakkoli H, Rezazadeh G

(2020) An experimental study for characterization

of size-dependence in microstructures via electro-

static pull-in instability technique. Applied Physics

Letters 116(24):244102

10. Jie L, Wenjun W, Shan X, Fang C (2019) Effect

of structural parameters on functional performance

of cmut: a simulation study and analysis. In: 2019

14th IEEE International Conference on Electronic

Measurement & Instruments (ICEMI), IEEE, pp

936–941

11. Fang S, Wang S, Zhou S, Yang Z, Liao WH (2020)

Exploiting the advantages of the centrifugal soft-

ening effect in rotational impact energy harvesting.

Applied Physics Letters 116(6):063903

12. Mirzaei MJ, Aslmostafa E, Asadollahi M, Badam-

chizadeh MA, Ghaemi S (2020) Fuzzy terminal slid-

ing mode control for finite-time synchronization of

electrostatic and electromechanical transducers. In:

2020 6th Iranian Conference on Signal Processing

and Intelligent Systems (ICSPIS), IEEE, pp 1–7

13. Sharma R, Agarwal R, Dubey AK, Arora A (2019)

Design and analysis of capacitive micromachined

ultrasonic transducer. Recent Patents on Engineer-

ing 13(2):108–116

14. Darbasi S, Shourcheh SD, Rezazadeh G, Afrang

S (2018) Mechanical behavior of a capacitive tun-

able ultrasound transducer for bio diagnostic appli-

cation. In: Electrical Engineering (ICEE), Iranian

Conference on, IEEE, pp 336–341

15. Son C, Ziaie B (2008) Pull-in instability of parallel-

plate electrostatic microactuators under a com-

bined variable charge and voltage configuration.

Applied Physics Letters 92(1):013509

16. Yaralioglu GG, Ergun AS, Bayram B, Haeg-

gstrom E, Khuri-Yakub BT (2003) Calculation and

measurement of electromechanical coupling coeffi-

cient of capacitive micromachined ultrasonic trans-

ducers. IEEE transactions on ultrasonics, ferro-

electrics, and frequency control 50(4):449–456

17. Vogl GW (2006) Nonlinear dynamics of circular

plates under electrical loadings for capacitive mi-

cromachined ultrasonic transducers (cmuts). PhD

thesis, Virginia Tech
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