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Abstract 38 

Background. Usability studies of medical devices are mandatory for market access. The 39 studies’ goal is to identify and eliminate usability problems that could cause harm the 40 

user or limit the device’s effectiveness. In practice, human factor engineers study 41 

participants under actual conditions of use and list the problems encountered. This 42 

results in a binary discovery matrix in which each row corresponds to a participant, and 43 

each column corresponds to a usability problem. One of the main challenges in usability 44 

studies is estimating the total number of problems, in order to assess the completeness 45 

of the discovery process. Today’s margin-based methods fit the column sums to a 46 

binomial model of problem detection. However, the discovery matrix actually observed 47 

is truncated because of undiscovered problems, which corresponds to fitting the 48 

marginal sums without the zeros. Margin-based methods fail to overcome the bias related 49 

to truncation of the matrix. The objective of the present study was to develop and test a 50 

matrix-based method for estimating the total number of usability problems. 51 

Methods.  The matrix-based method models the likelihood of the discovery matrix, and 52 

allows one to account for all the available information. It also circumvents a drawback of 53 

margin-based methods by simultaneously estimating two unknown parameters: the 54 

probability of problem detection and the total number of problems. Furthermore, the 55 

matrix-based method takes account of a heterogeneous probability of detection, which 56 

better reflects a real-life setting. As suggested in the usability literature, a logit-normal 57 

prior for the probability of detection is selected. 58 

Results.  We assessed the matrix-based method’s performance in a range of settings 59 

reflecting real-life usability studies and with both homogeneous and heterogeneous 60 

probabilities of problem detection. In our simulations, the matrix-based method 61 
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improved the estimation of the number of problems (in terms of bias, consistency, and 62 

coverage probability of the confidence interval) in a wide range of settings. We also 63 

applied our method to real data from a usability study of infusion pumps. 64 

Conclusions. Our method should be applied by regulators and device manufacturers to 65 

estimate the number of usability problems using the set of statistical routines provided. 66 

  67 
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Main manuscript text 68 

I. Background 69 

 Introduction 70 

The usability study is a cornerstone of medical device development, and proof of usability 71 

is mandatory for market access in both the European Union and the United States [1]. The 72 

overall objective of a usability assessment is to ensure that a medical device is designed 73 

and optimized for use by the intended users in the environment in which the device is 74 

likely to be used [2]. The goal is to identify and then eliminate problems (called “use 75 errors”) that could cause harm the user or impair medical treatment (e.g. an 76 

inappropriate number of inhalations, finger injection with an adrenaline pen, etc.) [3]. 77 

The detection of usability problems must be as comprehensive as possible because 78 

medical devices are safety-critical systems. However, the total number of usability 79 

problems is never known in advance. The main challenge during the usability study is 80 

thus to estimate this number, in order to assess the completeness of the problem 81 

discovery process. 82 

In practice, participants are placed under actual conditions of use (real or simulated), and 83 

usability problems are observed and listed by human factor engineers. The experimental 84 

conditions are defined in a risk analysis that gathers together possible usability problems. 85 

Throughout the usability study, problems are discovered and added to a discovery matrix 86 

- a binary matrix with the participants as the rows and the problems as the columns. The 87 

current approach involves estimating the total number of problems as the usability study 88 

progresses, starting from the first sessions. The number is estimated iteratively as the 89 

sample size increases, until the objective of completeness has been achieved [4].  90 
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From a statistical perspective, the current estimation procedure is based on a model of 91 

how the usability problems are detected; this is considered to be a binomial process. The 92 

literature suggests that the total number of usability problems can be estimated from the 93 discovery matrix’s problem margin (the sum of the columns) [5–9]. However, this 94 

estimation is complicated by (i) the small sample size usually encountered in usability 95 

studies of medical devices [10] and (ii) as-yet unobserved problems that truncate the 96 

margin and bias estimates [11–13].  97 

The objective of the present study was to develop a matrix-based estimation of the 98 

number of usability problems affecting a medical device. This new method is based on 99 

the likelihood of the discovery matrix (rather than the matrix’s margins alone), so as to 100 

avoid the loss of associated information.  101 

 Data collected during the usability study: the discovery matrix 102 

The human factor engineer collects the results of the usability study in a problem-103 

discovery matrix 𝕕. Each row corresponds to a participant, and each column corresponds 104 

to a usability problem. The result is 1 if the participant discovered the problem and 0 if 105 

not. Considering that after the inclusion of 𝑛  participants, 𝑗  problems have been 106 

discovered, a 𝑛 × 𝑗 matrix is built. By way of an example, the discovery matrix obtained 107 

after 𝑛 = 8 participants (in rows) might be the one presented below: 108 

𝕕 =
( 
   
 1 0 0 0 0 0 0 0 0 00 1 1 0 0 0 0 0 0 00 0 0 1 1 1 1 0 0 01 0 0 0 0 0 0 1 0 00 0 0 1 0 0 0 1 1 00 1 0 0 0 0 0 0 0 10 0 0 0 1 0 0 0 0 10 0 1 0 0 1 0 0 0 0) 

   
   109 
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In this example, 𝑗 = 10 different problems (in columns) have been detected so far. The 110 

first participant discovered only one problem (column 1), whereas the second discovered 111 

two new problems (columns 2 and 3), etc. 112 

 113 

At this stage, some problems might not have been detected, and the total number of 114 

usability problems (𝑚) is unknown. It should be noted that by definition, 𝑚 ≥ 𝑗 and 𝑚 −115 𝑗 problems remain undetected. Indeed, 𝕕 comes from a complete but unobserved matrix 116 

of dimensions 𝑛 × 𝑚 . This matrix is denoted as 𝕩 . Thus, the “observed” matrix  𝕕 is a 117 

truncated version of the “complete” matrix 𝕩; it lacks the columns corresponding to the 118 

as-yet undetected problems. Hereafter, we use the following notation: 𝕩 =119 (𝑥𝑖𝑙)1≤𝑖≤𝑛,1≤𝑙≤𝑚  where 𝑥𝑖𝑙 = 1 if the participant 𝑖 experiences the problem 𝑙, and 𝑥𝑖𝑙 = 0 120 

otherwise. 121 

𝕩 = ( 
 𝑥11 ⋯ 𝑥1𝑙 ⋯ 𝑥1𝑚⋮ ⋱ ⋮ ⋱ ⋮𝑥𝑖1 ⋯ 𝑥𝑖𝑙 ⋯ 𝑥𝑖𝑚⋮ ⋱ ⋮ ⋱ ⋮𝑥𝑛1 ⋯ 𝑥𝑛𝑙 ⋯ 𝑥𝑛𝑚) 

 
 122 

The human factor engineer’s goal is to estimate the total number of problems 𝑚 from the 123 

discovery matrix 𝕕 and thus deduce 𝑚 − 𝑗 - the number of problems that have not been 124 

detected. The new method presented below addresses this goal. 125 

 Conventional estimation of 𝑚 using a margin-based probabilistic model 126 

In this section, we describe the margin-based methods currently employed to estimate 127 

the number of usability problems. As mentioned above, 𝑚  is currently estimated by 128 

fitting a probabilistic (binomial) model to the discovery matrix’s problems margin. More 129 

specifically, the probability with which a given usability problem is discovered by a 130 
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participant is modelled by a Bernoulli trial with a probability of success (i.e. detection) 𝑝. 131 

For a given problem, the Bernoulli trial is considered to apply independently to each of 132 

the 𝑛  participants in the usability study. Thus, the problem margin sums can be 133 

considered as an independent, identically distributed sequence of Bernoulli trials, in 134 

which the number of times a given usability problem (a random variable 𝑋) has been 135 

observed after 𝑛 participants follows a binomial distribution, 𝑋~ℬ𝑖𝑛(𝑛, 𝑝). Considering 136 

the binomial distribution of the margin sums, the proportion of problems that has been 137 

discovered at least once after 𝑛 participants is given by the cumulative function of the 138 

shifted geometric distribution [4, 14, 15]: 139 

𝑃(𝑋 > 0) = 1 − (1 − 𝑝)𝑛 (1) 140 

The total number of problems 𝑚 is then deduced from the following relationship: 141 

 𝑗 = (1 − (1 − 𝑝)𝑛) × 𝑚 (2) 142 

The discovery progress is thus assessed in two steps: the probability of detection 𝑝 is first 143 

estimated and then plugged into Equation (2) to estimate the number of problems 𝑚. A 144 

wide range of literature methods are available for estimating the probability of problem 145 

detection. The simplest way involves computing the naive estimate (denoted as �̂�) using 146 

the observed discovery matrix 𝕕: 147 

�̂� = ∑ ∑ 𝑥𝑖𝑙𝑗𝑙=1𝑛𝑖=1𝑛 ∗ 𝑗  (3) 148 

As mentioned above, the naïve estimate is systematically biased - especially for small 149 

samples. Indeed, unobserved problems result in zero columns that shrink the probability 150 

space and lead to overestimation of 𝑝, particularly at the beginning of the process when 151 𝑗 ≪ 𝑚 . Consequently, 𝑚  is systematically underestimated, which generates safety 152 
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concerns in the medical device field. In response, several strategies have been employed 153 

to overcome the truncated matrix problem. 154 

In 2001, Hertzum and Jacobsen [7] suggested normalizing the value of �̂�. This procedure 155 

considers that the lower boundary of the probability of detection estimated with 𝑛 156 

participants is 1/𝑛. For example, in a sample of 5 participants, �̂� ∈ [0.2 ; 1]. Conversely, 157 

the normalized estimator �̂�𝑁𝑜𝑟𝑚 ∈ [0; 1], and is computed as follows: 158 

�̂�𝑁𝑜𝑟𝑚 = �̂� − 1𝑛1 − 1𝑛 (4) 159 

However, the normalized approach suffers from a major limitation when estimating the 160 

total number of problems with Equation (4). In fact, if each participant has discovered 161 

only one problem and if each problem was discovered only once, �̂� = 1𝑛, �̂�𝑁𝑜𝑟𝑚 = 0, and 162 

the estimated number of problems �̂�  is infinite. We will not discuss this estimation 163 

method further. 164 

Turing and Good developed a discounting method for estimating the probability of 165 

unseen species on the basis of observed data [16]. Lewis suggested that the Good-Turing 166 

(GT) adjustment could be used to reduce the magnitude of the overestimation of 𝑝 by 167 

increasing the probability space and thus accounting for unobserved usability problems 168 

[6]. The GT adjustment is computed as the proportion of singletons relative to the total 169 

number of events (i.e. the proportion of problems discovered only once, 𝑥𝑖𝑙 = 1), and is 170 

incorporated in the estimation as follows: 171 

�̂�𝐺𝑇 = �̂�1 + 𝐺𝑇 (5) 172 
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However, Lewis observed that use of the GT estimator overestimated 𝑝. He empirically 173 

assessed the best adjustment for a small sample size by carrying out Monte Carlo 174 

simulations on a range of usability study databases involving web or software user 175 

interfaces with known true values. Based on these simulations, Lewis concluded that the 176 

best method was to average the GT adjustment and a “double deflation” term: 177 

�̂�𝐿𝑒𝑤𝑖𝑠 = 12 [ �̂�1 + 𝐺𝑇𝑎𝑑𝑗] + 12 [(�̂� − 1𝑛) × (1 − 1𝑛)] (6) 178 

Nevertheless, the degree of adjustment of the probability space for unobserved problems 179 

is essentially empirical. The residual bias is not known to trend towards over- or 180 

underestimation. 181 

In 2008, Schmettow considered the problem margin sums in a zero-truncation 182 

framework [17]. Indeed, the distribution of the problems so far observed follows a 183 

binomial distribution with only a positive integer as support (i.e. a positive or conditional 184 

distribution). The distribution is truncated because the random variable cannot be equal 185 

to zero. The probability is then estimated using standard mathematical techniques, such 186 

as the maximum likelihood or moment estimator [18–20]. The probability mass function 187 

is: 188 

𝑃(𝑋 = 𝑘) = (𝑛𝑘) 𝑝𝑘(1 − 𝑝)𝑛−𝑘 (7) 189 

and zero truncation is achieved as follows: 190 

𝑃(𝑋 = 𝑘)𝑧𝑡 = { 0 𝑖𝑓 𝑘 = 0𝑃(𝑋 = 𝑘)1 − 𝑃(𝑋 = 0) 𝑖𝑓 𝑘 > 0 (8) 191 

The probability of problem discovery is then estimated by using maximum likelihood 192 

techniques to fit the marginal sums to the zero-truncated binomial distribution. It should 193 
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be noted that the expected probability of unobserved problems, Pr(𝑋 = 0), is deduced 194 

from the non-truncated function [17]. 195 

 Methods taking account of a heterogeneous problem detection 196 

probability 197 

All the methods presented above assume that the probability of detection is the same for 198 

all usability problems (i.e., the same 𝑝). However, this assumption seems unrealistic and 199 

very unlikely to hold in real-life usability studies. Schmettow showed that overdispersion 200 

was frequent in the problem margin sums, reflecting heterogeneity in the probability of 201 

detection [21]. Furthermore, erroneously ignoring the presence of heterogeneity by 202 

using a single, average value of 𝑝  leads to overestimation of the completeness of the 203 

discovery process (Jensen's inequality) [22]. Schmettow tackled this problem by 204 

developing a model that incorporated heterogeneity. The probability of detection was 205 

considered to be a random variable, which enabled each problem to have its own 206 

probability of detection. Schmettow used the logit-normal distribution as a prior for the 207 

probability of detection. Formally, the logit of the probability of detection follows a 208 

normal distribution 𝒩(𝜇, 𝜎). In this model, the problem margin sums follows a logit-209 

normal binomial distribution and the probability mass function is: 210 

𝑃(𝑋 = 𝑘) = (𝑛𝑘) 1√2𝜋𝜎∫(1 − 𝑝)𝑛−𝑘−1𝑝𝑘−1 exp(− (𝑙𝑜𝑔𝑖𝑡(𝑝) − 𝜇)22𝜎2 )𝑑𝑝1
0  (9) 211 

Using the zero truncation technique presented in equation (8), Schmettow developed the 212 

logit-normal binomial zero truncated (LNBzt) model and applied it to the usability of 213 

medical infusion pumps [23]. To the best of our knowledge, this model is the only one 214 

that accounts for both heterogeneity and unobserved problems. 215 
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 Statistical limitations of margin-based methods 216 

The primary limitation of the margin-based methods presented above is that they 217 

estimate the probability of detection only. The number of problems 𝑚 is deduced but not 218 

estimated per se. It would be possible to estimate both 𝑚  and 𝑝  by summarizing the 219 

discovery matrix on the basis of the participants’ margin. In such a case, each sum follows 220 

a binomial ℬ𝑖𝑛(𝑚, 𝑝), thus enabling estimation of both the number of attempts and the 221 

probability of success in a binomial setting. However, DasGupta and Rubin established 222 

that there were no unbiased estimates for essentially any functions of either the number 223 

of attempts or the probability of success [24]. This problem was initially considered by 224 

Fisher and Haldane for estimating species abundance [25, 26]. It has also been considered 225 

by Olkin, Petkau, and Zidek, who developed both a moment and a maximum likelihood 226 

estimator, and by Carroll and Lombard, who proposed an estimator in a Bayesian setting 227 

(leading to a beta-binomial distribution) [27, 28]. Hall also considered this problem in an 228 

asymptotic framework [29]. 229 

The second limitation of margin-based methods is information loss, relative to the 230 

initially available data. For example, 𝑗 and the number of singletons were the only data 231 

used in the GT estimates. In the same way, the zero-truncated method considered only 232 

the column sums for the problems and omitted the pattern of detection (i.e., the users). 233 

Here, we tackled the problem by directly modelling the distribution of the discovery 234 

matrix and thus accounted for all the available information. We addressed the problem 235 

of estimating both 𝑝 and 𝑚 by considering a maximum likelihood estimator and Bayesian 236 

inference, in much the same way as Carroll and Lombard [27]. In the Methods section, we 237 

present the statistical basis of our method, i.e. the likelihood of the discovery matrix. In 238 

the Results section, we shall describe two simulations comparing our matrix-based 239 
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method with margin-based methods in the context of homogeneous and then 240 

heterogeneous problem detection probabilities. We also applied our method to real 241 

usability testing data for medical infusion pumps [23]. Lastly, we discuss the implications 242 

for estimating the number of problems in usability studies. 243 

II. Methods 244 

We first specify the statistical basis underpinning the matrix-based method in general 245 

and the principle of column permutation in particular. We next present our estimation of 246 

the total number of usability problems 𝑚 in the context of a homogeneous probability of 247 

detection. In the third part of the Methods, we explain how the matrix-based model can 248 

be adapted for use with a heterogeneous probability of detection. The last part is 249 

dedicated to the methods used to assess the matrix-based model’s performance. 250 

 The matrix-based method 251 

We first present the matrix-based method and, for sake of clarity, assume that the 252 

probability of problem detection is homogeneous. Consider the complete discovery 253 

matrix 𝕩. The probability of 𝕩 can be written as follows: 254 

𝑃(𝕩|𝑝,𝑚) =  𝑝𝕩••(1 − 𝑝)𝑛𝑚−𝕩•• (10) 255 

where 𝕩•• = ∑ ∑ 𝑥𝑖𝑙𝑚𝑙=1𝑛𝑖=1  is the total number of problems observed by 𝑛 individuals.  256 

An example of a possible matrix 𝕩 obtained from two participants during a usability study 257 

of a medical device with 𝑚 = 3  problems is given below (with users in rows and 258 

problems in columns): 259 

𝕩 = (0 0 11 0 0) (11) 260 
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As seen above, the complete discovery matrix 𝕩 is never observed, and the discovery 261 

matrix 𝕕 is the only one available. It is similar to the matrix 𝕩, except that unobserved 262 

problems are missing. Considering the above example, neither of the users observed the 263 

second problem, and the resulting observed discovery matrix 𝕕 would be: 264 

𝕕 = (1 00 1) (12) 265 

It should be noted that if the total number of problems 𝑚 is known, then the complete 266 

matrix 𝕩 could be reconstituted (with permutation), based on the matrix 𝕕. For instance, 267 

if we take the matrix 𝕩 and consider (wrongly, in this case) that the number of problems 268 𝑚 = 5 , then the reconstituted complete matrix denoted by �̂�𝑚  would be obtained by 269 

padding the matrix 𝕕  with columns of zeros (corresponding to as-yet unobserved 270 

problems): 271 

�̂�𝑚=5 = (1 0 0 0 00 1 0 0 0) (13) 272 

Thus, noting that 𝕩•• = 𝕕••, it is possible to compute the likelihood of the complete matrix 273 𝕩𝑚  on the basis of the discovery matrix 𝕕 . This likelihood is given by the following 274 

formula: 275 

𝑃(�̂�𝑚|𝑝,𝑚) =  𝑝𝕩••(1 − 𝑝)𝑛𝑚−𝕩•• (14) 276 

Thus, a maximum likelihood estimation of (𝑝,𝑚)  based on �̂�𝑚  would consist in 277 

maximizing 𝑝(�̂�𝑚|𝑝,𝑚) with respect to 𝑚 and 𝑝. This process leads to �̂� = 𝑗, where 𝑗 is 278 

the number of problems observed so far, and 𝑝 =  𝕩••𝑛𝑗 . However, as noted above, these 279 

parameter estimates are biased because 𝑝(�̂�𝑚|𝑝,𝑚) is not the likelihood of the observed 280 

data. In fact, the main problem is that the definition of observed data (�̂�𝑚) depends on 281 
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the value 𝑚, which is unknown. We tackled this issue by modeling the distribution of the 282 

observed discovery matrix 𝑝(𝕕|𝑝,𝑚). 283 

It should be noted that the matrix 𝕕 is defined in a lexicographic order, which simply 284 

means that the problems are ordered in the order of detection. For instance, the six 285 

possible complete matrices 𝕩 leading to the previous matrix 𝕕 if 𝑚 = 3 are presented in 286 

Table 1. 287 

Table 1: Six possible complete matrices 𝕩𝑚=3 leading to the observed discovery matrix 𝕕 = (1 00 1) 288 

Possibility 1 Possibility 2 Possibility 3 

�̂�1𝑚=3 = (1 0 00 0 1) �̂�2𝑚=3 = (0 1 00 0 1) �̂�3𝑚=3 = (1 0 00 1 0) 

Possibility 4 Possibility 5 Possibility 6 

�̂�4𝑚=3 = (0 0 11 0 0) �̂�5𝑚=3 = (0 0 10 1 0) �̂�6𝑚=3 = (0 1 01 0 0) 

 289 

In fact, if we could consider the label (the name of the usability problem) associated with 290 

each column, only one matrix 𝕩 could lead to the matrix 𝕕. However, since we have no 291 

means of finding the names of the columns in the initial matrix 𝕩, we will consider that 292 

the matrix 𝕕 has unnamed columns. Removing these column names allows us to consider 293 

the matrix 𝕕 for the observed data (for which the definition does not vary as a function of 294 the model’s definition of the model – in contrast to �̂�𝑚). 295 

Since the probability of each matrix in Table 1 is 𝑝2(1 − 𝑝)4, it follows that: 296 

𝑃(𝕕|𝑚 = 3, 𝑝) =  6 × 𝑝2(1 − 𝑝)4 = 𝐴32 × 𝑝2(1 − 𝑝)4 (15) 297 
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More generally, the number of matrices 𝕩 associated with an observed discovery matrix 298 𝕕 is: 299 

𝑚!(𝑚 − 𝑗)! 𝑗1! … 𝑗𝑟! =  1𝑗1! … 𝑗𝑟! × 𝐴𝑚𝑗 (16) 300 

where 𝑟 is the number of different columns of 𝕕, and 𝑗ℎ (1 ≤  ℎ ≤  𝑟) is the number of 301 

repetitions of the column of type ℎ . Of course, 𝑗 =  𝑗1 +⋯+ 𝑗𝑟 . Here, we recognize a 302 

familiar equation: that associated with the number of anagrams of a word in which each 303 

type of column corresponds to a different letter, including the null column (repeated 𝑚−304 𝑗 times). 305 

Finally, we obtain the likelihood of 𝕕 as follows: 306 

𝑃(𝕕|𝑝,𝑚) =  1𝑗1! … 𝑗𝑟! × 𝐴𝑚𝑗 × 𝑝𝕩••(1 − 𝑝)𝑛𝑚−𝕩•• (17) 307 

In practice, the computation of 
1𝑗1!…𝑗𝑟! has no impact on the estimation, since it is the same 308 

for all values of 𝑚 and 𝑝. 309 

 Estimation of m when the probability of detection is homogeneous 310 

In the following section, we present two estimates of the total number of problems: the 311 

maximum likelihood and the Bayesian estimates.  312 

Starting from matrix 𝕕, the maximum likelihood estimator of 𝑚 and 𝑝 can be obtained by 313 

maximizing 𝑝(𝕕|𝑝,𝑚) over (𝑝,𝑚): 314 

(�̂�, �̂�) = arg maxm≥j,p∈[0;1]𝑃(𝕕|𝑝,𝑚) (18) 315 

Substituting 𝑝  by 
𝕩••𝑛𝑚  (the maximum likelihood estimator of 𝑝  when 𝑚  is fixed), the 316 

profiled likelihood function ℒ that must be maximized is: 317 
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ℒ(𝑚) = 1𝑗1! 𝑗2! … 𝑗𝑟! × 𝐴𝑚𝑗 × (𝕩••𝑛𝑚)𝕩•• × (1 − 𝕩••𝑛𝑚)nm−𝕩•• (19) 318 

For numerical convenience, we consider the logarithm of the likelihood ℓ: 319 

ℓ(𝑚) = 𝐶 + log(𝐴𝑚𝑗 ) + 𝕩•• × log (𝕩••𝑛𝑚) + (nm− 𝕩••) × log (1 − 𝕩••𝑛𝑚) (20) 320 

The maximum does not have a closed form, and the values of 𝑚 only need to be evaluated 321 

on a discrete grid. Once �̂� has been found, �̂� can be directly deduced by computing �̂� =322 𝕩••𝑛�̂�. For instance, we used the discovery matrix 𝕕 presented on page 6 to plot the values 323 

of ℓ(𝑚) according to 𝑚. We see that the estimated value of 𝑚 is �̂� = 12. 324 

 325 

Figure 1: Log-likelihood according to the total number of problems (m), based on the observed discovery 326 
matrix (see 𝕕 in page 6).. The maximum log-log likelihood is reached for m=12. Since the number of observed 327 

problems is j=10, the maximum likelihood estimate predicts that 2 usability problems remain undetected. 328 

In theory, the maximum likelihood estimator has good properties, such as asymptotic 329 

convergence on the true value of the parameters [30]. However, if and only if 𝕩•• = 𝑗, the 330 

function ℓ(𝑚) only increases - leading to an infinite value of �̂�  (see the proof in the 331 

Appendix). The situation where 𝕩•• = 𝑗 is particularly likely for small sample sizes. We 332 
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circumvented this possibility by replacing 𝕩•• with 𝕩•• + 1, which produces a regularized 333 

solution associated with a finite value of �̂�.  334 

Having built a probabilistic model of data generation, we can generate confidence 335 

intervals by applying a parametric bootstrap approach, i.e., by simulating new discovery 336 

matrices 𝕕 based on �̂� and �̂� and by re-estimating 𝑝 and 𝑚 [31]. 337 

An alternative to the maximum likelihood estimation is the use of Bayesian inference, 338 

where unknown parameters 𝑝 and 𝑚 are considered to be random [32]. Here, we assume 339 

independent prior distributions for 𝑝 and 𝑚, i.e., 𝑝(𝑚, 𝑝)  =  𝑝(𝑚)𝑝(𝑝). We also assume 340 

that the number of problems is distributed uniformly over the range of integers from 1 341 

to 𝑀: 342 

𝑃(𝑚) = 1𝑀 , ∀𝑚 ∈ {1, … ,𝑀} (21) 343 

We suppose that the prior distribution of 𝑝 is a beta distribution with parameters 𝛼 and 344 𝛽. We note that 𝑝~ℬ(𝛼, 𝛽) 345 

𝑃(𝑝) = 1ℬ(𝛼, 𝛽) 𝑝α−1 × (1 − 𝑝)β− 1 × 𝟙[0,1] (𝑝) (22) 346 

where 𝐵(. , . ) is the beta function ℬ(𝛼, 𝛽) = ∫ pα−1 × (1 − 𝑝)𝛽− 1𝑑𝑝10 . 347 

These two prior distributions require us to define the hyperparameters 𝑀, 𝛼, and 𝛽. It 348 

should be noted that the prior distribution of 𝑚 is weakly informative. Taking 𝛼 = 𝛽 = 1, 349 

we would obtain a uniform distribution over [0,1], which is also weakly informative. In 350 

the simulations, we chose 𝛼 = 𝛽 =  1 and 𝑀 =  500 because it is rare that 𝑚 > 150 in 351 

typical usability studies. It should also be noted that prior distributions could also be 352 

based on the state of the art in usability tests. 353 
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Within a Bayesian framework, we are interested in 𝑃(𝑚, 𝑝 |𝕕), i.e. the probability of the 354 

parameters given the data. However, we also want to compute the marginal posterior 355 

distributions 𝑃(𝑚|𝕕) and 𝑃(𝑝 |𝕕). It should be noted that above all, the cornerstone of 356 

the Bayesian inference in our setting is the probabilistic model of 𝕕, i.e., 𝑃(𝕕|𝑚, 𝑝), and 357 

so any approach based on 𝑃(�̂�𝑚|𝑝, 𝑚) would fail. 358 

We now specify the computation of 𝑃(𝑚|𝕕): 359 

𝑃(𝑚|𝕕) ∝ 𝑃(𝑚, 𝕕) = ∫𝑓(𝑚, 𝕕, 𝑝)𝑑𝑓1
0 = ∫𝑃(𝕕|𝑚, 𝑝) 𝑃(𝑚) 𝑓(𝑝)𝑑𝑝1

0 (23) 360 

and thus obtain ∀𝑚 ∈ {𝑗, … ,𝑀} 361 

∫𝑃(𝕕|𝑚, 𝑝) 𝑃(𝑚) 𝑓(𝑝)𝑑𝑝1
0 = 1𝑗1! 𝑗2! … 𝑗𝑟! × 𝐴𝑚𝑗 ∗ ∫ 1ℬ(𝛼, 𝛽) 𝑝𝕩••+𝛼−1 × (1 − 𝑝)𝑛𝑚−𝕩••+𝛽− 1𝑑𝑝1

0 (24) 362 

and lastly, 363 

𝑃(𝑚, 𝕕) = 1𝑗1! 𝑗2! … 𝑗𝑟! × 𝐴𝑚𝑗 × ℬ(𝕩•• + 𝛼 − 1, 𝑛𝑚 − 𝕩•• + 𝛽 −  1)ℬ(𝛼, 𝛽) (25) 364 

Thus, removing the terms that do not depend on 𝑚 yields ∀𝑚 ∈ {𝑗, … ,𝑀} 365 

𝑃(𝑚|𝕕) ∝ 𝐴𝑚𝑗 × ℬ(𝕩•• + 𝛼, 𝑛𝑚 − 𝕩•• + 𝛽) (26) 366 

Which provides the distribution of the number of problems, given the observed discovery 367 

matrix. Thus, 𝑚  can be estimated by taking the a posteriori maximum �̂�𝑀𝐴𝑃 =368 argmaxm≥j  [ 𝑃(𝑚|𝕕)] . The posterior expectation of 𝑚 could also be considered but would 369 

be more sensitive to the choice of 𝑀 - the border of the prior distribution of 𝑚. Thus, we 370 

included the a posteriori maximum in the simulations only. Using the discovery matrix 𝕕 371 
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on page 6, the posterior distribution of the number of problems (given the discovery 372 

matrix) is shown in Figure 2. 373 

 374 

Figure 2: Posterior distribution of m, given the observed discovery matrix (see 𝕕 in page 6). The distribution 375 
mode is at m=11. Since the number of observed problems is j=10, the Bayesian estimate predicts that 1 376 

usability problem has yet to be detected. 377 

The posterior distribution of 𝑝, i.e., 𝑃(𝑝 |𝕕), can also be obtained, as follows: 378 

𝑃(𝑝 |𝕕) =∑𝑃(𝑝,𝑚|𝕕)𝑚 =∑𝑃(𝑝|𝑚, 𝕕) × 𝑃(𝑚|𝕕)𝑚 (27) 379 

Moreover, due to the conjugacy of the prior in the previous equation, we obtain 380 𝑝|𝑚, 𝕕~ℬ(𝕩•• + 𝛼, 𝑛𝑚 − 𝕩•• + 𝛽). Thus, the distribution of 𝑝 given 𝕕 is a mixture of beta 381 

distributions, where the weightings are given by 𝑃(𝑚|𝕕). For the sake of simplicity in the 382 

simulations, 𝑝  was estimated as 
𝕩••+𝛼−1𝑛�̂�𝑀𝐴𝑃+𝛼+𝛽−2 , the mode of the posterior distribution 383 𝑃(𝑝|�̂�𝑀𝐴𝑃, 𝕕). For the discovery matrix 𝕕 presented on page 6, the posterior distribution, 384 𝑃(𝑝 |𝕕), is given in Figure 3. 385 
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 386 

Figure 3: Posterior distribution of p, given the observed discovery matrix (see 𝕕 in page 6). 387 

 Estimation of m when the probability of detection is heterogeneous 388 

Next, we considered a heterogeneous probability of detection; each problem 𝑙 has its own 389 

probability of detection 𝑝𝑙. In line with Schmettow’s method and for easier comparisons, 390 

we assume that the probabilities of detection are independent and follow a logit-normal 391 

distribution. We are interested in the likelihood of the complete discovery matrix 𝕩 given 392 𝜇, 𝜎, and 𝑚: 393 

𝑃(𝕩|𝜇, 𝜎,𝑚) =  ∫ …10 ∫ 𝑃(𝕩|𝑝1, … , 𝑝𝑚, 𝑚)𝑓(𝑝1, … , 𝑝𝑚|𝜇, 𝜎)𝑑𝑝11
0 …𝑑𝑝𝑚 (28) 394 

by assuming that each column of the matrix is independent: 395 

𝑃(𝕩|𝑝1, … , 𝑝𝑚, 𝑚) =∏𝑝𝑙𝕩•𝑙(1 − 𝑝𝑙)𝑛−𝕩•𝑙𝑚
𝑙=1 (29) 396 

Moreover, the prior distribution of the probability of detection can be written as follows: 397 
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𝑓(𝑝1, … , 𝑝𝑚|𝜇, 𝜎) =∏𝑃(𝑝𝑙|𝜇, 𝜎)𝑚
𝑙=1 =∏( 1√2𝜋𝜎 exp (− (logit(𝑝𝑙) − 𝜇)22𝜎2 ) 1𝑝𝑙(1 − 𝑝𝑙) )𝑚

𝑙=1 (30) 398 

Thus, we have: 399 

𝑃(𝕩|𝜇, 𝜎,𝑚) =∏∫ ( 1√2𝜋𝜎 exp (− (logit(𝑝𝑙) − 𝜇)22𝜎2 )𝑝𝑙𝕩•𝑙−1(1 − 𝑝𝑙)𝑛−𝕩•𝑙−1 ) 𝑑𝑝𝑙1
0

𝑚
𝑙=1 (31) 400 

If we define 𝐼𝑛(𝕩•𝑙, 𝜇, 𝜎) as: 401 

𝐼𝑛(𝕩•𝑙, 𝜇, 𝜎) = ∫ ( 1√2𝜋𝜎 exp(− (logit(𝑝𝑙) − 𝜇)22𝜎2 )𝑝𝑙𝕩•𝑙−1(1 − 𝑝𝑙)𝑛−𝕩•𝑙−1 ) 𝑑𝑝𝑙1
0 (32) 402 

we can rewrite the likelihood of the complete discovery matrix 𝕩 as follows: 403 

𝑃(𝕩|𝜇, 𝜎,𝑚) =∏𝐼𝑛(𝕩•𝑙, 𝜇, 𝜎)𝑚
𝑙=1 (33) 404 

By reusing the result of Equation (16), the probability of the observed discovery matrix 405 𝕕 becomes: 406 

𝑃(𝕕|𝜇, 𝜎,𝑚) = 1𝑗1! … 𝑗𝑟! × 𝐴𝑚𝑗 ×∏𝐼𝑛(𝕩•𝑙, 𝜇, 𝜎)𝑚
𝑙=1 (34) 407 

 408 

After substitution of the latter by 𝕕•𝑙  (where, by definition, 𝕕•𝑙 = 0  for 𝑙 > 𝑗), we can 409 

determine the probability of 𝕕 given 𝜇, 𝜎, and 𝑚:  410 

𝑃(𝕕|𝜇, 𝜎,𝑚) = 1𝑗1! … 𝑗𝑟! × 𝐴𝑚𝑗 ×∏𝐼𝑛(𝕕•𝑙, 𝜇, 𝜎)𝑗
𝑙=1 × 𝐼𝑛(0, 𝜇, 𝜎)𝑚−𝑗 (35) 411 

For numerical convenience, we will again consider the logarithm of the likelihood: 412 
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log(𝑃(𝕕|𝜇, 𝜎,𝑚)) = 𝐶 + log(𝐴𝑚𝑗 ) +∑log(𝐼𝑛(𝕕•𝑙 , 𝜇, 𝜎))𝑗
𝑙=1 + (𝑚 − 𝑗) log(𝐼𝑛(0, 𝜇, 𝜎)) (36)  413 

The integral does not have a closed form but can be computed by numerical integration, 414 

and we can consider the estimation of 𝜇 , 𝜎 , and 𝑚  by the maximum likelihood. If we 415 

wanted to consider a full Bayesian setting, we would have to assume a prior distribution 416 

for 𝑝(𝜇, 𝜎|𝑚); however, the choice of this prior would be complex. 417 

 Assessment of the performance of the matrix-based method 418 

We performed two simulations to assess the performance of matrix-based vs. margin-419 

based estimates of the total number of usability problems. In the first simulation, we 420 

assessed the performance of six methods (naïve, GT, Lewis, zero truncation, maximum 421 

likelihood, and Bayesian) in the context of a homogeneous probability of detection. In a 422 

second simulation, we compared the matrix-based method with the LNBzt method in the 423 

context of a heterogeneous probability of detection. Lastly, we applied the matrix-based 424 

method to the usability testing data provided as supplementary material in Schmettow’s 425 

report on medical infusion pumps (“infpump.Rdata”) [23].  426 

Each simulation consisted in generating an observed discovery matrix 𝕕  from the 427 

usability study of a hypothetical medical device with a known total number of usability 428 

problems 𝑚  and a sample size 𝑛 . The probability of detection was constant (𝑝 ) or 429 

normally distributed ( 𝒩(𝜇, 𝜎) ) on a logit scale, depending on the context. The 430 

combinations of parameters used in the simulations are specified in Table 2. The values 431 

were chosen to reflect a wide range of parameters encountered in usability studies of 432 

medical devices. In the case of a heterogeneous probability of detection, we started with 433 

a higher 𝑛  because of the greater statistical complexity of the heterogeneous models, 434 
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which require more data to provide reliable estimates and an acceptable confidence 435 

interval. 436 

Table 2: Combinations of parameters for the simulation studies with homogeneous and heterogeneous 437 
probabilities of detection. 438 

Parameter Homogeneous Heterogeneous 

Total number of usability problems 𝑚 = 10,40,70,100 𝑚 = 20,50,100 

Sample size 𝑛 = 5,10,15,20,25,50 𝑛 = 20,40,60 

Probability of problem detection 𝑝 = 0.05, 0.1,0.15,0.25,0.50 𝜇 = 𝑙𝑜𝑔𝑖𝑡(0.1), 𝑙𝑜𝑔𝑖𝑡(0.2) 𝜎 = 0.2,0.5 

Number of combinations tested 120 36 

 439 

In each homogeneous setting (i.e. each combination of 𝑚, 𝑝 and 𝑛), we simulated 𝑆 = 105 440 

complete discovery matrices, 𝕩𝑚,𝑝,𝑛,𝑖, 𝑖 ∈ {1,2, … , 𝑆}. In each heterogeneous setting (i.e. 441 

each combination of 𝑚, 𝜇, 𝜎 and 𝑛), we simulated 𝑆 = 104 complete discovery matrices. 442 

The matrices 𝕕  were obtained by truncation of the zero columns (problems not yet 443 

discovered). In each setting, we averaged the estimates of 𝑚 over the 𝑆 simulations and 444 

computed the 95% fluctuation interval, together with the 0.025 and 0.975 quantiles. We 445 

also calculated the prediction’s root mean squared error (RMSE) as the square root of the 446 

mean squared difference between the predicted and observed values of 𝑚: 447 

𝑅𝑀𝑆𝐸(𝑚, 𝑝, 𝑛) = √1𝑆∑(𝑚 − �̂�𝑖)2𝑆
𝑖=1 (37) 448 

When the sample is small, little information is available; a tight credible interval might 449 

reflect overconfidence rather than a good estimation. Thus, to gauge the level of 450 

confidence that human factor engineers can place in each method, we computed the 451 confidence intervals’ coverage probability. In each setting, the coverage probability is the 452 

proportion of 95% confidence intervals of the simulated �̂�𝑖 that include the true value of 453 𝑚 . The confidence intervals for �̂�𝑖  were computed using 1000 parametric bootstrap 454 

repetitions with the parameters (�̂�𝑖, �̂�𝑖, 𝑛) or (�̂�𝑖, �̂�𝑖 , 𝑛). 455 
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All the analyses were carried out on a personal computer running R software (version 456 

3.5.2). The coverage probability was computed using a server equipped with 12-core 457 

Intel® Xeon® E5-2650 v4 processors. The code is provided as supplementary material 458 

[see Additional file 1]. 459 

III. Results 460 

 Homogeneous probability of problem detection 461 

The results of the simulation with a homogeneous probability of detection are presented 462 

for the four margin-based methods (naïve, GT, Lewis, and zero truncation) and the two 463 

matrix-based methods (maximum likelihood and Bayesian). The prediction error of 𝑚 as 464 

a function of the sample size 𝑛 and the RMSE are presented in Figure 4 and  465 

Table 3, respectively. Three distinct areas are of major interest: (i) the first column, 466 

corresponding to problems with a very low probability of detection (𝑝 = 0.05), (ii) the 467 

first row, corresponding to medical devices with a small number of problems (𝑚 = 10), 468 

and (iii) the rest of the observations in the bottom right corner, with a probability of 469 

detection 𝑝 ≥ 10% and a number of problems 𝑚 ≥ 40. The behavior of the estimators for 470 

each area is described below. 471 

When the probability of detection is low (the p = 0.05 column in Figure 4 and  472 

Table 3), the margin-based methods strongly underestimate 𝑚  in all settings. This is 473 

particularly true for the naïve and the zero-truncated methods. The GT method 474 

compensates for this underestimation but is still biased in situations with fewer than 15 475 

participants. Conversely, it shows the best RMSE - regardless of the number of problems. 476 

The Lewis method is conservative, except when 𝑛 = 5 participants. Unlike the five other 477 

methods, the Lewis estimator is inconsistent because the RMSE does not decrease with 478 
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sample size. In contrast, the matrix-based methods performed well when the probability 479 

of detection was low. The maximum likelihood estimate was unbiased for 𝑛 ≥ 15 480 

participants but its behavior was erratic for smaller sample sizes. The Bayesian method 481 

was less biased, except when the total number of undetected problems was small (𝑚 =482 10). Notably, the confidence interval of the margin-based methods narrows with both 𝑚 483 

and 𝑛, whereas the matrix-based confidence intervals narrow with increasing sample 484 

size. This overconfidence illustrates the loss of information, and leads one to falsely 485 

consider that the higher the number of problems, the more information one has. 486 

When the medical device had fewer problems (𝑚 = 10 rows in Figure 4 and  487 

Table 3), the naïve and the zero-truncated estimators showed poor behavior with 488 

persistent underestimation. In this context, the GT estimator was less biased and 489 

exhibited a very low RMSE. Again, the Lewis estimator constantly overestimated the true 490 𝑚. The matrix-based estimators also show good convergence properties but were only 491 

reliable when 𝑛 ≥ 15 participants. For a large sample size (𝑛 ≥ 50), all estimators were 492 

consistent and exhibited a low RMSE. 493 

In the other settings (p ≥ 10% and m ≥ 40, except for the first row and first column in 494 

Figure 4 and  495 

Table 3), the matrix-based methods showed the best properties, with unbiased estimates 496 

for as few as 5 participants, a low RMSE, and consistency as the sample size increased. 497 

The margin-based methods were either biased downward (naïve and zero-truncated) or 498 

showed a non-monotonous change with sample size (GT and Lewis); both situations led 499 

to a high RMSE. Again, as pointed out by Lewis, the average of the GT adjustment and the 500 

double deflation is a conservative estimator of 𝑚 and is upwardly biased - leading to the 501 

worst RMSE. 502 
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The coverage probabilities are shown in  503 

Table 4. The coverage probability observed in the first row and first column is of 504 

particular interest because this is where the uncertainty is greatest, and the estimates are 505 

most biased. As expected, the Lewis and the GT methods provided a coverage probability 506 

that was high when 𝑚 was low but that fell dramatically as 𝑚 increased. Conversely, the 507 

coverage probability of both matrix-based methods increased with 𝑚 . In all other 508 

settings, the matrix-based methods provided the best coverages and the margin-based 509 

methods showed overconfidence - especially for a high value of 𝑚. 510 
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 511 
Figure 4: Prediction error for m (mean and 95% fluctuation interval, in %) as a function of the sample size (n), for 6 estimators. The results are presented for various probabilities of 512 
detection (p, columns) and various numbers of usability problems (m, rows). The dashed line represents the “true” m. The upper boundaries of credible intervals that exceed 100% are 513 
indicated by △. 514 

 515 
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Table 3: The RMSE for the estimation of m when the probability of problem detection is homogeneous. 516 
  

 Probability of detection p=0.05  Probability of detection p=0.10  Probability of detection p=0.15  Probability of detection p=0.25  Probability of detection p=0.50 
  

n 5 10 15 20 25 50  5 10 15 20 25 50  5 10 15 20 25 50  5 10 15 20 25 50  5 10 15 20 25 50 

m = 10                                    

  Naïve  7 5 4 3 2 1  5 3 2 1 1 0  4 2 1 1 0 0  2 1 0 0 0 0  1 0 0 0 0 0 

Good-Turing  5 4 3 3 3 1  4 3 3 2 1 0  3 3 2 1 1 0  3 1 0 0 0 0  1 0 0 0 0 0 

Lewis  5 7 7 6 5 2  7 6 4 3 2 0  7 5 2 1 1 0  6 2 1 0 0 0  2 0 0 0 0 0 

Zero truncated  6 4 3 3 2 1  4 3 2 1 1 0  3 2 1 1 0 0  2 1 0 0 0 0  1 0 0 0 0 0 

Max likelihood  7 6 6 5 4 1  5 5 3 2 1 0  5 3 1 1 0 0  4 1 0 0 0 0  1 0 0 0 0 0 

Bayesian  7 6 5 4 3 1  5 4 2 2 1 0  4 2 1 1 0 0  3 1 0 0 0 0  1 0 0 0 0 0 

m = 40                                    

  Naïve  27 19 13 9 6 2  19 9 4 3 2 0  12 4 2 1 1 0  6 2 1 0 0 0  1 0 0 0 0 0 

Good-Turing  21 11 7 6 6 3  11 6 5 4 3 0  7 5 3 2 1 0  6 2 1 0 0 0  2 0 0 0 0 0 

Lewis  13 13 13 13 11 4  14 14 10 7 4 1  17 11 5 3 1 0  16 4 1 0 0 0  5 0 0 0 0 0 

Zero truncated  24 15 10 7 5 2  15 7 4 3 2 0  9 4 2 1 1 0  4 2 1 0 0 0  1 0 0 0 0 0 

Max likelihood  20 28 15 9 6 2  28 9 4 3 2 1  16 4 2 1 1 0  6 2 1 0 0 0  1 0 0 0 0 0 

Bayesian  21 18 11 8 6 2  18 8 4 3 2 1  11 4 2 1 1 0  5 2 1 0 0 0  1 0 0 0 0 0 

m = 70                                    

  Naïve  48 32 22 15 10 3  32 15 7 4 3 1  21 7 3 2 1 0  9 2 1 0 0 0  2 0 0 0 0 0 

Good-Turing  36 18 10 8 8 4  17 8 8 6 4 1  9 8 5 2 1 0  9 4 1 0 0 0  3 0 0 0 0 0 

Lewis  21 17 19 19 17 6  20 21 16 10 7 1  26 17 8 4 2 0  25 7 2 1 0 0  8 0 0 0 0 0 

Zero truncated  42 26 16 11 7 3  25 10 6 4 3 1  15 5 3 2 1 0  6 2 1 0 0 0  2 0 0 0 0 0 

Max likelihood  41 40 16 11 8 3  41 11 6 4 3 1  18 6 3 2 1 0  7 2 1 1 0 0  2 0 0 0 0 0 

Bayesian  35 26 14 10 7 3  26 10 6 4 3 1  15 5 3 2 1 0  7 2 1 1 0 0  2 0 0 0 0 0 

m = 100                                    

  Naïve  68 46 31 21 14 3  46 20 10 5 3 1  30 9 4 2 1 0  13 3 1 1 0 0  2 0 0 0 0 0 

Good-Turing  51 24 12 10 10 5  23 10 10 7 5 1  11 10 6 3 2 0  12 4 1 1 0 0  3 0 0 0 0 0 

Lewis  27 20 24 25 23 8  25 29 21 14 9 1  35 23 11 5 3 0  35 10 2 1 0 0  10 0 0 0 0 0 

Zero truncated  60 37 23 15 10 3  35 14 7 4 3 1  21 7 3 2 1 0  8 3 1 1 0 0  2 0 0 0 0 0 

Max likelihood  73 37 19 12 9 3  44 12 7 4 3 1  19 7 4 2 1 0  8 3 1 1 0 0  2 0 0 0 0 0 

Bayesian  51 29 17 12 9 3  30 12 7 4 3 1  17 7 4 2 1 0  8 3 1 1 0 0  2 0 0 0 0 0 

 517 

 518 
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Table 4: Coverage probability (in %) of the parametric bootstrap 95% confidence interval of �̂� with each combination (𝑚, 𝑝, 𝑛). 519 

   Discovery rate p=0.05  Discovery rate p=0.10  Discovery rate p=0.15  Discovery rate p=0.25  Discovery rate p=0.50 

  n 5 10 15 20 25 50  5 10 15 20 25 50  5 10 15 20 25 50  5 10 15 20 25 50  5 10 15 20 25 50 

m = 10                                    

 

Naïve  2 14 51 63 71 93  15 55 80 88 91 100  39 80 91 96 99 100  71 93 99 100 100 100  97 100 100 100 100 100 

Good-Turing  43 80 94 97 97 99  83 97 99 99 99 100  94 99 99 99 100 100  99 99 100 100 100 100  99 100 100 100 100 100 

Lewis  97 98 99 99 99 100  99 99 99 100 100 100  99 98 100 100 100 100  95 100 100 100 100 100  99 100 100 100 100 100 

Zero truncated  6 36 68 84 91 96  37 85 94 95 96 100  68 94 96 98 99 100  90 97 99 100 100 100  98 100 100 100 100 100 

Max likelihood  76 95 96 93 90 84  95 92 85 85 80 95  96 87 83 81 86 100  88 83 88 97 99 100  83 99 100 100 100 100 

Bayesian  14 42 64 74 79 77  47 76 77 75 77 95  69 77 77 76 85 100  77 76 88 97 99 100  82 99 100 100 100 100 

m = 40                                    

 

Naïve  0 0 2 12 34 87  0 13 54 77 88 98  1 56 85 92 91 100  35 89 92 99 100 100  90 100 100 100 100 100 

Good-Turing  3 59 92 98 98 98  62 98 96 96 98 98  95 96 96 99 98 100  95 98 98 99 100 100  99 100 100 100 100 100 

Lewis  87 99 91 76 63 69  97 63 43 45 61 99  71 31 42 77 99 100  14 36 99 100 100 100  6 100 100 100 100 100 

Zero truncated  0 26 66 81 88 94  30 82 91 94 95 98  71 92 94 95 94 100  90 95 94 99 100 100  94 100 100 100 100 100 

Max likelihood  100 96 94 95 94 90  96 94 93 92 90 82  95 93 90 85 73 99  93 88 71 88 97 100  82 96 100 100 100 100 

Bayesian  55 86 91 91 92 88  87 91 91 91 89 82  90 91 89 85 71 99  92 87 69 88 97 100  81 96 100 100 100 100 

m = 70                                    

 

Naïve  0 0 0 2 11 84  0 2 34 70 85 95  0 35 82 91 93 100  14 87 91 98 100 100  90 100 100 100 100 100 

Good-Turing  0 36 89 98 96 92  41 98 88 84 91 96  95 85 84 98 99 100  84 88 98 98 100 100  89 100 100 100 100 100 

Lewis  79 98 77 48 29 30  94 29 11 12 22 100  41 5 9 36 89 100  1 5 82 100 100 100  0 100 100 100 100 100 

Zero truncated  0 11 48 71 82 94  15 73 89 93 95 95  57 89 94 95 95 100  87 95 93 98 100 100  95 100 100 100 100 100 

Max likelihood  99 95 95 95 94 92  95 95 94 93 92 71  95 94 93 89 82 98  94 91 77 80 95 100  88 94 100 100 100 100 

Bayesian  78 92 93 93 92 91  91 93 93 92 91 70  93 93 92 88 82 98  93 90 76 80 95 100  88 94 100 100 100 100 

m = 100                                    

 

Naïve  0 0 0 0 4 80  0 0 19 60 82 91  0 21 75 90 93 100  5 85 94 96 100 100  90 100 100 100 100 100 

Good-Turing  0 20 86 98 94 83  25 98 79 71 81 95  94 73 71 94 99 100  71 76 99 96 100 100  74 100 100 100 100 100 

Lewis  72 97 63 28 11 11  91 12 3 3 6 100  20 1 1 13 63 100  0 1 49 100 100 100  0 100 100 100 100 100 

Zero truncated  0 4 34 61 77 95  6 64 87 92 94 92  44 87 95 95 95 100  85 95 95 96 100 100  95 100 100 100 100 100 

Max likelihood  98 95 95 95 95 93  95 95 95 94 93 63  95 95 94 91 86 97  95 92 84 72 93 100  89 90 100 100 100 100 

Bayesian  85 93 94 94 94 93  93 94 93 93 92 63  93 94 93 91 85 97  94 91 84 72 93 100  89 90 100 100 100 100 

520 
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 Heterogeneous probability of problem detection 521 

The results of the simulation in the context of a heterogeneous probability of detection 522 

are presented below for the LNBzt margin-based method and the maximum likelihood 523 

matrix-based method. The prediction error of 𝑚  as a function of the sample size 𝑛  is 524 

presented in Figure 5, and the RMSE is presented in Table 5. 525 

The Matrix likelihood method showed less bias overall; the bias ranged from-5.3% to 526 

+0.1% for the 36 combinations simulated. In comparison, the bias associated with the 527 

LNBzt method ranged from 0 to +17.3%. The LNBzt also strongly overestimated the total 528 

number of problems at low probabilities of detection (𝜇 = 𝑙𝑜𝑔𝑖𝑡(0.1)). A greater degree 529 

of heterogeneity in the probability of detection (𝜎 = 0.5) mitigated this bias. Conversely, 530 

the maximum likelihood method was associated with greater bias when 𝜎 increased. Both 531 

methods showed consistency, although the RMSE was high for low probabilities of 532 

detection and 𝑛 = 20 - especially with LNBzt. The coverage of the confidence interval was 533 

high (Table 6), and was greater for the LNBzt methods when the total number of problems 534 

was high. However, an important limitation of the LNBzt method is the large number of 535 

unsuccessful fittings – causing the estimation to fail in 33% of cases. Although changing 536 

the start values for the optimization function might reduce the fitting failure rate, this is a 537 

major drawback of the LNBzt method.538 
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 539 

Figure 5: Prediction error of m (mean and 95% fluctuation interval, in %) as a function of the sample size (n) in the context of a heterogeneous probability of problem detection. The results 540 
are presented for various probabilities of problem detection ((𝜇, 𝜎), columns) and various numbers of usability problems (m, rows). The dashed line represents the “true” m. The upper 541 
boundaries of the credible intervals that exceed 100% are indicated by △. 542 
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Table 5: The RMSE for the estimation of m when the probability of problem detection is heterogeneous. 543 
  

 Probability of detection 

mu=0.1; sigma=0.2 
 Probability of detection 

mu=0.1; sigma=0.5 
 Probability of detection 

mu=0.2; sigma=0.2 
 Probability of detection 

mu=0.2; sigma=0.5 

    n 20 40 60  20 40 60  20 40 60  20 40 60 

m= 20                       

 
Logit-normal binomial zero truncated  30.5 0.8 0.3  7.1 1.2 0.6  0.7 0.2 0.1  1.1 0.3 0.2 

Matrix likelihood  3.2 0.8 0.4  4.4 1.2 0.6  0.7 0.1 0  1.1 0.3 0.1 

m= 50                       

 
Logit-normal binomial zero truncated  19.4 1.2 0.5  19.4 1.8 0.9  1.2 0.2 0.1  1.6 0.4 0.2 

Matrix likelihood  4.5 1.3 0.6  5.5 1.9 1  1.2 0.2 0.1  1.8 0.5 0.2 

m= 100                       

 Logit-normal binomial zero truncated  7.4 1.8 0.7  7.2 2.5 1.2  1.5 0.2 0.1  2.2 0.6 0.3 

Matrix likelihood  6.5 1.9 0.8  9.6 2.5 1.4  1.6 0.3 0.3  2.2 0.7 0.3 

 544 

Table 6: Coverage probability (in %) of the parametric bootstrap 95% confidence interval of �̂� with each combination (𝑚, (𝜇, 𝜎), 𝑛). 545 
  

 Discovery rate 

mu=0.1; sigma=0.2 
 Discovery rate 

mu=0.1; sigma=0.5 
 Discovery rate 

mu=0.2; sigma=0.2 
 Discovery rate 

mu=0.2; sigma=0.5 

    n 20 40 60  20 40 60  20 40 60  20 40 60 

m= 20                       

 
Logit-normal binomial zero truncated  99% 100% 100%  97% 97% 98%  99% 100% 100%  98% 100% 100% 

Matrix likelihood  99% 99% 99%  96% 98% 99%  99% 100% 100%  99% 99% 100% 

m= 50                       

 
Logit-normal binomial zero truncated  97% 98% 99%  97% 97% 95%  98% 100% 100%  95% 100% 100% 

Matrix likelihood  94% 95% 96%  86% 91% 91%  96% 99% 100%  90% 92% 98% 

m= 100                       

 Logit-normal binomial zero truncated  98% 99% 99%  97% 96% 95%  99% 100% 100%  96% 97% 100% 

Matrix likelihood  77% 94% 94%  72% 91% 85%  93% 97% 95%  90% 85% 95% 

546 
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 Lessons learned from the simulation studies 547 

When the probability of detection was homogeneous, the matrix-based methods 548 

(Bayesian and maximum likelihood) showed the best properties over a large range of 549 

settings (bottom right corner). When the probability of detection and/or the number of 550 

problems was low, all the estimators were challenged because few problems were 551 

observed in the discovery matrix (the first column and first row in Figure 4 and  552 

Table 3). In such cases, the GT method performed slightly better than the matrix-based 553 

methods, and all the methods converged rapidly on the expected number and the best 554 

RMSE. With a small 𝑚  and small 𝑝 , the other methods either systematically 555 

underestimated the true value (Naïve and Zero-truncated) or overestimated the true 556 

value (Lewis) - especially in the most critical “top left” setting (𝑚 = 10; 𝑝 = 0.05). With 557 

regard to coverage of the confidence interval, the Lewis and the GT methods provide a 558 

high coverage probability when the number of problems was low. In all other settings, the 559 

matrix-based methods were more reliable. For margin-based methods, information loss 560 

led to overconfidence for high values of 𝑚. 561 

When the probability of detection was heterogeneous, the matrix-based method showed 562 

less bias and a lower RMSE - especially for low values of 𝑚. At the same time, the precision 563 

of LNBzt method increased as the probability of detection became more heterogeneous. 564 

This might be related to a better handling of the truncation of the discovery matrix by this 565 

matrix-based method. Conversely, the precision decreased as the heterogeneity 566 

increased.  567 

 Application to real data from a usability study of medical infusion pumps 568 

The methods were empirically tested on the data provided by Schmettow [23]. The 569 

infusion pumps were in early-stage development, and an additional re-design phase (for 570 
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fixing the usability problems discovered) was planned; this explains why a large number 571 

of unique problems (107) were detected by the 34 participants in the usability study. The 572 

data were highly heterogeneous, as evidenced by the overdispersion of the marginal 573 

sums. By applying the LNBzt model to the data, Schmettow concluded that there were 15 574 

undiscovered problems (i.e. 𝑚 = 122). 575 

Schmettow’s “infpump.Rdata” dataset contained the discovery matrix for 20 randomly 576 

selected participants. At this stage, 90 problems had been detected. We performed an “as-577 

if” analysis, and applied all the methods to these data. As expected, the six methods that 578 

did not take account of heterogeneity found that the discovery process was complete, i.e. 579 

there were no problems left to discover. Conversely, the methods that took account of 580 

heterogeneity predicted that various problems had yet to be detected. The LNBzt method 581 

and the maximum likelihood method predicted 𝑚 = 106 (95%CI: 90 to 123) and 𝑚 =582 104 (95%CI: 90 to 121), respectively. With a high number of problems, the two methods 583 

produce similar estimates and confidence intervals. The true number of problems with 584 

the pump was not known because a re-design cycle was carried out after 34 participants 585 

had tested the device. However, the breadth of the confidence interval emphasizes the 586 

uncertainty of the two estimates.  587 

IV. Discussion 588 

We decided to model the whole discovery matrix, and thus took account of all the available 589 

information. The estimation problem was considered simultaneously in terms of the 590 

probability of problem detection and the number of problems. Since the experimental 591 

conditions in real-life usability studies are unknown and no one method outperforms the 592 

others, it is hard to determine which method is the most reliable. 593 
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Most of the currently available methods assume that the probability of detection is the 594 

same for all problems. This assumption is likely to be wrong, since real data show that the 595 

probability of detection varies [23]. Furthermore, ignoring heterogeneity is known to 596 

strongly bias the results [22, 33]. We therefore extended our method to account for 597 

heterogeneity in the probability of problem discovery 𝑝 by using a logit-normal prior to 598 

model this uncertainty. The choice of this distribution was convenient in that it allowed 599 

us to compare our method with the only published model that accounts for heterogeneity. 600 

However, there are no data for confirming the validity of this choice. In fact, the broad 601 

confidence intervals observed with the infusion pump data could be explained by the 602 

choice of an incorrect prior for 𝑝. Nevertheless, this limitation could be easily overcome 603 

by replacing the logit-normal by another distribution (such as beta or gamma) if it proves 604 

to be more appropriate. This choice could be made using model choice criteria (e.g. the 605 

Akaike information criterion or the Bayesian information criterion). However, it should 606 

be borne in mind that for a small sample size, fitting for both incompleteness and 607 

heterogeneity is complex and inevitably leads to a high degree of uncertainty. 608 

There are two key moments in medical device development for assessing the best method. 609 

Early in the development cycle, the device is not mature; usability studies are referred to 610 

as “formative” because many usability problems are being discovered and corrected in an 611 

iterative design improvement process. Just before market access, usability studies are 612 

referred to as “validation” studies or “summative” studies; they are performed on the final 613 

version of the device to ensure that no critical usability problems remain [1, 2].  614 

The number of participants in the validation study is an important parameter for both the 615 

regulatory authorities and the device manufacturer. Indeed, a sufficient sample size will 616 

(i) guarantee the medical device’s compliance with the safety standards required for 617 
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market authorization, and (ii) avoid a “black swan” effect that would strongly affect the 618 

manufacturer’s credibility and profitability [34]. The validation study focuses on the 619 

detection of infrequent usability problems, corresponding to the “top left corner” of our 620 

results. The US Food and Drug Administration requires a minimum of 15 participants [1]. 621 

This minimum is based on a naïve estimate, which has been proven to dramatically 622 

underestimate the true number of usability problems for this number of participants [10]. 623 

Indeed, the coverage probability observed in our simulations for 𝑝 = 0.05 is below 50%. 624 

Furthermore, this threshold does not consider heterogeneity in the probability of 625 

problem detection. Our findings suggest that a minimum of 𝑛 = 20 participants would 626 

markedly increase the reliability of estimating 𝑚. Once this threshold in the number of 627 

participants is reached, the need to continue the usability study should be assessed by 628 

applying matrix-based methods; the latter have excellent statistical properties with as few 629 

as 20 participants and in both homogeneous and heterogeneous contexts. 630 

Since the validation study only concerned problems that are probably less frequent, one 631 

could question the need to use methods that account for a heterogeneous probability of 632 

problem detection. In fact, problems are expected to be “homogeneously rare”. Hence, in 633 

the absence of heterogeneity and when the sample size is small (𝑛 ≤ 10), the Lewis 634 

method (which is conservative for decision-making, with a coverage probability >90% in 635 

most cases) could be of great value because it is easy to implement and minimizes the 636 

underestimation of 𝑚 . To the best of our knowledge, however, this assumption of 637 

homogeneity for rare problems has not been studied. Furthermore, the human factor 638 

engineers’ choice of experimental conditions is likely to introduce a degree of 639 

heterogeneity by facilitating the detection of problems described in the literature (i.e. in 640 

the risk analysis). Thus, a validation study should include a minimum of 15 to 20 641 

participants if it is to produce a relevant estimate with the matrix-based method. 642 
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The choice is more obvious for “formative” studies. In our simulations, the “formative” 643 

study corresponds to a setting in which usability problems are frequent and numerous. 644 

Schmettow’s usability study of a medical infusion pump is also an example of a formative 645 

assessment because it was followed by a redesign. Here, we proved that matrix-based 646 

methods are more reliable and have low bias and high consistency. Although the LNBzt 647 

method could be an interesting option in the context of a heterogeneous probability of 648 

detection, it suffers from a high number of failures and thus is difficult to use in practice. 649 

As in the case of the infusion pump, a reliable estimate from a small number of 650 

participants is an economic advantage for the manufacturer, who can shorten redesign 651 

cycles, accelerate device development, and hasten market access. The matrix-based 652 

methods meet this requirement, since relatively few participants are needed to guarantee 653 

good statistical properties. Lastly, prior knowledge from an earlier stage in device 654 

development or a formative usability assessment could be embedded in the Bayesian 655 

method, in order to increase its accuracy for a small sample size and reduce the overall 656 

sample size. 657 

V. Conclusions 658 

Our method should be applied by regulators and device manufacturers to estimate the 659 

number of usability problems using the set of statistical routines provided. 660 

VI. List of abbreviations 661 

LNBzt: logit normal binomial zero truncated 662 

GT: Good-Turing 663 
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 738 

VIII. Appendix. Proof of the necessary and sufficient conditions for the 739 

degeneracy of the maximum likelihood estimator 740 

The likelihood ℓ(𝑚) can be written 741 

ℓ(𝑚) =∑ ln𝑗−1
𝑘=0 (𝑚 − 𝑘) + 𝕩••ln (𝕩••𝑛𝑚) + (𝑛𝑚 − 𝕩••)ln (1 − 𝕩••𝑛𝑚). 742 

We will first prove that 𝑗 = 𝑥••  is a necessary condition for the degeneracy of the 743 

maximum likelihood estimator (MLE), and we will then show that it is also a sufficient 744 

condition. 745 

The condition that is necessary for degeneracy of the likelihood 746 

We will show that a necessary condition for the likelihood to have a maximum of +∞, 747 

(subsequently referred to as a degenerate MLE) is 𝑗 = 𝑥••, i.e. each user has discovered at 748 

most one problem and that all the discovered problems are different. 749 

First note that the function ℓ(𝑚) can be derived with regard to 𝑚 for 𝑚 ≥ 𝑗 (subsequently 750 

denoted as ℓ′(𝑚)). The necessary condition for a degenerate likelihood is that ℓ′(𝑚) > 0 751 

for 𝑚 ∈ 𝑣(+∞). 752 

 ℓ′(𝑚) is expressed as follows: 753 

ℓ′(𝑚) = ∑ 1𝑚 − 𝑘𝑗−1
𝑘=0 + 𝑛ln (1 − 𝕩••𝑛𝑚). 754 

By putting 𝑢 = 1𝑚, we obtain: 755 

ℓ′ (1𝑢) = ∑ 𝑢1 − 𝑘𝑢𝑗−1
𝑘=0 + 𝑛ln (1 − 𝕩••𝑛 𝑢). 756 

Then, by making a second-order Taylor expansion for 𝑢 ∈ 𝑣(0+) and using basic algebra, 757 

we obtain: 758 ℓ′ (1𝑢) = (𝑗 − 𝕩••)𝑢 + ((𝑗 − 1)𝑗2 − 𝕩••22𝑛)𝑢2 + 𝑜(𝑢2), 759 
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and then: 760 ℓ′(𝑚) = (𝑗 − 𝕩••) × 1𝑚 + ((𝑗 − 1)𝑗2 − 𝕩••22𝑛) × 1𝑚2 + 𝑜 ( 1𝑚2). 761 

Thus, a necessary condition for ℓ′(𝑚) > 0 when 𝑚 ∈ 𝑣(+∞) is that 𝑗 ≥ 𝕩••, which is only 762 

possible when 𝑗 = 𝕩•• since 𝑗 ≤ 𝕩•• by definition. 763 

Moreover, as soon as 𝑛 ≥ 3, ((𝑗−1)𝑗2 − 𝕩••22𝑛) > 0, which may suggest that this condition is 764 

sufficient. 765 

The condition that is sufficient for degeneracy of the MLE 766 

Above, we showed that 𝑗 = 𝕩•• was necessary for a degenerate MLE. However, we now 767 

have to prove that the MLE is effectively degenerate if this is the case. The aim will be 768 

simply to prove that in this case, ℓ(𝑚) is an increasing monotonic function. 769 

Firstly, replacement of 𝕩•• by 𝑗 yields: 770 

ℓ(𝑚) = ∑ ln𝑗−1
𝑘=0 (𝑚 − 𝑘) + 𝑗ln ( 𝑗𝑛𝑚) + (𝑛𝑚 − 𝑗)ln (1 − 𝑗𝑛𝑚). 771 

We now show that ∀𝑚 ≥ 𝑗, ℓ′(𝑚) > 0 and thus that the MLE is degenerate. 772 

Firstly, note that 773 

ℓ′(𝑚) = ∑ 1𝑚− 𝑘𝑗−1
𝑘=0 + 𝑛ln (1 − 𝑗𝑛𝑚) 774 

Next, note that 𝑗 ≤ 𝑛 and 𝑓(𝑛) = 𝑛ln (1 − 𝑗𝑛𝑚) is an increasing monotonic function of 𝑛, 775 𝑓(𝑛) ≥ 𝑓(𝑗). Consequently: 776 

ℓ′(𝑚) ≥ ∑ 1𝑚 − 𝑘𝑗−1
𝑘=0 + 𝑗ln (1 − 1𝑚) 777 

Let 𝑏(𝑚) denote this lower boundary, 𝑏(𝑚) = ∑ 1𝑚−𝑘𝑗−1𝑘=0 + 𝑗ln (1 − 1𝑚). We can then show 778 

that ∀𝑚 ≥ 𝑗, 𝑏(𝑚) > 0. 779 

By computing 𝑏(𝑚 + 1) − 𝑏(𝑚) and using basic algebra, we obtain 780 𝑏(𝑚 + 1) − 𝑏(𝑚) = −𝑗 [ 1(𝑚 + 1)(𝑚 − 𝑗 + 1) − ln ( 𝑚2𝑚2 − 1)] 781 

since 782 

−ln ( 𝑚2𝑚2 − 1) = ∫ −𝑚2
𝑚2−1 1𝑡 𝑑𝑡 > ∫ −𝑚2

𝑚2−1 1𝑚2 − 1𝑑𝑡 = − 1𝑚2 − 1 = − 1(𝑚 + 1)(𝑚 − 1), 783 

yielding 784 
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1(𝑚 + 1)(𝑚 − 𝑗 + 1) − ln ( 𝑚2𝑚2 − 1) > 1(𝑚 + 1)(𝑚 − 𝑗 + 1) − 1(𝑚 + 1)(𝑚 − 1) ≥ 0, 785 

as soon as 𝑗 ≥ 2. Consequently 𝑏(𝑚 + 1) − 𝑏(𝑚) > 0. Moreover, since 𝑏(𝑚) > 0 for 𝑚 ∈786 𝑣(+∞) (as shown when proving the necessary condition), we conclude that 𝑏(𝑚) > 0 for 787 

all 𝑚 ≥ 𝑗 and thus that ∀𝑚 ≥ 𝑗, ℓ′(𝑚) > 0. 788 

Consequently 𝑗 = 𝕩••  is a necessary and sufficient condition for degeneracy of the 789 

likelihood. 790 



Figures

Figure 1

Log-likelihood according to the total number of problems (m), based on the observed discovery matrix
(see d in page 6).. The maximum log-log likelihood is reached for m=12. Since the number of observed
problems is j=10, the maximum likelihood estimate predicts that 2 usability problems remain undetected.



Figure 2

Posterior distribution of m, given the observed discovery matrix (see d in page 6). The distribution mode
is at m=11. Since the number of observed problems is j=10, the Bayesian estimate predicts that 1
usability problem has yet to be detected.



Figure 3

Posterior distribution of p, given the observed discovery matrix (see d in page 6).



Figure 4

Prediction error for m (mean and 95% �uctuation interval, in %) as a function of the sample size (n), for 6
estimators. The results are presented for various probabilities of detection (p, columns) and various
numbers of usability problems (m, rows). The dashed line represents the “true” m. The upper boundaries
of credible intervals that exceed 100% are indicated by .



Figure 5

Prediction error of m (mean and 95% �uctuation interval, in %) as a function of the sample size (n) in the
context of a heterogeneous probability of problem detection. The results are presented for various
probabilities of problem detection ((μ,σ), columns) and various numbers of usability problems (m, rows).
The dashed line represents the “true” m. The upper boundaries of the credible intervals that exceed 100%
are indicated by .
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